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Abstract

In this work, we study the homoclinic points and homoclinic orbits of the
family of real functions with two parameters

H= {ha,b(x) =ax*+b:a>0be R} . We show that the function h,, €H

-2
has no homoclinic points for b>—, but has a homoclinic point for
a

) _
b <— Also, we prove that h,, € H has homoclinic orbits for b < —2 .
a ' a
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1. Introduction

Recently, we witness that there is a clear attention in connecting orbits (homoc-
linic or hetroclinic orbits) in dynamical systems [1]. The notion of a homoclinic
point was first introduced by ponicaré (1890) [2], in the study of a three-body
problem. After about 70 years, Smale (1963, 1976) [3], presented the horseshoe
notion to show the chaotic behavior of higher-dimensional systems with a
transverse homoclinic point. Homoclinic points have been used to study the dy-
namics of two- or higher-dimensional dynamical systems. Devaney (1989) in [4],
showed that the same result holds for a one-dimensional map of an interval into

itself with a nondegenerate homoclinic point. Block and Coppel (1992) [5],
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proved that for one-dimensional map fof an interval into itself, a homoclinic
point leads to horseshoe for f?. Recently, Li (2002) gave a simple proof of
Block and Coppel result proof. The concept of homoclinic orbits and heteroc-
linic connections plays a central role in the studying the chaotic sets. In particu-
lar, it can be used for proof of the existence of chaos. In fact, it is proved in [6] [7]
[8], the existence of a non-degenerate homoclinic orbit to an expanding fixed
point of a smooth map f implies the existence of an invariant set in a neighbor-
hood of the homoclinic orbit, on which fis chaotic. The same result is also true
for non-degenerate heteroclinic connections. Homoclinic orbits and heteroclinic
connections are relevant not only for the proof of the existence of chaos but also
for the description of several bifurcations of chaotic attractors (crisis bifurca-
tions) [9]. In this work, we find homoclinic points and homoclinic orbits for
two-parameters family of real functions H = {ha’b (x)=ax*+b:a>0be R} .In
Section 2, we study the fixed points of the family

H= {ha’b (x)= ax*+b:a>0be R} where h,, 'R — R, and the nature of this
fixed point for various values a and b. In Section 3, we study the local unstable

sets of the repelling fixed point P, for the functions h,,(X)eH . We proved

1
that W, (Pl) =| —,00 |. And in Section 4, we study the unstable sets of the re-
oC 2a y

pelling fixed points P for the functions h,,(Xx)eH we proved that
1

w' (F’l) = (g— Pl,OOj . Finally, in Section 5, we study the homoclinic points and

homoclinic orbits of the function h,,(x)eH for the repelling fixed point P.

-2
We show that h,,(x)eH hasahomoclinic point and orbit whenever b<—,
’ a

-2
and has no homoclinic point and orbit whenever b>—. We need some im-
a

portant definitions.

Definition 1: Let Pbe a repelling fixed point foramap f:l -1 onacom-
pactinterval | < R. Then the unstable set of Pis defined as
w'(P)= {X el:lim_, f"(x)= P} [10], which equivalent to the expansivity
|f (x)- f(P)|>|X—P|,VX€ I,x#P [4].

Definition 2; Let Pbe a repelling fixed point foramap f:l > 1 onacom-
pact interval | = R and Ube an open interval near P. Then, the local unstable
set Wy (P) of P is defined as W;fJC(P)={X eU:lim_, f"(x)= P} [10].
Which equivalent to the expansivity | f(x)-f (P)| > |X - P|,‘v’X eU,x#P [11],

f
and equivalent to < >1 forany xeU [6].

Definition 3: Let P is fixed point and f‘(P)>1 foramap f:l>1| ona
compact interval | < R. A point ¢is called homoclinic pint to Pif g e w, (P)
and there exists N >0 suchthat f"(q)=P [4].

Note that the sequence of images of a homoclinic point ¢ and a suitable
sequence of preimages of g consist of points which are also homoclinic, and

both these sequences converge to 2. The union of these sequences
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O(P):{""q—zvqflvqo’quz""’Qm} where ¢, =0,0,, = f (qi) for i<m-1,
g, =P and lim___ g =P, is called the homoclinic orbit of P[12].

