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Abstract 
This paper is concerned with the normalized ground state solutions to the fol-
lowing Hardy-Littlewood-Sobolev upper critical fractional Kirchhoff-Choquard 

type equations under the constraint 2 dN u x c=∫ , 

( ) ( ) ( )

( ) ( )* *
, ,

2

2

2 2 2 2

Δ d Δ

in ,

N

s s

s s

p p N

a b u x u V x u

u I u u u I u u uθ θ
θ θλ µ − −

 
+ − − +  

 

∗ + ∗= +

∫



 

where ( )0,1s∈ , ( )2 ,4N s s∈ , ( )0, Nθ ∈ , , , , 0a b c µ > , λ ∈ ,  

2,N N sp
N N
θ θ+ + + ∈ 

 
 and V  is an external potential vanishing at infin-

ity. Utilizing the perturbed Pohozaev constraint and Schwartz symmetrization 
rearrangements, we establish the existence of the normalized ground state so-
lutions, and characterize the asymptotic behavior of solutions as 0µ +→  in 
the autonomous case. 
 

Subject Areas 
Partial Differential Equation 
 

Keywords 
Fractional Kirchhoff-Choquard Equation, Normalized Solution, Upper 
Critical Exponent 

 

How to cite this paper: Zhang, H.J. (2026) 
Normalized Solutions to Upper Critical 
Fractional Kirchhoff-Choquard Type 
Equations with Potentials. Open Access 
Library Journal, 13: e15040. 
https://doi.org/10.4236/oalib.1115040 
 
Received: February 17, 2026 
Accepted: March 8, 2026 
Published: March 11, 2026 
 
Copyright © 2026 by author(s) and Open 
Access Library Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/ 

  
Open Access

https://doi.org/10.4236/oalib.1115040
http://www.oalib.com/journal
https://doi.org/10.4236/oalib.1115040
http://creativecommons.org/licenses/by/4.0/


H. J. Zhang 
 

 

DOI: 10.4236/oalib.1115040 2 Open Access Library Journal 
 

1. Introduction 

In this paper, we study the following upper critical fractional Kirchhoff-Choquard 
type equation 

 
( ) ( ) ( )

( ) ( )* *
, ,

2

2

2 2 2 2

Δ d Δ

in ,

N

s s

s s

p p N

a b u x u V x u

u I u u u I u u uθ θ
θ θλ µ − −

 
+ − − +  

 

∗ + ∗= +

∫



 (1.1) 

with prescribed 2L -norm constraint 

 2 d ,N u x c=∫  (1.2) 

where ( )0,1s∈ , ( )2 ,4N s s∈ , ( )0, Nθ ∈ , , , , 0a b c µ > ,  

2,N N sp
N N
θ θ+ + + ∈ 

 
, 2N s

N
θ+ +  is the 2L -critical exponent, N

N
θ+  and 

*
,2 :

2s
N
N sθ

θ+
=

−
 are lower critical exponent and upper critical exponent in the 

sense of the Hardy-Littlewood-Sobolev inequality. Furthermore, λ  appears as 
an unknown Lagrange multiplier, V  is an external potential vanishing at infin-
ity, the function : NIθ →   is called the Riesz potential and defined as follows, 

 ( )
2

2: , where :
2

2

N N

N
A

I x A
x

θ
θ θθ

θ

θ

θ π
−

− Γ 
 = =
 Γ 
 

 

with Γ representing the Gamma function. For convenience, we drop Aθ  in what 
follows. The symbol ( )Δ s−  is the fractional Laplace operator defined as 

 ( ) ( ) ( ) ( ) ( ) ( )2Δ , P.V. d , ,N
s s N

N s

u x u y
u x C N s y u H

x y +

−
− = ∈

−
∫   

where the symbol P.V. means the Cauchy principal value of the singular integral 
and ( ),C N s  is a dimensional constant, precisely given by  

( ) ( ) ( )( )( ) 1
2

1, : 1 cos dN
N sC N s ζ ζ ζ

−
+= −∫ . ( )s NH   is defined in detail be-

low. The fractional Laplacian operator appears in diverse areas such as financial 
mathematics, optimization and minimal surfaces etc. 

In recent years, significant attention has been paid to the following Choquard 
equation 

 ( ) 2Δ , ,p p Nu u I u u u xθ
−− + = ∗ ∈  (1.3) 

which arises from several physical contexts. When 3N = , 2pθ = = , (1.3) turns 
to be the well-known Choquard-Pekar equation by S. Pekar [1] in 1954 which was 
firstly introduced as a model in quantum theory of a polaron at rest. In 1976, (1.3) 
was used by Choquard [2] to study steady states of the one component plasma 
approximation to Hartree-Fock theory. In recent years, the existence of solutions 
to (1.3) was demonstrated mathematically in [3]-[5] via variational approaches. 
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Moroz and Schaftingen [6] proved the existence of the positive ground state 
solution to the Equation (1.3) with 1p > , and established the regularity, positiv-
ity, monotonicity and decay asymptotics of the normalized ground state solutions.  

For 3N ≥ , 
2

Np
N

θ+
=

−
 and 

42,2q
N

 ∈ + 
 

, Li [7] considered the existence and 

orbital stability of the normalized ground states for the Choquard equation with 

a local perturbation 2qu uµ −  under the 2L -norm constraint. Shang and Ma [8] 
considered the existence of positive solutions for the following Choquard equa-
tion 

 ( ) ( )* *2 2 2 2Δ , ,p p Nu u I u u u I u u u xθ θ
θ θµ − −∗ + ∗− + = ∈  (1.4) 

where 3N ≥  and *2 :
2

N Np
N Nθ
θ θ+ +
< < =

−
. Shang and Ma established a set of 

existence results and characterized the asymptotic behavior as 0µ +→  by set-
ting various assumptions on the parameter p . Meng only [9] considered the first 

case in (1.4) where 
2,N N sp

N N
θ θ+ + + ∈ 

 
, and extended it to the fractional set-

ting. Long, Li and Rong [10] proved normalized ground state solutions to the fol-
lowing Choquard equations with weakly attractive potential under the 2L -norm 
constraint 

 ( ) ( ) ( )2 2Δ , ,p p q q Nu V u I u u u I u u u xθ θλ µ − −∗= + ∗− + + ∈  (1.5) 

where 3N ≥ , 
2, ,

2
N Np q

N N
θ θ+ + + ∈ − 

 and the trapping potential V . 

On the other hand, extensive research efforts have also been focused on explor-
ing the normalized ground state solutions to Kirchhoff equations. The Kirchhoff 
equation was first introduced by Kirchhoff [11] in 1883 as an extension of classical 
D’Alembert’s wave equation. For instance, Ye [12] analyzed the exclusion of di-
chotomy of the minimizing sequences for the related constrained minimization 
problem to prove the existence of solutions with 2L -norm constraint for the fol-
lowing Kirchhoff equation 

 ( )2 2d Δ , ,N
p Na b u x u u u u xλ −− + ∇ − = ∈∫   

where 3N ≤ , ( )*2, 2p∈ , *2 6=  if 3N =  and *2 = +∞  if 1,2N = . Espe-

cially, Ye obtained the sharp existence of global constraint minimizers for 
82 2p
N

< ≤ + . Ji et al. [13] developed a perturbed Pohozaev constraint approach 

to consider the Kirchhoff equation under 2L -norm constraint as follows 

 ( )2 2 2 3d Δ , ,N
p qa b u x u u u u u u xλ µ− −− + ∇ − = + ∈∫   (1.6) 

where 142 6
3

q p< < < ≤  or 14 6
3

q p< < ≤ , and proved several asymptotic  

results for the normalized ground state solutions obtained. Hu and Mao [14] par-
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tially extended the results of (1.6) under different assumptions on the exponents 
2 6p q< < < . They have studied the existence and nonexistence of the normal-
ized ground state solutions based on the methods of constrained minimization 
and concentration compactness. Chen and Huang [15] proved the existence and 
nonexistence of solutions to the fractional Kirchhoff equation with an external 
potential V  and doubly critical exponent. 

Recently, some researchers have dedicated their efforts to exploring the exist-
ence of normalized ground state solutions of Kirchhoff-Choquard equation. In 
[16], Liu established the threshold values for the existence and nonexistence of 
solutions to the Kirchhoff-Choquard equation. Furthermore, the asymptotic be-
haviors of the corresponding Lagrange multipliers and energies as 0c →  and 
c →∞  were obtained. Zhu et al. [17] developed a new perturbed Pohozaev con-
straint approach to prove the existence of two normalized ground state solutions 
for the following Kirchhoff-Choquard equation under 2L -norm constraint 

( ) ( ) ( )2 2 2d Δ , ,N
p p q q Na b u x u u I u u u I u u u xθ θλ − −− + ∇ − = ∗ + ∗ ∈∫   (1.7) 

where 3N ≥  and *4 2N Nq p
N N θ
θ θ+ + +
< < < <  or *4 2N q p

N θ
θ+ +
< < < , 

and obtained the asymptotic behavior for the normalized ground state solutions 
as 0µ +→ . Liu and Sun [18] focused on the existence of normalized ground state 

solutions to the Kirchhoff-Choquard equation under 2L -norm constraint as fol-
lows 

 ( ) ( )( ) ( )2 d Δ , , ,N
Na b u x u V x u f x u xλ− + ∇ + + = ∈∫   (1.8) 

where the potential V  satisfies different conditions. 
The key difficulty in combining the upper critical exponent with a vanishing 

potential in the normalized framework is the possible loss of compactness of min-
imizing sequences, which may exhibit dichotomy rather than convergence or van-
ishing. Our analysis, particularly in Lemma 3.10 and Theorem 1.5, is designed to 
exclude this dichotomy. Based on these results, we prove the existence of normal-
ized solutions to the fractional Kirchhoff-Choquard Equation (1.1) with an HLS 
upper critical exponent and a potential, using a perturbed Pohozaev constraint 
and variational methods. Furthermore, we establish the asymptotic properties of 
the normalized ground states as 0µ +→  in the autonomous case. 

