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Abstract

We show that the Schwarzschild solution can be embedded in a class of nonstandard solutions of
the vacuum Einstein’s equations with arbitrary rotation curves. These nonstandard solutions have
to be taken as physical, if dark matter as needed in the standard theory cannot be found. As a con-
sequence general relativity is considered as a classical field theory in Minkowski space and not as
a geometric theory in the sense of Einstein. Assuming an asymptotically flat rotation curve and in-
troducing a material disk into this model we find a matter density in accordance with the Tully-
Fisher relation.
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1. Introduction

General relativity is a classical gauge theory. This implies that the fundamental fields, as the metric g, , are
not directly observable. Therefore, in investigating gravitational effects it is important to identify the observable
quantities which are actually measurable. Every observable is defined by a measuring process, the coordinate
system included. A change of the coordinates, although mathematically possible, is dangerous for physical rea-
sons: one may lose the contact with the measurable observables. Therefore, we choose physically defined coor-
dinates once and for all and do not change them. On the scale of galaxies one most important observable is the
circular velocity V (r) of stars or gas which can be measured by the Doppler shift of spectral lines (r is the ra-
dius of the circular orbit). This observable plays an important role in the following: we will use it to fix the
gauge.

In standard general relativity one is tempted to interpret the metric g, geometrically, for example by using
it to measure the circumference of a circle in space. We reject this because, similarly as in electrodynamics, the
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g, are the gravitational potentials and as such they are not observable. A nice way to see this is to consider
electrodynamics and general relativity side by side. The electromagnetic fields F** are defined by their effect
on the motion of charged test bodies according to the equation of motion
d’x* e dx
—=—F"— 1.1
dz2 m dr D
here the Lorentz force appears on the r.h.s. The corresponding equation of motion for test bodies in a gravita-
tional field is the geodesic equation
d’x* dx* dx”
e X 1.2
dz? “ dr dr (1.2)
Consequently the Christoffel symbols are the gravitational field strengths. The field equations for the F*" are
the inhomogeneous Maxwell’s equations

0,F" == j". (1.3)
The field equations for the T, are Einstein’s equations
1 p
R, = K(TW _Egvaa j (1.4)
These are first order partial differential equations as (1.3), because the Ricci tensor is given by
_ a o a ) a B
RW = 6al“/w —6VFW + Lo sl (1.5)

However (1.3) are only four equations for the 6 components of F*". The gap is filled by introducing the vector
potential

F4 = 0" A" — 8" A¥, (1.6)

which is a consequence of the homogeneous Maxwell’s equations. Similarly (1.4) are only 10 equations for the
40 components of T". The gap is filled by introducing the metric according to

a 1 a,
Fﬂr :Eg ”(ayg/ﬂt"'aﬂgm_aygm)- (1.7)

Since the electromagnetic potentials are not observable quantities, the same must be true for the metric tensor
which, therefore, has no direct physical interpretation in general. Consequently, we do not interprete g, geo-
metrically; it is a parametrization of the gravitational field and nothing else. Here we are following Poincaré
([1], p. 50) and consider geometry as a convention. Standard general relativity is based on the fusion of geome-
try and gravitation, and one has considered this fusion as the most beautiful achievement of the general theory of
relativity (W. Pauli, The Theory of Relativity, Dover, p. 148). In the nonstandard theory this fusion is sus-
pended.

In the theoretical analysis one should try to relate the observables to the metric g, (x) . The best would be if
the metric under certain assumptions can be uniquely expressed by the observables. After the gauge ambiguity
has been removed, the gauge is fixed by a physical requirement. Another possibility is to choose the gauge on
unphysical grounds, for example by some geometric convention or/and to simplify the solution of the differen-
tial equations. This standard approach is dangerous because one might miss some important physics. Our pro-
gram of fixing the gauge by observables is a sort of inverse procedure compared with standard general relativity
where one first calculates a metric by solving Einstein’s equations in some special gauge and then determines
the observables. Clearly, in standard general relativity one cannot be sure that one finds all physically relevant
solutions. Indeed we are going to show that Einstein’s equations have vacuum solutions with an asymptotically
flat rotation curve V (r) . These nonstandard solutions can be used to describe the dark halo of galaxies without
introducing hypothetical dark matter. When the recent Xenon-experiment has again not found any signal of dark
matter particles [2], one should seriously investigate nonstandard general relativity.

