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QOB ope e

Abstract

Haar wavelets are applied for solution of three dimensional partial differential
equations (PDEs) or time depending two dimensional PDEs. The proposed
method is mathematically simple and fast. Two techniques are used in nu-
merical solution, the first based on 2D-Haar wavelets and the second based on
3D-Haar wavelets and we compare them. To demonstrate the efficiency of the
method, two test problems (solution of the diffusion and Poisson equations)
are discussed. Computer simulation showed that 3D-Haar wavelets are better
and closer to the exact solution but it is need to more time from 2D-Haar
wavelets.
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1. Introduction

As a powerful mathematical tool, Wavelet analysis has been widely used in im-
age digital processing, quantum field theory, numerical analysis and many other
fields in recent years.

Haar wavelets have been applied extensively for signal processing in commu-
nications and physics research, and more mathematically focused on differential
equations and even nonlinear problems. After discrediting the differential equa-
tion in a convention way like the finite difference approximation, wavelets can
be used for algebraic manipulations in the system of equations obtained which

may lead to better condition number of the resulting system [1].
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Wavelet methods have been applied for solving partial differential equations
(PDE-s) from beginning of the early 1990s [2] and [3]. In the last two decades
this problem has attracted great attention and numerous papers about these
topics have been published. Due to this fact, we must confine somewhat our
analysis; in the following only PDEs of mathematical physics (elliptic, parabolic
and hyperbolic equations) and of elastostatics are considered. From the first field
of investigation, the papers [4] [5] [6] and [7] can be cited. As to the elasticity
problems, we refer to the papers [8]-[13]. In all these papers, different wavelet
families have been applied.

In most cases, the wavelet coefficients were calculated by the Galerkin or col-
location method, by it we had to evaluate integrals of some combinations of the
wavelet functions (called also connection coefficients).

Among all the wavelet families, the Haar wavelets deserve special attention.
They are made up of pairs of piecewise constant functions and are therefore
mathematically the simplest of all the wavelet families. A good feature of the
Haar wavelets is also the possibility to integrate these wavelets analytically in ar-
bitrary times. A drawback of these wavelets is their discontinuity; since the de-
rivatives do not exist in the breaking points, it is not possible to apply these
wavelets directly for solving PDEs. U. Lepik has applied this technique for solv-
ing different 1-D problems [14] [15] [16] and [17]. Also he used two dimension-
al Haar wavelets in solving PDFs which contain two variables [18] [19] [20]. The
method is fast and with low error.

The aim of the present paper is to develop the Haar wavelet method for solv-
ing three dimensional PDEs, which is fast, mathematically simple and guaran-
tees the necessary accuracy for a relatively small number of grid points. The me-
thod is an expansion of the 2D Haar wavelets method which discussed in [18].
We developed 3D and 2D Haar wavelets approximations to the solution of the
partial differential equation. We obtain the 2D Haar wavelets method as an ap-
proximation of the 3D Haar wavelets.

The paper is organized as follows. In Section 2 formulas for calculating the
Haar wavelets and their integrals are reported. In Sections 3, the method of solu-
tion is described by using 2D and 3D Haar wavelet respectively. In Sections 4
application of Haar wavelets method is presented in solving two problems (inte-
gration of the diffusion and Poisson equations). Conclusions and possible fur-

ther directions of research are offered in Section 5.

2. Haar Wavelets and Their Integrals

The Haar functions are an orthogonal family of switched rectangular waveforms
where amplitudes can differ from one function to another. They are defined in
the interval [A,B] by [18]:

1 forxe[gﬁ(i),é‘z (i)},
h(x)=4-1 forxe[&(i).&(i)], (1)

0 elsewhere
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where
E () =A+2kpAx, & (i) = A+(2k +1) uAx,
&(i)=A+2(k+1)uAx, u=M/m,
The interval [A4,B] is participated into 2/ subintervals of equal length; the length
of each subinterval is Ax = (B — A)/(2M) . Integer m =2’ (j =0,1, 2,---,J) indi-

(2)

cates the level of the wavelet; k=0,1,2,---,m—1 is the translation parameter.
Maximal level of resolution is /. The index 7is calculated according the formula
i=m+k+1; in the case of minimal values. M = 1, k = 0 we have 7 = 2, the
maximal value of 7is i=2M =2/"" It is assumed that the value 7 = 1 corres-
ponds to the scaling function for which % (x)=1 in [4,B].