 

( ) ( ) ( ) ( )

( ) ( )

( ) ( )
* *

, ,

22 2
22 2

2 2

*
,

1Δ d Δ d d
2 4 2

d d
2

1 d d ,
22

N N N

N N

s s

N N

s s

p p

N

N
s

a bE u u x u x V x u x

u x u y
x y

p x y

u x u y
x y

x y

θ θ

µ

θ

θ
θ

µ
−

−

 
= − + − +  

 

−
−

−
−

∫ ∫ ∫

∫ ∫

∫ ∫

  

 

 

 (1.9) 

under the 2L -norm constraint 
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 ( ){ }2: d .N
s N

c u H u x c= ∈ =∫  

We now define several important types of spaces that will be essential in subse-
quent sections. To begin with, we define that 

p⋅  is the standard norm in Lebes-
gue space ( )p NL   for [ )1,p∈ ∞ . Subsequently, we define that 

 ( ) ( )
( ) ( )

,2

22
2

2
2

2

: Δ d ds N N N

s

N s

u x u y
u u u x y

x y +

−
= = − =

−
∫ ∫  

 

is the standard norm in Sobolev space 

 ( ) ( ) ( ) ( )*
2

2,2
2: d d ,s

N N
s N N

N s

u x u y
u L x y

x y +

 − = ∈ < +∞ 
−  

∫ ∫ 
   

where * 22 :
2s

N
N s

=
−

. Finally and most importantly, we introduce the definition 

and some useful facts of the fractional Sobolev space ( )s NH  . As usual, the frac-

tional Sobolev space ( )s NH   is defined for any ( )0,1s∈  as 

 ( ) ( ) ( ) ( ) ( )2 2
2

2

: d .N
s N N N

N s

u x u y
H u L y L

x y
+

 − = ∈ ∈ 
 − 

∫    

Note from [19] that 

 ( ) ( )
( ) ( ) 22

1 2
22 , Δ d d d .N N N

s

N s

u x u y
C N s u x x y

x y
−

+

−
− =

−
∫ ∫ ∫  

 

The space ( )s NH   is a Hilbert space endowed with the following inner prod-
uct and norm 

 ( ) ( ) ( ) ( )2 2, Δ Δ d d , ,s N N N

s s
s N

Hu v u v x uv x u v H= − − + ∀ ∈∫ ∫  
  

and 

 ( ) ( ) ( )
1

2 2
2

2Δ d d , .s N N N

s
s N

Hu u x u x u H
 

= − + ∀ ∈  
 
∫ ∫  

  

Now, to establish our main results, we introduce the following auxiliary func-
tion 

 ( ) 1 , .
2

NW x V x x= ∇ ⋅ ∈  

and proceed to list the key assumptions on ( )W x  and ( )V x . 
(A1): ( ) ( ) { }1 \ 0NV x C∈  , ( ): lim 0xV V x∞ →∞= = , ( )sup 0Nx

V x
∈

=


 and 

there exists [ )1 0,1σ ∈  such that ( )
2

2 21 Δ dN N

s
V u u xσ≤ −∫ ∫ 

 for any  

( ).s Nu H∈   
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(A2): ( ) ( )1 NW x C∈  , ( )lim 0x W x→∞ = , ( ) ( )1 0V x W x
s

+ ≤ , Nx∀ ∈ . 

(A3): ( )V x  is a radial function, non-decreasing with respect to r x= . 
Remark 1.1. Let 

 
( ) { }

( )

( )
1,2

* *

2

2

2
\ 0

2 2

Δ d
: inf .

d

N

N

s s
N

s

u D

u x
S

u x
∈

−
=

∫

∫







 

If 
2
N
s

V S< , then there exists 1
1

2
: 1N

s
S Vσ −= <  and 

 ( ) ( )*

2 2
22 1 2 212

2 2
d Δ d Δ d .N N Ns

s s
N N
s s

V u x V u S V u x u xσ−≤ ≤ − = −∫ ∫ ∫  
 

For a sufficiently small 0ε > , the function ( ) 21 sV x
x
ε

= −
+

 on N  satis-

fies the above conditions. Now we recall the definition of normalized ground state 
solutions. 

Definition 1.2. For any fixed 0c > , we say that 0 cu ∈  is a normalized 
ground state solution to (1.1) under the constraint (1.2) if 

 ( )0 0
c

E uµ′ =


 and ( ) ( ) ( ){ }0 inf : , 0
c

cE u E u u E uµ µ µ′= ∈ =


 . 

Prior to studying the nonautonomous Equation (1.1), we introduce the follow-
ing fractional Kirchhoff-Choquard equation in the autonomous case, i.e.  
( ) 0V x V∞≡ =  

 
( ) ( )

( ) ( )* *
, ,

2

2

2 2 2 2

Δ d Δ

in ,

N

s s

s s

p p N

a b u x u

u I u u u I u u uθ θ
θ θλ µ − −

 
+ − −  

 

= + +∗ ∗

∫



 (1.10) 

under the 2L -norm constraint 2 dN u x c=∫ . Firstly, we state the existence and 
the asymptotic properties of the normalized ground state solutions in the auton-
omous case. This is accomplished in the following Theorem 1.3 and 1.4. 

Theorem 1.3. Assume that ( )2 ,4N s s∈  and 2,N N sp
N N
θ θ+ + + ∈ 

 
. For 

any 0µ > , there exists a constant ( ): 0c c µ∞ ∞= >  such that for any  

( )0,c c∞∈ , problem (1.10) under the 2L -norm constraint c  possesses a nor-

malized ground state solution ( ),
s N

cu Hµ∞
∈   such that ( ), , 0cE uµ µ∞∞ <  and 

, 0c µλ
∞

< . 

Theorem 1.4. Assume that ( )2 ,4N s s∈  and 2,N N sp
N N
θ θ+ + + ∈ 

 
. For 

any fixed ( )0,c c∞∈ , let ,c cu µ∞
∈  be the corresponding normalized ground 

state solution for 0µ >  sufficiently small, then 

 
2

, 0cu µ∞
→  and ( ), , 0cE uµ µ∞∞ →  as 0µ +→ . 
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These results from the autonomous case play a crucial role in addressing our 
main problem (1.1). Next, we state the existence of the normalized ground state 
solutions in the nonautonomous cases. 

Theorem 1.5. Assume that ( )2 ,4N s s∈ , 2,N N sp
N N
θ θ+ + + ∈ 

 
 and V  

satisfies (A1), (A2) and (A3). For any 0µ > , there exists a constant  

( )0 0 0c c µ= >  such that for any ( )00,c c∈ , problem (1.1) under the 2L -norm 

constraint c  possesses a normalized ground state solution ( ),
s N

cu Hµ ∈  such 

that ( ), 0cE uµ µ <  and , 0c µλ < . 

This paper is organized as follows. In Section 2, we give some preliminary re-
sults which will be used in proving main results. In Section 3, we study existence 
and the asymptotic properties of the normalized ground state solutions in the au-
tonomous case and prove Theorem 1.3 and Theorem 1.4. In Section 4, we focus 
on the existence of the normalized ground state solutions in the nonautonomous 
case and prove Theorem 1.5. 

Throughout this paper, we adopt the following notations. 
• ( ) { }: :N

rB y x x y r= ∈ − < . 

• C  denotes any positive constants possibly different in different places. 
• The symbol   denotes weak convergence and the symbol →  denotes 

strong convergence. 
• ( )1no  denotes a real sequence tending to 0 as n →∞ . 
• ( )s NH −   is the dual space of ( )s NH  . 

2. Preliminaries 

In Section 2, we give several preliminary results which are significant for the sub-
sequent development of our work. Especially, for convenience, we define 

 ( ) ( ) ( ) ( )* *
, ,2 2 2 2: , : .s s

N N
p pA u I u u u B u I u u uθ θ

θ θ
− −= ∗ = ∗∫ ∫ 

 

Then, according to (1.9), we have 

 ( ) ( ) ( ) ( )2 4 2
*

,

1 1d
2 4 2 2 22N

s

a bE u u u V x u x A u B u
pµ

θ

µ
= + + − −∫  (2.1) 

and 

 ( ) ( ) ( )2 4
, *

,

1
2 4 2 22 s

a bE u u u A u B u
pµ

θ

µ
∞ = + − −  (2.2) 

Firstly, let us recall the well-known Hardy-Littlewood-Sobolev inequality and 
fractional Gagliardo-Nirenberg inequality. 

