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Abstract

The energy momentum tensor of perfect fluid is a simplified but successful
model in astrophysics. In this paper, assuming the particles driven by gravity
and moving along geodesics, we derived the functions of state in detail. The
results show that, these functions have a little correction for the usual ther-
modynamics. The new functions naturally satisfy the causal condition and
consist with relativity. For the self-potentials of the particles, we introduce an
extra function W, which acts like negative pressure and can be used to de-
scribe dark matter. The results are helpful to understand the relation and in-
teraction between space-time and matter.
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1. Introduction

In astrophysics, the energy momentum tensor is usually described by perfect
fluid model

T" =(p+P)U"U" - Pg" (1.1)

Theoretical analysis and experiments all show that (1.1) is a successful
approximation. Some researchers such as Israel and Stewart [1] [2], Carter [3]
and Lichnerowicz [4] disclose that, the energy momentum tensor 7" includes
abundant contents for classical fluid theory, which includes not only energy and
momentum, but also heat flux, spatial stress and viscosity [5] [6]. Furthermore,

the relativistic hydrodynamics with variation principle and Cartan’s exterior
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algebra was discussed in [7].

The cooling mechanism of the expanding universe is one of the most
interesting problems of the students. The answers given by pedagogical articles
[8] [9] [10] [11] are usually Toca™, which is derived from the classical
thermodynamics. In [12] [13] [14] [15] [16], the author solved the thermo-

dynamical relations according to the Gibbs’ law

5Q=d(pV)+PdV (1.2)

The problem looks underdetermined due to (1.2) including a number of
undetermined quantities. So we have to introduce some new relations such as
multi fluid with energy exchange, the apparent horizon entropy, the decay of
vacuum, to get a solution. As pointed out in [17], these approaches cannot
convince the students and satisfy their curiosity. Dividing the velocity of
particles into Hubble velocity v, =ra’(¢) and peculiar velocity v, =ar'(t),
and then analyzing the geodesic of a particle, the author qualitatively reached the
conclusion p oca™ . Then by mass-energy relation E> = p”> +m”, he concluded
that the cosmic temperature should be T oca™' for the ultra-relativistic gas but
Toca™ for the non-relativistic gas.

As a matter of fact, free particles in gravitational field will automatically move
along geodesics, until they collide with each other. So the functions of state of
gases consistent with general relativity should be naturally derived under
background of gravity. This is the purpose of the paper. We derive the functions
in microscopic point of view. From the calculation, indeed we can get complete
functions of state, which automatically satisfy the requirement of relativity and

remove the singularity from solutions to the Einstein’s field equation [18].

2.Ideal Gas in FRW Space-Time

For dark spinors with self-interactive potential, in microscopic view, the energy

momentum tensor can be expressed by [19]

T :Z(mnufl’u: +wngﬂv)53()?—)?n) 1-v? (2.1)

n
n

where m, is the proper mass of the n-th spinor, w, >0 is the proper potential
the usual 3-d speed, X, () the

central coordinate. In the case of ideal gas, we have w, =0,(Vn), and then we

of self-interaction, u* 4-vector velocity, v

n

have the energy-momentum tensor (1.1) [8]. In case w, >0, the complete

average formalism of energy-momentum tensor should be
T" =(p+P)U*U" +(W -P)g" (2.2)

where Wis a new function of state reflect the self-potential of particles, which

acts like negative pressure and is defined by
W = IIVZW”53(5€_)?") I—V:deéng H_v: (23)
n X, eV

N
The functions of state in (2.1) and (2.3) including relativistic factor |[1-v>,
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which cannot calculate directly. We solve the problem by the following method,
which naturally includes the interaction with gravity. To research the
thermodynamical properties of gas, we use piston and cylinder to drive gas. In
astrophysics, we have more ideal piston and cylinder that is the space-time with
Friedmann-Robertson-Walker (FRW) metric, which is absolutely adiabatic and
reversible. The FRW metric drives the gases homogeneously expanding and
contracting as the scale factor a varies, and the results have general meanings
according to the principle of equivalence.

In the microscopic view, for the ideal gases and photons, the particles are only
driven by average gravity and move along geodesics, and the collisions between
particles can be treated as instantaneous behavior. So all thermodynamic
functions can be rigorously solved according to dynamics and statistics. In this
section we set w, =0 in (2.1) for simplicity.

For FRW space-time, we have the line element in conformal coordinate

system
ds* =@’ (1)(de* ~dr* = 8 (r)d6* = S(r)’ sin” 6dg’ | (2.4)

where
sinr if k=1,
S=1r if k=0, (2.5)

sinhr if k=-1

The energy conservation law 7% in this case is equivalent to (1.2) while
00 =0, or manifestly
d(o)

o —3Pd? (2.6)

For a given equation p=p(a), we can solve the function P=P(a) from
(2.6) or vice versa.

