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Abstract

This paper is concerned with the normalized ground state solutions to the fol-
lowing Hardy-Littlewood-Sobolev upper critical fractional Kirchhoff-Choquard

type equations under the constraint JRN |u|2 dx=c,

aerJ.RN (—A)g u 2 dx [(-A) u+V (x)u

-2 .
u”*"u in R",

=/1u+,u(lg =x=|u|p)|u|p’2 u+(|,, *|u|2:"5)

where se(0,1), Ne(2s,4s), BG(O,N), a,b,c,u>0, 1eR,
pe [ NI;IHQ’ N+ z+ 23} and V is an external potential vanishing at infin-

ity. Utilizing the perturbed Pohozaev constraint and Schwartz symmetrization

rearrangements, we establish the existence of the normalized ground state so-
lutions, and characterize the asymptotic behavior of solutions as 4 — 0" in

the autonomous case.
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1. Introduction

In this paper, we study the following upper critical fractional Kirchhoff-Choquard
type equation

S

2
{a+bjIRN (-A)zu dx](—A)S u+V(x)u
(1.1)
= /1u+y(I9 >!<|u|p)|u|p72 u +(I9 *[u s ) uf#*?u in R,
with prescribed L*-norm constraint
J'RN |u|2 dx =, (1.2)
where s e(O,l), N 6(25,48), 0<(0,N), ab,c,u>0,
pe ( N +¢9, N +9+25), N+0+2s is the L?-critical exponent, +0 and
N N
“ N+0 - - .
2,5 :ZW are lower critical exponent and upper critical exponent in the
' — 25

sense of the Hardy-Littlewood-Sobolev inequality. Furthermore, A appears as
an unknown Lagrange multiplier, V is an external potential vanishing at infin-

ity, the function 1,:R" — R iscalled the Riesz potential and defined as follows,

F(N —6]
l,(x)= AN{H, where A, ::—2N
|X| F(Z]ﬁzzg

with T’ representing the Gamma function. For convenience, we drop A, in what
follows. The symbol (—A)’ is the fractional Laplace operator defined as

u( )_u(y)dy, ue HS(RN),

(-A) u(x)=C(N,s)P.V.[, |XX—T

where the symbol P.V. means the Cauchy principal value of the singular integral

and C(N,s) isa dimensional constant, precisely given by

-1

C(N,s):= (jRN ((1—cos§1)/(|§|”*25))dg) . H*(R") is defined in detail be-

low. The fractional Laplacian operator appears in diverse areas such as financial
mathematics, optimization and minimal surfaces etc.

In recent years, significant attention has been paid to the following Choquard

equation

—Au+u=(lg*|u|p)|u|p_2u, x e RV, (1.3)

which arises from several physical contexts. When N =3, 6= p=2,(1.3) turns
to be the well-known Choquard-Pekar equation by S. Pekar [1] in 1954 which was
firstly introduced as a model in quantum theory of a polaron at rest. In 1976, (1.3)
was used by Choquard [2] to study steady states of the one component plasma
approximation to Hartree-Fock theory. In recent years, the existence of solutions

to (1.3) was demonstrated mathematically in [3]-[5] via variational approaches.
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Moroz and Schaftingen [6] proved the existence of the positive ground state
solution to the Equation (1.3) with p >1, and established the regularity, positiv-

ity, monotonicity and decay asymptotics of the normalized ground state solutions.

4
For N>3, p= : +Z and qe (2, 2+Wj , Li [7] considered the existence and

orbital stability of the normalized ground states for the Choquard equation with

alocal perturbation u |u|qf2 u underthe L?-norm constraint. Shang and Ma [8]

considered the existence of positive solutions for the following Choquard equa-
tion

—Au+u :y(lg >!<|u|p)|u|p’2 u+(lg *|u|2; )|u|29‘;’2 u, xeR", (1.4)

N+6 N +6

< p<2,:=——. Shang and Ma established a set of
)

where N >3 and

existence results and characterized the asymptotic behavior as g — 0" by set-

ting various assumptions on the parameter p.Meng only [9] considered the first
N+68 N+60+2s

casein (1.4) where pe ( N N ), and extended it to the fractional set-

ting. Long, Li and Rong [10] proved normalized ground state solutions to the fol-

lowing Choquard equations with weakly attractive potential under the L*-norm
constraint

~Au+(V +4)u =,u(|9 =z<|u|p)|u|p’2 u+(lg *|u|q)|u|q’2 u xeR", (1.5

N+6+2 N+6
N 'N-=2

On the other hand, extensive research efforts have also been focused on explor-

where N >3, p,qe [ ) and the trapping potential V .

ing the normalized ground state solutions to Kirchhoff equations. The Kirchhoff
equation was first introduced by Kirchhoff [11] in 1883 as an extension of classical
D’Alembert’s wave equation. For instance, Ye [12] analyzed the exclusion of di-
chotomy of the minimizing sequences for the related constrained minimization
problem to prove the existence of solutions with L?-norm constraint for the fol-

lowing Kirchhoff equation

—(a+bj~RN Ivul* dx)Au —u=[ul""u, xeR",

where N <3, pe(2,2*), 2°=6 if N=3 and 2 =+ if N =1,2. Espe-

cially, Ye obtained the sharp existence of global constraint minimizers for

2<p<2 +% .Ji et al [13] developed a perturbed Pohozaev constraint approach

to consider the Kirchhoff equation under L?-norm constraint as follows
_(aerLRN |Vu|2 dx)Au —Au= |u|'°’2 u+ ,u|u|q’2 u, xeR®, (1.6)

where 2<(Q< % <p<6 or % << p<6, and proved several asymptotic

results for the normalized ground state solutions obtained. Hu and Mao [14] par-
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tially extended the results of (1.6) under different assumptions on the exponents
2 < p<(<6. They have studied the existence and nonexistence of the normal-
ized ground state solutions based on the methods of constrained minimization
and concentration compactness. Chen and Huang [15] proved the existence and
nonexistence of solutions to the fractional Kirchhoff equation with an external
potential V and doubly critical exponent.

Recently, some researchers have dedicated their efforts to exploring the exist-
ence of normalized ground state solutions of Kirchhoff-Choquard equation. In
[16], Liu established the threshold values for the existence and nonexistence of
solutions to the Kirchhoff-Choquard equation. Furthermore, the asymptotic be-
haviors of the corresponding Lagrange multipliers and energies as ¢ — 0 and
C —> o were obtained. Zhu et al. [17] developed a new perturbed Pohozaev con-
straint approach to prove the existence of two normalized ground state solutions

for the following Kirchhoff-Choquard equation under L*-norm constraint
—(a+bj]RN vul* dx)Au i =<Ig *|u|”)|u|"’2 u +( 1y *|uf’ )|u|q’2 u, xeR", (1.7)

where N >3 and NN+9<q<N+N4+9<p<2; or W<q<p<2;,

and obtained the asymptotic behavior for the normalized ground state solutions
as 4 — 0" .Liuand Sun [18] focused on the existence of normalized ground state

solutions to the Kirchhoff-Choquard equation under L?-norm constraint as fol-
lows

_(a+bjRN |Vu|2 dx)Au +(V(x)+2)u=f(xu), xeR", (1.8)

where the potential V satisfies different conditions.