Lemma 2.1. ([20]) Let ( ), 1, 0,r t Nθ> ∈  satisfy 1 1 N
r t N

θ+
+ = , ( )r Nf L∈   

and ( )t Ng L∈  . Then there exists a sharp constant ( ), , , 0C N r tθ > , independ-
ent of f  and g , such that 

https://doi.org/10.4236/oalib.1115040


H. J. Zhang 
 

 

DOI: 10.4236/oalib.1115040 8 Open Access Library Journal 
 

 
( ) ( ) ( )d d , , , .N N N r t

f x g y
x y C N r t f g

x y θ θ− ≤
−

∫ ∫ 
 

If 2Nr t
N θ

= =
+

, then 

 ( ) ( ) ( )
2

Γ Γ
2 2, , , , .

ΓΓ
2

N

N
N

C N r t C N
N N

θ

θ
θ

θ θ π
θ

−

−
    

        = =
+   

      

 

Lemma 2.2. ([9]) Let 2N s>  and *
,2 s

N p
N θ
θ+
< < . Then there exists a con-

stant ( ), , , 0C N s pθ >  such that 

( ) ( ) ( ) ( ) ( )
,

,
2

2 1
2

2
2

d , , , Δ , ,
p s

p s
N

psp p p s NI u u x C N s p u u u H
γ

γ
θ θ −∗ ≤ − ∀ ∈∫   (2.3) 

where , :
2p s

Np N
ps

θγ − −
= . 

Let Sθ  be best constant 

 
( ) { }

( )

( )
1,2

* * *
, , ,

2

2

1
\ 0

2 2 2

Δ d
: inf ,

d

N

N

s s s
N

s

u

u x
S

I u u xθ θ θ

θ

θ

∈

∗

−
=

 
 
 

∫

∫








 (2.4) 

it is well-known that Sθ  is achieved if and only if u  is the form 

 

2
2

22
0

, ,

N s

NC x
x x
ε

ε

−

 
  ∈
 + − 

  

for some 0
Nx ∈ , 0C >  and 0ε >  see [21]. 

We give classical Brezis-Lieb lemma for the nonlinear local term. 
Lemma 2.3. Let NΩ ⊆   be a domain, [ )1,p∈ ∞  and { }n nu ∈  be a bounded 

sequence in ( )rL Ω . If nu u→  a.e. on Ω  as n →∞ , then for every  

[ ]1,p r∈ , 

 lim d 0.
r

p p p p
n nn

u u u u x
Ω→∞

− − − =∫  

We give Brezis-Lieb lemma for the convolution term of the functional. 
Lemma 2.4. ([6]) Let 2N s> , [ )1,p∈ ∞  and { }n n

u
∈  be a bounded se-

quence in ( )
2Np

NNL θ+  . If nu u→  a.e. on N  as n →∞ , then 

 
( ) ( )( )

( )
lim d d

d .

N N

N

p p p p
n n n nn

p p

I u u x I u u u u x

I u u x

θ θ

θ

→∞
∗ − ∗ − −

= ∗

∫ ∫

∫

 


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Lemma 2.5. ([22]) Let 0R >  and )*2, 2sp ∈  . If { }nu  is bounded in  
( )s NH   and 

 ( )( )
lim sup d 0,

RN

p
nB yn y

u x x
→∞ ∈

=∫


 

then 0nu →  in ( )t NL   as n →∞  for any ( )*2, 2st∈ . 
Lemma 2.6. Assume that V  satisfies (A1), (A2) and (A3). If { } ( )s N

nu H⊂   
satisfies nu u  in ( )s NH   and ( ) ( )nu x u x→  a.e. in N  for some  

( )s Nu H∈   as n →∞ , there holds that 

 ( ) ( ) ( ) ( )22 1 .
2n n n n
bE u E u E u u u u u oµ µ µ= + − + − +  

Proof: Since nu u  as n →∞  in ( )s NH  , in view of Lemma 2.3, it im-
plies that 

 ( ) ( ) ( ) ( )2 2 2 1s Ns N s Nn n nHH H uu u u o= − + +   (2.5) 

and 

 ( )2 2 2d d d 1 .N N Nn n nu x u u x u x o= − + +∫ ∫ ∫  
 (2.6) 

Combining (2.5) with (2.6), we have 

 ( )2 2 2 1 .n n nu u u u o= − + +  

Hence, we can get that 

 
( )

( )

2 2 2

2 2 22 2

1
2 2 2

1 .
4 4 4 2

n n n

n n n n

a a au u u u o

b b b bu u u u u u u o

= − + +

= − + + − +
 (2.7) 

Next, we let 1 2:n nf V u= . It follows (A1) implies that { }nf  is bounded in 

( )2 NL  . Since nu u→  a.e. as n →∞ , we have 1 2 :nf V u f→ =  a.e. as 
n →∞ . Applying Lemma 2.3 with 2p =  and 2r =  to the sequence { }nf , we 
deduce that 

 2 2 2 d 0.N n nf f f f x− − − →∫  

Substituting back 1 2
n nf V u=  and 1 2f V u= , and noting that 0V ≤  (so 

V V= − ), we obtain 

 ( ) ( ) ( ) ( )2 2 2d d d 1 .N N Nn n nV x u x V x u u x V x u x o= − + +∫ ∫ ∫  
 (2.8) 

It follows Lemma 2.4, (2.8) and (2.7) that 

 ( ) ( ) ( ) ( )22 1 .
2n n n n
bE u E u E u u u u u oµ µ µ= + − + − +  

Hence, the proof is complete.  □ 
Now, we introduce the Pohozaev manifold 

 ( ){ }, : : 0 ,c cu P uµ µ= ∈ =   

with 
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 ( ) ( ) ( ) ( )2 4 2
,d ,N p sP u as u bs u W x u x s A u sB uµ µ γ= + − − −∫  

and it is easy to prove ,c µ  is a smooth manifold. 
Lemma 2.7. Assume that V  satisfies (A1), (A2) and (A3). Suppose that  

( )s Nu H∈   is a weak solution of problem (1.1) under the 2L -norm constraint 

c , then ,cu µ∈ . 
Proof: Since u  is a solution of problem (1.1) under the 2L -norm constraint 

c , by [6] and [23], we know that u  satisfies the Pohozaev identity 

 
( ) ( )

( ) ( )

( ) ( ) ( )

2 4

2 2

2
*

,

2 4 2
,

2 2
2 2

1 d d
2

d
2 2 22

1 d ,

N N

N

N

s

p s

N s N sa u b u
s s

NW x u x V x u x
s s
N N Nu x A u B u
s ps s

a u b u W x u x A u B u
s

θ

θ θλ µ

µγ

− −
+

= − −

+ +
+ + +

= + − − −

∫ ∫

∫

∫

 





 (2.9) 

where we have used the fact that 

 
( ) ( ) ( )2 4 2

2
2

d
.

Na u b u V x u x A u B u

u

µ
λ

+ + − −
= ∫  

Thus, one has 

 ( ) ( ) ( )2 4 2
,

1 d 0N p sa u b u W x u x A u B u
s

µγ+ − − − =∫  

which means that ,cu µ∈ .  □ 
For cu∈  and t∈ , we set 

 ( )( ) ( )2: , ,
Nt

t Nt u x e u e x x= ∈  (2.10) 

then ct u∈  . We define the map, 

 

( ) ( )

( )

( ) ( )
*

, ,

2 42 4 2

2 22
*

,

:
1 d

2 4 2
1 .

2 22

N

p s s

st st t

p st st

s

I t E t u
a be u e u V e x u x

e A u e B u
p

θ

µ µ

γ

θ

µ

−

=

= + +

− −

∫



 (2.11) 

Then we easily obtain that 

 

( ) ( ) ( )
( ) ( )

( )

*
, ,

2 42 4 2

2 22
,

d

.

N

p s s

st st t

p st st
p s

I t ase u bse u W e u x

e A u se B u

P t u

θ

µ

γ

µ

µγ

−′ = + −

− −

=

∫



 

As a result, we get the following conclusion. 
Lemma 2.8. Let cu∈  and V  satisfies (A1), (A2) and (A3). Then t∈  

is critical point of ( )I tµ  if and only if ,ct u µ∈  . 
Lemma 2.9. Assume that V  satisfies (A1), (A2) and (A3). The function 
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( )c e c→  is continuous for any ( )00,c c∈ . 
Proof: For any ( )0,c c c∈  and { } ( )00,nc c⊂  such that nc c→  as n →∞ . 

From the definition of ( )ne c  and Lemma 2.12, for every n  there exists  
( )n nu U c∈  such that 

 ( ) ( ) ( )1 and 0.n n nE u e c E u
nµ µ< + <  (2.12) 

We set :n n
n

cv u
c

= , and hence { }n cv ⊂  . Since ( ) 0E uµ < , in view of (2.16) 

and Lemma 2.11, one has 

 2 2
0 0

0

,n
n n

n n

cc cv u r r
c c c

= < ⋅ <  

which implies that ( )nv U c∈ . Thus, we have 

 

( ) ( )

( )

( ) ( )

( )

( ) ( )

*
,

2
2 4

2

2

*
,

1 1
2 4

1 1 d 1
2 2

1 1
22

1 .