The operational matrix of integration P, which is a 2M square matrix, is de-

fined by the equation:

In general
})‘/H,i(x):.'.Pi(x')dX" VII,Z,“' (3)

The general form of v-times of integrals [18]:

0 forx<§1(i),
%[x—sgl(lﬂv forxe[ffl(i),fz (i)],
%{[x—fl (i)]v —Z[x—fz (l)T} for x e [52 (i).& (i)],

1

Ax-a ] —2[x-&O] +[x-&()] ] forx>&().

y!

(4)
For solving boundary value problems we need the values P, (B), which can
be calculated from (4). In special cases v=1 or v= 2, we find

B-4 fori=1,

9,(i)=R,(B)= {0 (5)

fori=l,
and
0.5(B-4Y’ fori=1,
42(i)=})2,i(3)= (B_A)Z . (6)
0257 fOI‘l;ﬁl,

In the present paper the collocation method for solving the PDEs is applied.
Equations. (1) and (4) are discredited by replacing x —x, such that:

x,=A+(l—1ij, 1=1,2,2M @)
2

It is convenient to introduce the Haar matrices
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H(i,l)=h(x,), P,(i,/)=P,(x). In the following Sections computer simula-
tions were carried out with the aid of the Mat/ab programs for which the matrix

representation is effective.

3. Problem Statement and Method of Solution
Consider two-dimensional partial differential equation of higher order:

F(t,x,y,u,Du, D, D***u) = £ (,x,y),

a(ﬂ+ﬂ+a)u (l, X, y)

ot*ox’oy*

(8)
D11+,B+au _

such that f(z,x,y) is known function or constant.

The independent variables ¢, xand ybelong to a domain Q
xe[4,B].ye[4,,B,].,t €[ 4,,B,] , which has the boundary 0Q. We have to

calculate the function u(z,x,y), which satisfies the required initial and boun-

dary conditions.

3.1. The Solution by the 3D Haar Wavelets
The solution by the 3D Haar wavelets method is started by divides Cuboids
xe[4,B],ye[4,,B,].t €[4,,B,] into 2M,, 2M, and 2, parts of equal length,

respectively.
We assume that the solution is sought in the form:
orpra), (t, X, y) 2M; 2M, 2M5
T Aiaa - S () ()R (), 9
ot ox’oy” ; ; ;a/,l,z (1) j(x) 1 (v) 9)

where the elements «;,, are constants.

We integration (9) f-times in regard to (x) from 0 to x, we obtain

a(/lm)u (t,x,y) 2M, 2M, 2M3 p-1 (x).l'i a(/l+/‘/‘+a)u (t, O,y)
A Al h ()P, (x)h - , (10
atlaya ; 12:1: ,ZI: a/,l,z i ( ) BiJ (x) l(y)+/j:0 (]])' 8t’18x‘”8y“ ( )

Now, by integrating (10) a-times in regard to (y) from 0 to y; we obtain

6(l)u(l‘,x,y) 2M, 2M, 2M; a1 yll a(/“”)u(t,x’o)
—_— = L hi(t)P, . P
ata ; pn ;a/,l.z 1( ) Bii (x) a,l(y)"' ~ (”)! atﬂ.ayll (11)

(O S ulu0) G0 00

(i) ortex” im ()i () o ax oy

Now, by integrating (11) A-times in regard to (#) from 0 to £ we obtain

B 12M2 2M3 ! tii a([[)u O,x’y
(o) =33 S a2 ()8, (x) B,y ()4 S L(0.x)

o= = ’ ’ ii—o(”)! ot"
ol 3l 8(Hutx0 t)" et ”8'””) 0,x,0
Yy
b5 THerl) Sl S )
[1:0(11). ji= 0( ) 1=0 (l) Ot ay
BY 5<.uu(,’0’ y)_m (t) pl i 8(””"')u(0,0, y)
720 ( jj)! ox” frard (ii )! ) ( jj)! ot ox?