2. The Fixed Points of the Function h,, (x)e H and Their
Nature

In this section we study the fixed points of the family
H= {ha’b (X) =ax’+b:a>0be R} where ha’b :R—> R, and the nature of

these fixed points for various values a and b. It is clear that the fixed points of

1+v1-4ab 1-+v1-4ab
h,,(x) are P,.=——-—— and P2=T

. Th hs show that
23 e graphs show tha

the function h,,(x) has no fixed point for b> 4i , has a unique indifferent
' a

fixed point for b= 4i and has two fixed points for b < 4i . See Figure 1.
a a

1
The fixed point P, is always repelling for b < - But the fixed point P, is
a

attracting for ;—3 <h< 4i , indifferent for b= ;—3 and is repelling for b< ;—3 .
a a a a

See Figure 2.

We need the following remarks in our work.

2.1. Remark
For b<i, h.y(P,)>1 and for b<_—3, h.,(P,)<-1.
4a 4a

Proof:

1++/1-4ab

It is clear that h;, (x)=2ax,so for P, = o

h., (P)=1+~1-4ab .If b<4i,then V1-4ab >0, is defined and
' a

1-+v1-4ab
h., (R)=1+~1-4ab >1. Now for the fixed point P, =Ta,

h;b(Pz):l—\/1—4ab. If b<4_f_3’ then +1—4ab >2, thus —/1-4ab<-2,
' a

there for h}, (P,)=1-+1-4ab <-1
According to the definition of the homoclinic points, we consider the repel-

ling fixed point P, and we omit the repelling fixed point P,.

2.2. Remark

1+vl-4ab 1

For h,,(x)eH with b<i,theﬁxedpoint P=——->—.
' 4a 2a 2a

Proof:

Let b< 4i . Then +/1-4ab >0 isdefined and thus, 1++/1—4ab >1. There
a

1+vl-4ab 1
for P=——>—
2a 2a
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4 4 3
3 3 2
2 2 1
\ \\1 2 / 2 3
1 1 2 3 4 -1 1 2 3 4
1 A 2
(a) (b) (c)

Figure 1. (a) a=1,b6=0.5; (b) a=1, b=-0.25;(c) a=1, b= -1.

P, is repelling

N

P, is repelling P, is attracting

.

AN A

Figure 2. Nature of 7 and P.

3. The Local Unstable Sets

In this section, we study the local unstable sets of the repelling fixed point P,
for the functions h,,(x)eH .

Proposition

For h,,(X)eH thelocal unstable set of the fixed point B, is
" 1
Wioc (Pl) = [Z'OO) .

Proof:
To find the local unstable for the repelling fixed point P, we consider the

inequality |hz;,b (Pl)| >1 [6]. Since h,, isa continuous function, then there ex-

ists a neighborhood U of the fixed point P, such that |h;,b (X)| >1LVxeU, je

|2ax|>l,VXeU . Thus |X|>i=i.Theneither X<_—1,1'.e. Xe(—oo,_—l),
2la| 2a 2a 2a

1

or X> 1 ,Le. X€|—, |.Byremark (2.2) P, > 1 , there for

2a 2a 2a
1

Wt (R) =550

2a

4. The Unstable Sets

The unstable sets of the repelling fixed points P, for the functions h,,(x)eH
is calculated in the following proposition.

We need the following lemma in our studying.
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4.1. Lemma

P—b

For h,,(x)eH, h}(P)=7F =3P, where P >b.
The proof is clear.
4.2. Proposition

1
For h,,(x)eH the unstableset of the fixed point P, is w'(R,)= (g - Pl,Ooj .

Proof:

Consider the expansive inequality [h, (X) - Pl| > |X - Pl| where X#P,.
Then for h,,(x)eH , we have ‘aX2 +b- P1‘ >|x =P, thus

X_J(Pl—b)'x+\/(a—b>

a|X—Pl||X+Pl|>|X—Pl|.Therefor |X+F’1|>§.

a

> |X - P1| . By lemma (4.1). Thus we have

-1 -1 1
Either Xx+P < "~ which implies X < o P.Or x+PF> 3 which implies

-1 1
X>£— P,. Thatis X e(—oo,;— H)U[g— Pl,OO) To calculate w"(P,), by
a

-1
remark (2.2), P, > ZL >0. Now (—OO,—— Plj < R™, which implies
a a
-1 1
P g|-0,—-P|.So w'(R =(——P,ooj,
(<o -n 50 wh(m)<(2-n

4.3. Example

For h, _¢(x)=x*-6,then w'(R,)=(-2,0).