N

s

n

n n n
n n

p

n n

ns

n n

e c E v

a c b cE u u u
c c

c cV x u x A u
c p c

c B u
c

E u o

θ

µ

µ

θ

µ

µ

≤

    
 = + − + −   
     
    
 + − − −   
     

   − −    
= +

∫  (2.13) 

From { } ( )n nu U c⊂ , Gagliardo-Nirenberg inequality (2.3) and (2.4), we get 
the boundedness of ( )A u  and ( )B u . Then, combining (2.12) with (2.13), we 
have 

 ( ) ( )liminf .nn
e c e c

→∞
≤  (2.14) 

On the other hand, let { } ( )nw U c⊂  be a minimizing sequence for ( )e c  

with ( ) 0nE wµ < . Set : n
n n

c
z w

c
= , then { } ( )n nz U c⊂ . Therefore, we obtain 

that 

 ( ) ( ) ( ) ( ) ( ) ( )1 1 ,n n n n ne c E z E w o e c oµ µ≤ = + = +  

which means that 

 ( ) ( )limsup .n
n

e c e c
→∞

≤  (2.15) 

From (2.14) and (2.15), we can easily get that 

 ( ) ( ) ( ) ( )liminf limsup ,n nn n
e c e c e c e c

→∞ →∞
≤ ≤ ≤  

which leads to ( ) ( )ne c e c→  as n →∞ . □ 
Lemma 2.10. For cu∈  and V  satisfies (A1), (A2) and (A3). Then,  
( ) 0E t uµ

−→  as t → −∞  and ( )E t uµ → −∞  as t → +∞ . 
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Proof: By the condition (A1) and (2.11), we have 

 ( ) ( ) ( )
*

, ,2 2 2 222 41
*

,

1
2 4 2 22

p s sp st stst st

s

a bE t u e u e u e A u e B u
p

θγ
µ

θ

σ µ−
≥ + − −  

and 

 ( ) ( ) ( )
*

, ,2 2 2 222 4
*

,

1 .
2 4 2 22

p s sp st stst st

s

a bE t u e u e u e A u e B u
p

θγ
µ

θ

µ
≤ + − −  

Since ,0 2 2p spγ< <  and *
,22 4sθ > , it is easy to get that the conclusion holds. 

Next, we consider the constrained functional 
c

Eµ 
. For every cu∈ , by 

(A1), Gagliardo-Nirenberg inequality (2.3) and (2.4), we have 

( ) ( )
( ) ( )

( ) ( )

( ) ( )

( ) ( )

* *
, ,

*
,, ,

*
,

,,
*

,

2 4 2

2 2

*
,

12 2 221
2*

,

12 2 2 21
2*

,

1 d d d
2 4 2 2

1 d d
22

1, , ,
2 2 22

1, , ,
2 2 22

N N N

s s

N N

p sp s s

s

p sp s

s

p p

N

N
s

pp

s

pp

s

u x u ya bE u u u V x u x x y
p x y

u x u y
x y

x y
a u C N s p u c u

p S

au C N s p u c u
p S

θ θ

θ

θ

θ

µ θ

θ
θ

γγ

θ θ

γγ

θ θ

µ

σ µ θ

σ µ θ

−

−

−

−−

= + + −
−

−
−

−
≥ − −

−
= − −

∫ ∫ ∫

∫ ∫

  

 

*
,2 2sθ −

 
 
 
 

(2.16) 

To analyze the geometry of the functional ( )E uµ , for each 0c > , we define 
the function :h + →  , 

 ( ) ( ) ( ) *
, , ,

*
,

1 1 2 11
2*

,

1, , , .
2 2 22

p s p s s

s

p p
c

s

ah r C N s p c r r
p S

θ

θ

γ γ

θ θ

σ µ θ − − −−
= − −  (2.17) 

Lemma 2.11. Let 0µ >  and V  satisfies (A1), (A2) and (A3). There exists a 
constant ( )0 0 0c c µ= >  such that for each ( )00,c c∈ , the function ( )ch r  has 
a unique global maximum at positive level. Moreover, there exists 0 0r >  such 

that ( ) 0ch r ≥  for any 0 0
0

,cr r r
c
 

∈  
 

. 

Proof: Since , 1p spγ <  and *
,2 2sθ > , we get 

 ( ) ( )as 0 and as .c ch r r h r r+→ −∞ → → −∞ → +∞  

It is not difficult to see that ( )ch r  has a unique global maximum point at 

 
( ) ( )

( )

* *, , ,

1
2* 2 2

, ,

*
,

1 , , , 2
.

2 1

s s p sp N s
p s s N

c
s

p C N s p S
r c

p

θ θ γ
θ θ

θ

µ γ θ − − − =
 −
 

 (2.18) 

Moreover, the maximum level is 

 ( )
2

1: ,
2

s
N

c c
ah r Qc

θσ +−
= −  

where 
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 ( )
( )

,*
*, *, , ,*

, ,

1
2 1

2* 2 *
2 , , , ,

* *
, ,

1 2 21 , , , .
2 2 1 2 1

p s
s

s s p s
s p s

p

p
p p s s s p s

s s

p S p
Q C N s p

p

θ
θ θ

θ

γ

γ
γ θ θ θ

θ θ

γ γµ θ

−
−

−
−

 −  −   =      − −    

 

Define 

 
2

0
1

2 ,

N
sQc

a

θ

σ

−
+ 

=  − 
 

then 

 ( ) ( )0 0 00
max 0.c c cr

h r h r
>

= =  

For each ( )0,r∈ ∞ , we easily obtain that ( )cc h r→  is a nonincreasing func-
tion. Then, we get 

 ( ) ( )00
max 0 for each 0, .cr

h r c c
>

> ∈  (2.19) 

Let us define 
00 : cr r= , which is given by (2.18). Thus, for any ( ]00,c c∈ , we 

infer to 

 ( ) ( )
00 0 0.c ch r h r≥ =  (2.20) 

On the other hand, we can also obtain that 

 ( )
00 0

0

0.c c
ch r h r
c

 
≥ = 

 
 (2.21) 

By using (2.20)-(2.21) and the geometry of the function ( )cr h r→ , we get 

 ( ) 0 0
0

0 for , .c
ch r r r r
c
 

≥ ∈  
 

 

So the proof is finished. 
Let 

 ( ) { } ( ) { }2 2
0 0: and : .c cU c u u r U c u u r= ∈ < ∂ = ∈ =   

For any ( )00,c c∈ , we set 

 ( )
( )

( ): min ,
u U c

e c E uµ∈
=  

where ( )E uµ  is defined in (2.1). 
Lemma 2.12. Assume that V  satisfies (A1), (A2) and (A3). For any ( )00,c c∈ , 

then 

 ( )
( )

( )0 min .
u U c

e c E uµ∈∂
< <  

Proof: For any ( )u U c∈∂ , we get 2
0u r= . By using (2.16) and (2.20), we 

obtain that 

 ( ) ( ) ( )
00 0 0 0 0,c cE u r h r r h rµ ≥ > =  

which means ( ) ( )inf 0u U c E uµ∈∂ > . For cu∈ , in view of Lemma 2.10, there 

holds ( ) 0E t uµ
−→  as t → −∞ . So there exists 0 1t −  such that  
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02 22
0 0

stt u e u r= <  and ( ) ( )0 0 0E t u I tµ µ= < . Combining 2
0 0t u r<  

with 2
0 2t u c= , we can easily get that ( )0t u U c∈ , which implies that 

( ) 0e c < . 

3. The Autonomous Case 

In section 3, assuming that ( ) 0V x V∞≡ = , we prove the existence and the as-
ymptotic properties of the normalized ground state solutions in the autonomous 
case. Similar to the proof in Section 2.2, we obtain the Lemma 3.1 through Lemma 
3.7, together with definitions of ( )cΛ , ( )c∂Λ , ( )cϒ , etc. 

Consider the Pohozaev manifold 

 ( ){ }, : : 0 ,c cu P uµ µ
∞ ∞= ∈ =   

with 

 ( ) ( ) ( )2 4
, .p sP u as u bs u s A u sB uµ µ γ∞ = + − −  

Lemma 3.1. Suppose that ( )s Nu H∈   is a weak solution of problem (1.10) 

under the 2L -norm constraint c , then ,cu µ
∞∈ . 

For cu∈  and t∈ , we also set ( )( ) ( )2
Nt

tt u x e u e x= , then ct u∈  . 

Similarly to (2.11), we introduce the following map 

 
( ) ( )

( ) ( )
*

, ,

,

2 4 2 222 4
*

,

:
1 .