+
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Byl gl yll 6(/j+]1)u(t,0,0)
()i axiey”

A (t)ii B-1 x” -l y” a(ii+jj+ll)u(0’0’o)
ii=0 (ll)'ﬂ:g (jj)!”:() (”)' (3tﬁaxjj6y”

In this formula, the integrals P, (¢),P, (x) and P, (y) are calculated

(12)

+

>

according to (4) and the other terms in the Equation (12) are calculated accord-
ing to the type of the initial and boundary conditions (Dirichlet, Neumann, and
Mixed boundary conditions). Details of this method are explained by solving

two examples.

3.2. The Solution by the 2D Haar Wavelets

When we use the 2D Haar wavelets method, we divide the interval 7e[4;,B;]
into Nequal parts of length Ar=(B,—4;)/N andlet ¢ =(s—1)At
s=1,2,---,N and:

2M;

a,(t)=2 a,,h(1), (13)

The mean idea of 2D Haar wavelets is to assume that a;,(¢) are constants in
each subinterval e (z,,z,, ], then

Forall re(t,z,,] the Equation (11) becomes

oMy (txy) 2M, 2M, ot I o+, (t,x,O)
T ;;a” ( ) ( )+”20(1) 61,‘16)/”

) . (14)
G @) u(10.y) @)y 0 u(1,0,0)

TLG) adad ()& aredo)

We integration (14) A-times in regard to () from ¢ to £ we obtain

~ (t—ts)/l 2M, 2M, P 1( )i 5(”)u(ts,x,y)
”(t:x’y)_szllz:llaj.lPﬂ,j( ) ( )+§ ( ) ot

ol ! oMy (t X, 0) & 1( ) VN m”)u(ts,x,O)
J"Z W Adiadl
=0 (U)! ii=0 (ll)' =0 ) ot"oy
. gl i a(//) (t 0, y) pu 1( )” i ol (ts’()’y)
Ji=0 (]J)' ii=0 ( ) Ji=0 (JJ) ot"ox”
EEE y” o u(1,0,0)
Ji= 0( )' = 0(”) 8x”8y”
a1 g1 g a1 i plitil)
LA g gt
ii=0 (ll)' Ji=0 (]j)' 11=0 (”)' 8t”8x”8y

As in 3D Haar wavelets, integrals P, (x) and P, (y) are calculated ac-

AM

(15)

IME

cording to (4) and the other terms in the equation (15) are calculated according
to the type of the initial and boundary conditions (Dirichlet, Neumann, and

Mixed boundary conditions).
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4. Application and Numerical Results

We application the 2D Haar wavelet and 3D Haar wavelet methods in solve two
problems (diffusion and Poisson equations) and comparison with the exact solu-

tion.

4.1. Diffusion Equation
Solve the 2D Heat equation in the domain (0,1)xQ where Q=[0,1]x[0,1]

and
i—’;—czAu:f(t,x,y) on (0,1)xQ,
u(t,0,y)=u(t,1,y)=0 te(0,1)and y[0,1], (16)
u(t,x,O)zu(t,x,l):O te(O,l)andxe[O,l],
u(0,x,y)=0 on Q.

Here wehave A1=1,=2 and a=2 and suppose that
M =M,=M,=M.

4.1.1. The Solution by 3D Haar Wavelet Method
The solution by 3D Haar wavelet is begin using the Equation (12) to approx-

imate problem (16) and considering the initial and boundary conditions at x= 0
2M 2M 2M
u(txy)=u(0xy)+ 2 2 2.a;,R: (1), (x) By ()
j=1 1= i=1

+y[8u(t,x,y) J+x(8u(t,x,y) J_xy O*u(t,x,y) ’(17)
0 Ox - Oxoy oo

0y
Taking x = 1 and using the boundary conditions in the last equation, we ob-

] O*u(t,x,y)
-y
- Ox0y

Replacing this result back into (17), we obtain

and y= 0, we get

tain

2M

B (1) (1) P ()

