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Abstract

In this paper, the analysis of a mathematical model for the control of measles
using vaccination is presented. The disease reproductive number ( R, ) is com-
puted and used to derive an expression of a reduction factor in the disease
spread resulting from the implementation of immunization program in the
community. The Routh-Hurwitz stability conditions are adopted to analyze the
model equilibria in terms of their local stability. Lyapunov function candidates
are used to determine the global stability status of both the measles-free and
measles-persistent equilibrium states. Elasticity index of each parameter embed-
dedinto R, iscomputed to help ascertain the significance of the model param-
eter contribution to measles epidemics in the society. Furthermore, population
simulations are performed to demonstrate how changes in some parameter val-
ues influence the dynamical evolution of our model population sub-classes.
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1. Introduction

Measles is globally known as the most fatal and contagious human disease [1] [2].
It is one of the diseases with devastating impact among children under the age of
five. Measles is caused by a virus called morbillivirus and is primarily transmitted
among humans through aerosolized respiratory droplets [3]-[5]. The initial symp-
toms of measles include but are not limited to: runny nose, cough, rash all over
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the body, fever, malaise and conjunctivitis which usually manifest between ten to
fourteen days after one’s exposure to the disease [3] [6]. If left unattended, severe
measles can lead to complications such as: encephalitis, blindness, ear infections,
severe diarrhea, pneumonia and death [2] [7]. Even though an effective and safe
vaccine for the control of measles exists, this disease continues to reemerge in
many countries including the developed nations [4] [6] [8] [9]. Thus, measles
resurgence still remains a global public health issue that requires attention [2]
[10]. Regular measles vaccination campaign for children and young adults in
measles endemic countries is currently the recommended control strategy for
reducing measles disease burden [11]. In the last twenty-three years, about 60.3
million measles deaths have been averted by vaccination. However, between 2022
and 2023, there was an estimated 20% increase in measles cases globally with the
number of countries/territories that reported large scale outbreaks increased from
36 to 57 [12]. Key contributing factors to these outbreaks especially in Africa in-
clude: inadequate measles surveillance systems, low measles immunization cov-
erage and poor health care systems. In Ghana for example, a total of 2282 measles
cases were reported in the year 2023 [12]. Several studies have reported that
measles surveillance remains suboptimal in many countries [13]. Zumah et al
[14] evaluated and rated the measles disease surveillance system’s performance in
the Bono region of Ghana as suboptimal. Some data from their study is shown in
Table 1. Mathematical modelling has been used as an effective tool for providing
meaningful insights into infectious disease dynamics and control [2] [9] [15] [16].
Thus, some researchers have developed dynamical models for measles epidemic.
Opoku et al [4] developed a dynamical model for measles control that took into
account maternal antibodies protecting new born babies from measles infections
and double-dose vaccination program. Their study results suggested that measles
first dose vaccination is a potential means of combating measles epidemics. Garba
et al. [5] used a nine-compartment model in investigating the significance of
simultaneously combining vaccination and treatment in the control of measles
epidemics. Wireko ef al [17] proposed a fractional order dynamical system for
studying measles. Alemneh and Belay [18] analyzed measles transmission model
that took into account the presence of measles virus in the environment. James et
al. [6] formulated a deterministic mathematical model to provide insight into
measles dynamics in Nigeria. In another study conducted by James et al [2], it

was demonstrated that reducing the contact rate between a susceptible and an

Table 1. Measles surveillance data from the bono region of Ghana.

Year 2019 2018 2017 2016 2015 2014 2013 2012 2011 2010

SMC 184 222 220 166 127 165 77 27 30 19
LCMC 4 0 2 5 0 1 5 0 2 0

% MCV1 - - 894 923 933 940 8382 996 961 956

SMC = Suspected Measles Cases, LCMC = Laboratory Confirmed Measles Cases and %MCV1
= percentage of children vaccinated against the first measles dose vaccine. Source [14].
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infectious person and increasing the vaccination rate of an effective measles vac-
cine were the most effective control measures against measles epidemics. A math-
ematical model analysis presented by Kuddus et al [19] in Bangladesh revealed
that contact rate is the most significant parameter to the spread of measles. Au-
thors in [20] investigated the infection dynamics and control of measles in Paki-
stan using a dynamical system based on mass action principle. Their numerical
simulation results suggested that improving vaccine efficiency and coverage rate
will translate into a drastic reduction in the spread of measles in the country. Re-
searchers in [9] examined the dynamics of measles by extending an SEIR com-
partmental model to include vaccination and treatment. Their new model was
simulated using reported measles data from Indonesia. In this current study, we
employ mathematical modeling approach to gain more insights into measles in-

fection dynamics in the presence of vaccination campaign.