The key difficulty in combining the upper critical exponent with a vanishing
potential in the normalized framework is the possible loss of compactness of min-
imizing sequences, which may exhibit dichotomy rather than convergence or van-
ishing. Our analysis, particularly in Lemma 3.10 and Theorem 1.5, is designed to
exclude this dichotomy. Based on these results, we prove the existence of normal-
ized solutions to the fractional Kirchhoff-Choquard Equation (1.1) with an HLS
upper critical exponent and a potential, using a perturbed Pohozaev constraint
and variational methods. Furthermore, we establish the asymptotic properties of

the normalized ground states as x4 — 0" in the autonomous case.

2 c 2\
=S afl-i] o o] o 2 (e
I [ Ju( |X|)|IL|J |dxdy (1.9)
s 2.5
22, f IR~|U | t) dxdy,

|N—19

2 .
under the L°-norm constraint
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ScZ{UEHS(RN)ZJRN|U|2(1X=C}.

We now define several important types of spaces that will be essential in subse-
quent sections. To begin with, we define that ||p is the standard norm in Lebes-
gue space L° (RN ) for pe[lo). Subsequently, we define that

. 2
Jull=Ju

DS,Z(RN = ‘

jRN [ = |u - ~uy) dxdy

N+Zs

is the standard norm in Sobolev space

D*? (RN ) = {u el (RN ) : J.RN .[]RN dedy <400,

|X— y|N+25

where 2 = . Finally and most importantly, we introduce the definition

and some useful facts of the fractional Sobolev space H°® (RN ) . As usual, the frac-
tional Sobolev space H°® (RN ) is defined for any se (0,1) as
H* (R")=quel*(R"): | Molye L (RM)?.

rN N+2s
[x=y| 2

Note from [19] that
2

2
dx=[ [ dedy.

| N+2s

The space H°® (RN ) is a Hilbert space endowed with the following inner prod-

2CH(N,s)| o

(-A)u

uct and norm
<U’V>HS(]RN) = I]RN (—A)g u(—A)g vdx+J'RN uvdx, Yu,v e H® (RN )

and

dx+_|'RN |u|2 dx]2 ,VueH® (RN )

(o)

bl [

Now, to establish our main results, we introduce the following auxiliary func-
tion
W(x):%VV X, xeRY.
and proceed to list the key assumptions on W (x) and V (x).
(A1): V(x)eCHR")\{0}, V, =lim V(x)=0, sup_,,V(x)=0 and
2

there exists o, €[0,1) such that '[RN Vu? <o o (—A)% u

dx for any

UeHS(RN).
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(A2): W(x)eC'(RY), lim

[¥| >

W (x)=0, V(x)+%W(x)£O, vxeR".

(A3): V (X) is a radial function, non-decreasing with respectto r = |X| .
Remark 1.1. Zet

2

(—A)% u| dx

J.IRN
S = iFf o —
ueD™2 (RN \{o . =
(Je o o
R

If |V|ﬁ < S, then there exists o, = S"1|V|ﬁ <1 and
2s 2s

2 2

S S
[V |u?dx < |V|%|u 2 <s™ |V|% [ul(=n)2ul dx=0;[ \[(-A)2ul dx.
For a sufficiently small & >0, the function V (x)= —# on R" satis-
+ (X

fies the above conditions. Now we recall the definition of normalized ground state
solutions.

Definition 1.2. For any fixed ¢>0, we say that U, €S, Iis a normalized

ground state solution to (1.1) under the constraint (1.2) if

EL|SC(UO):O and Eﬂ(uo)zinf{EH(u):ueSC,E;| (U)=O}.

S

Prior to studying the nonautonomous Equation (1.1), we introduce the follow-
ing fractional Kirchhoff-Choquard equation in the autonomous case, i.e.
V(x)=V, =0

[a+bJ'RN de(—A)S u

:ﬂu+y(lg >!<|u|p)|u|p72 u+(lg *|u|2§,s)

2

(~A)zu

(1.10)

202 .
u** " u in RY,

. 2 . .
under the L*-norm constraint J.]RN |u| dx = c. Firstly, we state the existence and
the asymptotic properties of the normalized ground state solutions in the auton-

omous case. This is accomplished in the following Theorem 1.3 and 1.4.
N+0 N+60+ 25)
. For

Theorem 1.3. Assume that N e(2s,4s) and pe[ NI N

any 1> 0, there exists a constant C, '=c,(u)>0 such that for any

ce (0, c, ) , problem (1.10) under the \* -norm constraint S, possesses a nor-
malized ground state solution U, , € H® (RN ) such that E, , (acw, y) <0 and
Ao, . <0.

Coo

Theorem 1.4. Assume that N €(2s,4s) and pe(N +9, N +‘9+25)' F

N N
any fixed ce(0,c,), let U, , €8, be the corresponding normalized ground

state solution for u >0 sufficiently small, then

2
ucwl" —0 and Ew‘ﬂ(ucw'”)—>0 as u—0".
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These results from the autonomous case play a crucial role in addressing our
main problem (1.1). Next, we state the existence of the normalized ground state

solutions in the nonautonomous cases.

Theorem 1.5. Assume that N e(2s,4s), pe(NNJre, N+z+25j and V

satisfies (A1), (A2) and (A3). For any u >0, there exists a constant

Co =Co(u)>0 such that for any ce(0,c,), problem (1.1) under the |* -norm
constraint S, possesses a normalized ground state solution U, , € H® (RN ) such
that E,(u,,)<0 and 2, <0.

This paper is organized as follows. In Section 2, we give some preliminary re-
sults which will be used in proving main results. In Section 3, we study existence
and the asymptotic properties of the normalized ground state solutions in the au-
tonomous case and prove Theorem 1.3 and Theorem 1.4. In Section 4, we focus
on the existence of the normalized ground state solutions in the nonautonomous
case and prove Theorem 1.5.

Throughout this paper, we adopt the following notations.
Br(y)i={X€RN |x—y|< r}.

C denotes any positive constants possibly different in different places.

The symbol — denotes weak convergence and the symbol — denotes

strong convergence.

0,(1) denotes a real sequence tending to 0 as N —»oo.
H~® (RN ) is the dual space of H°® (RN ) .

2. Preliminaries

In Section 2, we give several preliminary results which are significant for the sub-

sequent development of our work. Especially, for convenience, we define

A(u) = J.RN (lg *|u|p )|u|p72 u, B(U) — J‘RN (|9 *|u|2:?§ ) u|2§xs—2 u
Then, according to (1.9), we have
a2 by 1 y7 1
L ()= Sl Sl 3 [V (e A B () @)
and
£, (0) =S + S lulf —LE A(u)- B () )
o 2 4 2p 22;S

Firstly, let us recall the well-known Hardy-Littlewood-Sobolev inequality and

fractional Gagliardo-Nirenberg inequality.

Lemma 2.1. ([20]) Let r,t >1,9€(0,N) satisty l+%= NI:IrH , fel (]RN)
r

and gel' (]RN ) . Then there exists a sharp constant C(N,,r,t) >0, independ-
entof f and q, such that
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<c(n.0,r0)]1|[g].

NI

|N—49

, then

If r=t= 2N
N+6

ctnan-cmor-7 e )N

F(N;Hj I'(N)

Lemma 2.2. ([9]) Zet N >2s and N+Y

< p<2,,. Then there exists a con-

stant C(N,0,s,p)>0 such that

2py

IRN (IO *|u|p)|u|p dx<C(N,9,s, p)‘(—A); u " |u|§p(l_y”*s) VueH: (RN ) (2.3)

2

where y, = M
' 2ps

Let S, be best constant

2

dx

jRN (—A)% u
Fo (1ol

it is well-known that S, is achieved if and only if U is the form

S, = inf

2.4
uep (2N \(o} ( @4

1 !