The paper is organized as follows. As preliminaries we first consider the rotation curve in a general spheri-
cally symmetric gravitational field. Although this may be known we do not know a good reference. In Section 3
we solve the vacuum Einstein’s equations in our general spherically symmetric setting and express the metric
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tensor by the circular velocity V (r) We find a class of nonstandard solutions which contains the Schwarz-
schild solution as a special case. All these solutions describe different physics if the circular velocities are dif-
ferent. From these vacuum solutions we construct in Section 4 solutions with a disk of ordinary matter by means
of the well-known displace, cut, and reflect method. This gives a simple model of a spiral galaxy. Assuming a
circular velocity which is constant = Vg, for large r, we find a matter density proportional to V. This is in
accordance with the Tully-Fisher relation [4] [5]. We close with some concluding remarks about standard and
nonstandard general relativity. In particular we discuss the connection with MOND.

2. The Circular Velocity in General Relativity

We consider a star moving in an arbitrary static gravitational field. Following Weinberg ([3], Chapter 3/2) we
introduce the freely falling coordinate system &% of the moving star. In this system the star is at rest and the
observer on earth moves with the 4-velocity

dg” 0 0 22
u* =—=—=(u’u), u’=(1-v , u=u', 2.1
() u=(1-v7) (21)
because in the locally inertial coordinates special relativity holds. Here ¢ is the proper time
dr? = qaﬂdfadfﬂ, (2.2

1.5 = diag (1, -1, —1,—1) is the Minkowski tensor and the speed of light is put = 1. In addition Weinberg intro-
duces a laboratory coordinate system x* which in our case is attached to the observers telescope. To simplify
the following discussion we assume that the astronomer on earth has corrected his measurements for the motion
of the earth with respect to the center of the galaxy, so that we can choose the center of the galaxy as origin of
the laboratory coordinate system. Now the star moves on a geodesic ([3], Equation (3.2.3))

d’x“  _, dx? dx”

dz? Tl dr dr 0 23)

where T, are the Christoffel symbols of the metric g, . The latter is defined by ([3], Equation (3.2.7))

oE”  aEP

—=n ,——. 2.4
ox 1 oy @4

gyv =

Since the local inertial coordinates & can be changed by arbitrary Lorentz transformations, we choose a
Lorentz boost such that the two coordinate systems are at rest with respect to each other. Then we have

0 i
Zijzo, and Ziozo (2.5)
X X
for j=1,2,3. This leads to
650 2 3 6&_,:' 8§|
900 = 0 ) 95 = "L ok (2.6)
and g,; =0. Now it follows
0 0 0 0
o= 0 o g @.7)

“dr o dr VI
In the following we assume that the non-diagonal elements g, vanish. Then from the invariant

e s o o . 0E%  OE” dx* dX”
W =(0) A= o g d

u" v 0 2 j2
L o () (e
" dr dr ®ldr Mode )

we find
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SN2 i 2

1 dx’ s, g;; (dx'/de

V2= zgjj[d j __ i ( )2 (2.8)
(u) 4 =1 oo (dx°/d7)

where (2.7) is used.