2. Construction of Measles Vaccination Model

To formulate a dynamical model for measles control using vaccination, the pop-
ulation under study is stratified into five sub-population classes. Namely: suscepti-
bles (S), vaccinated (V), exposed (E), infected (I) and recovered (R) classes. Follow-
ing this description, N (t), the population size at any given time t is made up of
S (t),V (t), E(t), | (t) and R(t) . The susceptible population under considera-
tion is generated at a constant rate . Some of these susceptible individuals get
vaccinated against measles at rate 0 . The model assumes that a portion of those
vaccinated attain immunity against measles and move to recovery class at rate
7 . Following the waning of the vaccine, some vaccinated individuals return to

susceptible sub-class at rate 77. Other susceptible individuals get exposed to

|
measles at a force of infection %, where f is the effective contact rate

between a susceptible and an infected individual. The exposed people progress to
infected class at rate « . The infected individuals recover at rate » . The model
assumes that recovered people attain permanent immunity against further mea-
sles attacks [8], hence, there is no movement from the recovery class back to sus-
ceptible class. The parameters denoting the transfer and removal rates from the
model compartments are described in Table 2.

Expressing Figure 1 in the form of equations gives:

ds Al
—=x+nN —| —+p+u|S
> —mei (Bl )

(jj—\t/:pS—(n—i-r+,u)V

dE  BIS

== _ E 1
i N W) M
2—1=aE—(g+5+7)|

dr
—=yl+7vV-uR
at v H
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Table 2. Measles model parameter description and initial conditions.

Parameter Description Value Source
V4 Human recruitment rate 123.7 Computed
H Natural human mortality rate 0.015 [17]
P Vaccination rate 0.842 Estimated
n Vaccine waning rate 0.6 [4]
T Immunity rate of vaccinated individuals 0.5 Assumed
i) Effective contact rate 0.000402 Estimated
a Progression rate of exposed individuals to infected 0.25 [4]

class
Ve Immunity rate of infected individuals 0.6 [4]
o Measles induced mortality rate 0.125 [4]

State Variable Initial Value

S (0) Initial susceptible number 1000 Assumed
vV (0) Initial vaccinated number 250 Assumed
E (0) Initial exposed number 500 Assumed
| (0) Initial infected number 100 Assumed
R (0) Initial recovered number 0 Assumed

E o I Y R

\4

A4

B lu l(u +98) il
Figure 1. Illustrative diagram for measles transmission dynamics.

To ease our analysis, we use: g, =(p+u), 0, =(n+r+u), 9,=(a+u),
and g, =(y+u+35) inthe rest of the study.

2.1. Positivity of the Model Solutions

Here, we verify the basic properties of the system of differential equations repre-

senting model (1).

DOI: 10.4236/0alib.1115019 4 Open Access Library Journal


https://doi.org/10.4236/oalib.1115019

M. Konlan et al.

Lemma 1. The solutions S(t),V(t),E(t),1(t) and R(t) are non-negative
and bounded Y t>0 whenever the initial value set:
{$(0),V(0),E(0),1(0),R(0)} remains positive.

Proof. First, we consider:

ds I
E:”"'UV_(A"'QO)S: A:%

ds
—2>—(A S
:>dt ( +gO)

:I%ds >—[(A+g,)dt

= S(t)2S(0)e ™% >0
Similarly, the following results can be derived:
V(t)=V(0)e™ >0, E(t)>E(0)e® >0, I1(t)>1(0)e™™ >0
and R(t)>R(0)e™ >0.

O

Lemma 2. The positive set :{(S,V,E,I,R)eRi 'S+V+E+I1+R SE}
i

represents the invariant region of the model system of equations.
Proof. For any given time t>0, N is:

N=S+V+E+I+R
dN d

—=—(S+V+E+I+R 2
dt dt( ) 2
dN
=—=r—-uN-5l
a

Thus, in the absence of measles induced mortality,

dN
N N
dt "

= [~ <t
N-=
Hu (3)

:>N££ ast— +oo
y7,

—~N=S+V+E+l+R<Z
7

2.2. The Measles-Free Equilibrium Point (DFE)

The DFE point of system (1) denoted by & is the non-trivial solution of system
(4) below with the condition E"=1"=0
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" N

ﬁ—(f\l—*"rgoJS :0

pS —gV =0

iy . (4)

ﬁ|§ -9,E =0

aE —g,l =0

yI"+7V —uR" =0

Thus, é:*:(s*,v*,E*,l*,R* _ 9172' ’ P ,070, 7T .