Solution:

It is clear that P, =3. Since |h1v_6(X)—F’1|>|X—Pl|, where X =P, implies
that [’ ~6-3>[x-3, then [x’~9>|x—-3[. Thus |(x—-3)(x+3)[>[x-3.
Since X # 3, then |(X+3)|>1, there for either X+3<-1, then X<-4, ie
Xe(—oo,—4).

Or X+3>1,then Xx>-2,ie Xe(—2,oo).Thus Xe(—oo,—4)U(—2,oo).

But P,=3€(-2,%), then W“(Pl):(%_gloo]_

5. Homoclinic Points and Homoclinic Orbits for the Family H

In this section, we study the homoclinic points and homoclinic orbits of the

1++1-4ab

function h,,(x)eH for the repelling fixed point Pl:T where

1-+/1-4ab
2a

1
b <£, note that the other repelling fixed point P, = . By remark

-3
(2.1), hl,(P,)<-1 where b< a Thus according to the definition of the ho-

moclinic point, we don’t study the homoclinic points of P,.
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5.1. Homoclinic Points for the Functions h,, (x)e H

To study the homoclinic points of the repelling fixed point P, of h,,(Xx) we

use the following technique concerned on the preimages of h,, ().

5.1.1. Remark

For h,,(x)eH, h?(R)=7F _Pl_b.
' ' a
Proof:
-1 _ 2 1 _ ipl—b
By lemma (4.1), h;;(P)=%P. Then hj}(P)=h_;(+P)=%/———. For
, , , a
2 1 _[+RP Db . .
ht(P)=hp(+R)=7F =+P,, so we have the same state, so is omitted.
, , a
For 3 (R)=h,}(-R)=F =0
, , a
. . 2 _|[-R-b _
Now if -P,>b, in remark (5.1.1), then put hj}(P)=7F =¥
i -1 -3 _ i_qu_b _
where JGN . For hab(qu):hab(Pl):‘F ——=%0,,> where iqu >bh.
b G , a : :
tq,;—b

Similarly for h_3 (iqaj ) =h1(P)=7F =F0, ;> Where *q,; >b.

q
And so on (see Figure 3). Thus we have sequences of preimage points of
h.p(X), @, eR.If Fq; ewp,(R), for some i,jeN, then these points are
the homoclinic points of the repelling fixed point P, .
In following propositions and examples we study the homoclinic points of the

fixed point P, of h,,(x)eH for various values of aand b.

h’;,%)(Pl) @
hah(Py) m
| (0
\ h3(Py) @
o)
e h;v‘b(Pl) @
()
o hah (P @
hat (Py
v G
5 o)

_<

If q;; € wipc(Py), for some

o)

is a homoclinic point of Py

I

]

I

i)

-

i i,j € N, then
]

]

1

Figure 3. Tree of the homoclinic points of h,, (x) .
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5.1.2. Proposition
For h,,(x)eH.If b=0 then the fixed point P, has no homoclinic points.
Proof:

1
It is clear that h, (x)=ax* and P, = . By proposition (3.1),

Wi (R) = (2—161,@) . Now the first preimage of h,,(x) is h5(x)= 1\/§

1
where X>0.For P,=— andbylemma (4.1), we have
a
[ 1
haz(lj=¢ %=¢£=$Pl-3ut +P, =— is a fixed point, and
“la a a a

1 1
-P = E Wio, (P ) = (— OOJ Moreover, by proposition (5.1.1), we have

aO(P) +f \/7e]R,smce — >0. There for h,{(P,) is undefined

in R for n22. Thus h,,(x)=ax* has no homoclinic point to the fixed

point P,.

5.1.3. Example
For h(x)= x*> has no homoclinic points to the fixed point P, =1.
Solution:

1
By proposition (3.1), Wy (P,)= (E,OO). The first preimage of h;,(x) is
hs(x)=F+x where x>0. For hi(l)=FJ1=+1=%P,. But P =1 is a
fixed point of h4(X), and 1wy (P). Now for ht(-1)=h7?(1)=Fv/-1¢R.

So h,,(x)=x* has no homoclinic points to the fixed point P,.

5.1.4. Proposition
For h,,(X)eH, the first preimage of the fixed point P, cannot be a homoc-
linic point to the fixed point P,.

