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Abstract

In this paper, we construct the convergence sequences on b, metric spaces and
prove that mappings satisfying the ¢ contractions have the unique common
fixed point, and the conclusion we obtained generalized many results on 2
metric spaces.
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1. Introduction

As is known to all, the notion of metric spaces has been generalized by many
scholars, of which the most essential work is the 2-metric spaces. In 1963, the
notion of 2-metric spaces was first introduced by Géahler in [1], from then on,
many scholars had proved the common fixed points theorems in this spaces [1]
[2] [3]. In 1993, Czerwik introduced the notion of b-metric spaces [4], and
proved theorems of common fixed points in this space. The two metric spaces
above have obviously generalized the traditional metric spaces. Therefore, the
fixed point theory has been developed a lot.

On the other hand, many scholars generalized the fixed point theorems by
improving the contraction or expansive conditions,such as the ¢-contraction,
quasi-contraction [5] [6] [7]. Recently, Zead Mustafa has introduced the notion
of b, metric spaces [8] which is a generalization of both 2 and b metric spaces.

Some fixed point theorems were then obtained under various contractive
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conditions in this spaces [9] [10].

The purpose of this paper is to consider the common fixed points of a
self-mappings family in the b,-metric spaces satisfying the ¢ contractions to
generalize the fixed points theorems in 2-metric spaces and improve the

theorems in b, metric spaces.

2. Preliminary Notes

Before stating our main results, we introduce some necessary definitions as
follows.

Definition 2.1 [1] Let X be a non-empty set and let d:XxXxX —>R bea
map satistying the following conditions:

1) For every pair of distinct points x,y € X , there exists a point ze X such
that d(x,y,z)=0.

2) If at least two of three points x,y,z are the same, then d(x,y,z)=0.

3) The symmetry:
d(x,y,z) = d(x,z,y) = d(y,x,z) = d(y,z,x) = d(z,x,y) = d(z,y,x) for all
x,y,zeX.

4) The rectangle inequality: d(x,y,z)<d(x,y,a)+d(y,z,a)+d(z,x,a) for
all x,y,z,ae X.

Then dis called a 2-metric on Xand (X,d) is called a 2-metric space.

Definition 2.2 [4] Let X be a non-empty set and s>1 be a given real
number. A function d:XxX —R" is a b-metric on X if for all x,y,ze X,
the following conditions hold.

1) d(x,y)=0 ifandonlyif x=y.

2) d(x,y)=d(y.x).

3) d(x,z) < s[d(x,y)+d(y,z)} .

In this case, the pair (X,d) is called a b-metric space.

Definition 2.3 [6] we call the function as the comparison function if it
satisfies the following conditions.

1) ¢:[0,40]—>[0,+x).

2) ¢ is nondecreasing, sequentially continuous from the right.

3) foreach reR", ¢(t)<t.

Without loss of generality, we mark ¢(0)=0.

Definition 2.4 [8] Let X be a non-empty set, s>1 be a real number and let d:
X xXxX —>R beamap satistying the following conditions:

1) For every pair of distinct points x,y € X , there exists a point ze X such
that d(x,y,z)=0.

2) If at least two of three points x,y,z are the same, then d(x,y,z)=0.

3) The symmetry:
d(x,y,z)=d(x,z,y)=d(y.x,z)=d(y,z,x)=d(z,x,y)=d(z,y,x) for all
x,y,zeX.

4) The rectangle inequality:
d(x,y,z) < s[d(x,y,a)+d(y,z,a)+d(z,x,a)] forall x,y,z,ae X .
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Then dis called a b,-metric on X and (X ,d ) is called a b,-metric space with
parameter s. Obviously, for s = 1, b,-metric reduces to 2-metric.

Definition 2.5 [8] Let {x,} be a sequence in a b,-metric space (X,d).

1) A sequence {x,} is said to be b,-convergent to xeX , written as
lim, ,, x,=x,ifforall aeX, lim,, d(x,x,a)=0.

2) {x,} is Cauchy sequence if and only if d(x,,x,,a)—>0 , when
n,m-— .

3) (X,d) is said to be b,-complete if every b,-Cauchy sequence is a
b,-convergent sequence.