% dx)zz,s

u

N-2s

2
o[ e |7 xem
£ +[X= x|

for some XOERN, C>0 and &£>0 see[21].

We give classical Brezis-Lieb lemma for the nonlinear local term.
Lemma2.3. Let Qc R" beadomain, pe[l») and {u,},., beabounded

sequencein L' (Q).If u,—>Uu aeon Q as N—> o, then for every
pelLr],

r
Ju,|” ~[u, ~u[* ~Juf*[* dx=o.

fim ,
We give Brezis-Lieb lemma for the convolution term of the functional.

Lemma 2.4. ([6]) Let N>2s, pe[lw) and {u,} . be a bounded se-

2
quence in LN+0 (RN),If u, >u aeon R" as n—oo, then

Iim(.[RN (Ig *|un|p)|un|p dx—[ (Ig *|u, —u|p)|un |’ dx)

n—owo

= o (o o 0
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Lemma 2.5. ([22]) Let R>0 and pe[2,2;).If {u,} isbounded in
H*® (RN ) and
R p _
lim ysig J'BR(y)|un (x)|" dx =0,

n—oo
e

then u, >0 in U(RN) as N— oo for any te(2,2:).

Lemma 2.6. Assume that V satisfies (A1), (A2) and (A3). If {un} c H® (]RN )
satisfies U, —=u in H° (RN) and u,(x)—>u(x) aein R" forsome
ueH? (RN ) as N— oo, there holds that

b
€, (1) =, (1) +E, (1, ~)+ 2] o, o] +o,0).

Proof: Since u, U as N—o in H°® (RN ) , in view of Lemma 2.3, it im-

plies that

sy =00 =0 ) sy 00 O (2.5)

and

[ |u, | dx = [ s —uf* dx+ |u[* dx +0, (2). (2.6)

]RN
Combining (2.5) with (2.6), we have
o =, —ul" + Julf +o, (2)-
Hence, we can get that

a a a

2o =2, o 2o 0,2
2.7)
b 2 b 2 by bype 2 1 (
O, F 2o, ol + 2l + 2ol o ~of 0, 0.

Next, we let f = |V |1/2 u, . It follows (A;) implies that {f } is bounded in
L2 (RN) . Since U, —>Uu ae. as N—o, we have f —>|V|1/2u =1f ae as
n— . Applying Lemma 2.3 with p=2 and r=2 tothe sequence { fn} , we
deduce that

|6,[* =] f, = [ =] f["|dx — 0.

Jor

Substituting back f, = |V |1/2 u, and f = |\/|1/2 u, and noting that V <0 (so
|V| =-V ), we obtain

VO dx = [V ()]u, —uf dx+ [V (X)[u] dx+o, (1), (2.8)

rN

It follows Lemma 2.4, (2.8) and (2.7) that
b
€, (4,)= E,(0) &, (4, ~u)+ 2o Jo, ~uff +0, 1)

Hence, the proof is complete. (]

Now, we introduce the Pohozaev manifold
B, ={ues P, (u)=0},

with
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P, (u)= as||u||2 + bs||u||4 —jRNW (x)uPdx— psy, (A(u)—sB(u),

u

and it is easy to prove 7, is a smooth manifold.

Lemma 2.7. Assume that V satisfies (A1), (A2) and (A3). Suppose that
ueH?® (RN ) Is a weak solution of problem (1.1) under the L? -norm constraint
S, then ue T, ,.

Proof: Since U is a solution of problem (1.1) under the L? -norm constraint
S, , by [6] and [23], we know that U satisfies the Pohozaev identity

N —2s N —2s
Tos M

1 N
- _EIRNW (x)uzdx—z—szNV (x)u’dx

Jull + =Bl

N+6 N+6 (2.9)

A B
2ps (u)+ 22,5 (v)

1
= a||u||2 + b||u||4 —;J'RNW (x)u?dx— pzy, A(u)-B(u),

N 2
+£/I vl dx+ u

where we have used the fact that
i a||u||2 +b||u||4 +V (x)u’dx— uA(u)- B(u).

Jul

Thus, one has
1
Al +blulf ~L [, W ()00~ 7, A(u) - B(u) =0

which means that ue?, ,. O
For ueS, and teRR, weset

Nt

(t*u)(x)::ezu(e‘x), xeRN, (2.10)
then txueS,. We define the map,
I, (t)=E,(txu)
_i 2st 2 E 4st 4
e e+

H  2pyp st 1 222‘5 st
—-——€ A(u)———=e B(u).

1

2=

V(e’tx)uzdx (2.11)

Then we easily obtain that
(Iu)’ (t) =ase® |ul’ +bse* u[ - [ W (e )u’dx
—uy, 7P A(U) - se%0s B(u)
=P, (txu).
As a result, we get the following conclusion.
Lemma 2.8. Let ueS, and V satisfies (Al), (A2) and (A3). Then teR

is critical point of 1, (t) ifand onlyif txue®, .
Lemma 2.9. Assume that \V satisfies (A1), (A2) and (A3). The function
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c— e(c) Is continuous for any Ce (0, CO) .

Proof: For any ce(c,c,) and {c,} =(0,¢,) suchthat ¢, >c as n—>wo.
From the definition of e(c,) and Lemma 2.12, for every n there exists
u, €U (c,) such that

E”(un)<e(cn)+% and E, (u,)<O0. (2.12)

Weset v, = /iun ,and hence {v,}cS,.Since E,(u)<0,inview of (2.16)
Cn
and Lemma 2.11, one has

C
ool = = <é.c_"r0 <1,

which implies that v, €U (c). Thus, we have

o(6)<E, (1)

al ¢ 2 b
e S (£] - ]uu )
+1 i—lj' V(x)uzdx—i L P_ A(u) (2.13)
2\ c, RY 2p|lc,
e " ~1/B(u)
22, |\c,

=E,(u,)+0,(1).

From {u,} cU(c,), Gagliardo-Nirenberg inequality (2.3) and (2.4), we get

the boundedness of A(u) and B(u). Then, combining (2.12) with (2.13), we

have

e(c)<liminfe(c,). (2.14)

n—w

On the other hand, let {w,} cU(c) be a minimizing sequence for e(c)

n

with E, (w,)<0. Set z,:= \/? , then {z,} cU(c,). Therefore, we obtain
that

e(c,)<E,(z,)=E,(w,)+0,(1)=e(c)+0,(1),
which means that

limsupe(c,)<e(c). (2.15)

nN—oo
From (2.14) and (2.15), we can easily get that
e(c)< liminf e(c,)< Iirrp_;sgpe(cn)s e(c),

which leads to e(c,) —>e(c) as n—o. O
Lemma 2.10. For ue S, and V satisfies (Al), (A2) and (A3). Then,
E,(txu)>0 as t—>- and E, (txU)—> - as t— -+,
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Proof: By the condition (A1) and (2.11), we have

1
22,

E, (1) > 2o The e uff L e A(u) -8 ()

and

A sty 2 0 jast 2 _ M 2t gy L 2t
E”(t*u)sze ||u|| +4e ||u|| 2pe A(u) 22;Se B(u).

Since 0<2py,,<2 and 22, >4, itis easy to get that the conclusion holds.