2 4 2 22
p s sp st stst st

s

I t E t u
a be u e u e A u e B u

p
θ

µ µ

γ

θ

µ

∞
∞=

= + − −


 

Then we easily obtain that 

 

( ) ( ) ( ) ( )

( ) ( )
( )

*
, ,2 4 2 222 4

,

2 4
,

: ,

.

p s sp st stst st
p s

p s

I t ase u bse u e A u se B u

as t u bs t u sA t u sB t u

P t u

θγ
µ

µ

µγ

µγ

∞

∞

′ = + − −

= + − −

=

   



 

As a result, we get the following conclusion. 
Lemma 3.2. Let cu∈ . Then t∈  is critical point of ( )I tµ

∞  if and only if 

,ct u µ
∞∈  . 

Lemma 3.3. If { } ( )s N
nu H⊂   satisfies nu u  in ( )s NH   and  

( ) ( )nu x u x→  a.e. in N  for some ( )s Nu H∈   as n →∞ , there holds that 

 ( ) ( ) ( ) ( )22
, , , 1 .

2n n n n
bE u E u E u u u u u oµ µ µ∞ ∞ ∞= + − + − +  

Lemma 3.4 For cu∈ . Then, ( ), 0E t uµ
−

∞ →  as t → −∞  and  

( ),E t uµ ∞ → −∞  as t → +∞ . 

We consider the constrained functional ,
c

Eµ ∞ 
. For every cu∈ , by 

Gagliardo-Nirenberg inequality (2.3) and (2.4), we have 
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( )
( ) ( )

( ) ( )

( ) ( )

( ) ( )

* *
, ,

*
,, ,

*
,

*
,, ,

*
,

2 4
,

2 2

*
,

12 2 22

2*
,

12 2 2 22 2

2*
,

d d
2 4 2

1 d d
22

1, , ,
2 2 22

1, , , .
2 2 22

N N

s s

N N

p sp s s

s

p sp s s

s

p p

N

N
s

pp

s

pp

s

u x u ya bE u u u x y
p x y

u x u y
x y

x y
a u C N s p u c u

p S

au C N s p u c u
p S

θ θ

θ

θ

θ

θ

µ θ

θ
θ

γγ

θ θ

γγ

θ θ

µ

µ θ

µ θ

∞ −

−

−

−− −

= + −
−

−
−

≥ − −

 
 = − −
 
 

∫ ∫

∫ ∫

 

 

 (3.1) 

To analyze the geometry of the functional ( ),E uµ ∞ , for each 0c > , we define 
the function :h + →  , 

 ( ) ( ) ( ) *
, , ,

*
,

1 1 2 1

2*
,

1, , , .
2 2 22

p s p s s

s

p p
c

s

ah r C N s p c r r
p S

θ

θ

γ γ

θ θ

µ θ − − −= − −  (3.2) 

Lemma 3.5. Let 0µ > . There exists an ( )2: 0
N

sQc c
a

θ
µ

−
+

∞ ∞
 = = > 
 

 such 

that for each ( )0,c c∞∈ , the function ( )ch r  has a unique global maximum at 
positive level. Moreover, there exists 0: 0cr r r

∞∞ = ≥ >  such that ( ) 0ch r
∞

≥  for 

any ,cr r r
c ∞ ∞
∞

 
∈  
 

 and ( ) 0.ch r
∞ ∞ =  

Let 

 ( ) { } ( ) { }2 2: and : .c cc u u r c u u r∞ ∞Λ = ∈ < ∂Λ = ∈ =   

For any ( )0,c c∞∈ , we set 

 ( )
( )

( ),Λ
: min ,

u c
c E uµ ∞∈

ϒ =  

where ( ),E uµ ∞  is defined in (2.2). It is not difficult to show that ( ) ( )U c c⊆ Λ  
and ( ) ( )U c V c∂ ⊂ ∂ . 

Lemma 3.6. For any ( )0,c c∞∈ , then 

 ( )
( )

( ),Λ
0 min .

u c
c E uµ ∞∈∂

ϒ < <  

Lemma 3.7. The function ( )c c→ ϒ  is continuous for any ( )0,c c∞∈ . 
Lemma 3.8. Let 1 2, 0c c >  satisfy ( )1 2 0,c c c c∞+ = ∈ , then 

 ( ) ( ) ( )1 2 .c c c≤ +ϒ ϒ ϒ  

In particular, if ( )1cϒ  or ( )2cϒ  is achieved, then 

 ( ) ( ) ( )1 2 .c c c< +ϒ ϒ ϒ  

Proof: Without loss of generality, we may assume 1 2c c< . In view of the defi-
nition of ( )cϒ  and Lemma 3.6, for any 0ε >  small enough, there exists  

( )1u c∈Λ  such that 

 ( ) ( ) ( ), 1 ,and 0.E u c E uµ µε∞ ∞≤ ϒ + <  (3.3) 
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Together (3.1) with Lemma 3.5, we get that 

 2 1 .cu r
c ∞
∞

<  

Set 2

1

: 1c
c

ζ = >  and ( )
1

:ˆ Nu x u xζ
− 

=   
 

. Then, 2
22û c=  and 

 
212 2 2 2 1

1

.ˆ
s

N c cu u u r r
c c

ζ ζ
−

∞ ∞
∞

= < < ⋅ <  

Thus, ( )2û c∈Λ . In view of (3.3), we obtain that 

 

( ) ( )

( ) ( )

( )

( ) ( )

( ) ( )( )

2 ,

2 41 22 4
*

,

2 41 22 4
,

*
,

, 1

1
2 4 2 22

2 4

1
2 2

ˆ

2

.

s s N N
N N N N

s

s s
N N

N N
N N

s

c E u

a bu u A u B u
p

a bE u u u

A u B u
p

E u c

µ

θ θ

θ

µ

θ θ

θ

µ

µζ ζ ζ ζ

ζ ζ ζ ζ ζ

µζ ζ ζ ζ

ζ ζ ε

∞

+ +
− −

− −

∞

+ +

∞

ϒ ≤

= + − −

   
= + − + −      

   
   

− − − −      
   

< < ϒ +

 

Let 0ε → , we get 

 ( ) ( )2
2 1

1

.cc c
c

ϒ ≤ ϒ  (3.4) 

Similarly as above, one has 

 ( ) ( ) ( )1 2
1 2 2

2

.c cc c c c
c
+

ϒ = ϒ + ≤ ϒ  (3.5) 

Combining (3.4) with (3.5), we get 

 ( ) ( ) ( )1 2 1 2 .c c c cϒ + ≤ ϒ + ϒ  

In particular, if ( )1cϒ  is achieved, taking 0ε = , we can obtain that 

 ( ) ( )2
2 1

1

.cc c
c

ϒ < ϒ  

Furthermore, we get that 

 ( ) ( ) ( )1 2 1 2 .c c c cϒ + < ϒ + ϒ  

Similarly, if ( )2e c  is achieved, the strict inequality also holds. □ 

Lemma 3.9 

 ( ) ( )
,

,min .
cu

c E u
µ

µ∞ ∞
∈

ϒ =


 

Proof: For any cu∈ , in view of Lemma 3.4 and (2.10), we have 

 ( ) ( ), 0 and 0 asI t E t u t u tµ µ
∞ −

∞= → → → −∞   

and 
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 ( ) ( ), as .I t E t u tµ µ
∞

∞= → −∞ → +∞  

By Lemma 3.6, we obtain that ( ) ( ), 0I t E t uµ µ
∞

∞= >  when ( )t u c∈∂Λ . It 
follows that ( )I tµ

∞  has at least two critical points ,1ut  and ,2ut , such that ,1ut  
is a local minimum point with ( ) ( ),1 , ,1 0u uI t E t uµ µ

∞
∞= <  and ,2ut  is a maxi-

mum point with ( ) ( ) ( ), ,2 ,inf 0u u cE t u E uµ µ∞ ∞∈∂Λ≥ > . In view of Lemma 3.2, one 
has 

 ( ){ },
,1 , , ,: : 0u c ct u u E uµ µ µ

∞ − ∞
∞∈ = ∈ <    

and 

 ( ){ },
,2 , , ,: : 0 .u c ct u u E uµ µ µ

∞ + ∞
∞∈ = ∈ >    

In particular, since t u  is monotonically increasing with respect to t  and 
0t u →  as t → −∞ , we obtain that ( ),1 Λut u c∈ . Next, we prove that 

( )I tµ
∞  has no other critical points. Indeed, as ( ) ( ) 0I tµ

∞ ′ = , we define 

 ( ) ( ), .p sg t sA uµγ=  

Hence, we can obtain that 

 ( ) ( )
*

, , , ,2 42 2 4 2 22 2 .p s p s s p sst p st st p st st p stg t ase u bse u se B uθγ γ γ− − −= + −  

It is not difficult to obtain that the monotonicity of ( )g t  is the same as that 
of ( ) ( ) 0I tµ

∞ ′ = . Next, similarly to the above method, we define 

 ( ) 2 .w t as u=  

As a consequence, we get that 

 ( ) ( )
*

,4 22 22 .s st ststw t bse u se B uθ −= −  

The monotonicity of ( )w t  is the same as that of ( )g t . Clearly, we can get 
( )w t  has only a unique critical point, which is a global maximum at a positive 

level. Hence ( )I tµ
∞  has at most two critical points. It follows the above consid-

eration that 

 ( ) ( ) ( )
,

, ,
, ,min min

c cu u
c E u E u

µ µ
µ µ∞ − ∞∞ ∞

∈ ∈
ϒ ≤ =

 
 

On the other hand, in view of Lemma 3.1 and Lemma 3.6, we get any minimizer 
v  for ( ),E uµ ∞  on ( )Λ c  must belong to ,

,c µ
∞ − . Hence, we obtain that 

 ( ) ( ) ( ) ( )
,

, ,
, , ,min min .

c cu u
c E v E u E u

µ µ
µ µ µ∞ − ∞∞ ∞ ∞

∈ ∈
ϒ = ≥ =

 
 

So the proof is completed.  □ 
Lemma 3.10. Assume that { } ( )nu c⊂ Λ  be a minimizing sequence for ( )cϒ . 