90970 9% -1p (99 —-7p)

The Measles Basic Reproductive Number (R, )
The method of next generating matrix is used to derive R,. To achieve this, we

first expressed the infectious and infected sub-system of system (1) as,

X _
(jj—tz(./ —’é')XT. Here, X' denotes the transpose of X :(E,I) while

./~ and ‘¢ represent the rates of generation of new infections and transfers
respectively. That is,

s

— o 9,k
= N |and 7 = (5)
0 -aE+g,l
Evaluating the Jacobian matrices Fand Gof ./~ and < at the DFE gives
respectively:

0 ﬂS* 0 _PHa g, 0
F= N |= 9,9, —71p | and G = (6)

—a O

0 o 0 0

Using Fand G from (6) with S*=gl—ﬁ and N*=£,we obtain FG™
909, —np H
given by:
Bug, o 0 apug, fug,
FG™=|  g,0,-7p az L |F 9,95(909, -1P)  95(9e0i—10) | (7)
0 0 _— — 0 0
9,9; O

Thus, using the equation |FG'1 -4l | =0 where I is a unit matrixand 4 an

eigenvalue of FG™, we obtain R, as the spectral radius of FG™ given by:

fo
Y = ﬁ/u gl (8)
9,9 (gogl _77/0)
In epidemiology, the magnitude of R, provides an extent of the severity of the
epidemics in the community [16]. In other words R, <1, gives hope that the dis-
ease will die out with time. On the other hand, if R, >1, the outbreak will con-

tinue to unfold in the population. Using the parameter values presented in Table
2, we obtain R, =1.903x107°.
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2.3. Stability Analysis
2.3.1. Local Stability of Measles Disease-Free Equilibrium (DFE) State

90 ~70 GG -7p (969 ~7p)
a local asymptotic stability (LAS) if R, <1 but becomes unstable when R, >1

Theorem 1. The point, & =( 9.7 Pz ,0,0, Vi J admits

Proof. We consider the matrix of partial derivatives of the model (1), J (X),
that is,

*

B BS
—| =+ 0 = 0

[ N 9o n N
p -9 O 0 0

I(X)=| B 4S* ©)

= 0 -g, = 0

N N
0 0 a -g O
0 T 0 4 —u

Now, evaluating J () atthe DFE (&) gives:

909, —71P
p -4 O 0 0
)= 10
W)= o g, LUt (10)
G009, —np
0 0 a -0, 0
0 T 0 14 —u

It can be easily observed that the matrix in (10) admits three negative eigenval-
ues: A, =-u, A, =-0,, A4 =-0,, while the other eigenvalues A, and 4,
can be obtained from the matrix in (11):

g BY,u
2 T
J; = 909, —11p (11)
a =03
whose characteristic equation is:
AP +AL+A, =0 (12)

where:

A =0,+0;, AO=92g3(1—R0) (13)

Since A; >0 and A, >0 if R, <1, matrix J; will have negative eigenval-
ues. Hence, according to the Routh-Hurwitz stability conditions, our proposed
model disease-free state (&) is a local asymptotic stable equilibrium whenever
R, <1. O

2.3.2. Global Asymptotic Stability
For the purpose of investigating the asymptotic stability of &~ within its global

neighborhood, we define a positive bi-variate function as:
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7 =aE+g,l (14)

Differentiating ~ gives
d

L) SaE+g)

dt
GO
dt  “%dt
Sl
:a(ﬂT—ngj+gz(aE—gal) (15)
=gzg3(RO—1)I

=-0,0;(1-Ry)!

It follows from (15) that %SO whenever R, <1 and %:O only

when | =0. This therefore implies that </ is a Lyapunov function. Thus, it
follows from the Lyapunov version of the LaSale’s Invariant Principle [21] that the

measles DFE (&) has a GAS if R, <1 but unstable otherwise.

2.4. Existence of a Unique Measles Endemic Equilibrium Point
(EE)

This section is dedicated to the derivation of a unique measles persistence equi-

librium state. Let & = (S**,V**, EV,17, R**) be the measles persistent equilib-

rium (EE) point for model (1) thatis &~ satisfies the system:

7z+nv**—(£“|”+goj8“:0
N
ps**_glv**zo
S - (16)
%| $"_g,E” =0
aE” —g,1" =0
717 +VT —uR” =0
Solving for S7,V",E”,17 and R™ yields, the system:
S**: glﬂ.
(908: —7P) Ry
VA C—
(908 —7P) Ry
T 1
E =—|1-— 17
gz[ ROJ (17)
I**zﬂ(gogl_np)(Ro_l)
Bou
R™ = Bmup + yrR, (gogl _Up)(RO _1)
B4R, (809, —1p)