We want to specialize this for circular motion r = const choosing spherical coordinates (t, r,3,¢). Now the
geodesic Equation (2.3) for =1 reads

dr [dt T 1(drjz ) [dgjz ) (d¢j2
— 4+ | — | +T | — | +T,,| — | +T5|—| =0. 2.9
de 00 dT 11 dT 22 dT 33 dT ( )
Taking the circular orbit r = const in the equatorial plane ¢ ==/2, then (2.9) gets simplified to
2 1 2
(d_ﬁ’j z_r_go[ﬂj (2.10)
dr I \dr

and from (2.8) we finally obtain the important relation

V2 _k(d_ﬂz Z%F_%JO_ (2.11)
Upo \ dt 9o [
In the following we consider static spherically symmetric metrics of the form
ds® = g, dx“dx” =edt? —e°dr? —r’e° (d192 +sin29d¢2) (2.12)
where a(r), b(r), c(r) are functions of r only. For this metric we have [6]
a/
1—~1 :_ea—b
00 2
r.2
i =—(?c'+rJe°‘h (2.13)
here the prime means d/dr . Then (2.11) simply becomes
2 a'
= : 2.14
c'+2/r (214)

It is not hard to integrate the geodesic equations for the metric (2.12) completely. Then one finds that there
exist circular orbits for every radius r >0 with circular velocity (2.14).

Instead of using V2 (r) we can work with the redshift z(r) which is directly measurable. But then the in-
tegration of Einstein’s equations in the next section becomes more complicated. We are mainly interested to
understand the haloes of galaxies where the gravitational fields are very weak. Then the difference between V
and z is not relevant, so that the simple Doppler formula is good enough.

3. Solution of the Vacuum Equation

The metric functions a, b, ¢ appearing in (2.12) must satisfy differential equations which follow from Einstein’s
equations. In standard general relativity one puts ¢ = 0. This is a special choice of gauge which leads to Birk-
hoff’s theorem and the Schwarzschild metric. This works well in the solar system, but obviously not on the ga-
lactic scale. The standard way out is to abandon the vacuum equations and assume some hypothetical dark mat-
ter. As long as this dark matter is not convincingly recorded one should also study the other possibility of re-
taining c(r) # 0. Then the vacuum solution is no longer unique. To fix it uniquely we take the expression (2.14)
for the circular velocity V (r) as our nonstandard gauge condition. It is often argued that by a transformation
of coordinates ¢ = 0 can always be achieved. We show at the end of this section (3.20) that one loses the contact
to physics in this way.

Since the circular velocity V (r) must be given the theory seems to have less predictive power. What seems
to be a weakness is a strength: The asymptotic V (r) cannot be predicted on the basis of the vacuum equations
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alone, the dynamics of the normal matter, that means the detailed structure of the galaxy, must necessarily be
taken into account. Indeed a universal asymptotic velocity profile for all galaxies seems not to exist. In addition,
only with ¢ =0 is it possible to carry out our program to express the metric by the observable V (r) . We con-
tinue the discussion of the nonstandard gauge in the concluding remarks.

The non-vanishing components of the Ricci tensor for the metric (2.12) are the diagonal elements [6]

1 a-b " 1 1”2 1 "' N 2 r]
=_e a"+=a“—-=ab'+a’c’+—a 3.1
Ry 2 [ 2 2 r (1)
1 b’ 4\ a? c¢? 2
R, :——(a”+20”)+—(a'+2c’+—j——————c' (3.2)
2 4 r 4 2 r
2 'R 2
Ryy =€°7" —l—r—c”—r(20’+a b j—r—c’(a’—b’+20’) +1 (3.3)
2 2 4
R,, =sin’9R,, (3.4)

the prime always denotes &/dr . Then the Einstein’s equations without matter can be reduced to the following
three differential equations

a— 14 3 !’ 1 [P 1 ’ ’ 1 a—-C a—|
G, =€ b{—c -5C 2 b +F(b -3¢ )}r—z(e —e"")=0 (3.5)
12
G, =%a'c’+%(a’+c’)+CT+ri2<l—eb’c)=0 (3.6)
G :ﬁe“b {a’#c"—l(b'—a'—20’)+£(a’2 —a'b’'+a’c’-b'c’' +c” )} =0 (3.7)
39 2 r 2 '