[6u (t,x,y)

Oox

Jj=1 i=

2M 2M
2myed [

u(t,x,y)=u(0,x,y)+ ZZZ"/JJEJ (t)P“ ()2 ()
Jj=1 1=l i=l
(18)
ou(r.x, oM 2M 2M .
Y{% j_x‘zuZ;aN.iE,[ (t)q2 (])PZ’I (y)’

Similarly and by using the boundary condition at y= 1, we obtain

2M 2M 2M
T4 _ aj,l,il)l,i(t)})Z,j (x)‘b (l)
y=0

+XZ amPu( )4, (J)4. (1),
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Replacing this result back into (18), we obtain

2M 2M 2M

u(t5) =10k 3)+ 3 33 a,, B, (O, (5) P, ()
J=1 11 0=l
2M 2M 2M .
xZZ]Z Tl lt() (.])F’Ll(y)
o2 (19)
3330807, (90.()
2M 2M 2M
+xpY Zasz( )4, (/). (1),
J=11=1 i=l
which can be rewritten as:
2M 2M 2M
u(tx,y)=u(0.%,)+ 23> a,, (R (O Py (x) =30 () [P () = ya (1)]}
Jj=1 1=l i=l
(20)
Derivative the Equation (20), we obtain that
2M 2M 2M )
__Z:,;Zl‘,a/h{ i( )|: ( )—xqz(j)][&,(y)—yqz(1)]}, (21)
J i
82u 62u 2M 2M 2M
penr BRI OLIC ENCO SO R
é’zu 62u 2M 2M 2M

+ Zzza/‘,u {Plz (t)|:Pz/ (x) —Xq, (J):| h (y)}7 (23)

o J=l =l =l

o’ o,
Substituting Equations (21)-(23) in (16) for any collocation points ¢,x, and
y, with se{l,2,---,.2M}, re{l,2,---,2M}, ke{l,2,--,2M}, we get

2M 2M 2M
a; ;Rjiis =g(s,r,k) for1<s<2M,1<r<2M,1<k<2M (24)
=1 i=l =l
where
Rijivis = H(i,s)l:Pz (], ) X, 92 ):“:Pz (l,k)—yqu (l):|
~c’P, (i,S)H(],I")[ (LK) =g, (l)]
~B(i,s)[ B (j.r)-x.q, () |H (LK), (25)
and
, 0%u , 0%u
g(s,r,k)zf(ts,x,,yk)-kc F C F .
X 1=0,x=x,,y=yy v 1=0,x=x,.,y=y}
o’u o’u . s s
The terms — and — are given by initial condition.
x| o o) P
X=X, V=Yg X=X, V=Y
With the following notations:
for 3, €(0,1)

1
such that AS = M > We write:
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H(j,r)=h(3,) j=12,--2M;r=12,---,2M,
B(j.r)=P,(3,)  j=12,-.2M;r=12,--,2M, (26)
qz(j):PZ,j(l) j:1925'”’2M9

~

which calculated from Equations (1), (4) and (6) respectively. I canbe ¢ xand y.
It is clear that, the wavelet coefficients a;,; can be obtained by solving the

linear system (24). For simplify, we transform the system into a form with
second-order matrices using the following:
Let

n=02M) (j-1)+2M (1-1)+i, u=(2M)’ (r-1)+2M (k—1)+s, Now

Equation (24) can be rewritten in the following form
uy’
> S(un)B(n)=F(u) for1<u<(2M)’, which give the following sys-
n=l1

tem of linear equations
S-B=F (27)

where Band Fare (2M )3 vectors and Sisa (2M )3 x(2M )3 matrix such that

B zl:al,l,l Gua = om0 G 7 Gayoma T a”"”ﬂ"”QMJIX(W)3
F:[gl,l,l uz 7 Buan 7 &y 7 &womy T gZMaZM’ZM]lx(ZMf
R R " LLREIYRRE: Rizian o Roam i
S = Rz Rijanin Rijamaz LLRIRRE: [ENEVENATE
Rijomavon Rioovomon 0 Ruowovomon Riziovonan - Rosomomomomon (2M)'x(2m)’

where R, ., are calculated according to Equation (25). After solving system
(27) we obtain the wavelet coefficients a;,, and thus for any

(t,x,)€(0,1)xQ the solution u(¢,x,y) is obtained from Equation (20).