To solve geodesic in FRW space-time, we have the following result.

Lemma 1. If the line element of the orthogonal subspace has the following

form,
ds® = A(t)dl‘2 +g~ﬂv (t)dx”dxv 2.7)

where 4 and g, only depend on the coordinate ¢ then the geodesic in this

subspace can be solved by

U
z :g‘./ﬂ/c‘/’ %: %(l_gﬂvcﬂcv) (2.8)

where C, are constants,and g“'g,, =3/

Lemma 1 can be checked directly. For the FRW metric (2.4), the line element
in the orthogonal subspace (7,r) is given by ds®=a(¢)’ (dt2 —drz) .
According to Lemma 1, we have the geodesic equation

1
.. L Leve (29)

—r
ds a ds a
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where C is a constant only depends on the initial data. By (2.9) we get the

drifting speed of a particle in usual sense

adr b a
V==t V= — (2.10)
adt  Ja* +b] \Ja’ +b;
So the momentum of a particle p= TV satisfies
l-v
p(t)a(t)=p(t)a(t) (2.1

where m, is the proper mass of the particle. For the massless photons, we can

At
check that the wavelength A(r) satisfies (t) E&, so their momentum p
a a,

also satisfy (2.11). Although (2.11) is derived in subspace-time (t,r) , but it is
suitable for all particles due to the symmetry of the FRW metric.

The relation between momentum p and the kinetic energy Kis given by

P’ =K(K+2m) (2.12)

c
By (2.11) we have p; =—%, where C, are constants only depending on the
a

initial data at #=¢,. Then on one hand, for all particles we have the mean
square momentum directly

=%

2

(13)

a
where C; is a constant only determined by initial data at #,. One may argue
that (2.13) is probably broken by the collision of the particles. The following
Lemma shows that (2.13) holds in statistical sense.
Lemma 2. The mean square momentum of the ideal gas is independent of the
elastic collision of the particles.
Proof. For any elastic collision, we have momentum conservation law
P, + D, = B + P, and then
pi+p=F +P +2(R-B-p-p,) (2.14)
Taking average for (2.14), we have
=P +A (2.15)

Since the elastic collision is a reversible process, in statistical sense, we have
the exactly equal numbers of reversible process, so we also have
P =p*+A (2.16)
Comparing (2.15) with (2.16), we have A=0 and p° = P?. Since collision is
finished instantaneously, (2.13) holds for all time #
On the other hand, p” can be calculated according to statistical principle.

Assuming the distribution of kinetic energy K of the particles is given by
dP=F(K)dK (2.17)

then we have
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3

za(kT) (2.18)

jO”dP =1, jO“’KdP = %kT, j:’KZdP =

where the second formula can be regarded as definition of temperature, o isa
constant reflecting the concrete distribution function of particles. In statistical
mechanics, we usually use the distribution functions of momentum, which is
inconvenient for calculation in the case of relativistic gases. Since the following
discussions have nothing to do with explicit function F(K), and at most uses
the second order moment, so the kinetic energy distribution (2.17) is much

convenient. In case of Maxwell distribution, we have

szexp[—ﬁj 4—K%, azg (2.19)
kT )\ kT kT 5

By the moments (2.18) we have
ﬁz ZZJ‘ _pj]:(Kn)dKn

(2.20)

n

zzj NKH(KHJern)]-"(KW)dK
1(3

=SNkT—| —kT +3

2 N(za +m”j

where N is the number of particles with mass m, in the volume V =Qa’.
Comparing (2.20) with (2.13), we get the equation of T (a) as follows

— 2 p—
fr—_omb” . omb (2.21)

a(a N + b ) JKT (KT +207m)

_ 1 . . .
where m = anmn is the average mass of all particles, and b is a constant only

depending on initial data. Solving (2.21), we get

Theorem 3. The temperature of ideal gases in FRW space- time satisfies

omb’ _{ | P
KT =———————=om| ,/1+— -1 (2.22)
a(a+\/a2+b2) [ a’ J

where b is constant determined by the initial data a, and 7. a(r) acts as
intermediate parameter.

By the theorem we find that, the cosmic temperature is different from the
results directly derived from classical thermodynamics. In what follows we
derive the relations between p and T as well as the equation of state.