Asusual G, isthe Einstein tensor.
It is not hard to see that there are only two independent field equations. Indeed, using (3.6) b can be expressed
by a and c. Eliminating b in (3.5) and (3.7) there results one second order differential equation for a and c:

a’ 2) 4 c? 2
¢"=—|c'+— [+—+ac’+—+—(a'+c'). 3.8
a’ ( rj r 2 r ( ) 38
Introducing the new metric function
f(r)=c(r)+2logrr, (3.9)
where r, has been included for dimensional reasons, Equation (3.8) assumes the simple form
LA P (3.10)
f' a
This can immediately by integrated
log—= a+i+ const. (3.11)
a 2
On the other hand the circular velocity squared (2.14) becomes
Vz(r)zu=%. (3.12)
It is the velocity squared u(r) which appears in all equations. Using (3.12) in (3.11) we have
c r
a+E+ log— = —logu. (3.13)
r

c

Differentiating and eliminating ¢’ by means of (3.9) and (3.12) in the form
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o282 (3.14)
r u r
we find
Y (3.15)
1+2u
This gives the first diagonal element of the metric
K
—g?=_2 3.16
9u 11 o0 (3.16)
where K, isa constant of integration. Then from (3.13) we get
i 1+2u ) K,
—ggyl C =€ :( N ) T2 (3.17)
where K, is another integration constant which contains r, . Finally, expb follows from (3.6)
1\2
g, =" =K, (“—2) (1+2u). (3.18)
u

We have succeeded in expressing the metric by the circular velocity squared u (r) If we choose
u=r, /2(r—rs), we recover the standard gauge ¢=0 and the Schwarzschild metric with the Schwarzschild

radius
r, =2K.. (3.19)

That means the Schwarzschild metric is embedded in a class of nonstandard solutions. We emphasize that these
solutions describe different physics because the corresponding circular velocities squared u (r) are different.

Now comes a pitfall for the well informed reader. In the books (e.g. [3], Equation (8.1.4)) the line element
(2.12) is transformed to the so-called “standard form” by redefining the radial coordinate as follows

Fores? = 1H2U e (3.20)
u

according to (3.17). With an additional scale transformation

t=tJK, (3.21)

our metric (3.16-18) assumes the Schwarzschild form
-1
ds? :[1—r:sjdt‘2 {1-%] dr? 77 (d 7 +sin?9dg? ). (3.22)
r r

Mathematically the class of nonstandard solutions has collapsed to the Schwarzschild solution. What does this
mean physically? As discussed in the introduction we reject to interpret the metric (3.22) physically. Instead we
consider the observable u(r)=V?(r). Solving (3.20) for u(r) we obtain

I

u(r):z(r—s_rs)zﬁ(F) (3.23)

where (3.19) has been used. This is just the Schwarzschild expression in the new coordinate ¥ . Now it is clear
what has been done: The new radius T has been chosen in such a way that the measured u (r) becomes equal
to the Schwarzschild expression U(?). Such a transformation is trivially possible, but it has no physical signi-
ficance. We see that solutions that are equivalent under diffeomorphisms can be physically inequivalent. One
may ask the question: What is the right physical radius, r or ¥ ? The astronomer must give the answer. If he
would work with T then for every measured rotation curve, i.e. for every galaxy, he must define a new radial

coordinate T . This is not what he does. He always applies the same measuring procedure (for example mea-
suring the apparent luminosity) to all galaxies, and this gives our radius r. After all in reality, the astronomer
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adds, the rotation curves in galaxies are not Schwarzschild [7].

As far as the vacuum equations are concerned we are not able to predict the circular velocity; it must be given.
But then from (3.16-18) we are able to predict other observable quantities which can be computed from the me-
tric, for example lensing data [8]. In this way the theory can be tested. Another test is investigated in the next
section.