4.1.2. The Solution by 2D Haar Wavelet Method
Now we use Equation (15) to approximate problem (16) and considering the ini-

tial and boundary conditions at x = 0 and y = 0, Equation (15) gives for
(t’x’y)e(ts’tﬁ-l]XQ:

2M 2M
u(tox,y)=(1=1) 22 a,, P, (x) By (v) +u(t,x.y)
Jj=1I=1
+J{8u(t,x,y) _au(ts,x,y) J
8)} ),:0 ay y:0
(28)
iy Gu(l,x,y) _ﬁu(ts,x,y)
ox 0 ox o
azu(t,x,y) 62u(ts,x,y)
—xy| ———4% -—— 7 ,
Y Oxoy oxoy o
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Taking x = 1 and using the boundary conditions in the last equation, we ob-
tain that for re(¢,z,,] and ye[0,1]

s s+l

(6u(z,x,y)| _6u(ts,x,y)| J_y(&zu(t,x,yﬂ _auz(ts,x,y)| ]
x=0 x=y=0

Ox |x: 0 Ox Ox0y |xzv:0 Ox0y
2M 2M
==(1=1,) 2244 (J) B (),
Jj=1 1=l

Replacing this result back into (28), we obtain

2M 2M

u(t,x,y)=(t- f);;aﬂ S (X) Py (y)+u(t,x,y)
. y{au (;,yx,y)Iy_0 o (té;x’y)IyJ (29)

2M 2M

—X(f—fs)ZZaj,zqz (/)P (¥),

j=1 1=l

Similarly and by using the boundary condition at y = 1, we obtain for
e(t,,t,,] and xe[0,1]

[8u(t,x,y)| _au(ts,x,y)| J
O -

Replacing
2M 2M 2M 2M
=—(t=t1,)2 2 a,,P,(x)q, (1) +x(t~1,) a,4,(7)4: (1),
j=1 =1 j=1 =1
this result back into (29), we obtain
2M 2M
w(tn5) =10 ) 1) X302, (5) 2, )
2M 2M
_x(t_ts)zzaj,l% (J)le (J’)
Jj=1 I=1 (30)
2M 2M
—y(t —1 )ZZ“./,ZPLJ (x)q2 (1)
j=1 1=l
2M 2M
+xy(t-1,)2, a,,9,(7)a, (1),

j=1 =1

which can be rewritten as

)=t )+ (=) E3a [ (9 -x0, (D] P (0) -y ()]

(31)
Derivative the Equation (31), we obtain that
_Z;;aj/{[PzJ —Xq (j)J[PZ’,(y)—yqz (l)]}, (32)
*u  u M M
5)6_2 =§t:t +(t =1L );;aﬂ {hj (X)I:Pzz (y)_yqz (l)]}, (33)
o'u  0u M )
pearell He-t )L ({8 (x)=xq, (/)] ()} (34)

DOI: 10.4236/0alib.1104496 9 Open Access Library Journal
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Substituting Equation (32)-(34) in (16) for any collocation points x,,y, with

re{l,2,---,2M}, ke{l,2,---,2M} and replacing ¢ by ¢, and Ar by the
value Ar=t, —t ,we get

2M 2M

ZZaL,RjJJ’k = g(s,r,k) for1<r<2M,1<k<2M,1<s<N (35)
[

where
R = [Pz (J.r)=x,4, (J)] [Pz (1K) =y, (l)]
~AH (j,r)[ P (LK) -y, (1) ]
~0t[ B (j,r)-x,q, (/)] H (LK),

(36)
and
o’u o’u
2 2
gls,rk)=f(¢t,x.,y)+c " — ,
( ) ( s k) ax2 . ayz
1=ty X=X, Y= (=15 X=X,y =)
d'u u . . .
The terms — and — are given by initial condition
Ox 1=ty x=x, Y=Y Y ity =, vy

and after this are calculated from the Equations (33) and (34) respectively.