In microscopic point of view, the Lagrangian of FRW space-time coupling
with particles is given by [8] [20]

c:L(R—zA)—zanl—vj H(®-X,) (2.23)

167G

where X, is the coordinate of n-th particle, the scalar curvature

a"+xa

3
a

R=6

(2.24)
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in which the prime stands for di’ and the drifting speed of n-th particle in
t

usual sense

n

: —(v ) v) _(a_dr aSdé aSsin&d(p)
noAmee adt’ adt ~  adt .,

are independent variables related to a for variation. Noticing that & ()? -X ., ) wa,

by variation of /= J.Ea“dtdﬁ with respect to a, we get

2 4
a"+xa—-—Aa’ = nG > m\1-v] (2.25)

3 3Q yco
where Q is any given comoving volume with volume element
dQ = S’ sin@drdfd e, which is independent of a. Substituting (2.10) into (2.25),
we get

4nG m,a
30 1o \/az + bﬂ2

a"+ka —%Acf = (2.26)

Multiply (2.26) by a' and integrate it, again by (2.10) we have

1
a'2+Ka2—§Aa4=%z 7,a +C,

3Q X,eQ 41— 2
VT (2.27)
-39 S (K, +m)a+C,
3Q X,eQ
where C, isa constant, for classical particles C, =0 [20].

By Friedmann equation and (2.22), making statistical average of (2.27) we get

%/Xf =a"* +xd* —l/\a4
3 3
2.28
SiG_| 3 ob? ) (2.28)
= P 1+ a
3 2a(a+\/a2+b2)
where p isdefined by (1.1) and p by the following

P=iZEn=lZ(Kn+mn), 5=l2m,,=% (2.29)

4 X, eV 14 X,eV 14 X,eV a

1
in which Qzaznmn is the comoving density independent of a. Comparing

(2.28) with (2.21), we get
Theorem 4. For the ideal gas in FRW space-time, the mass density satisfies

p:%(1+3—0(\/a2+b2 —a)j:ﬁ(l+%kTTj (2.30)
m

a 2a
3
P =py| kT (KT +20m) |2 (2.31)

where p, isa constant.
Substituting (2.30) into (2.6), we get
Theorem 5. The equation of state for ideal gas in FRW space-time is given by
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P: =
2a4\/a2 +b° v

oob’ _NkT[l_ kT J

2(om+kT)
5 (2.32)
o[ kT (KT +20m)]>  pkT (KT +20m)
~ 2m(kT+om)  2m(kT +om)

The final expressions of function of state (2.30) and (2.32) are independent of
metric a which is only used as “piston-cylinder” to drive the particles. So the
state functions (2.30) and (2.32) are generally valid for ideal gases in general

relativity.
. kT . .
Denoting J=—, by (2.30) and (2.32) we have asymptotic properties of
mec
equation of state (EOS) for the particles

pP= e (33)

%p(l+[a—§)J1] if T > o

The velocity of sound

5
R p? (1—%(50+2)JJ if T—0,

C

s

1
J(20+J)(50% +8aJ +4J2) |
c/;ﬁzﬁ ( ) ) N (2.34)
o)

3\ (o+J) [20+(2+50) +4S7 ] ] 3

Obviously the EOS satisfies the increasing and causal conditions which are

consistent with relativity.

3. Functions of State Including Self-Potentials

In this section, we consider the case w, #0 in (2.1). By (2.10), we have relation

: 1d
1-v, a na[a(](n-'rmn)} (3.1)

d
" da iy m
This is the key relation to calculate the relativistic factor ,/1—v> . Substituting
it into (2.21), and using (2.22) and (2.18), we get

m d(a 3omkT
Dot 1—vidp=—| & K dP |=m——— 3.2
Zn:NI K da(NZn:I( ) j "2 (om+kT) .
w d{aww _  3oumkT
| J1-v2dP =—| — (K dP |=w——"—— 3.3
v M da(N;mn'[( tm) P] Y omekry OV
where the mean parameters are defined by
_ 1 _ 1 &w
=—Sw, g=—>3" 3.4

In the case w, >0, by (3.3) we have

Zan‘qll—vfdP>0, oﬁ<% (3.5)

DOI: 10.4236/0alib.1103953

7 Open Access Library Journal


https://doi.org/10.4236/oalib.1103953

Y.Q.Gu

For the same kind particles w=pum, we find G<§. If the scale of the

space-time is stable and varies slowly, e.g. in a galaxy, all the proper parameters
suchas w, and m, can be treated as constants.
If we define the mass-energy density o and pressure P of the particles

from (2.1) in micro form as usual [8]

L5 (3-X,), p=ly Y, 5 (3-X,) (3.6)
Y

ng./l " 3T 1=y

then in mean sense we get

3ij (3.7)

l > v —
p= 9P E (K o) (5= )av =51+ 3

Again we get (2.30). By (3.2) and (3.6), we have

p-L dPZ{ 7y +m,ﬂ/1—ij:,3k—TM (3.8)

k14 X,V «“—Vj 2m om+kT

Again we get (2.32). Similarly, by (2.3) and (3.3) we get Win average form

1 _{w 3ucklT
W=— 1-VdPp=p| ————— 3.9
V anZe:an K p[ﬁ 2(0171 +kT)J (39)

The equations of state (3.7), (3.8) and (3.9) are valid for any ideal gases in

local equilibrium. They have the following dimensionless form,

sz—Tz, ,EZQO[J(J+2O'):|% (3.10)
mc
(.3 2003
p=p(l+EJj=go[J(J+20')]2(1+5Jj (3.11)
__J(J+20) 1
P—p—Z(J+G) =g [J(J+20)] 20+0) (3.12)

Wzﬁ[y—%J:go[J(J+20‘)]§[ﬂ—%} (3.13)

w

where p, is a constant depending on parameters (rTz,b, o, U, /7) ,and u=
m

Among the functions of state only the temperature k7 or J is independent
variable.