Next, we consider the constrained functional Eﬂ|s . For every ues,, by

(A1), Gagliardo-Nirenberg inequality (2.3) and (2.4), we have

a b 1 u(x)|[u
0= 5hl St w3 Lo, [P E oy
o ()
IRN [ u(x u(y) dxdy
2, |X ' (2.16)
a-o; 2 H 2P7p.s P(l’}/ps 22y ¢
>—Lul"-=C(N,8,s, p)|ul|""" c -
Jul 2p ( p)|u] 22953295 ————|u
Rl a=op u 2p7ps—2 P(l-7ps) 225 -2
| 28— A (N, 6,5, p) PP P e -
|ulF| = 20 ( p)ul 226552“ ————]ul

To analyze the geometry of the functional E, (u), for each ¢ >0, we define
the function h:R* >R,
h.(r)= %—Zﬁc (N,6,s, p)cp(lfy"‘s)rp""s’l —%rzg's’l. (2.17)
p 22,,S,°
Lemma 2.11. Zet >0 and V satisties (A1), (A2) and (A3). There exists a
constant C, =Cy(41)>0 such that for each c<(0,¢,), the function h.(r) has
a unique global maximum at positive level. Moreover, there exists 1, >0 such

that h (r)>0 forany re{iro,ro]
C

0

Proof: Since py, <1 and 2,,>2, we get

h.(r)—>—-w asr—0" and h, (r)— - asr— +o.
It is not difficult to see that h, (r) has a unique global maximum point at

1
{ﬂ(l— 07,5 )C(N.0.5,p)2, 57" ] N

" N (2.18)
(2. 1) i

c

Moreover, the maximum level is

where
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- . P7ps—1
1 u 2 iswp s (1_ PYp.s )21*9 s Sggls Zoa=P7os 2; s~ PYps
Q== £c(N,0,s,p) """ e — |
2\ p 2,9,5 -1 29,5 -1
Define

then

max h, (r)=h, (r%)zo.

Foreach re(0,),we easily obtain that ¢ — h_(r) isanonincreasing func-

tion. Then, we get

”rngth(r)>0 for each c € (0,¢, ). (2.19)

Let us define r,:=r. , which is given by (2.18). Thus, for any ce (0,0, we

infer to
h.(p)=h, (r)=0. (2.20)
On the other hand, we can also obtain that
h, [irojzh% (r,)=0. (2.21)
G

By using (2.20)-(2.21) and the geometry of the function r — h_ (r), we get
h,(r)>0 forre {iro,ro}.
CO

So the proof is finished.
Let

U(c)= {u €S, :|uff < ro} and U (c)= {u €S, :|uff = ro}.

Forany ce(0,c,),we set
e(c)=min E, (u),

ueU(c)

where E, (u) is defined in (2.1).
Lemma 2.12. Assume that V  satisfies (A1), (A2) and (A3). Forany Ce (O, CO) ,
then

e(c)<0< min E, (u).

uedU(c)

Proof: For any ueoU(c), we get ||u||2 =T,. By using (2.16) and (2.20), we
obtain that

E,(u)=rh (r)> rh, (r)=0,
which means infueﬁU(c) Ey (u) >0. For ueS,, in view of Lemma 2.10, there

holds E, (txu)—>0" as t— —oo. So there exists t, < —1 such that
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Ito u||2 =e*h ||u||2 <ty and E,(t,xu)=1,(t))<0. Combining |t, u"2 <r,
with |t0 *u|§ =c, we can easily get that t;xueU(c), which implies that
e(c)<0.

3. The Autonomous Case

In section 3, assuming that V (x)=V, =0, we prove the existence and the as-
ymptotic properties of the normalized ground state solutions in the autonomous
case. Similar to the proof in Section 2.2, we obtain the Lemma 3.1 through Lemma
3.7, together with definitions of A(c), dA(c), Y(c), etc.

Consider the Pohozaev manifold
R, = fues P ()=o),
with
P (u)=as|ul +bs|u|' - usy, ,A(u)-sB(u).

Lemma 3.1. Suppose that Ue H°® (RN ) is a weak solution of problem (1.10)

under the |’ -norm constraint S, , then U e R

Nt
For ueS, and teR, we also set (t*u)(x)zeTU(e‘X),then txues,.

Similarly to (2.11), we introduce the following map
17(t):=E, (txu)
1

- %em lulf +%e45‘ Jul —%ezp’p'sstA(u)— 7 ezzZ'SStB(u).

Then we easily obtain that

(17 )' (t) = ase? Julf +bse* u]' - uy, €77 A(u) - se™* B (u),
= as|jt+ul +bs|txu|' - w1y, SA(txu)-sB(txu)
=P7(txu).
As a result, we get the following conclusion.
Lemma 3.2. Let Ue S, . Then teR s critical point of |} (t) ifand only if
txue?’,.
Lemma 3.3. If {u,} c H® (RN ) satisfies U, =~Uu in H° (RN) and

u,(X) > u(x) aein R" forsome UEHS(RN) as n—» oo, there holds that

b
€, ()= By (), (- 0)+ 20 o, - 0, ()

Lemma 3.4 For UeS,. Then, E, (txu)—>0 as t——w and
E,.(txu)—> -0 as t —+o.

We consider the constrained functional E . For every ueS, , by

e

Gagliardo-Nirenberg inequality (2.3) and (2.4), we have
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b
o) -2+ 2 - JRNJRN' L oy
U(y)

IX— "

0,5 26‘,5

dxdy

22 IRN J.]RN |

= Nl N 6,s,p u 2P7ps Pl Tos) 22y
>2juf e o

a s ~7ps) s
-l 5—%cm,e,s, L ]
S

(3.1)

To analyze the geometry of the functional E,, (u),foreach ¢ >0, we define
the function h:R™ >R,

h.(r)= i——C(N 0,s,p)c’ irp) orpst L s (3.2)
2 2p 22, 50
. 2Q Y o+s
Lemma 3.5. Let >0 . There exists an C, = — =c, (,u)>0 such
a

that for each ce(0,c,), the function h (r) has a unique global maximum at

positive level. Moreover, there exists ¥, =1, >t, >0 suchthat h_(r)=0 for

C

0

any re[irw,rw} and h_(r,)=0.
Let
Ae)={ues,:uf <r.} and oa(c)={ues, :|uf =r.}.

Forany ce(0,c, ), we set
Y(c)=min E,_(u),

ueA(c)
where E, (u) is defined in (2.2). It is not difficult to show that U (c) < A(c)
and oU(c)c oV (c).
Lemma 3.6. Forany ce(0,c, ), then
Y(c)<0< min E, (u).

ucoA(c)
Lemma 3.7. The function ¢ —> Y(C) is continuous for any ¢ < (0,c,).
Lemma 3.8. Let ¢,,c, >0 satisfy ¢, +¢,=ce(0,c,), then
Y(c)<Y(c)+Y(c,).
In particular, if Y(c) or Y(c,) isachieved, then
Y(c)<Y(c)+Y(c,).
Proof: Without loss of generality, we may assume ¢, <C, . In view of the defi-

nition of Y(c) and Lemma 3.6, for any & >0 small enough, there exists
ueA(c,) such that

E,.(u)<Y(c)+e and E,, (u)<O0. (3.3)
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Together (3.1) with Lemma 3.5, we get that
uff <.
Cw

1

Set é’::(;—z>1 and G(X):zu(ngj.Then, l]|§:C2 and

_2s
Jaff = ¢ ulf << off < 22 <.