Proof:
The first preimage of h,,(X) is h;}(x)=7F X=D  here x>b. For
' ' a
1++v1-4ab -
) = +T and by lemma (4.1) we have h3} (P,)=7 R-b_ 7P, where

1 -1
P, >b.But +P isa fixed point, by remark (2.2) P, > 23 we have —P, < %2

and w.“oc(Pl){i,ooj-

2a
u 1 . .
So —F’leEW,OC(Pl)z E,oo . Thus the fixed point P, has no homoclinic

points at the first preimage.

5.1.5. Example
h, ,(x)=x*-2 has no homoclinic points to the fixed point P, in the first
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preimage.
Solution:
The fixed point P, =2, and the first preimage of h,_,(x) is

1
h.*,(x)=Fv/x+2 . From proposition (3.1), W, (P,)= (E,oo). For P, =2

then h',(2)=3v2+2=42=+P,. But B =2 is a fixed point of h, _,(X)
and —2¢w (P,).So h _,(x)=x*-2 has no homoclinic points to the fixed
point P, in the first preimage.

Following remarkes assert that some inverse images of P, h.}(P,) are be-

-2
long to the local unstable set of P, for b< o

5.1.6. Remark
—(5 +25 )
If b <T of h,, eH, then the second preimage of the fixed point

P, belongs to the local unstable set of P, .

Proof:

5425

5.9 _
Let b< 5—\/5 , it is clearly that b <—————. There for
4a 4a

ab+5+j\£<0 and ab+5_§\/§<0. So [ab+5+2\/§](ab+5_2\/§J>o.

4 4

Then 4a’b?® +10ab + % >0, thus 1-4ab<4a’h?+6ab +%, which implies
3)? 3V 3\
1-4ab< (Zab + E) . Since (Zab + E] = (—(Zab + ED , there for

2
1—4ab<(—2ab—%) ,then +1-4ab <—2ab—§. Thus

w<—b—i,ia Pl<—b—i.Theref0r _Pl_b>i.Byremark
2a 4a 4a a 2a

2 _|-R- b -2 1 2 u

(5.1.1) h3(R)=7F , So hi(P) > Thus h;3(P)ew. (P). (See

proposition (3.1)).

5.1.7. Remark

—(5+ 2\/3) )

If — <b<— of h,, eH, then the third preimage of the fixed point

a a '

P, belongs to the local unstable set of P, .

The proof is same of the above remark with some more complicated details.

5.1.8. Theorem
For the family H ={hayb(x)=ax2 +b}, there exist homoclinic points to the

-2
fixed point P, whenever h<—.
a

Proof:
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According to a proposition (5.1.4), we begin with the second preimage of the

fixed point P,. By remark (5.1.1), we have

. Suppose that +

ER Le. —P, >b, then
P <—b. Since p1_1+— Viz4ab ) ere bt Then LTYIT43D

2a 4a 2a

ab =

<-b,

which implies

N1-4ab <-2ab-1.
Let c=-2ab-1. Since b< % , then +/1—4ab >0, which implies

O<+vl-4ab<c,ie ce(0,®)........ *).

Then we have three cases for b

Case 1: If b>0, then ab>0, thus —2ab<0, there for —2ab-1<-1,
which implies €< -1 which is a contradiction with Cce (0,00) in (*).

Case 2: If b=0, then by proposition (5.1.2) there is no homoclinic points to
the fixed point B, .

Case 3: If b<0, then ab<0. Thus —-2ab>0, there for —2ab-1>-1,
which implies ¢>-1,7ie Ce (—1,00) .Since Cce (0,00) in (*), then
ce(-1%)N(0,0)=(0,0) . There for J1-4ab<-2ab-1, implies that
1-4ab<4a’h’ +4ab+1, thus 4ab(ab+2)>0......... ().

Since a>0 and b<O0,then 4ab<0,soby (**), ab+2<0, thus ab<-2.

It follows that b < =2 . By remark (2.1), h] ( ) >1.
a

Now:
—(5+ 2\/5)
1) For b< 2 ,let h%(P)=q,,, by remark (5.1.6),
a , :
Oy, €Wy, (P) and it is clear that haz'b (ql,l) =P, (see Figure 3).
—(5+ 2\/5) -2
2) For ——~<b< 'S let h.}(P)=0,,,byremark (5.1.7),

U,, € W, (P) and it is clear that h;b (qzyl) =P, (see Figure 3).