It is clear from (17), that & only exists if R, >1.
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2.4.1. Local Stability Analysis of the Measles Persistent Equilibrium
State (EE)

To establish the local stability of the model EE, we consider again the jacobian

matrix:

s BS”
— —t 0 - 0
[ N 90 n N
P -9, O 0
N -0, N
0 0 « -g5 O
0 T 0 14 -u
Now, evaluating J(x) at (&) gives:
~(my+95) 7 0 -m O
p g 0 0 0
(&)= m, 0 -g, m O (19)
0 0 a -g; O

o
=
o

<

|
=

1 B9,
where: my =—(9,9,-70)(R,-1), m =——F———
0 gl( 091 )( 0 ) 1 Ro(gogl—np)

The equilibrium state &~ will be stable if the matrix in (19) has negative ei-
genvalues. Expanding the matrix in (19) along the last column gives one negative
eigenvalue —/. Now, the properties of the remaining eigenvalues can be ob-

tained from the reduced matrix

_(mo +go) n 0 -m

\]2 — p _gl O O (20)
m, 0 -0, m,
0 0 a -0,

As in [22]-[24], all the eigenvalues of matrix J, will be negative or have neg-
ative real parts if the trace of (J,)<0 and the determinant of (J, >0). It is not
hard to see from (20) that

1
trace(J2)=—(go+gl+92+93)+ (gogl_np)(l_RU)
9 (21)

determinant(J,) = (R, —1)

It is clear from (21) that trace(J,)<0 and determinant(J,)>0 if and only
if R, >1.Thus, matrix J, admits negative eigenvaluesif R, >1.Consequently
the measles persistent equilibrium state is locally asymptotically stable whenever
it exists (R, >1).

2.4.2. Global Stability Analysis of the Measles-Persistent Equilibrium
State

Theorem 2. If R, >1, there exists a unique measles-persistent equilibrium state
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(&) that is globally asymptotically stable.
Proof. We first defined a positive definite function L as:

ﬂ{g*):US—s”)—s”m(éiJ}+Uv—v“)—v”m(eéj}
+[(E—E”‘)—E“ |n[EE**ﬂ+{(| —|“)—|**|n(|'—“ﬂ
+UR—R“)—R“M(£§J}
**Tddngthi;hnedeﬂvaﬂviof L(&7) gtfa ) )
e (e (S (s

:[S‘SH)[ﬁ+ﬁv—(A+ggs]+[V_ Mj(ps—gy)

S

+[E1EHJ(AS—%E)+(LﬁE:ya|—gg)+{R}fw]U1+ﬂ/—yR)

S Hk V
=z+mN —(A+0,)S—(7+nV) S +(A+9y)S™ +pS—gV - pS v

sk ke

+glv"*+AS—ng—ASE?+gZE**+aE—g3I —aEIT+ g;1 " +71

sk

+rV—yR—(}/I +2'V)RR

+ /,[R**

L -1
where
L' =7+nV+(A+0y)S™ +pS+ 0V +AS+0,E™ +aE+g,1™ +y1 +7V + uR™

Hok sk Hok *oke

}L’:(A+go)s+(7z+nv)ss +91V+pSVT+gZE+lS = +0sl +aE I +uR

sk

+(y1+2V) where A:,Bﬁ

R
(22)

If we now assume L' <L~
then, owing to the positivity of the model parameters, it follows from (22) that

dL(&7)
dt
V=V", E=E”, I=1" and R=R" are satisfied Thus, following [21] [25]

[24], the model solution set
{S(t).V(t),E(t),1(t),R(t)} > {S™.V",E",1",R"} as t approaches infinity.

This therefore suggests that {éﬁ} will be a global asymptotic stable equilibrium

<0 with the equality holding only when there lations S=S" ,

whenever it exists (R, >1).0J

3. Local Sensitivity Analysis

In order to help identify the model parameters with high impact on measles dy-
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namics and if possibly target them during any intervention aimed at curtailing
measles outbreaks, we carry out sensitivity analysison R, parameters. Using the

normalized forward sensitivity index relation:

o a;RDX

X
— 23
X Ry (23)

Using the formular in (23), we generate the indices of ( R, ) parameters as indi-
cated in Table 3 below:

Table 3. The values of the elasticity/sensitivity indices.