© ©

0

Thus, (e A(c,). In view of (3.3), we obtain that
Y(c,)<E,, (0)
N+6 N+6 1

= Clﬁiﬂuﬂz +é’27%9||“||4 ~¢ N EAU)-¢ Y —=—B(u)
- 2 4 2p 22,

1*% a, 2 2*% b, 4
B o[£ g[Sl -
~ N';:g ~ i ~ N’\TH - 1
[c CJZpA(U) (é 4}22;5 B(u)
<CE,.(u)<<(Y(c)+e).

Let &£ >0, we get

Y(c,)<=2Y(c,). (3.4)
G
Similarly as above, one has
Y(0)= (e r6,) < % v, 69
2
Combining (3.4) with (3.5), we get
Y(c,+¢,)<Y(c)+Y(c,).

In particular, if Y(c,) isachieved, taking & =0, we can obtain that
C
Y(c,)< EZY(Q)-

Furthermore, we get that
Y(c,+¢,)<Y(c)+Y(c,).
Similarly, if e(c,) is achieved, the strict inequality also holds. U

Lemma 3.9
Y(c)=minE,_(u).
(¢)=min€,.. (v
Proof: For any U € S,, in view of Lemma 3.4 and (2.10), we have
Iw

“(t)=E,.(txu)—>0 and [txu| >0 ast— oo

and
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17 (t)=E,, (txu) > -0 ast— +o.

By Lemma 3.6, we obtain that 177 (t)=E, (txu)>0 when txuedA(c).It
follows that 17 (t) has at least two critical points t,, and t,,, such that t,,
is a local minimum point with |7 (tu,l) =E,. (tu'1 * u) <0 and t,, isa maxi-
mum pointwith E,, (t,, xu)> inf, ox(c) B (U) > 0. In view of Lemma 3.2, one
has

t,xueR = {u eR,E,.(u)< O}
and

c,u

t,,xueR" ::{u €R:E,. (u)>0}.

In particular, since ||t * u|| is monotonically increasing with respectto t and
||t *u|| —0 as t——oo, we obtain that t,,*xuUe A(C) . Next, we prove that
! ’

I”(t) has no other critical points. Indeed, as ( I;) (t)=0, we define

g(t) =y, SA(u).
Hence, we can obtain that

2st—2pyp ¢St 2 4st—-2pyp ¢St 4 22 st—2pyp st
P ul|” + bse P uf” - se” PR B ().

g(t)=ase

It is not difficult to obtain that the monotonicity of g(t) is the same as that

’

of ( I;‘f) (t)=0. Next, similarly to the above method, we define
w(t)=as|ul’.
As a consequence, we get that
W(t) _ bseZSt ||u||4 _ SeZZZ‘S st—2st B (U )

The monotonicity of w(t) is the same as that of g(t). Clearly, we can get
W(t) has only a unique critical point, which is a global maximum at a positive
level. Hence | (t) has at most two critical points. It follows the above consid-

eration that
Y(c)<minE,, (u)=minE, _ (u
(©)% min €,..(1)=min €. (v
On the other hand, in view of Lemma 3.1 and Lemma 3.6, we get any minimizer
v for E,, (u) on A(c) mustbelongto R .Hence, we obtain that
Y(c)=E, (v)> min E,_(u)=minE,_ _(u).
(€)=E,.(1)2 min E,..(1) = min E,.. (1)
So the proof is completed. U
Lemma 3.10. Assume that {u,} = A(C) beaminimizing sequencefor Y(c).
Then one of the following alternatives holds:
(i)

limsup sup J'Bl(z)|un|2 dx =0;

n—oo ZGRN

(i) There exist ueA(c) andafamily {y,} cR" such that u,(--y,)—>u
in H° (RN ) as N —oco. In particular, E, (u)=Y(c).
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Proof: Let {u,} = A(c) such that
E,.(u)—>Y(c) asn—co (3.6)

Then, we know the boundedness of {u,} in H° (RN ) . By contradiction, we
suppose that the conclusion (i) does not hold. Hence, we need only prove that
conclusion (ii) is valid. Since {u,} = A(c), there exists a family {y,} =R", up

to a subsequence, we have

0<lim

2
<
lim jBl(o) dx <c, (3.7)

un(x_yn)

Since {u,} isbounded in HS(RN),weget u,(-—y,) isbounded in
H* (RN ) . Then, there exists UeH?® (RN ), up to a subsequence, we have as
n—oo
Uy (= ¥,) = u in H¥(RY),
u, (-=y,)>u in LG (RY) vpe[2,2]), (3.8)
u,(--y,)—>u aeinR".

Together (3.7) with (3.8), weget U#0 and |u|, >0.Define v, =u,(--y,)-U,

8
by (3.8), weget v, =0 in H°® (RN ) . Thus, by Lemma 3.3, we have

Uy =[val; +ul; +0, (2); (3.9)
Jual = v +Jull + 0, (1); (3.10)
€, ()= B (0 +E, () <5l ol o, G
Next, we prove
- 2
"Tffpiiﬁ _[Bl(z)|vn| dx =0. (3.12)

Assume by contradiction that (3.12) is not valid. Similarly as above, by the
boundedness of {v,}, thereexists {z,} cR" and veH® (]RN ) , up to a subse-

quence, such thatas N — o
v,(-=z,)—=V in HS(RN),
Vv, (-=2z,) >V in L{;C(JR”) Vpe[Z,Z’;), (3.13)
v,(-=z,)>Vv aeinR".

Moreover, v#0 and |V|2 >0. Set w, =V, (-—2,)—V, similarly by Lemma
3.3, we obtain that

Valy =, + V5 +0, (1); (3.14)
all* =[wal + V[ +0, (1); (3.15)
b
£, ()=, 1)+ E, ()= [ 40,0, o

Combining (3.9)-(3.11) with (3.14)-(3.16), we get that

Juafy = VL + o, +0, (1) (3.17)
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Jual =+ VI + [l + 0, (1). (3.18)
b
By (Un) = By (W) B (V) + B () o [ I
b

Pl 0,0,

Denote
2 2

m=[u[,, n=|v[,, I=c-m-n.
Note that {u,} = A(c), in view of (3.10), one has

JulF = o ~va + 0, (D) <.

Thus, we get U e A(m). in view of (3.18), we obtain that
||V||2 = ||un||2 —||u||2 —||Wn||2 +0,(1)<r, . Thus, we get ve A(n). By (3.17), we get
that

lim|w, [ =1>0.

n—oo

In what follows, we distinguish the proof into two cases.
Case (i): 1>0.
From (3.18),

o = = ol =+, (1) <. (3.20)

Thus, we get w, € A(|Wn E) and E, (W)= Y(|Wn |§ ) . Then, in light of (3.6),
(3.19), Lemma 3.7 and Lemma r><, we obtain that

Y(0)=E,.. (1) +0,(1)
> B, () B (V)0 () oo I + 2 o+, (2
> () () + V() + 2+ 2 ol
> 0(0)+ 2+ 2w o

>7Y(c).

Therefore, U and Vv are local minimizers with respect to Y(m) and Y(n).