Here we transform the system from the fourth-order matrices into a
second-order matrices by the following:
Let

n=2M(j-1)+1, p=2M(r-1)+k,

Now Equation (35) obtains the form:

(ny
D S(un)B(n)=F(u),forl<pu< (ZM)2 , we get the following system of
n=1

linear equations

S-B=F (37)
2 . 2 2 .
Here B and F are (2M ) vectors and Sis a (2M ) X (ZM ) matrix such
that:
B g [a a e a a a e a a e a J
o 12 oy 22M w1 Yoy 2M2M Jiary
F= [gs,l,l 812 8siom &5y 8soom 0 8som) 8somom :'1><(2M)2
R1,1,1,1 R1,2,1,1 T R1,2M,1,1 R2,1,1,1 o R2,2M,1,1 o RzM,zM,l,l
g Riis R, Rz Ryyis Ryovin Ryyionan

R1,1,2M,2M R1,2,2M,2M RI,ZM,ZM,ZM RZ,I.ZM,ZM RZM,I 2M2M RZM,ZM,ZM,ZM (2M)2><(2M)2
Ri Li,r.k,s : 3 5
where ~"""%5 are calculated according to Equation (36). After solving system

(37) we obtain the wavelet coefficients a

Ji - and thus for any
(l,x,J’) e(o’l)XQ

the solution u(t, Y ) is obtained from Equation (31).
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4.1.3. Numerical Results
Taking c¢= 1, and

f(txy)=x*(x=1)y* (y=1)(3F =2t) = (6x=2) y* (y—1)£ (1)
P (x-1)(6y-2)F (1 -1),
the exact solution for (16) is
u(t,x,y):xz(x—l)yz(y—l)tz(t—l), (38)
In the following we use the MATLAB norm error

Osur :norm(u—u 2)/2M,

ex?

such that

The results for 2D and 3D Haar wavelets method are compared in Table 1 for
different values 2M.

We observe from Table 1 that when 2/ is not sufficiently large value, means
that Ar is not sufficiently small value then the error is big, we can obtain more
precision by the 3D Haar wavelets than 2D Haar wavelets and in less time. We
observe that the precision obtained by 3D Haar wavelets in the case 2M = 4
cannot be obtained for 2D Haar wavelets even one takes 20/ = 16 and spends
100 times.

4.2. Poisson Equation
Consider 3D Poisson equation [21]
*u 0*u du

Sty e/ (ena), 0SSl (39

u(x,y,z)=0 along the boundaries. Here we have 1=2,4=2 and a=2
and suppose that M, =M,=M,=M .

4.2.1. The Solution by 3D Haar Wavelet Method
Now the solution by 3D Haar wavelet is begin using the Equation (12) to ap-
proximate problem (16) and considering the initial and boundary conditions at

x=0, y=0and z= 0, we get

2M 2M 2M ou(x,y,z
(x,2)= S5 St 2 (21 B (1) ()¢ y 222D
=== y y=0
2
+x8u(x,y,z)| —xya u(x,y,z)| +Z@u(x,y,z)
o |, oxdy |x:y:0 = |,
62u(x,y,z) 62u(x,y,z) 63u(x,y,z)
—xz————= —yz————~= 7 ——— 2 ,
Ox0z o 0y0z . Ox0y0z -
(40)

We use the same technique as in (1) to find the unknown terms in Equation
(40).

This done in three steps:

1) Substitute the boundary condition when x= 1 in Equation (40) and replace
this result back into (40).
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Table 1. Compared the solution of the 2D Heat equation when Ar=1/2M
t=(4M -1)/(4M).

2M The method S Time (s)
4 2D Haar 3.5900e-004 1.4700
4 3D Haar 8.7770e—-006 4.2900
8 2D Haar 1.4686e—004 11.2140
8 3D Haar 1.6790e-006 33.3030
16 2D Haar 4.0944e-005 87.1730
16 3D Haar 4.2036e-007 281.6000

2) Substitute the boundary condition when y = 1 in equation resulting 1 and
replace this result back into 1.