Equations (3.10)-(3.13) are based on the assumption that the particles move
along geodesic. This is valid for 0<w, < m,. In general cases, these functions
can be modified by the following treatments. In (3.10)-(3.13), we take density
p or equivalently the volume V' as an independent state function, and then
derive the function p(J) according to energy conservation law.

In the comoving coordinate system with the following Gaussian type metric
(8] [21]

g, =diag(gg.—8, ), (a.b)e{1,2,3} (3.14)
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where g, is the spatial metric, for energy-momentum tensor (2.2), we have
Theorem 6. For the particles with energy-momentum tensor (2.2), we have
the following Gibbs-Duhent s law

SQ=d[(p+W)V |+(P-W)dV (3.15)

where 60 denotes the heat received by the N particles, and
V=JghAvAz, (g=det(g,,)) (3.16)

is the micro spatial volume occupied by N given particles.
This can be checked as follows. We trace the motion of these particles. In the
adiabatic process, we have 6Q=0. Then by U, T;" =0, we get the continuity

equation for (2.2) as

U“s,(p+W)+(p+P)U% =0 (3.17)

Denoting the proper time by dr , then di =U*0,, (3.17) becomes
T

0= \/7 (p+W)+ p+P)(\/E6ﬂU”+%\/Qj
:\/g(di((erw)\/g)Jr(P—W)d%\/Ej (3.18)
p+P f( 8000, U" +— gooj

where g =det ( g W) =-g,,& . In the comoving system, we have

Uﬂ:( goo,0,0,0) and dr=./g,d¢, then we get

gOOa‘uU/l + =0 (319)

d r 1 1

— V800 =V8w0 ——+—T=—=0,\/8w

dz t\/goo v &oo t
Multiplying (3.18) by the comoving volume element AxAyAz for the N

given particles, (3.18) gives (3.15) in the case 00 =0. In the case of Q0 #0,

(3.15) holds due to energy conservation law.
Now we derive the relation p (J ) from (3.15) for the equilibrium process

: . ., —_ Nm
with §Q=0. For clearness, we use the the static mass density p:T to

replace V. Substituting (3.7), (3.8) and (3.9) into (3.15), we get dimensionless

differential equation

l@z 3|:(J+O')2—ﬁ62j|

— - (3.20)
pdJ (J+o)(J+BJ-2u0)
The solution is given by
¥l (-E)(20+B-4 y
p=0,(J+0)m (J* +JB 20 )| 2 (3.21)
pal )# ( ,u) (2J+B+AJ
where parameters are defined by
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B=(2+3pu)o—2u, A=+8ou+B’, a=3(1+4u)(2u-3uc) (3.22)

(3.21) shows how the internal potentials w, influence the mass density.
(3.21) reduces to (3.10) if u=pu=0.

4. Discussion and Conclusion

1) The above calculations show that functions of state consistent with
relativity should include the influences of gravity. The energy-momentum tensor
and geodesics connect the macro concepts with micro movements of particles.

2) In the case of ideal gas with w=0 at low temperature, (3.11)-(3.12) give

the equation of state for the adiabatic monatomic gas
5

P=pJ=PBp’, (J<lor kT <im) (4.1)
which is identical to the empirical law in thermodynamics. When J>>1, we

1
have P_)E P, so the adiabatic index is not a constant for large range of

temperature due to the relativistic effect. These results show the validity of
(3.11)-(3.13) and the consistence with normal thermodynamics.

3) By (3.11), letting J — o or m —0, we get the Stefan-Boltzmann’s law
poc T*. This means that the above results automatically include photons, and
the Stefan-Boltzmann’s law is also valid for the ultra-relativistic particles.

4) In general relativity, all processes occur automatically, and p, is
independent of any practical process. Of course, g, is related to the property of
particles. Furthermore, equation of state (3.11)-(3.12) provides a singularity-free
stellar structure in thermal equilibrium [18].

5) In the case W >0, the motion of the particles will slightly deviate from the

_ 2
geodesic. By (3.21) we find, p=0 leads to J:%z,u, which means the

zero temperature can not reach. The physical reason for such conclusion is

unclear.
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