Moreover, in view of Lemma 3.8, we get
Y(m)+Y(n)>Y(m+n).
Hence, we deduce that
b b
v(e)z v (m)+ Y (n)+ (1) + M+ 2l ol

b b
> (men) 1 ()42 g [+l [ Jul”

b b
> (me+ne 1)+ 2 vl ol

b b
v(e)+ w5 il ol
Y(c),

(c)

\%
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which is impossible.
Case (ii): 1=0.
Owingto 1=0, I=c—m-n and (3.17), we have

c=m+n and lim|w, |’ =0.

n—oo

Since the boundedness of {w,} and Gagliardo-Nirenberg inequality (2.3), we
get that
lim A(u)=0. (3.21)

n—o0

In view of (2.4), (3.20) and (3.21), we infer that

E > 2la 1 22 -2 _H oA
e ()2 | -l - A
o | S |- L Au)
12 22,50 p
> [|w, ||2 h,, (r.)+0, (1),
which implies that
limE, . (w,)>0. (3.22)

n—oo

In view of (3.19), (3.22) and Lemma 3.8, we have
b b
¥(€)2 B, (0)+ By (V) + S M + Sl
b b
20 (m)+ v (m) [+l

b b
2 (e)+ M+l
>Y(c).

Therefore, U and V are local minimizers with respect to Y(m) and Y(n).
Moreover, by Lemma 3.8, we get
Y(m)+Y(n)>Y(c)

and hence

b b
V()2 E, . (0)+E,. () 2o I+ 2 ol

>E,,
b b
2 (m)+ X () + 2w | [+ v

b b
> (e)+ 5wl M + Sl
>Y(c),

which yields a contradiction. Consequently, (3.12) holds. In light of Lemma 2.5,
we have

v, >0 in LP(R") with pe(2,2]).
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Then, it follows from Lemma 2.1 that

lim A(v,)=0. (3.23)
Next, we claim that
lim v, || = 0. (3.24)
Firstly, we prove
lim|v,|, =0. (3.25)

n—owo

By |u|§ =m>0, |un|§ =c>0 and (3.9), to prove (3.25) holds. We need only
show that m=c. For the sake of contradiction, we suppose m < c. By applying
(3.10), we have ||Vn ||2 < ||un |2 <r,.Thus, v, € A(|Vn|§) and E,(v,)2 Y(|Vn E) .
In view of (3.6) and (3.11), we have

Y(e)=E,.. (u,)+0,()
€. (1), () + o JuF +0,0).
>E,, (u)+ Wf(|vn|§)+on (1)

Then, by Lemma 3.7 and (3.9), we get that
Y(c)=E,, (u)+Y(c—m). (3.26)

Since ueA(m),then E, (u)>Y(m).If E, (u)>Y(m),inview of (3.26)
and Lemma r><, we get that

Y(c)>Y(m)+Y(c—-m)=Y(c),

which is impossible. Hence, we obtain that E, (u)=Y(m) and u is a local

minimizer respect to  Y(m). By (3.26) and Lemma r><, we have
Y(c)=Y(m)+Y(c—m)>Y(c),

which is impossible. Thus, (3.25) holds and |u|§ =C. Moreover, ueA(c) and
E,..(u)>Y(c). It follows from (3.6) and (3.11) that

imSUpE,. (v,) <0~ 2|y, [ Juff <0, (3.27)

Dueto h,_(r,)=0, |v, ||2 <r, and (2.4), we get that

1
22;,5

b 1 .
2+ 2w - B () > [;F J Al 629

0,s%0

where S, =%C(N,9,s, p)ct 751 50 In view of (3.23), (3.27) and
(3.28), we have
limsup 5, ||v, "2 < Iimsup(EW (V, )+%A(u)) <0,

which implies lim__ ||Vn || =0. Consequently, u,(-—y,)—>u in H° (RN )
as N — oo In particular, E, (u)=Y(c). O
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Proof of Theorem 1.3. By the translation invariance of the problem (ie., both
E,. and A(c) are invariant under u(:) u(-—y)), we may apply Lemma
3.10 to obtain a sequence {y,} =R" such that u,(--y,)—>u
H* (RN) as N —> o . Therefore, U, , is a minimizer for E#~°O|A(c) at level
Y(c).

Let U, c A(c) be a minimizing sequence for Y(c). In view of Lemma 3.6,
we get that Y(c) <0. It can be ready shown that

... Strongly in

limsup sup j |un|2 dx =0 (3.29)

n—oo 7e

can not happen. Otherwise, by Lemma 2.5, we have u, -0 in L (RN) as

n—>o forany te (2, 2:) Together this and Gagliardo-Nirenberg inequality

(2.3), we get that lim,_, A(url ) = 0. Following the proof of (3.22), we obtain that
Y(c)=limE, (u,)=0,

n—oo

which contradicts to Y(C) < 0. Now, since the vanishing case (3.29) is impossible
and the dichotomy case is ruled out by Lemma 3.8, it follows from the concentra-
tion-compactness principle that the minimizing sequence must be compact. Since
the energy functional E,, and the constraint manifold A(c) are invariant
under the translation u(-)>u(-—y) forany yeR", Lemma 3.10 yields a se-
quence {y,}<R" such that u (--y,)—>u,_ , strongly in H° (RN) as

is a minimizer for E/m| at level Y(C). Let
@ la(c)
then

n — o . Consequently, u
1]

oot

Gt

denote the Schwarz rearrangement of U_ ,,

2 2

- 2
Cxv,11|2

“w"z -

By using Riesz’s rearrangement inequality [24], we get that
Al ) > At ). BB, ) > B(Ye)

Therefore, we obtain
0, ,€A(c) and Y(c)<E,, (Ucw,”)ﬁ E,. (ch,ﬂ)Z Y(c),

which implies E,, ( #) Y(c). As a consequence, Y(C) is reached by a ra-
o that satisfies problem (1.10) under the L?-
norm constraint S . By the Lagrange multiplier theorem, there exists a

A, , €R" such that

(I
[a+bj

ﬂcm cmﬂ+,u(| *|0

2
Ucw,,,|2 =|u u%'”"2 <r,.

=C,

dially symmetric function U

m

.y

2(1,5 -2 ~

Coo o 4!

p
0. |

which implies that P (u) Combining P (u)=0, we get that

u

Ue, #"4_”A(acwﬂ)_B(acwu)
_'”7PSA( Ce ﬂ) '”A( Co ﬂ)+B( ) B(ﬁ%w)
:#(7&5 _1)/'\([]%,#)'

~ p-2 _
ucw| g, +| 1p*

Coo

|| +bild

c,u
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Since y, <1, we obtain that 4, , <0. Furthermore, by Lemma 2.12 and

Lemma 3.9, is a normalized ground state solution of problem (1.10) under

Gt
the L?-norm co;straint S, - This completes the proof of Theorem 1.1.

Proof of Theorem 1.4. Since ¢, —>+o as u—> 0", for a fixed ¢ >0, there
exists U, , €S, forany u>0 sufficiently small, be a normalized ground state
solutions of problem (1.10) under the L’-norm constraint S, . By using Lemma

3.5, we get that

. 2
u, , €R, with Ucw,,," <r,

where T, is defined by Lemma 3.5. It is not difficult to see that r, >0 as
1 — 0", then

2
N
uw," —0asu—0"

By Gagliardo-Nirenberg inequality (2.3), we derive that ,uA(ucw y) —0 as
u#— 0" . Hence, in view of U, , € " , we obtain that

cou?
i - 1fa a b b
el 2

2pP7ps
_zip[l_ﬁJ A(u,,, )]

=0.