3) Substitute the boundary condition when z = 1 in equation resulting 2 and
replace this result back into 2.

Next the boundary conditions are satisfied

2M 2M 2M

u(x,0,2)=2. 2> a,, {[ P (2) =24, () ][ B (%) =30, (7)) By ()= 0 (1) ]}

J=1 1= =l
(41)
Derivative the Equation (41) we obtain that:
2M 2M

%ZZa,,l{[Pz, ~ 24, (i) [, () [ B, (») =y (D) ]}

Jj=1 1=l i=1

Z%’%ﬁztz,z,{m a7 ()] )

I i

2= 222 (P ()~ (N () v (0]

We substituting above equations in (39) for any collocation points x,,y, and
z, with se{l,2,--2M},re{l,2,-2M Lk e {,2,---,2M }, we get

2M 2M 2M
a, R ips =8(s,rk) for1<s<2M,1<r<2M,1<k<2M, (42)
j=1 1=l i=l
where
Rj,l,i,r,k,.x = [Pz (i,s) —zZ4, (Z)}H(]sr)[Pz (l,k) ~ V4> (Z):|

+[P2 (i.5)-z,4, (’)][Pz (Jsr)—x,4, (j)}H(l’k)
+H (i5) B ()= 5.0 () LB (1K) = v (1) ] (43)
and

g(s,r,k):f(xr,yk,zs),

. . . a.,.
After solving system (42) we obtain the wavelet coefficients /' and thus

for any (t,x,y ) € (0’1) xQ the solution u(t,x,y) is obtained from Equation (41).
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4.2.2. The Solution by 2D Haar Wavelet Method
For the solution by 2D Haar wavelet method we need to divide one of the inter-
vals xe[4,B], ye[4,,B,], z€[4,,B,] into Nequal parts and we will di-
vide the interval ze[4;,B;] into N equal parts of length Az=(B,—4,)/N
and denoteto z, =(s—1)Az s=12,---,N.

By using Equation (15) and considering the initial-boundary conditions when
x=0, y=0and z= 0, we get

2M 2M

x08)-E 38 b ()2, () )

Jj=1 I=1

o ou(x,y,z) _5H(X»J’»Zs)|
I -

.

2 2
_xy[a u(x,y,z)| _Ou(xy.2,)

ox ox

x=0

+x[8u(x,y,z) ou(x,y,z,)

oulx zZ
J Z—( B S)
=y=0

oxdoy |,  oxdy oz
2 2 3
_xza u(x,y,zx) ~ 28 u(x,y,zs) +xyza u(x,y,zs) ’
Ox0z 0y0z ) Ox0y0z o

(44)
where the element a;, is constant in the subinterval ze(z,,z,,].

2 s+l

Next the boundary conditions when x=1, y= 1 and z= 1 are satisfied

u(x,y,z) |: (Z Z):| (xy, ) {(Z—ZS) _(z—zs)(l—zs)}
(45)

) 2 2

(1-
<330, {2 (510, ()] ()5 0]

from Equation (45), we get
Fu [, (=2)]e
o {1 ( ZS)} |
ZMZIZM {hj [le y%(l)]}’
o’u _(Z—ZS) u N (z—zs)z_(z z,)(1-z,)
W‘{l (1—4.)}@2” [ 2 2 }

2M 2M

XZ;%{[ —xq, (Jj Jh }
J
2M 2M

+[(z—zs)2 (z-2)(1- ZS)}
_ 2

2

i=1 [=]

Zlgafl{[ ( )_x%(j)J[Pz,z(J’)_y‘Iz(1)]},

We substituting above equation in (39) for any collocation points x,,y, with
re{l,2,---,2M}, ke{l,2,---,2M} and replacing z by z, and Az by the
value Az=z_, —z ,weget