_(5+2J§) _ (5+2\/§)

<b<— and for b<———Z2 are
4a a tha

There for for
02 Ja
the first homoclinic points for the repelling fixed point P,.

5.1.9. Theorem
If b>_;2, then h,,(x)=ax’+b has no homoclinic points to the fixed point
P.

Proof:

According to a proposition (5.1.4), we begin with the second preimage of the

fixed point P, . By remark (5.1.1), we have

P — 1
hi(P)=1, Pla b Since P, is a repelling fixed point for b< e So, with
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-2 1
our assumption, we have —<b< e Now we divide the proof into three cases:
a a

Case 1: If _—2<b<0,then —-2<ab<0.Thus O<ab+2<2,and
a

—8<4ab<0. So 4ab(ab+2)<0, which implies 4a’h’+4ab+1<1-4ab.
Thus
(2ab+1)° <1-4ab ........ ).

Since (2ab+1)2 = (—(Zab+1))2 and _—2< b<0, then 1—4ab>0. Thus (*)
a

- 1++/1-4ab

will being —2ab—1<+/1—4ab , which implies, —b 5
a

,Le. —b<P,

which implies _Pla_ b <0.So

h%(R)=1+ %_beR.There for h,7(P)#R,¥neN.Then h,,(Xx) has

-2
no homoclinic points to the fixed point P, for —<b<0.
a

Case 2: If b=0, then by proposition (5.1.2) there is no homoclinic point to
the fixed point P,.

Case 3: If O<b<4i, then O<ab<%. Thus 2<ab+2<%, and
a

O<4ab<1. So 4ab(ab + 2) >0, which implies 4a%h? + 4ab+1>1-4ab, thus
(2ab+1)" >1-4ab ......... (*), Since

2ab+1)° = (—(2ab+1))* and 0<b<i, then 1-4ab>0. Thus (*) will
4a

. 1++v1-4ab

2a
g —h=D 2 -h-b
which implies a> 0.So h.}(P)=+,/———eR. But by theorem (5.1.8),
' a

—P,—b
a

being —2ab-1>+1-4ab , which implies, —b , Le. -b>P,,

if + eR,then b< _—2 which is a contradiction with 0<b< 4i There
a a

1
for h,,(X) hasnohomoclinic points to the fixed point P, for 0<b< a

-2 -2 -2
Following examples explain the cases for b<;, bz? and b>; re-

spectively.
5.1.10. Example
For h, ,(x)=2x*-3, has a homoclinic point to the fixed point P, at

(0.86602540378).
Solution:

The fixed point Plzgzl.5 and the first preimage of h, ;(X) is

1
hts(X) =% ,XT-H% . From proposition (3.1), W, (P,)= (Z,ooj. Clearly
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hi ,(15)>1. For P,=15, then h,';(15)=7% I1.52+3

P =15 isafixed pointof h, ;(X),and -1.5¢w(P,).Now for

hts(-1.5)=h%;(15)=7F /_1'2+ 3 _ £0.86602540378,
where

0.86602540378 e Wi, (P,) and  —0.86602540378 ¢ wj,. (P,) . Moreover
h, 5 (0.86602540378) = —1.5 and h?_,(0.86602540378) =1.5 So
(0.86602540378) is a homoclinic point to the fixed point B, .

+15=+P, . But

5.1.11. Remark
Here we consider 0.86602540378 (the first) homoclinic point for the fixed point
(1.5). In fact, there are many points belong to the local unstable set of 1.5 (ie.

homoclinic points to P, =1.5). In fact

h;?, (0.86602540378) = h,?, (L.5) = J—r\/ 0'866025240378 3 _ 1300328271,

Now, 1.390328271ew}, (P,),and —-1.390328271¢ w., (P,). For

h;?, (~0.86602540378) = hy, (L.5) = 1\/ ‘0'86602240378 3 _ 1082050772,

and
1.032950772 e wyy (P,), and —1.032950772 ¢ w,(P,). If we continue with
this way, we get a set {0.86602540378,1.390328271,1.032950772,---}. Every

point in this set belongs to wj, (P, ). Each point of this set is a homoclinic point

to the fixed point P, =1.5. See Figure 4.