4. Thin Material Disk with a Dark Halo

We study a simple model of a spiral galaxy by assuming that the normal matter is concentrated in the equatorial
plane z=0 with a singular density ~ 51(2) . For this problem the theory of distribution valued curvature ten-
sor is appropriate which is mainly due to Israel [9]. To be self-contained we give a simple derivation of the rela-
tions we need. Another reason to do this is the following: In nonstandard general relativity we do not use geo-
metric relations involving the metric. Einstein’s equation is the only basis, therefore, all derivations must be
double checked. Let S be a three-dimensional surface in 4-space where the metric tensor g, is continuous but
has finite jumps in the normal derivatives; the derivatives in the tangential directions are assumed to be conti-
nuous. In an admissible coordinate system let S be described by the equation

¢(x)=0 (4.1)
and have the normal vector
o9
n# = W (42)
Then the finite discontinuities in the first partial derivatives of g, are given by
99, | 99,
=% ——1 =nb_, 4.3
[gyv,o':| aXO' N aXO' B o uv ( )

where + and — mean the limiting values from both sides of S. This follows from the decomposition of the gra-
dient into normal and tangential components. The corresponding jumps in the Christoffel symbols then are

21y, ]=n,by +n,b; —n“b,. (4.4)
The Ricci tensor
— o a a f a T f
Ryv - 8ar;zv - avr;za + raﬂryv - rv/fray (45)

contains derivatives of T, consequently the finite jJumps lead to singular contributions proportional to the delta
distribution & with support on S according to

OpT |y =T 0405 (4.6)
Then it follows from (4.4) that
1 a apR aRy
g = E(—n nabw +n bﬂanv +n bwn#)b‘s, 4.7
with
"o a 1 a v
by =bj _Eb5ﬂ' b=g“b,,. (4.8)

This is in agreement with Equation (2.14) of Taub [9], note that his convention for the Ricci tensor is the nega-
tive of our (4.5).
In the Einstein’s equations these singular distribution must be compensated by a distribution valued energy-

momentum tensor
1
(Ryv _E RJ gyv
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871G

P

R=9“R,,, K=
C

(4.10)

If the jumps b, of the normal derivatives of g, are known, t  can be calculated from (4.7) and (4.9):

o nanl T nTnV nan or nUnT
‘2"%:“{{gﬂ‘n—z’J(g”‘n—zj‘(g“‘%—zj{g G Hb 0

where n”* =n“n_. This agrees with Equation (6-2) of Taub. The singular contribution (4.11) must be added to
the regular energy-momentum tensor which renders the field equations fulfilled outside of the surface S.

Now we come to our simple galaxy model where the normal matter is concentrated in the plane 9=m/2
which is our singular surface S. Outside this plane we have vacuum with a dark halo as it is described by the
nonstandard spherically symmetric solution (3.16-18). To have a simple representation of the plane z=0 and
the corresponding delta-measure we go over to cylindrical coordinates (t, R, z,¢)

r’ =R*+1z°, z=rcosd, sin.Q:E. (4.12)
r

Then the metric (2.12) assumes the following non-diagonal form
2 v
ds® =g, dx“dx
with
R? z? R? z?
oo =€%, 911:__zeb __2ec! 02 :_Tec __zeb’
r r r r (4.13)

2,C

rz
O, =0 = —2r—2(eb _ec)’ 955 =—R%€".
For simplicity we still write r, but our admissible coordinates are x* = R, x*> = z. We also need the inverse

1
0 _ga 11:%’ 22:%, 2 __ Y0 _ 2 g®_ 1 414
g g D g D g9 D g g o (4.14)

where the determinant D is equal to

2 b+c R’z b c)?
D:gngzz_(glz) =e" -3 P (e —-€ ) . (4-15)

To construct the metric with the material disk we apply the widely used displace, cut, and reflect method
which goes back to Kuzmin [10] and since then has been used by many authors. Following the procedure of
Voigt and Letelier [11] we take the metric (3.7) in the half space z>d >0, displace itto z=0 and reflect it
for z<0. This produces the finite jumps in the z-derivatives of g, . The whole procedure is equivalent to the
transformation z —>|z|+d . The normal vector is n, :(0,0,1,0) :5; and

v v2 v 22

n“=g"n,=g¢", nn =g

The jumps (4.3) in the normal derivativeson z =0 which we need are equal to
,2d 4d
b, = |:911,2J =0n—-

—_ 4.16
rr° (4.16)

2d
r

by; = [933,2] =0z

where the prime always means o/dr keeping z and R constant. Now from (4.11) we find the energy density

1 g
t) =—x| Db, +—D J (4.17)
0 2 ( 1 Dg33 33

with D = g,,0,, — g, - Using
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2( , 2 2d
bu:T(gn_Fe j’ b332793301
we finally obtain

d R . [e) 2R* , r’ .
t([)) :—E(e +Cr_46r r_2 +r_5€ +2e _Eare ¢ . (4.18)
Here we have to put z=0 everywhere which gives r’> =R*+d”.

