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Abstract

The homogeneous system of the equations of the linear theory of elasticity for the isotropic envi-
ronment with one-dimensional continuous heterogeneity is considered. Bidimensional transfor-
mation Fourier is applied and the problem for images is led to the ordinary differential equations.
Generally, the differential equations are transformed in integro-differential and the algorithm of
such transformation is resulted. Solutions of specific problems are resulted.
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1. Introduction

The elastic half-space is considered inhomogeneous along depth. Such problems were investigated in many
works (for example, [1]-[3]). The detailed review is not the purpose of this paper, but the technique applied in
the paper does not meet in publications. Let’s note that problems for an elastic half-space are especially impor-
tant in a science about the Earth as the Earth’s crust is usually modelled by a half-space.

Research is made with application of bidimensional transformation Fourier which leads to the ordinary diffe-
rential equations. The method of transition to integral equations [4] is applied to their solution. Such technique
expands a circle of problems for which it is possible to find the satisfactory approached solution. The concrete
example is resulted.

2. Statement of the Problem

In cartesian coordinates (X, y, z) it is considered isotropic inhomogeneous on z an elastic half-space z > 0 with

How to cite this paper: Dobrovolsky, I.P. (2015) Unidimensional Inhomogeneous Isotropic Elastic Half-Space. Open Access
Library Journal, 2: €1670. http://dx.doi.org/10.4236/0alib.1101670



http://dx.doi.org/10.4236/oalib.1101670
http://www.oalib.com/journal
mailto:dipedip@gmail.com
http://creativecommons.org/licenses/by/4.0/

I. P. Dobrovolsky

the shear modulus w(z) and coefficient of Poisson v(z). In this case the homogeneous system of the equations of
the theory of elasticity in displacements (u, v, w) looks like

10, + uoAu+ou, (u, +w, ) =0
y¢9’y+,uwAv+a)y’z(v’z+W’y):0 (2.1)
10, + poAw+2vu 0 +20u W, =0

where @=u, +v, +w, isavolume strain, o =1 - 2v, A is Laplace operator on three variables, the comma in
an inferior index means a derivative on corresponding variable.
In [5] it is shown, that the system (2.1) is equivalent to system for two functions

0
AK ——(nK)=0
62(77 )
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2
A[EALj_d_Z(ijAWL ~0
U dz® \ u
where n = d(Ing)/dz. f =1 — v, Ay is Laplace operator on two variables.
Displacements are expressed by formulas
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and stresses are
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Formulas (2.1)-(2.4) are received in the monograph [5]. Here it have undergone to some transformations.
To a half-space (or a lay) we shall apply bidimensional transformation Fourier in the form of
f(p.a)=[ [ f(xy)e™ > dxdy (2.5)
where i is imaginary unit.
Then the basic operators will be transformed by formulas
_ _ ~ dZ dZ
2 2
Axy:_p , A:Axyﬁ-yz—p +F. (26)
For functions K and L the system (2.2) gets an aspect
AR -L(R) =0
dz
2.7)
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Transformations of stresses on a plane z = const are
~ Vel
G,=pL

o

Oy = _Ipp dz

—iqd—K+iqu . (2.8)
dz

o, =-iq 2d—|:+ip%—ip K
v e a7
The problem is reduced to a solution of the ordinary linear differential equations for functions K and L
with corresponding boundary conditions. The reversion of transformation of Fourier (calculation of definite in-
tegrals) does not cause difficulties for modern mathematical programs.

3. The Equation for K

The first equation from (2.7) we will write down in a kind

d’K L, d
el K:d—z( K). (3.1)
One of ways of search of the approached the general solution of the Equation (3.1) for any smooth function
«(2) is transition to the integro-differential equation on algorithm [4]. In so doing an operator A is chosen by
the basic operator, because for a homogeneous environment (u = const) the Equation (3.1) has form AK =0.
For a finite segment we use the general solution of the inhomogeneous equation AK =F (z) The homoge-
neous equation AK =0 has a Green function limited on infinity [6]

r(z.¢)= —%ep(”). (3.2)

It allows to construct the equation for a semi-infinite segment.
As a result we come to two integro-differential equations of the 11 kind:

for layer
R (2)=Ce " +Cen +%j;sh(p(z —g))%(n(g) R(¢))de (3.3)
and for a half-space
R (2)=ce ™~ [e L (5(x)R (x))ax.. (3.4)

2p% dx
By integration by parts (3.3) and (3.4) will be transformed to integral equations

K(z)=C,e™ +C,e” +JZ.Ch(p(Z—X))I7(X) K (x)dx, (3.5)

R (2)=Ce" s+ fsign(z-x)e " (x)R (x)ex. 3.6)

0
If for the equation AK =0 it is possible to construct a Green function for the chosen boundary conditions,
then for Equation (3.1) corresponding integral equations are possible to construct for these conditions with its
help. Equation (3.4) is an example.
4. The Equation for L

Let’s note the second equation of system (2.7) in the form

A(EAE] =Q, (4.1)
U
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dZ
where Q=p L—(—].
dz?