5.1.12. Example

For h_,(x)=x*~2, +2 isahomoclinic point to the fixed point P, .
Solution:
It is clear that P, =2, and the first preimage of h, ,(x) is

ht (X)=FVx+2.
From proposition (3.1), W, (Pl) = (%,OOJ. Clearly h/_, (2) >1. For B, =2,

then hlfz(Z)zi 2+2=+2=4P,. But B, =2 is a fixed point of h,_,(x),
and -2 ¢ w,(P,). Now for }“llffz(—Z):}“llffz(Z):im:OeV\l,lgc(F’l).Now
for b, (0)=h>(2)=5/0+2=52.

«/Eevwlgc(ﬂ) and —x/EeV\I,%C(H).Moreover hH(«E)zo, hf,z(ﬁ)z—z
and hf_z(\/z)=2.80 V2 is a homoclinc point to the fixed point P=2.

In fact, any preimage point contained in W, (P,) is a homoclinic point for

P, . See Figure 5.

5.1.13. Example
h,_; (X) =X* -1, has no homoclinic points to the fixed point F,.
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@ cwi.15)
© ¢wt.(15)

Figure 4. Tree of the homoclinic points of h, ,(x)=2x*-3.

@ w2 ¢

O & Wioe(2)

Figure 5. Tree of the homoclinic points of h, ,(x)=x>-2.

Solution:

It is clear that P, = =1.618033989, and the first preimage of h,(X) is

ht (X)=FV/x+1.

1
From proposition (3.1), W,L:)C(Pl)z(z,oo). For P, =1.618033989 , then

l+«/§
2

hifl (1.618033989) =7F+/1.618033989 +1 = +1.618033989 = +P, . But
+P, =1.618033989 is a fixed point of h,;(x), and -1.618033989 ¢ w;. (R,).
hy', (~1.618033989) = h;?, (1.618033989) = ++/—1.618033989 + 1

=7F+/-0.618033989 ¢ R

h,_;(X)=x%*-1 has no homoclinic points to the fixed point P,

Now for So

5.2. Homoclinic Orbits for h,, (x)eH

In this part we study the homoclinic orbits for the family
H :{ha’b(x):ax2 +b:a>0,beR}.

5.2.1. Remark

-2
For b>—, we proved in theorem (5.1.9), h,,(X) has no homoclinic points,
a ,
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so h,,(x) hasno homoclinic orbits for the repelling fixed point P, .

To study the homoclinic orbits of h,,(x) for b< 2 , we introduce the fol-
' a

lowing theorems and lemmas.

5.2.2. Lemma

-2
For h,,(x)eH with b<—,if g<c where ceR isa constant and gis a
' a

1
homoclinic pointto P, ,then P,+—<cC.
a

Proof:
Let b S_—Z , then +/1—4ab >3, which implies P, = 1_‘]2'—_4ab < _—1, thus
a a a
P, + 1 <0.
a

1
Now since gqew (P,), then q>£>0 (see proposition (3.1)). So it is

1 1
clearly P2+g<q,thus P2+g<c.

5.2.3. Lemma

1 1) 2c-b-PR
[Pl+P2+—JC—P1(P2+—j=&,where ceR isa constant.
a a a
Proof:
1++/1-4ab 1-+1-4ab

Since b=———— and P,=——7-—7-—.
2a 2a

1 1
P+P,+—|c-P| P +—
(e sfeorled)

:{1+\/1—4ab +1—\/1—4ab +1JC_(1+\/1—4abj[1—\/1—4ab +1J

2a 2a a 2a 2a a

1++/1-4ab
=(i+ljc_ 1-(1-4ab)) 2a
2a a 432 a

BB

5.2.4. Theorem

-2 -
Let b<— for h,, eH . If P,<x<P, then <ha“;(x)> is an increasing se-
a : ,

quence.
Proof:

The first preimage of h,,(X) is h;}(x)= /X;b .

Claim: h_}(x) is increasing for P, <x<P,. To show this, let h_}(x)> X,
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that is {X_b >x, thus ax’—x+b<0, there for (X—P,)(x—P,)<0. Then
a

either X<P, and Xx>P,,or x>PF and X<P, (omitted because there is no

intersection). Hence h;;(x) is increasing whenever P,<x<P, . Now
h;lb(h;b( )) >h;}(X). Which implies h;2(x)>h;1(x), (h;} is increasing).
Thus, we have h (n+2) ( )=hb(x), forany neN.