Parameter Elasticity/Sensitivity Index

+0.0566
+1.0000
+0.5181
+0.8709
-0.1689

-0.8108

VW RN & " I ™ R

-0.9629

T -0.5030

4. Evaluating the Impact of Vaccination on Measles
Transmission

To evaluate the significance of the measles first dose vaccination campaign, we
compare the reproductive number of the disease for the model with and without

vaccination. Now, system (1) in the absence of vaccination becomes:

ds Bl
=gt ulS
a (N “j
dE IS g

e T N 92
d—I—ozE—gI

dt :

dr

—=yl-uR

g A

The Measles-Free Equilibrium and R, of the Model without
Vaccination

The disease-free equilibrium of system (24) denoted by

£° =(S°, EC, I°,R°)=(£,O, 0,0J . Substituting S into (6) by S° -7 and
u u

computing the reproductive ratio of the model (24), we obtain the uncontrolled

reproductive number denoted by:
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ap af
- = (25)
0,9; (a+u)(r+u+o)

Rva

Now, comparing the expression of R, from (8) to that of R, from (25), we
see that:

R — afug, _ #1Y, af
) = =
gzgs(gogl_ﬂp) (9091_77,0) 9,0,
/’lgl R — /’lgl
(9,9,-70) ™ gy +p(z+u)
_ p(n+7+u)
u(n+t+u)+p(c+p)

(26)

owv

owv

p(n+7+u)
u(n+t+p)+p(c+u)
of R;,, . Hence, an effective first dose vaccination campaign for measles reduces

p(n+7+u)
u(n+t+u)+p(z+p)

Since

<1, it means that R, is a decreasing function

[24].

the spread of the disease by

5. Numerical Simulations Results

To investigate the dynamical evolution of the model population sub-classes, we
performed some numerical simulations. To achieve this, the following initial popu-
lation sizes are considered: S(0)=1000, V (0)=250, E(0)=500,1(0)=100
and R(0)=0 with the parameter values provided in Table 2. Some of these
parameters are estimated from the Bono region of Ghana measles surveillance
data. The graphical results are shown from Figures 2-11. Figures 2-6 show the
behavior of the model sub-classes at different rates of measles vaccination. These
results suggest that high vaccination rate is needed to keep measles susceptibility
rate down. Also, Figures 7-11 give the effect of varying contact rate on the disease

dynamics in the community. It is clear from these graphs that high contact rates

1000
=0542
900 &\ p=0642
\ p=0.742
800 - \ p=0.842
\ p=0.950
2 \
S 700 \
Lol h
= R
'S 600 \
@ N
£ 500 o
5 \\
(5]
S 400 ¢ L )
7] o
.
300 e |
~\\
200 |
100 :
0 1 2 3 4 5 6

Time (Years)

Figure 2. Effect of perturbing o on susceptible sub-population.
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Figure 3. Effect of perturbing p on vaccinated sub-population.

500 T T T T -
p=0.542
450 F p=0642|
p=0.742
p=0.842
400 p=0950| ]
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=P ]
3 350
=
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@
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2 250 - J
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Figure 4. Effect of perturbing p on exposed sub-population.
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Figure 5. Effect of perturbing p on infected sub-population.
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Figure 6. Effect of perturbing p on recovered sub-population.
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Figure 7. Effect of perturbing £ on susceptible sub-population.
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Figure 8. Effect of perturbing p on vaccinated sub-population.
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Figure 9. Effect of perturbing £ on exposed sub-population.
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keep the number of exposed and infected individuals high.

6. Conclusions and Future Research

In this work, a dynamical model for measles control using immunization in a
community is formulated and analysed. Concerning the model analysis, we first
verified the fundamental qualitative properties of an epidemiological model. We
computed the measles infection-free for the model and determined its local and
global stability conditions with reference to the magnitude of the model repro-
ductive ratio R,. We further computed a unique measles-persistent equilibrium
in terms of R, and proved that this endemic equilibrium state always remained
locally and globally stable whenever it exists ( R, >1). Additionally, we ascer-
tained the significance of using effective vaccination as a control measure for mea-
sles by deriving the expression of a reduction factor in the disease spread resulting
from the implementation of measles immunization program in a community. The
analysis of the sensitivity indices suggested that the contact rate between a suscep-
tible and an infected person followed by measles vaccination rate is most influen-
tial in the transmission and control of measles respectively. The local and global
asymptotic stability of both the measles-free and persistent equilibria states indi-
cates the feasibility of eradicating measles in the society. Hence, there is a need
for combined support from both governments/organizations and the public to
strengthen the existing measles surveillance systems and immunization campaign
for a measles-free world to be achieved.

For future research, any national data could be used to fit the model. Further-
more, the model could be extended to include the measles vaccine booster, ma-

ternally protected babies, and measles treatment.
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