Then one of the following alternatives holds: 
(i) 

 
( )1

2limsup sup d 0;
N

nB zn z
u x

→∞ ∈

=∫


 

(ii) There exist ( )u c∈Λ  and a family { } N
ny ⊂   such that ( )n nu y u⋅ − →  

in ( )s NH   as n →∞ . In particular, ( ) ( ),E u cµ ∞ = ϒ . 
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Proof: Let { } ( )nu c⊂ Λ  such that 

 ( ) ( ), as .nE u c nµ ∞ → ϒ →∞  (3.6) 

Then, we know the boundedness of { }nu  in ( )s NH  . By contradiction, we 
suppose that the conclusion (i) does not hold. Hence, we need only prove that 
conclusion (ii) is valid. Since { } ( )nu c⊂ Λ , there exists a family { } N

ny ⊂  , up 
to a subsequence, we have 

 ( )( )1

2

0
0 lim d ,n nBn

u x y x c
→∞

−< ≤∫  (3.7) 

Since { }nu  is bounded in ( )s NH  , we get ( )n nu y⋅ −  is bounded in  

( )s NH  . Then, there exists ( )s Nu H∈  , up to a subsequence, we have as 
n →∞  

 

( ) ( )
( ) ( ) )
( )

*
loc

in ,

in 2,2 ,

a.e. in .

s N
n n

p N
n n s

N
n n

u y u H

u y u L p

u y u

⋅ −

⋅ − → ∀ ∈ 
⋅− →

 





 (3.8) 

Together (3.7) with (3.8), we get 0u ≠  and 
2 0u > . Define ( ):n n nv u y u= ⋅− − , 

by (3.8), we get 0nv   in ( )s NH  . Thus, by Lemma 3.3, we have 

 ( )2 2 2
22 2 1 ;n n nu v u o= + +  (3.9) 

 ( )2 2 2 1 ;n n nu v u o= + +  (3.10) 

 ( ) ( ) ( ) ( )2 2
, , , 1 .

2n n n n
bE u E u E v v u oµ µ µ∞ ∞ ∞= + + +  (3.11) 

Next, we prove 

 
( )1

2limsup sup d 0.
N

nB zn z
v x

→∞ ∈

=∫


 (3.12) 

Assume by contradiction that (3.12) is not valid. Similarly as above, by the 
boundedness of { }nv , there exists { } N

nz ⊂   and ( )s Nv H∈  , up to a subse-

quence, such that as n →∞  

 

( ) ( )
( ) ( ) )
( )

*
loc

in ,

in 2,2 ,

a.e. in .

s N
n n

p N
n n s

N
n n

v z v H

v z v L p

v z v

⋅ −

⋅ − → ∀ ∈ 
⋅− →

 





 (3.13) 

Moreover, 0v ≠  and 
2 0v > . Set ( )n n nw v z v= ⋅− − , similarly by Lemma 

3.3, we obtain that 

 ( )2 2 2
22 2 1 ;n n nv w v o= + +  (3.14) 

 ( )2 2 2 1 ;n n nv w v o= + +  (3.15) 

 ( ) ( ) ( ) ( )2 2
, , , 1 .

2n n n n
bE v E w E v w v oµ µ µ∞ ∞ ∞= + + +  (3.16) 

Combining (3.9)-(3.11) with (3.14)-(3.16), we get that 

 ( )2 2 2 2
2 22 2 1 .n n nu w v u o= + + +  (3.17) 
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 ( )2 2 2 2 1 .n n nu w v u o= + + +  (3.18) 

 
( ) ( ) ( ) ( )

( )

2 2
, , , ,

2 2

2

1 .
2

n n n

n n

bE u E w E v E u w v

b v u o

µ µ µ µ∞ ∞ ∞ ∞= + + +

+ +
 (3.19) 

Denote 

 2 2
2 2, , .m u n v l c m n= = = − −  

Note that { } ( )Λnu c⊂ , in view of (3.10), one has 

 ( )2 22 1 .n n nu u v o r∞= − + <  

Thus, we get ( )u m∈Λ . in view of (3.18), we obtain that  
( )2 22 2 1n n nv u u w o r∞= − − + < . Thus, we get ( )v n∈Λ . By (3.17), we get 

that 

 2

2lim 0.nn
w l

→∞
= ≥  

In what follows, we distinguish the proof into two cases. 
Case (i): 0l > . 
From (3.18), 

 ( )2 2 2 2 1 .n n nw u u v o r∞= − − + <  (3.20) 

Thus, we get ( )2

2n nw w∈Λ  and ( ) ( )2
, 2n nE w wµ ∞ ≥ ϒ . Then, in light of (3.6), 

(3.19), Lemma 3.7 and Lemma r><, we obtain that 

 

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

( )

( )

,

2 2 22 2
, , 2

2 22 2

2 22 2

1

1
2 2

2 2

2 2
.

n n

n n n n

n n

n n

c E u o
b bE u E v w w v v u o

b bm n l w v v u

b bc w v v u

c

µ

µ µ

∞

∞ ∞

ϒ = +

≥ + + ϒ + + +

≥ ϒ + ϒ + ϒ + +

≥ ϒ + +

≥ ϒ

 

Therefore, u  and v  are local minimizers with respect to ( )mϒ  and ( )nϒ . 
Moreover, in view of Lemma 3.8, we get 

( ) ( ) ( ).m n m nϒ + ϒ > ϒ +  

Hence, we deduce that 

 

( ) ( ) ( ) ( )

( ) ( )

( )

( )

( )

2 22 2

2 22 2

2 22 2

2 22 2

2 2

2 2

2 2

2 2
,

n n

n n

n n

n n

b bc m n l w v v u

b bm n l w v v u

b bm n l w v v u

b bc w v v u

c

ϒ ≥ ϒ + ϒ + ϒ + +

> ϒ + + ϒ + +

≥ ϒ + + + +

= ϒ + +

≥ ϒ
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which is impossible. 
Case (ii): 0l = . 
Owing to 0l = , l c m n= − −  and (3.17), we have 

 2

2and lim 0.nn
c m n w

→∞
= + =  

Since the boundedness of { }nw  and Gagliardo-Nirenberg inequality (2.3), we 
get that 

 ( )lim 0.
n

A u
→∞

=  (3.21) 

In view of (2.4), (3.20) and (3.21), we infer that 

 

( ) ( )

( )

( ) ( )

*
,

*
,

*
,

*
,

2 22 2
, 2*

,

2 2 1

2*
,

2

1
2 222

1
2 222

1 ,

s

s

s

s

n n n

s

n

s

n c n

aE w w w A u
pS

aw r A u
pS

w h r o

θ

θ

θ

θ

µ

θ θ

θ θ

µ

µ

∞

−
∞

−
∞

∞

 
 ≥ − −
 
 
 
 > − −
 
 

> +

 

which implies that 

 ( ),lim 0.nn
E wµ ∞→∞

≥  (3.22) 

In view of (3.19), (3.22) and Lemma 3.8, we have 

 

( ) ( ) ( )

( ) ( )

( )

( )

2 22 2
, ,

2 22 2

2 22 2

2 2

2 2

2 2
.

n n

n n

n n

b bc E u E v w v v u

b bm n w v v u

b bc w v v u

c

µ µ∞ ∞ϒ ≥ + + +

≥ ϒ + ϒ + +

≥ ϒ + +

≥ ϒ

 

Therefore, u  and v  are local minimizers with respect to ( )mϒ  and ( )nϒ . 
Moreover, by Lemma 3.8, we get 

 ( ) ( ) ( )m n cϒ + ϒ > ϒ  

and hence 

 

( ) ( ) ( )

( ) ( )

( )

( )

2 22 2
, ,

2 22 2

2 22 2

2 2

2 2

2 2
,

n n

n n

n n

b bc E u E v w v v u

b bm n w v v u

b bc w v v u

c

µ µ∞ ∞ϒ ≥ + + +

≥ ϒ + ϒ + +

> ϒ + +

≥ ϒ

 

which yields a contradiction. Consequently, (3.12) holds. In light of Lemma 2.5, 
we have 

 ( ) ( )*0 in with 2,2 .p N
n sv L p→ ∈  
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Then, it follows from Lemma 2.1 that 

 ( )lim 0.nn
A v

→∞
=  (3.23) 

Next, we claim that 

 lim 0.nn
v

→∞
=  (3.24) 

Firstly, we prove 

 
2lim 0.nn

v
→∞

=  (3.25) 

By 2
2 0u m= > , 2

2 0nu c= >  and (3.9), to prove (3.25) holds. We need only 
show that m c= . For the sake of contradiction, we suppose m c< . By applying 
(3.10), we have 2 2

n nv u r∞≤ ≤ . Thus, ( )2

2n nv v∈Λ  and ( ) ( )2
, 2n nE v vµ ∞ ≥ ϒ . 