5.2.5. Theorem

Let bS_;Z and h, (x)eH . If x>P, then <h;?)(x)> is a decreasing se-

quence.

The proof is the same as the above theorem.

5.2.6. Theorem

For h,,(X)eH with b S_—z, if P,<Xx<P then the upper bound of the in-
' a

creasing sequence of preimages of x, <h; b (X)> is R.

Proof:
Itis clear that h_j (x ,{ . We will prove h_}(x)<P, by induction
Since X< P,, then “a T . Since x>P, and P,>b (because
P,—b
hp(R)=7F =¥P, so h;}(P,) is undefined if P,<b), then x>b.
There for f / .So, by lemma (4.1) then h_};(X)<P.......... *).
Now since h,, hlb(X), Le. a(h 5 (x )) +b=h.} (x). Then by (*)

we have a(hajzb (x))2 +b< PR, thus h?(x)< /Pl—_b . Thus by lemma (4.1),
' ' a
then h}(x)<P
Now assume that h, (bn_l) (X) <P, is true and we have to show h}(x)<P,.
Since a(h; b (x))2 +b=h_""(x). Then, with our assumption
> —b
a

0 (X) < P we get a(ig () +b<R, thus RA(x)< [T 50 by lem-

ma (4.1), h;p(x)<P
5.2.7. Theorem
-2
For h,,(x)eH with b 5?, if x>P, then the lower bound of the decreas-
ing sequence <h;rf) (X)> is P,.
The proof is the same as the above theorem.

5.2.8. Theorem

-2
If b< = h,,(X)eH and, P,<x<P then the supremum of the increasing
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sequence <h;g(x)> is P. sup{h;g(x):nzl}:Pl.
Proof:

The first preimage of ha,b(X) is h;t(x):ﬁ.

1f sup{h.}(x)}#P.Let c<P, and sup{h.}(x)}=c. There for

1 1
h.5(x) —c. By lemma (5.2.2) P, +g< C, there for P, +g< ¢ <P, which im-
plies P —c>0.
Now let e=PF, —c. Then FkeN such that

(a(ha’v(b””) (x))2 + b) —c

c-P< (a(ha"(b“”)(x))2 +b)—c< P, —c, thus

h;g(x)—c‘<F>l—c,Vn>k,

thus < P, —¢, which implies

(x)< h-b . By lemma (4.1) and lemma (5.2.3),
a

a,b

2c-b-PR, < po0e)
a

1
But c> P2+g and ¢ <P,, which implies (c—(P2+£D(c—Pl)<O, thus
a

¢’ —[Pl+ P, +1jc+ P{P2 +1j<0 ,hence c? <(P1+ P, +1jc— P{P2 +1j,
a a a a

there for €< \/(Pl +P, +1jc - Pl(P2 +1) _Thus by (*), c<h, "™ (x)<P,
a a '
which is a contradiction with Sup{h;'; (X)} =C. Thus Sup{h;’?J (X)} =P.

5.2.9. Theorem

For bS_—Z of the functions h, (x)eH and x>P, then the infimum of a
a :

decreasing sequence <h;‘2 (X)> is P. inf {h;?J (x):n> 1} =PR.
The proof is the same as the above theorem.

Finally, we introduce the main theorem in this section.

5.2.10. Theorem

For h,, (x)=ax*+b with b £_?2 and XeR, the homoclinic orbist of the

(first) homoclinic points ¢,, and q,, are O(qzyl) = {Pl,—Pl, (o Te PRTRER Pl}

—(5+25 -
for %Sbéf and O(qm):{Pl'_Pl’qlvl’m’Pl} for

4a
Proof:

1++1-4
Since P, = +Taab Then
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1) By Remark (2.1), for b <4i, hiy(P)>1.
LY

—(5+2«/§)

da

2) By theorem (5.1.8), h, (qzl) =R for

—(5+ 2\/5)

IN

bS_—z and
a

h:,b (qu) =P for b< (see Figure 3). So

hy, (qzvl) =P for n>3, h:‘b(ql’l) =P for n>2.