If to apply to the Equation (4.1) operator, inverse to A, (as it is made in the previous section) then we receive
two integral equations:

For a layer
L(z)=Ce ™ +C,e” +Cs.z[sh(p X))e ™" #(x )dx+C jsh x))epodx
0 A G
z y ’
+Ish(p(z—y))'u(y)jsh(p(y—x))Q(x)dxdy
0 (¥)o
And for a half-space
[(z)=Ce™* +C,[e e A0 gy LT grton £ T v 4 (x)dxdy . (4.3)
e Ul T
At u = 1/(az+b) function Q(z) = 0 and Formulas (4.2) and (4.3) give the exact general solution of the equation

(4.2).

5. Solution of the Specific Problem

We shall consider a problem about unit force on a surface of a half-space z > 0 in the origin of coordinates. Ap-
parently from system (2.8), in this case (and, in general, for problems with axial symmetry) it is possible to put
K =0. For function L boundary conditions receive the form

p*L(0)=-1 de(ZO) =0. (5.1)
Let’s put
1(2)=p(1+2). (5.2)
Then the Equation (4.1) has the solution limited on infinity
L(¢)=Cle ¥ (2+1/43,42¢)+C¢ e'4w(2—J/J§,4; 2¢). (5.3)

Here C, and C, are arbitrary constants, { = p(1 + z), Y(a, f; X) is degenerate hypergeometric function of 2-nd
sort or Kummer’s function of 2-nd kind. In computer program Maple this function is designated as Kummer U
(o, B, z) and it has integral representation

¥ (a,cx)= ﬁfex‘t“ (1+t)""dt, Rea>0, Rex>0 (5.4)
0

where I'(a) is the gamma-function.

It is simple to receive the solution of the problem (5.1)-(5.3) in Fourier transformations, but to carry out the
inverse Fourier transform through known functions is not receive. However it is possible to approximate special
functions by combinations of elementary functions. Approximation can be made with a demanded exactitude
and simplifies the further calculations. In particular for (5.3) we have

L(¢)=C,(0.23033¢ ™ —0.052824¢ ** )

: (5.5)
+C,((0.73697¢ +0.022160)e "< +0,25992¢ 21717 )

The error of this approximation does not exceed 0.5 %.

Level lines of stress o,, are shown on Figure 1. The narrow layer at the half-space surface is empty because it
is necessary to show it in larger scale though qualitative behaviour of level lines in this layer to present simply.
Existence of a zone of small tensile stresses is the basic singularity of this graph. In a homogeneous half-space
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Figure 1. Level lines of stress the exact o, solution. Black
area is the zone of positive values.

(the Boussinesq’s problem) such zone does not arise.
It is interesting to compare the received solution to the approximate solution. As the approximate solution we
take the zero approximation for the Equation (4.3). Such solution turns out at Q = 0 and it has the form

L(z)=Ce " +C,z(pz+2p+1)e . (5.6)
Using boundary conditions (5.1) we receive function

_pr +p2(2p+l)+2p+le_

L= re, (5.7)
p'(2p+1)
According to (2.8) transformation of stress a,, gets the form
2+ pz(2p+1)+2p+1
5, - LT rpr(2oil)2ptl (5.8)
(2p+1)
To receive stress o, it is necessary to calculate integral
1% .
04 (r2) =5 6. (P.2) 3, (rp)dp., (5.9)
0
where r=.x*+y? and J,(rp) isBessel’s function.
To calculate (5.9) we will allocate the whole part in the integrand.
z(z+2 2 2 2
06, __2z+2) ple | L _1|pert ety L g, (5.10)
2 4 8 8(2p+1)

The integral (5.9) is calculated in elementary functions for first three items from a right part of (5.10). The
fourth item leads to the integral

e, (r
Md , (5.11)
o 2p+1 p
which is not expressed in known functions.
However by means of approximation
5 ! 1 ~0.3855e %77 1.0.1788e ' +0.4357¢ %1 (5.12)
p+

integral (5.11) also can be calculated in elementary functions. This operation is easily supervised because the
integral (5.11) can be found in separate points numerically by means of known mathematical programs (for ex-
ample, Maple or Mathematica).

Level lines of stress o, calculated by the described algorithm are shown on Figure 2. Figure 1 and Figure 2
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Figure 2. Level lines of stress o;,. The approximate solution.

basically are similar. In the approximate solution the area of small tensile stresses remains but it becomes more
extensive and moves further from an origin of coordinates.

6. Conclusion

Transition to integro-differential (or integral) equations is an effective method of a solution of problems for a
half-space (or a layer) with arbitrary heterogeneity. It is very important that the solution of an integral equation
gives the approximate general solution of the ordinary differential equation. Procedure of transition to integro-
differential (or integral) equations allows constructing such equations for the inhomogeneous differential equa-
tions.
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