4
Ve,

4. The Nonautonomous Case

In Section 4, V satisfies (A1), (A2) and (A3). We prove the existence of the nor-
malized ground state solutions in the nonautonomous case.
Lemma 4.1. Assume that V  satisties (A1), (A2) and (A3). Define

e, (c)= infc) E,..(u),

ueU(

where E, (u) is defined in (2.2). Then e(c) <e, (C) for ce (C, CO).

Proof: Similar to Theorem 1.2, we know that there exists a local minimizer
U, €U (c) satisfying E, (Uy)=e,(c) for ce(0,¢,). By using (A1), we can
obtain that

1

e(e) < B, (Uo) = By (Uo) +5 [V (Xl dx < B, () =e, ().

Therefore, we get e(c)<e,(c) for ce(c,c,).

Lemma 4.2. Assume that \  satisfies (A1), (A2) and (A3).If 0<c <cC, and
¢.,C, €(0,¢, ), then e(c2)<c—2e(cl).

Proof: In view of the deﬁ%ition of e(c) and Lemma 2.12, for any &3>0
small enough, there exists ueU (c,) such that

E,(u)<e(c)+¢ and E,(u)<0. (4.1)

C
Together (2.16) with Lemma 2.11, we get that ||u||2 <& r,.Set n:=-2>1 and
Co G
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1

Q(x):= u[anj . Then,

ﬁ|§ =c, and

2
Jlf =0 ol <l <SS <,
1 0

1

Thus, GeU(c,).It follows from (A3) and 7N >1 that
1
V[UN|x|j<V(|x|), vx e RV, (4.2)

Then, in view of (4.1) and (4.2), we obtain that
e(c;)<E, (1)

12, 0 2%p n L 2
S R o (A T

N+6 N+6 1
N N B
o (u)+n % (u)

0,0 < Sl 7 ol
2 v 0 ey o

<nE, (u)<n(e(c)+e).

Let ¢ >0, we get
C
e(c,)<2e(c,). (4.3)
G
Proof of Theorem 1.5. Let {u,} cU(c) be a minimizing sequence with re-
spect to e(c) , it is evident that {u } is bounded in H°® (RN ) . Up to a subse-

quence, there existsa Ue H® (RN ) such thatas N — ©
u,(-=y,)—=u in HS(RN),

n

U, (-—y,)—>u inLh(RY) vpe[2,2)), (4.4)
u,(--y,)>u aeinR".

Case (i):u=0. In view of (A1), H°® (RN) o |2 (RN ) , the boundedness of
V(x) in R" and the boundedness of {u,} in L? RN) hold, so we obtain
that

IRN Y, (x)|un|2 dx =0, (1).
Accordingly, it can observe that
e.(c)+0,(1)<E,. (u)+=[.nV (X)|u, [ dx+o, (1) = E, (u,)=e(c)+o,(1),

which implies e, (C)Se(c) . However, it is in contradiction to Lemma 4.1.
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Therefore, u=0.
Case (ii): u#0.Define v, :=u,—U.In view of Lemma 2.6, we get that

Uo[; = Va2 +]ul; +0, (2); (4.5)
Jua [ = ol +ul] + 0, (2); (4.6)
b
£, (1)=&, (4,)+ £, )+ 2Juf o [ +o, (1) )

Now we claim that |Vn |§ =0,(1). In order to prove this, let |u|§ =C,, we get
0<c <c from (4.5).If ¢ =c, it follows from (4.5) that |vn|j =0,(1).1f
€(0,c), by (4.5) and (4.6), we deduce that

e <c and o <fuff <

for n large enough. Therefore, we can get that {v,} U (|vn E) and
E(v,)> e(|vn |§ ) We also get that ueU(c;) by the weak limit. In view of (4.7),
Lemma 4.2 and ueU (c,), we obtain that

b
o(6)+0, ()= E, (1) E, () +E, (0)+ L v F +o,(0)
b
2e((u )+ 2 I 0, 1)
2
v, b
21k (o) e(e )+ o <o, 1)

zhtke@)+qq)+%(g.

Then, owing to (4.5) and Lemma 4.2, we have that
e(c)>

which is impossible. Hence, we infer that ueU (c). It follows from u, €U (c),
ueU(c) and (4.5) that we have

|vn |§ =0,(1). (4.8)

C;ccle(c)+e(cl) >%e(c)+%e(c) =e(c),

Let us prove that ||Vn||2 =0,(1), this will prove v, >0 in H° (RN) and
E,(u)=e(c). To complete this purpose, owing to (4.6) and u # 0, we observe
that

A ||2 s||un||2 <r, for nlarge enough. (4.9)
In view of Gagliardo-Nirenberg inequality (2.3), (4.8) and (4.9), we have
lim,,, A(u)=0.Dueto h_(r,)=0, |v,[" <r, and (2.4), we get that

n—owo

a b 1 1
EAW):jMW+jMW+§k®NU“®Ff%AN*Q§ B(u)
,S
S T e N S ) (4.10)
2 22, s

=0 o[+ 0, (1)
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where 17, = ZiC (N,8,s, p)Cop(l_y"'s)row"’s_l >0. Furthermore, by virue of

ueU(c), (47) and (4.10), we have

e(c)+0,(1) =, (1) =E, (u)+E, (v )+ ol f +o0, (2
>e(c)+m,|v, ||2 +0,(1),
which leads to
e(c)=e(c)+n, lim|v, ",
50
IVl =0, (2). (4.11)
Together with (4.7), (4.8) and (4.11), we have
u, >u in HS(RN) and E,(u)=e(c).

In what follows, we note that u:=u_, isa minimizer for E,(u) on U(c).

By the Lagrange multiplier rules, there exists A, , € R such that

[a+bjRN

= ﬂ’c,‘uuc,y +/J( IB *

(_A)% Ue,

2 dxj(—A)S Uy, +V (X)U,,

p I % 2?},5
UCV”+ 0 " u

which means that P, (u,,)=0.Byusing P,(u,,)=0,we get that

U [+ [V (0uE x- A (v, ) B (v,

v e [ w 0, o
AU, ) - A (b, ) [+ [ B(ue, ) - B(u, )

[, [v (x)+ 2w (x)}uf_”dx+ u(rps 1) Au,,).

Since y,, <1 and the condition of (A2), we obtain that A, <0. The proof

(4.12)

H N
u,, inRY,

p-2 2;;,5 -2

U,

u,

uC,/l C,u

2
A, L=a | +b

uc,y

is completed.

In this paper, we establish the existence of normalized ground state solutions for
a class of upper critical fractional Kirchhoff-Choquard equations with potentials.
Both the autonomous and nonautonomous cases are considered. By applying the
concentration-compactness principle, we rule out the possibilities of vanishing and
dichotomy, which leads to the compactness of minimizing sequences. Translation
invarijance then guarantees that a suitable translation of the sequence remains min-
imizing and converges strongly to a ground state. Furthermore, in the autonomous

case, we analyze the asymptotic behavior of these solutions as x# — 0" .

Conflicts of Interest

The author declares no conflicts of interest.