Now we must specify the circular velocity squared u(r) in order to fix the metric. We are particularly in-
terested in the case of an asymptotically flat circular velocity which in the usual terminology corresponds to a
dark halo. Therefore we assume u(r) of the form

U(r)=Ugg +-2+0(r?) (4.19)
r
for large r. Then it follows from (3.16-18)
a _ -1 b _ Lb -5 c _ Lc -3
e _Ka+O(r ) e _r—4+O(r ) e _r—2+O(r ) (4.20)
where by (3.17)
Lo ~ U =V (4.21)
Using this in (4.18) the leading order comes from the last term
o_2d r? o

This is proportional to the density of normal matter because we consider a static energy-momentum tensor.
Taking (4.21) into account we find that

to ~ Uiy ~ Vi (R) (4.23)

for large R. This is in accordance with the baryonic Tully-Fisher relation for galaxies [3] [4], which states that
the total baryonic mass M is proportional to Vi, . In fact, the contribution of the inner part R <R, of the disk
can be made arbitrarily small compared to the outer part between R, <R <R,, say [12]. We emphasize that M is
obtained from tJ by integrating with the Euclidean surface measure RdRdg¢, because this is what astronomers
are doing when they determine M from luminosity measurements. Our theory gives a very natural explanation of
the Tully-Fisher relation which , otherwise, theoretically and observationally is somewhat mysterious.

The radial pressure t; vanishes because G, (3.6) does not contain a second derivative. Therefore our
model must be interpreted as a dust disk with purely azimuthal stresses. This is not very realistic and it remains
to be investigated whether the Tully-Fisher relation is a generic property for more physical galaxy models.

5. Concluding Remarks

Our finding is that in the solar system the right gauge is c(r)=0, but on the galactic scale we have c(r)+0.
One would like to have a deeper understanding of this apparent paradox. One possible explanation is the fol-
lowing. At the very end general relativity must describe the solar system, the milky way, the local galaxy cluster
etc. simultaneously. The division into separated subsystems is a misleading simplification. Keeping this in mind
a continuous transition from c approximately zero on small scalesto ¢ =0 on the large is quite natural.

Obviously on small scales as the solar system or the binary pulsars the standard theory based on the geometric
interpretation is the right one. But on the galactic scale which is a factor 10° bigger, the non-geometric aspect of
general relativity becomes visible. In both cases we are observing geodesics in a gravitational field. On the small
scale this field can be described geometrically, on the large scale this is not the appropriate picture.

Our solutions in Section 3 seem to be the right ones to describe the dark halo of galaxies, if some dark matter
cannot be found experimentally. The Tully-Fisher relation found in the last section is a central relation in mod-
ified Newtonian dynamics (MOND) [13]. This suggests that nonstandard GR is in accordance with MOND in
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contrast to standard GR. As far as the vacuum equations are concerned this is obviously true because nonstan-
dard GR does not predict the circular velocity V (r) The same remains true if we include normal matter in hy-
drostatic equilibrium [14]. We expect that the analysis of a detailed galaxy model in the framework of nonstan-
dard GR will give the rotation curve V (r) Indeed, the analysis of the last section shows that nonstandard GR
solves the inverse problem: Given the rotation curve we can calculate the energy-momentum tensor. In standard
GR the problem usually is posed the other way around. In the literature one has studied various modifications of
GR to make MOND relativistic [15]. We have seen that this is not needed, nonstandard GR does the job.
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