3. Main Results

These are the main results of the paper.
Lemma 3.1 (6] For each nonnegative sequence {t,} satisfying the condition:
ta<p(t,), n=12,-, then lim,_, ¢"(t)=0
Proof For each t> 0, ¢"(1)<¢"" (1)< <op(t)<t
Since ¢ is sequentially continuous from the right, we can get
lim,_,, ¢"(¢)=1lim,_, qo(qo"'l (t)) = (/J(Iimn_m " (t))

let? =lim,,, ¢"(¢), ~i=¢(f) ~.lim,, ¢"(1)=0.
v tn+l S w(tn ) S q)z (tnfl) S e S (0” (tl) limn%w tn+1 = 1imn~>cc q)n (tl) = 0
which shows that lim ¢ =0.
Theorem 3.2 Let (X,d) be a b, metric spaces, f,g:X —> X are two self
mappings on X, and satisty the condition:

s-d(ﬁc,gy,a)S¢[max{s«d(x,y,a),s-d(x,fx,a),s'd(y,gy,a),
(1)
1 1
Ed(x,gy,a)+5d(y,fx,a)}j,

with s > 1, if £X or gXis complete, then fand g have an unique common fixed
point.

Proof. Vx,e X, from the condition (1), we can construct a sequence as

follow:
Xy = S (%0): %200 = 8 (X211 @)
we can easily get:
d (X3 X30015%3,12) = 0 o

In fact, from the condition (1,2), we know that:
S d(x2n’x2n+l ’x2n+2) =s-d (ﬁCZn!gx2n+l s X3 ) < §0<S 'd(xznaxznﬂ s Xoni2 ))

(1)<t holds for each 7>0
Suppose that s-d (x,,,%,,,1,X3,,,) >0

Then, we can get:

s-d ('x2n’x2n+l’x2n+2) < @(S 'd(xznaxznﬂ sXoni2 )) <s 'd(x2n’x2n+1 ’x2n+2)
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which is a contradiction.
Therefore,we can get d(x,,,X,,,1.%,,,,) =0

Hence, we can get:

S d(x2n+l’x2n+2’a) = d(fxz,,,gxz,,ﬂ,a)

4
s gp(max(s -d(xzﬂ,xb”,,a),s~d(x2n+1,x2ﬂ+2,a),%d(xzﬂ,xbﬁz,a))j @

From now on, we will proof the sequence we construct is a cauchy sequence
through two cases as follows.
Case 1:if d(x,,,.%,,,.a)2d(x,,,%,,,,,a)
Meanwhile, we notice that:
1 1 1
Ed (x2n7x2;1+2va) < ES -d (x2n+l 7'x2n+2’a) +ES : d('x2n’x2n+l ’a) (5)

In this case, with condition (5), we can get:

1
Ed(x2117x2n+zna)sS'd(x2n+lﬂx2n+27a) (6)

with condition (4, 6), we can easily get the following holds:

1
max{s -d(xz}q,lem,a),s -d(xzm,leﬂz,a),a-d(x2n,x2n+2,a)}

)
=s-d (x2n+l ’x2n+2’a)
From condition (4, 7), suppose that s-d(x,,,,X,,,,,a)>0 we can get:
S'd(x2,1+1ax2n+2»a) < go(s : d('x2n+l9‘x2n+2’a)) < S’d(xznﬂ’xzmzaa)
which shows d(x,,,,%,,,,,a)=0,
since d (Xy,,,%5,125@) 2 d (X5, %, @)
we can get d(x,,,X,,,,a)=0
Hence, we can get d(x,,x,,,,a)=0 holdsforeach aeX and n=12,-
~.{x,} isa constant sequence, obviously, it is a cauchy sequence.
Case 2:if d(x,,,.%,,,,a)<d(x,,,%,,,,,a)
Meanwhile, we noticed that:
1 1 1
Ed(xzn’xzwfz’ a) < 55 ) d(x2n+1 s X125 a) +ES -d (xzwxz;m ,a)
In this case, we can get:
1
Ed(xn,xz,ﬁz,a)Ss-d(xzwxzm,a) (8)
From the condition (4) and (8), we can get:
1
max{s : d(x2n,x2n+l,a),s : d(x2n+l’x2n+2’a)’z-d(XZn’XZVH—Z’a)} 9)
=5 d(x2n’x2n+l’a)
From condition (4, 9), we can get:
S'd(x2n+1ax2n+2’a) < ¢7(s-d(x2",x2n+],a)) (10)
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Let s-d(x,,,X,,,,a)=1,, ,we can mark the condition (10) as:
t,, <¢(t,,,)>and from Lemma 3.1, we can get:

lim, ¢, =0, which shows that lim

n—o0

n—»w d (xZn ’x2n+1 > a) = 0
In this case, as d(x,,,%,,,1,a) <d (X1, %5,,5.4)
We can also get: lim,_,_d (x2,1+1,x2,,+2,a) =0