In view of (3.6) and (3.11), we have 

 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

,

2 2
, ,

2
, 2

1

1 .
2

1

n n

n n n

n n

c E u o
bE u E v v u o

E u v o

µ

µ µ

µ

∞

∞ ∞

∞

ϒ = +

= + + +

≥ + ϒ +

 

Then, by Lemma 3.7 and (3.9), we get that 

 ( ) ( ) ( ), .c E u c mµ ∞ϒ ≥ + ϒ −  (3.26) 

Since ( )u m∈Λ , then ( ) ( ),E u mµ ∞ ≥ ϒ . If ( ) ( ),E u mµ ∞ > ϒ , in view of (3.26) 
and Lemma r><, we get that 

 ( ) ( ) ( ) ( ) ,c m c m cϒ > ϒ + ϒ − ≥ ϒ  

which is impossible. Hence, we obtain that ( ) ( ),E u mµ ∞ = ϒ  and u  is a local 
minimizer respect to ( )mϒ . By (3.26) and Lemma r><, we have 

 ( ) ( ) ( ) ( ) ,c m c m cϒ ≥ ϒ + ϒ − > ϒ  

which is impossible. Thus, (3.25) holds and 2
2u c= . Moreover, ( )Λu c∈  and 

( ) ( ),E u cµ ∞ ≥ ϒ . It follows from (3.6) and (3.11) that 

 ( ) 2 2
,limsup 0 0.

2n n
n

bE v v uµ ∞
→∞

≤ − ≤  (3.27) 

Due to ( ) 0ch r
∞ ∞ = , 2

nv r∞<  and (2.4), we get that 

 ( )
*

,
*

,

2 4 2 22 1
0* 2*

, ,

1 1 : ,
2 4 222 22

s

s
n n n n

s s

a b av v B u v r v
S

θ

θθ θ θ

β−
∞

 
 + − > − =
 
 

 (3.28) 

where ( ) ( ), ,1 1
0 0, , , 0

2
p s p sp pC N s p c r

p
γ γµβ θ − −

∞= > . In view of (3.23), (3.27) and 

(3.28), we have 

 ( ) ( )2
0 ,limsup limsup 0,n n

n n
v E v A u

pµ
µβ ∞

→∞ →∞

 
≤ + ≤ 

 
 

which implies lim 0n nv→∞ = . Consequently, ( )n nu y u⋅ − →  in ( )s NH   
as n →∞ . In particular, ( ) ( ),E u cµ ∞ = ϒ . □ 
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Proof of Theorem 1.3. By the translation invariance of the problem (i.e., both 

,Eµ ∞  and ( )cΛ  are invariant under ( ) ( )u u y⋅ ⋅ − ), we may apply Lemma 
3.10 to obtain a sequence { } N

ny ⊂   such that ( ) ,n n cu y u µ∞
⋅ − →  strongly in 

( )s NH   as n →∞ . Therefore, ,cu µ∞
 is a minimizer for 

( ), c
Eµ ∞ Λ

 at level 
( )cϒ . 
Let ( )nu c⊂ Λ  be a minimizing sequence for ( )cϒ . In view of Lemma 3.6, 

we get that ( ) 0cϒ < . It can be ready shown that 

 
( )1

2limsup sup d 0
N

nB zn z
u x

→∞ ∈

=∫


 (3.29) 

can not happen. Otherwise, by Lemma 2.5, we have 0nu →  in ( )t NL   as 
n →∞  for any ( )*2, 2st∈ . Together this and Gagliardo–Nirenberg inequality 
(2.3), we get that ( )lim 0n nA u→∞ = . Following the proof of (3.22), we obtain that 

 ( ) ( ),lim 0,nn
c E uµ ∞→∞

ϒ = ≥  

which contradicts to ( ) 0cϒ < . Now, since the vanishing case (3.29) is impossible 
and the dichotomy case is ruled out by Lemma 3.8, it follows from the concentra-
tion-compactness principle that the minimizing sequence must be compact. Since 
the energy functional ,Eµ ∞  and the constraint manifold ( )cΛ  are invariant 
under the translation ( ) ( )u u y⋅ ⋅ −  for any Ny∈ , Lemma 3.10 yields a se-
quence { } N

ny ⊂   such that ( ) ,n n cu y u µ∞
⋅ − →  strongly in ( )s NH   as 

n →∞ . Consequently, ,cu µ∞
 is a minimizer for 

( ), c
Eµ ∞ Λ

 at level ( )cϒ . Let 

,cu µ∞
  denote the Schwarz rearrangement of ,cu µ∞

, then 

 
2 2 2 2

, , , ,2 2 2 2
, .c c c cu u c u u rµ µ µ µ∞ ∞ ∞ ∞ ∞= = = <   

By using Riesz’s rearrangement inequality [24], we get that 

 ( ) ( ) ( ) ( ), , , ,, .c c c cA u A u B u B uµ µ µ µ∞ ∞ ∞ ∞
> >   

Therefore, we obtain 

 ( ) ( ) ( ) ( ) ( ), , , , ,and ,c c cu c c E u E u cµ µ µ µ µ∞ ∞ ∞∞ ∞≤ ≤ϒ∈Λ = ϒ   

which implies ( ) ( ), ,cE u cµ µ∞∞ = ϒ . As a consequence, ( )cϒ  is reached by a ra-
dially symmetric function ,cu µ∞

 , that satisfies problem (1.10) under the 2L -
norm constraint c . By the Lagrange multiplier theorem, there exists a  

,
N

c µλ
∞

∈  such that 

 
( ) ( )

( ) * *
, ,

2

2 , ,

2 2 2 2

, , , , , , ,

Δ d Δ

,

N

s s

s s
c c

p p

c c c c c c c c

a b u x u

u I u u u I u u uθ θ

µ µ

µ θ µ µ µ θ µ µ µλ µ

∞ ∞

∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞

− −

 
+ − −  


 


 

= + ∗ +


∗

∫  

      


 

which implies that ( )P uµ
∞ . Combining ( ) 0P uµ

∞ = , we get that 

 

( ) ( )
( ) ( ) ( ) ( )

( ) ( )

2 4

, , , , ,

, , , , ,

, ,1 .

c c c c c

p s c c c c

p s c

c a u b u A u B u

A u A u B u B u

A u

µ µ µ µ µ

µ µ µ µ

µ

λ µ

µγ µ

µ γ

∞ ∞ ∞ ∞ ∞

∞ ∞ ∞ ∞

∞

= + − −

= − + −

= −

   

   


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Since , 1p sγ < , we obtain that , 0c µλ
∞

< . Furthermore, by Lemma 2.12 and 
Lemma 3.9, ,cu µ∞

  is a normalized ground state solution of problem (1.10) under 
the 2L -norm constraint c . This completes the proof of Theorem 1.1. 

Proof of Theorem 1.4. Since c∞ → +∞  as 0µ +→ , for a fixed 0c > , there 
exists ,c cu µ∞

∈  for any 0µ >  sufficiently small, be a normalized ground state 
solutions of problem (1.10) under the 2L -norm constraint c . By using Lemma 
3.5, we get that 

 
2

, , ,with ,c c cu u rµ µ µ∞ ∞

∞
∞∈ <  

where r∞  is defined by Lemma 3.5. It is not difficult to see that 0r∞ →  as 
0µ +→ , then 

 
2

, 0 as 0 .cu µ µ
∞

+→ →  

By Gagliardo-Nirenberg inequality (2.3), we derive that ( ), 0cA u µµ
∞

→  as 
0µ +→ . Hence, in view of , ,c cu µ µ∞

∞∈ , we obtain that 

 

( )

( )

2 4

, , , ,* *0 0
, ,

,
,*

,

lim lim
2 422 22

2
1

2 22

0.

c c c
s s

p s
c

s

a a b bE u u u

p
A u

p

µ µ µ µµ µ
θ θ

µ
θ

γµ

∞ ∞ ∞

∞

∞→ →

   
= − + −      

   

 
− − 










 

=

 

4. The Nonautonomous Case 

In Section 4, V  satisfies (A1), (A2) and (A3). We prove the existence of the nor-
malized ground state solutions in the nonautonomous case. 