3) By theorems (5.2.4) and (5.2.8), (resp. (5.2.5) and (5.29)), (h.}(a;.))
where

j=1,2 isan increasing with supremum (resp. decreasing with infimum) P,.
Thus, h,} (qj,l) — B . There for, 1, 2 and 3 show that q,,, q,, are the homoc-
linic points for P; with the homoclinic orbits
—(5 +245 )
—

—(5+2\/§)
——

o(qZ,l):{RL’_Pl’ql,lqu,ll'”'Pl} for Sbg_?z and

O(ql,1)={Pla—Pl,qul,"',Pl} for b< . See Figure 3.

-2 -2
Following examples explain the cases for b= o and b< o respectively.

5.2.11. Example
For h,_,(x)=x%—-2,ahomoclinic orbit of a homoclinic point 2 is

o(ﬁ):{z,—z,o,ﬁ,---,z}.

Solution:

The forward orbit of 2, hH(JE):o,hH(o)=—2,hH(—2)=2 , thus
h ,(v2)=2.50 h,(v2)=2 for n23.

The backward orbit of 2 is h;", (x/i) = {\/E,\/\/E+ 2,\/\/x/§+ 2+ 2,...} .
To prove h", (\/E ) — 2. Consider the sequence <h1f " (\/E )> =(a,).

(an) is an increasing sequence: It is easily shown that for —-1<Xx<2 the

function vXx+2 is an increasing function. Hence --->h;?,(x)>h*,(x) =X,

thus (an) is an increasing sequence.

Moreover for —1<x<2, by theorem (5.2.6) h",(x)<2,vn (ie 2 is an
upper bound for (an > ). Thus to show that <h{ " (X)> converges to 2, it is
enough prove that 2= sup{(an)} L If 2% sup{(an>} , let c<2 and
c= sup{(an)} . By lemma (5.2.2) then 0<c<2, since (an) is an increasing
sequence and C=sup{a,:neN}, then a,—>c. Now, since 0<c<2, then
2-Cc>0.Let e=2-cC.

Then 3k e N such that |an —C| <2-c,Vn>k.

Since the iteration of this sequence is a, =a’,, —2, thus
‘(afﬂ - 2) - C‘ <2-c, which implies 2c<a’,, <4, then
V2c<a, <2 . *).

But ¢>0 and c<2 which implies C(C - 2) <0, therefor ¢<+/2c. Thus
by (*), c<a,,;<2 which is a contradiction with C= sup{A(an>} . Thus

n+1
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2 :sup{A(an)}, and a, > 2. So O(\/E) = {2,—2,0,\/5,---,2} is a homoclinic
orbit of a homoclinic point v2 for h_,(X).

5.2.12. Example
For hl,—6 (X) = x? -6, a homoclinic orbit of a homoclinic point \/§ is

0(+3)={3,-3,43,+-,3}.

Solution:
The forward orbit of V3, h ((v3)=-3h (-3)=h(v3)=3. So
hffe(«/g):3 for n>2.

The backward orbit of /3 is hlne(\/§>={\/§,\/\/§+6,\,\/\/§+6+6,u}.

To prove h g (\/é ) — 3. Consider the sequence <hlf[‘6 («/5 )> =(a,).

(an) is an increasing sequence: It is easily shown that for —2<x<3 the
function +/x+6 is an increasing function. Hence --->h % (x)>h%(x)>x,
thus (an) is an increasing sequence.

Moreover, for —2<x<3, by theorem (5.2.6) h ";(X)<3,vn (ie 3 is an
upper bound for (an)). Thus to show that <h{ % (X)> converges to 3, it is
enough prove that 3= SUp{(an>} JIf 3# sup{(an >} ,let c<3 and
c :sup{(an)}. By lemma (5.2.2) then -1<c<3, since (an) is an increasing
sequence and C= sup{an ‘neN }, then a, — c. Now, since —1<c<3, then
3-c>0.Let e=3-cC.

Then 3k € N such that |an —C| <3-¢c,Vn>Kk.

Since the iteration of this sequence is @, =a’,, -6, thus

‘(az 6)—C‘<3—C,which implies 2c+3<a’, <9, then

n+l T
J2c+3< a,,,<3 . *).

But ¢>-1 and c<3 whichimplies (€+1)(c—3)<0, there for
c<+/2c+3. Thus by (*), c<a,,, <3 which is a contradiction with
c=sup{(a,)}. Thus 3=sup{(a,)}, and &, >3. So O(~3)={3-33,3]

is a homoclinic orbit of a homoclinic point 3 for h,_¢(x).
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