DOI: 10.4236/0alib.1115040

26 Open Access Library Journal


https://doi.org/10.4236/oalib.1115040

H.J. Zhang

References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

(10]

(11]
(12]

(13]

(14]

(15]

Pekar, S. (1954) Untersuchung iiber die Elektronentherorie der Kristalle. Akademie
Verlag. https://doi.org/10.1515/9783112649305

Lieb, E.-H. (1977) Existence and Uniqueness of the Minimizing Solution of
Choquard’s Nonlinear Equation. Studies in Applied Mathematics, 57, 93-105.
https://doi.org/10.1002/sapm197757293

Lions, P.L. (1980) The Choquard Equation and Related Questions. Non/inear Analy-
sis. Theory, Methods & Applications, 4, 1063-1072.
https://doi.org/10.1016/0362-546x(80)90016-4

Xia, J. and Zhang, X. (2023) Normalized Saddle Solutions for a Mass Supercritical
Choquard Equation. Journal of Differential Equations, 364, 471-497.
https://doi.org/10.1016/j.jde.2023.03.049

Cingolani, S., Gallo, M. and Tanaka, K. (2022) Multiple Solutions for the Nonlinear
Choquard Equation with Even or Odd Nonlinearities. Calculus of Variations and
Partial Differential Equations, 61, Article No. 68.
https://doi.org/10.1007/s00526-021-02182-4

Moroz, V. and Van Schaftingen, J. (2013) Groundstates of Nonlinear Choquard
Equations: Existence, Qualitative Properties and Decay Asymptotics. Journal of
Functional Analysis, 265, 153-184. https://doi.org/10.1016/j.jfa.2013.04.007

Li, X. (2022) Standing Waves to Upper Critical Choquard Equation with a Local Per-
turbation: Multiplicity, Qualitative Properties and Stability. Advances in Nonlinear
Analysis, 11, 1134-1164. https://doi.org/10.1515/anona-2022-0230

Shang, X. and Ma, P. (2023) Normalized Solutions to the Nonlinear Choquard Equa-
tions with Hardy-Littlewood-Sobolev Upper Critical Exponent. Journal of Mathe-
matical Analysis and Applications, 521, Article ID: 126916.
https://doi.org/10.1016/j.jmaa.2022.126916

Meng, Y. and He, X. (2023) Normalized Solutions for the Fractional Choquard Equa-
tions with Hardy-Littlewood-Sobolev Upper Critical Exponent. Qualitative Theory
of Dynamical Systems, 23, Article No. 19.
https://doi.org/10.1007/s12346-023-00875-z

Long, L., Li, F. and Rong, T. (2023) Normalized Solutions to the Critical Choquard-
Type Equations with Weakly Attractive Potential and Nonlocal Perturbation. Zestschrift
fiir angewandte Mathematik und Physik, 74, Article No. 193.
https://doi.org/10.1007/s00033-023-02090-x

Kirchhoff, G. (1883) Mechanik. Teubner.

Ye, H. (2014) The Sharp Existence of Constrained Minimizers for a Class of Nonlin-
ear Kirchhoff Equations. Mathematical Methods in the Applied Sciences, 38, 2663-
2679. https://doi.org/10.1002/mma.3247

Li, G,, Luo, X. and Yang, T. (2022) Normalized Solutions to a Class of Kirchhoff
Equations with Sobolev Critical Exponent. Annales Fennici Mathematici, 47, 895-
925. https://doi.org/10.54330/afm.120247

Hu, J. and Mao, A. (2023) Normalized Solutions to the Kirchhoff Equation with a
Perturbation Term. Differential and Integral Equations, 36, 289-312.
https://doi.org/10.57262/die036-0304-289

Chen, W. and Huang, X. (2022) The Existence of Normalized Solutions for a Frac-
tional Kirchhoff-Type Equation with Doubly Critical Exponents. Zeitschrift fiir an-
gewandte Mathematik und Physik, 73, Article No. 226.
https://doi.org/10.1007/s00033-022-01866-x

DOI: 10.4236/0alib.1115040

27 Open Access Library Journal


https://doi.org/10.4236/oalib.1115040
https://doi.org/10.1515/9783112649305
https://doi.org/10.1002/sapm197757293
https://doi.org/10.1016/0362-546x(80)90016-4
https://doi.org/10.1016/j.jde.2023.03.049
https://doi.org/10.1007/s00526-021-02182-4
https://doi.org/10.1016/j.jfa.2013.04.007
https://doi.org/10.1515/anona-2022-0230
https://doi.org/10.1016/j.jmaa.2022.126916
https://doi.org/10.1007/s12346-023-00875-z
https://doi.org/10.1007/s00033-023-02090-x
https://doi.org/10.1002/mma.3247
https://doi.org/10.54330/afm.120247
https://doi.org/10.57262/die036-0304-289
https://doi.org/10.1007/s00033-022-01866-x

H.J. Zhang

(16]

(17]

(18]

(19]

(20]
(21]

(22]

(23]

(24]

Liu, Z. (2019) Multiple Normalized Solutions for Choquard Equations Involving
Kirchhoff Type Perturbation. Topological Methods in Nonlinear Analysis, 54, 297-
319. https://doi.org/10.12775/tmna.2019.046

Zhu, S., Che, G. and Chen, H. (2024) Existence and Asymptotic Behavior of Normal-
ized Solutions for Choquard Equations with Kirchhoff Perturbation. Revista de la
Real Academia de Ciencias Exactas, Fisicas y Naturales. Serie A. Matemadticas, 119,
Article No. 2. https://doi.org/10.1007/s13398-024-01668-y

Liu, M. and Sun, R. (2024) Normalized Solutions for Kirchhoff-Choquard Type
Equations with Different Potentials. Journal of Mathematical Physics, 65, Article ID:
041511. https://doi.org/10.1063/5.0196409

Di Nezza, E., Palatucci, G. and Valdinoci, E. (2012) Hitchhiker’s Guide to the Frac-
tional Sobolev Spaces. Bulletin des Sciences Mathématiques, 136, 521-573.
https://doi.org/10.1016/j.bulsci.2011.12.004

Willem, M. (1996) Minimax Theorems. Birckhauser.

He, X. and Rédulescu, V.D. (2021) Small Linear Perturbations of Fractional Choquard
Equations with Critical Exponent. Journal of Differential Equations, 282, 481-540.
https://doi.org/10.1016/j.jde.2021.02.017

Li, G. and Luo, X. (2019) Existence and Multiplicity of Normalized Solutions for a
Class of Fractional Choquard Equations. Science China Mathematics, 63, 539-558.
https://doi.org/10.1007/s11425-017-9287-6

Liu, L., Chen, H. and Yang, J. (2021) Normalized Solutions to the Fractional Kirch-
hoff Equations with a Perturbation. Applicable Analysis, 102, 1229-1249.
https://doi.org/10.1080/00036811.2021.1979222

Lieb, E. and Loss, M. (2001) Graduate Studies in Mathematics. American Mathemat-
ical Society.

DOI: 10.4236/0alib.1115040

28 Open Access Library Journal


https://doi.org/10.4236/oalib.1115040
https://doi.org/10.12775/tmna.2019.046
https://doi.org/10.1007/s13398-024-01668-y
https://doi.org/10.1063/5.0196409
https://doi.org/10.1016/j.bulsci.2011.12.004
https://doi.org/10.1016/j.jde.2021.02.017
https://doi.org/10.1007/s11425-017-9287-6
https://doi.org/10.1080/00036811.2021.1979222

	Normalized Solutions to Upper Critical Fractional Kirchhoff-Choquard Type Equations with Potentials
	Abstract
	Subject Areas
	Keywords
	1. Introduction
	2. Preliminaries
	3. The Autonomous Case
	4. The Nonautonomous Case
	Conflicts of Interest
	References