Lemma 4.1. Assume that V  satisfies (A1), (A2) and (A3). Define 

 ( )
( )

( ),: inf ,
u U c

e c E uµ∞ ∞∈
=  

where ( ),E uµ ∞  is defined in (2.2). Then ( ) ( )e c e c∞<  for ( )0,c c c∈ . 
Proof: Similar to Theorem 1.2, we know that there exists a local minimizer 

( )0u U c∈  satisfying ( ) ( ), 0E u e cµ ∞ ∞=  for ( )00,c c∈ . By using (A1), we can 
obtain that 

 ( ) ( ) ( ) ( ) ( ) ( )2
0 , 0 0 , 0

1 d .
2 Ne c E u E u V x u x E u e cµ µ µ∞ ∞ ∞≤ = + < =∫  

Therefore, we get ( ) ( )e c e c∞<  for ( )0,c c c∈ . 
Lemma 4.2. Assume that V  satisfies (A1), (A2) and (A3). If 1 20 c c< <  and 

( )1 2 0, 0,c c c∈ , then ( ) ( )2
2 1

1

ce c e c
c

< . 
Proof: In view of the definition of ( )e c  and Lemma 2.12, for any 0ε >  

small enough, there exists ( )1u U c∈  such that 

 ( ) ( ) ( )1 and 0.E u e c E uµ µε≤ + <  (4.1) 

Together (2.16) with Lemma 2.11, we get that 2 1
0

0

cu r
c

< . Set 2

1

: 1c
c

η = >  and 
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( )
1

:ˆ Nu x u xη
− 

=   
 

. Then, 2
22û c=  and 

 
212 2 2 2 1

0 0
1 0

.ˆ
s

N c cu u u r r
c c

η η
−

= < < ⋅ <  

Thus, ( )2û U c∈ . It follows from (A3) and 
1

1Nη >  that 

 ( )
1

, .NNV x V x xη
 

< ∀ ∈  
 

  (4.2) 

Then, in view of (4.1) and (4.2), we obtain that 

 

( ) ( )

( )

( ) ( )

( )

( ) ( )

( )

2

2 4 11 2 22 4

*
,

2 41 22 4

1
2

d
2 4 2

1
2 22

2 4

d
2

1
2

ˆ

N

N

s s
N N N

N N
N N

s

s s
N N

N

N N
N N

e c E u

a bu u V x u x x

A u B u
p

a bE u u u

V x V x u x x

A u
p

µ

θ θ

θ

µ

θ θ

ηη η η

µη η

η η η η η

η η

µη η η η

− −

+ +

− −

+ +

≤

 
= + +   

 

− +

   
+ − + −      
   

  
+ −      
   

− − − −      
  

=



∫

∫





( )

( ) ( )( )

*
,

1

22

.
s

B u

E u e c
θ

µη η ε< < +

 

Let 0ε → , we get 

 ( ) ( )2
2 1

1

.ce c e c
c

≤  (4.3) 

Proof of Theorem 1.5. Let { } ( )nu U c⊂  be a minimizing sequence with re-
spect to ( )e c , it is evident that { }nu  is bounded in ( )s NH  . Up to a subse-
quence, there exists a ( )s Nu H∈   such that as n →∞  

 

( ) ( )
( ) ( ) )
( )

*
loc

in ,

in 2,2 ,

a.e. in .

s N
n n

p N
n n s

N
n n

u y u H

u y u L p

u y u

⋅ −

⋅ − → ∀ ∈ 
⋅− →

 





 (4.4) 

Case (i): 0u = . In view of (A1), ( )s NH   ↪ ( )2 NL  , the boundedness of 
( )V x  in N  and the boundedness of { }nu  in ( )2 NL   hold, so we obtain 

that 

 ( ) ( )2 d 1 .N n nV x u x o=∫  

Accordingly, it can observe that 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )2
,

11 d 1 1 ,
2 Nn n n n n ne c o E u V x u x o E u e c oµ µ∞ ∞+ ≤ + + = = +∫  

which implies ( ) ( )e c e c∞ ≤ . However, it is in contradiction to Lemma 4.1. 
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Therefore, 0u ≠ . 
Case (ii): 0u ≠ . Define :n nv u u= − . In view of Lemma 2.6, we get that 

 ( )2 2 2
22 2 1 ;n n nu v u o= + +  (4.5) 

 ( )2 2 2 1 ;n n nu v u o= + +  (4.6) 

 ( ) ( ) ( ) ( )22 1 .
2n n n n
bE u E v E u u v oµ µ µ= + + +  (4.7) 

Now we claim that ( )2

2 1n nv o= . In order to prove this, let 2
12u c= , we get  

10 c c< ≤  from (4.5). If 1c c= , it follows from (4.5) that ( )2

2 1n nv o= . If  

( )1 0,c c∈ , by (4.5) and (4.6), we deduce that 

 2 2 2
02 andn n nv c v u r< ≤ <  

for n  large enough. Therefore, we can get that { } ( )2

2n nv U v∈  and  
( ) ( )2

2n nE v e v≥ . We also get that ( )1u U c∈  by the weak limit. In view of (4.7), 
Lemma 4.2 and ( )1u U c∈ , we obtain that 

 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

22

2 22
12

2
222

1

2

2
1

1 1
2

1
2

1
2

1 .

n n n n n

n n n

n
n n

n
n

be c o E u E v E u u v o

be v e c u v o

v be c e c u v o
c

v
e c e c o

c

µ µ µ+ = = + + +

≥ + + +

≥ + + +

≥ + +

 

Then, owing to (4.5) and Lemma 4.2, we have that 

 ( ) ( ) ( ) ( ) ( ) ( )1 1 1
1 ,c c c c ce c e c e c e c e c e c

c c c
− −

≥ + > + =  

which is impossible. Hence, we infer that ( )u U c∈ . It follows from ( )nu U c∈ , 
( )u U c∈  and (4.5) that we have 

 ( )2

2 1 .n nv o=  (4.8) 

Let us prove that ( )2 1n nv o= , this will prove 0nv →  in ( )s NH   and 
( ) ( )E u e cµ = . To complete this purpose, owing to (4.6) and 0u ≠ , we observe 

that 

 2 2
0 for large enough.n nv u r n≤ <  (4.9) 

In view of Gagliardo-Nirenberg inequality (2.3), (4.8) and (4.9), we have 
( )lim 0n A u→∞ = . Due to ( )

0 0 0ch r = , 2
0nv r<  and (2.4), we get that 

 

( ) ( ) ( ) ( )

( )

( )

*
,

*
,

2 4 2
*

,

2 2 11
2*

,

2
0

1 1d
2 4 2 2 22

1 1
2 22

: 1 ,

N

s

s

n n n
s

n n

s

n n

a bE v v v V x u x A u B u
p

av r o
S

v o

θ

θ

µ
θ

θ θ

µ

σ

η

−

= + + − −

 − ≥ − +
 
 

= +

∫

 (4.10) 
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where ( ) ( ), ,1 1
0 0 0, , , 0.

2
p s p sp pC N s p c r

p
γ γµη θ − −= >  Furthermore, by virue of  

( )u U c∈ , (4.7) and (4.10), we have 

 
( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

22

2
0

1 1
2

1 ,

n n n n n

n n

be c o E u E u E v u v o

e c v o

µ µ µ

η

+ = = + + +

≥ + +
 

which leads to 

 ( ) ( ) 2
0 lim ,nn

e c e c vη
→∞

≥ +  

so 

 ( )2 1 .n nv o=  (4.11) 

Together with (4.7), (4.8) and (4.11), we have 

 ( ) ( ) ( )in and .s N
nu u H E u e cµ→ =  

In what follows, we note that ,: cu u µ=  is a minimizer for ( )E uµ  on ( )U c . 
By the Lagrange multiplier rules, there exists ,c µλ ∈  such that 

( ) ( ) ( )

( ) * *
, ,

2

2 , , ,

2 2 2 2
, , , , , , , ,

Δ d Δ

in ,

N

s s

s s
c c c

p p N
c c c c c c c c

a b u x u V x u

u I u u u I u u uθ θ

µ µ µ

µ µ θ µ µ µ θ µ µ µλ µ
− −

 
+ − − +  

 
 = + ∗ + ∗ 
 

∫



(4.12) 

which means that ( ), 0cP uµ µ = . By using ( ), 0cP uµ µ = , we get that 

 

( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2 4 2
, , , , , ,

2 2
, ,

, , , , ,

2
, , ,

d

1d d

1 d 1 .

N

N N

N

c c c c c c

c c

p s c c c c

c p s c

c a u b u V x u x A u B u

V x u x W x u x
s

A u A u B u B u

V x W x u x A u
s

µ µ µ µ µ µ

µ µ

µ µ µ µ

µ µ

λ µ

µγ µ

µ γ

= + + − −

 = +  
   + − + −   
 = + + −  

∫

∫ ∫

∫



 



 

Since , 1p sγ <  and the condition of (A2), we obtain that , 0c µλ < . The proof 
is completed. 

In this paper, we establish the existence of normalized ground state solutions for 
a class of upper critical fractional Kirchhoff-Choquard equations with potentials. 
Both the autonomous and nonautonomous cases are considered. By applying the 
concentration-compactness principle, we rule out the possibilities of vanishing and 
dichotomy, which leads to the compactness of minimizing sequences. Translation 
invariance then guarantees that a suitable translation of the sequence remains min-
imizing and converges strongly to a ground state. Furthermore, in the autonomous 
case, we analyze the asymptotic behavior of these solutions as 0µ +→ . 
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