Therefore, for each ae X and n=12,---,

lim, ,, d(x,,x,.,,a)=0holds. (11)

n—» no

From now on, we will prove the sequence in case 2 is a cauchy sequence
through mathematical induction.
From the condition(11), we can get: For arbitrary ¢>0,3n,€ N,, when

n 2 n, , the following holds:

1
d(xn,xn+l,a)<3—g<g,Van (12)
S

Then, we use the mathematical induction for m to prove d(x,.x,,a)<¢,
(Vm>n>n,) VaeX holds.

1) When m=n+1, d(xn+l,xn,a) <& holds

2) Suppose that when m=n+k(k>1), d(x

m?

x,,a) <& holds, from this, we
will prove the condition holds for m+1.

From the condition (12) and the inductive hypothesis, we can easily get:

d(xm,xm+l,a)<i5,d(xn,xm,a) <L ¢ holdsforall aex
3s 3s

From the rectangle inequality, we can get:

d(xn,xmﬂ,a)ﬁs-[d(x xml,a)+d(xn,xm,a)+d(xm,x x)]

m?> m+1>""n

1 (13)
<s~(—gx3J:g

3s

From the condition (13) and inductive principle, we claim that:

d(x,,x,,a)<e holdsforall m>n>n, and aeX

Therefore, from the definition 2.5, we can get the conclusion that the sequence
{x,} we construct in case 2 is a cauchy sequence.

Therefore, from the proof above, we can get the conclusion that the sequence
we construct in condition (2) is a cauchy sequence.

If £Xis complete, then from the condition (2), we can get:
limnaw x2n+1 =u= ﬁ € jX

From the rectangle inequality, we can get:
d(xy,p.u,a)<s- [al(xzm,xz,ﬁ1 )+ d %y, X,,,0) +d (X, ,u,a)}
Since the {x,} isa cauchy sequence, let n— oo, we can get:

. . 1
lim, . d(x,,,u,a)<lim, s d(x,,,,%,,.a)<s WAL

Therefore, we can get x,,., > u
Then, we will prove the point u is the unique common fixed point for the
mappings fand g

DOI: 10.4236/0alib.1104723 5 Open Access Library Journal


https://doi.org/10.4236/oalib.1104723

Y. H. Sheng et al.

ws-d( fu,x,,,,,a)

< (D[max {S A (u,xy,5,a),5d ( fi,u,a),sd (x50, %,.0.0),

%d(u,xz,ﬁz,a) +%d(x2n+l,fu,a)}j

Let n— oo, suppose that s-d(fu,u,a) >0, we can get:
s-d(fu,u,a)S¢(s-d(fu,u,a))<s-d(fu,u,a)

which is a contradiction.
Therefore, we claim that d(fi,u,a)=0 holds for Vae X, which means

fu=u.
K ~d(u,gu,a) =5 ~d(fu,gu,a) < q{max(s . d(u,gu,a),%d(u,gu,a)jj

Suppose that s-d (u,gu,a)>0, we can get:
s-d(gu,u,a)S (o(s-d(gu,u,a))<s-d(gu,u,a)

which is a contradiction. Therefore, we claim that d ( gu,u,a) =0 holds for
Va e X ,which means gu=u.

If there exist another ve X, st.v=gv= fv, suppose that d(u,v,a)>0 we
can get:

s-d(u,v,a):s-d(fu,gv,a)S(0(s~d(u,v,a))<s-d(u,v,a)

which is a contradiction. Therefore, we can get: d (u,v,a) =0 holds for
Va e X ,which means u=v.

Therefore, we claim that uz is the unique common fixed point for the
mappings fand g

The proof is in the similar way for the case if gXis complete.

Now, we will generalize the theorem 3.2 into family of mappings.

Let {fl}lm,{g,}r :X—>X, mneN,, Let 5:{{fi}:",{g,}]n} . If for each
A,Beo,AB=BA,thenwecall § ispairwise commuting.