DOI: 10.4236/0alib.1104496 13 Open Access Library Journal


https://doi.org/10.4236/oalib.1104496

A. Nachaoui et al.

2

M=

2M
Zaj,le,l,r,k zg(r,k,s) for1<r<2M,1<k<2M,1<s<N, (46)
=1 1=1

J

where

Rirx = [Pz (j,r) —X4q (])][132 (l’k) — V4> (1)]

{(AZY _Az(l_z“)]H(j,r)[Pz(l,k)—yk%(l)]

2 2

2 2

+l:(AZ)2 . AZ(I—ZS)][PZ(j,r)_xrqz(j)JH(l,k),
(47)
and

g(r,k,s):f(xr’ykas)_{l_ Az }yu

(1-z,) |ox*]

sl

The solution u (x; y; ) get it from the Equation (45).

Z=2g X=X, V=V

B

Z=Z X=X, V=V

4.2.3. Numerical Results
Solve (39) for f(x,y,z)=sin(mx)sin(my)sin(nz) is:

u(x,y,z)= ;—zsin(nx)sin(ny)sin(nz),
n

Also we use the MATLAB norm error &,,, =norm(u—u,,,2)/2M . we plot-
ted in Figure 1 the error &,,, for 2M = 16 near from the last time z = 1 to illu-
strate the impact of error accumulation on the solution by 2D Haar wavelets.

Results obtained using 2D and 3D Haar wavelets method are compared in
Table 2 for different values 2M.

In 2D Haar wavelets method, We can reduce the error and increase accuracy
by increasing the subdivisions for the time (t) or the interval ze[4;,B;] in
examples (1) and (2) and minimize the value of Ar or Az With the installa-
tion’s divisions for xe[4,,B/] and ye[4,,B,] according to formula of Haar
wavelets, This helps increase the accuracy of the solution in the 2D Haar wave-
lets method, But it requires more time to get on the solution as shown in Table
3.

All computation was made by using MATLAB Language, Intel®, core™
13-2330M CPU, 2.00 GB (Memory), 2.20 GHz (Processor).

5. Conclusions

In this paper, we develop an accurate and efficient Haar wavelets method for
solving three dimensional PDEs and time depending PDEs. The benefits of the
Haar wavelets approach are sparse matrices of representation, fast transforma-
tion and possibility of implementation of fast algorithms. It’s worth mentioning

that the Haar wavelet solution provides excellent results even for small values of
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error

y 0 0
3D Haar wavelets

X

y 0o

2D Haar wavelets

Figure. 1. The error &, at z=31/32 by using 3D and 2D Haar

wavelets method.

Table 2. Compared the solution of the 3D Poisson equation when Az=1/2M and

z=(4M -1)/(4M).

2M The method S Time (s)
4 2D Haar 3.1669e—-004 1.4000
4 3D Haar 7.7797e-005 3.2800
8 2D Haar 1.8481e-004 10.6220
8 3D Haar 1.0420e-005 25.5220
16 2D Haar 5.3391e-005 84.2600
16 3D Haar 1.3243e-006 251.632

Table 3. Illustrates the convergence of the solution of the 3D Poisson equation by using
the 2D Haar wavelets method with 2M =8 and for different values Az.

Az Time (s)
1/(2M) 10.6220
1/(4M) 21.6400
1/(8M) 42.7320

(2M) as note in Table 1 and Table 2. Also when 2M = 32, 2M = 64 ..., we can

obtain the results closer to the exact values.

Also we compare between 2D Haar wavelets method and 3D Haar wavelets

method in numerical solution for 3D PDEs, and we have found that 3D Haar

wavelets are better and closer to the exact solution from 2D Haar wavelets as
shown in Table 1 and Table 2.
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The main benefits of the proposed method are its simplicity (already a small
number of grid points guarantee the necessary accuracy) and universality (the
same approach is applicable for a wide class of PDEs). The method is very con-
venient for solving boundary value problems, since the boundary conditions are
taken into account automatically. For numerical calculations useful are the ma-
trix programs of MATLAB. The most time-consuming procedure is to calculate
the integrals (4). In this paper only linear problems were considered, but the

method is applicable also for nonlinear PDEs.
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