Theorem 3.3 Let (X,d) be a b, metric space, {fl}:" ,{g[};1 ‘X > X s the
mapping family, let f =[], f..g =11, and satisty the following condition:

S~d(fx,gy,a)Sgo[max{s-d(x,y,a),s-d(x,fx,a),s-d(y,gy,a),

%d(x,gy,a) +%d(y,fx,a)}]

if £X or gXis complete, & is pairwise commuting, then § has an unique
common fixed point.
Proof. From theorem 3.2, we know u is the unique common fixed point for

{ 1, g} .Since & is pairwise commuting, we can get: For each 1<i<m
Ju=fifu= fu, fu=figu=glu,

Therefore, fu is the common fixed point for {f,g}, since uis the unique
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common fixed point for {f,g}, we can obtain fu=u(1<i<m), we can prove
gu=u(1<i<n) in the similar way. Therefore, is the common fixed point for
6, if vis the common fixed point for &, obviously, v is the common fixed

point for {f, g}, therefore, u=v isthe unique common fixed point for &.

Example 3.4 [8] Let X = {(a,O) ‘ae [0,1]} U {(0,2)} cR*, andlet d(x,y,z)
denote the square of the area of triangle with vertices x,y,z€ X , e.g.

d((@,0),(8.0),(0.2))=(a-B)

It is easy to check that dis a b,-metric with parameter s = 2.
Consider the mappings f,g: X — X given by:

f(a,O)z(%,Oj,a e[0.1], £(0,2)=(0,2).
«(p.0)=[4.0)pel0i.e(0.2)-(00)

and let the comparison function q)(t):%t,te[o,wo), in order to prove the

mappings fand gsatisty the condition (1),we will divide it into 3 cases.

case 1 x=(a,0),y=(/,0),a=(0,2), we can easily check

s-d(fx,gy,a)zl(é—%)z <2-E(a—ﬂ)2 :(p(s-d(x,y,a))

4
S(O[max{s~d(x,y,a),s-d(x,fx,a),s~d(y,gy,a),
1 1
—d(x,gy,a)-i——d(y,fx,a)}j
2 2
case 2 x=(a,0),y=(0,2),a=(0,2), we can easily check
aY 3(2 Y
s-d(fx,gy,a)zZ«(?J :2.2(5(1} :(p(s«d(x,fx,a))

Sgo[max{s-d(x,y,a),s-d(x,fx,a),s'd(y,gy,a),

%d(x,gy,a)+%d(y,ﬁc,a)}]

case 3 x=(0,2),y=(p,0),a=(a,0), we can easily check
: : 3 2
s.d(ﬁc,gy,a):l(g—aj SZ~(§—%) S2~Z(/5’—a) =g(s-d(x,y.a))

max{s-d(x,y,a),s-d(x,fx,a),s-d(y,gy,a),

IN
S
/N

%d(x,gy,a)+%d(y,fx,a)}]

Now, we have proved the mappings fand g satisfy condition (1) and we can

obtain the point (0,0) is the unique common fixed point for fand g by using
theorem 3.2.
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Since b,-metric space is a generalization of 2-metric space, we can obtain the
following theorem.

Theorem 3.5 Let (X,d) be a 2 metric spaces, [,g:X —> X are two self
mappings on X, and satisty the condition:

d( fr,gv.a)

< (p(max {d(x,y,a),d(x,fx,a),d(y,gy,a),%d(x,gy,a) +%d(y,fx,a)}j

if X or gXis complete, then f and g have an unique common fixed point.

Proof. In the proof of theorem 3.2, let s = 1, then the b, metric space turn to 2
metric space. Meanwhile, we can easily check the proof for theorem 3.2 holds for
2-metric space, therefore, we get the conclusion.

Theorem 3.6 Let (X,d) be a 2 metric spaces, f,g:X —> X are two self
mappings on X, and satisty the condition:

d( fx.gy.a)

< h(max{d(x,y,a),d(x,fx,a),d(y,gy,a),%d(x,gy,a)+%d(y,fx,a)}j

he[0,1), if £ or gXis complete, then f and g have an unique common fixed
point.

Proof. Let ¢(t)=ht,he[0,1), we can easily check ¢(r)=ht satisfy the
comparison function’s condition, from the theorem 3.5, we can get the

conclusion.

4. Conclusion

In this paper, we introduce the concept of ¢-contraction, and proved that
mappings or family of mappings satisfying the contraction have the unique
common fixed point. Meanwhile, we give an example for the theorem we

proved. The results we obtained generalized many results in the b, metric spaces.
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