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Abstract 
This paper is devoted to the normalized solutions of the two-dimensional 
Gross-Pitaevskii system with a microwave field and inhomogeneous interactions. 
By investigating the relevant 2L -critical constrained variational problem, we get 
the existence and nonexistence of the normalized solutions under suitable 
assumptions about the interaction potentials. We establish the existence and 
nonexistence of minimizers of ( ),e aγ  via a threshold *a , where *a  is the 

square of 2L -norm of the unique positive solution of 3Δ 0u u u− + =  in 2 . 
We also analyze the limiting behavior of the constraint minimizers as  

*2a a  through overcoming the challenges associated with the sign-changing 
property of the logarithmic convolutions and the impact of inhomogeneous 
interactions. 
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1. Introduction 

In this paper, we focus on the following two-component Gross-Pitaevskii system 
coupled with a microwave field and inhomogeneous interactions in 2 : 
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where λ∈  is the chemical potential, a∈  denotes the contact interaction 
strength between two components, ( )k x  stands for the inhomogeneous inter- 
actions, and 0γ >  (resp. < 0) represents that the magnetic field is attractive (resp. 
repulsive). The system (1.1) originates from Bose-Einstein Condensates (BECs) 
interacting with a microwave field at low temperature. The microwave field can 
influence BECs by the local field effect which plays an important role in the 
process of forming electromagnetic-matter waves. Due to the physical significance 
of this system, our goal is to research the existence, nonexistence and limiting 
behavior of the complex-valued states in system (1.1). 

Another purpose of studying (1.1) derives from recent research [1]-[5]. In 
these references [1]-[4], the authors investigate various models, including single-
component attractive BECs, two-component attractive BECs and rotating attractive 
BECs. They research a range of properties such as existence, nonexistence, uni- 
queness, quality concentration, symmetry breaking, and refined spike profiles of 
ground states. However, there is relatively little research on planar multi-com- 
ponent BECs interacting with electromagnetic fields. Recently, Wang, Cai and 
Wang [5] explored (1.1) in the complex-valued case. They obtained results about 
the existence and nonexistence of central vortex steady states. Now, we add in- 
homogeneous interactions to (1.1) for further research. For ( )0 1k x< ≤ , we give 
the existence of minimizers of ( ),e aγ  in the case of ( )*0, 2a a∈ , where *a  is 
the square of 2L -norm of the unique positive solution of  

 ( )3 1 2Δ , .u u u u H− + = ∈   (1.2) 

In this paper, we are interested in the nontrivial solutions of (1.1) under the 
normalization constraint 

 ( )2
2 2
1 2 d 1.u u x+ =∫  (1.3) 

Towards this purpose, with the help of the fundamental solution of Δ− , we 
define the energy functional 
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Due to the appearance of the harmonic potential term and the logarithmic 
convolution term, ,aEγ  is not well-defined on ( ) ( )1 2 1 2H H×  . Inspired by 
[3] [6] [7], we work in the subspace : H H= ×X , where  
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1
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∗
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According to ([2] lemma 2.1), we have 

 The embedding H H= ×X ↪ ( ) ( )2 2 is compact for all 2.q qL L q× ≥   (1.5) 

We now define the constraint set  

 ( ) ( ){ }2
2 2

1 2 1 2: , : d 1 ,u u u u x= ∈ + =∫M X   

and focus on studying the following constrained variational problem:  
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 (1.6) 

Throughout the paper, we assume that the potential ( )1 1k x− ≤ ≤  satisfies the 
following assumptions:  
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where 0C >  and 2b ≥  are some constants, and ( ) ( )0, 2k x C α∈   for some 
( )0,1α ∈ . 

Stimulated by [6] [8], we perform that 

 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
( ) ( )

2 2

2 2

2 2

1 2 1 2

1 2 1 2

1
1 2 1 2

1 1 2 2 1 2

ln d d

ln 1 d d

ln 1 d d

: , , .

x y u x u x u y u y x y

x y u x u x u y u y x y

x y u x u x u y u y x y

F u u F u u

−

−

= + −

− + −

= −

∫ ∫
∫ ∫
∫ ∫

 

 

 

 (1.9) 

For simplicity, we use 
q⋅  to denote the standard Lebesgue norm on ( )2qL   

for [ ]1,q∈ ∞ . Since  

 ( ) 2ln 1 for , ,x y x y x y x y+ − ≤ − ≤ + ∈   

We deduce by Hölder inequality that  
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Applying Hardy-Littlewood-Sobolev inequality (cf. ([9], Theorem 4.3)), we 
then derive that there exists a constant 0C >  such that  
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It follows from (1.9)-(1.11) that ( ) ( ) ( ) ( )2 2 1 2 1 2ln d dx y u x u x u y u y x y−∫ ∫
 

 is 

well-defined on X . We can get that ,aEγ  is of class 1C . 
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The existence and nonexistence of minimizers of the constrained variational 
problem (1.6) depend strongly on the following Gagliardo-Nirenberg type in- 
equality (cf. ([2], lemma A. 2])):  

 ( ) ( ) ( )2 2 2

22 2 2 2 2 2
1 2 1 2 1 22
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2d d d ,u u x u u x u u x
Q
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 (1.12) 

where ( ) ( ) ( )1 2 1 2
1 2,u u H H∈ ×   and Q  is the unique positive solution of (1.2). 

For any ( )0,2θ π∈ , the equality in (1.12) can be attained at ( )sin , cosQ Qθ θ . 
Note from ([10], Proposition 4.1) that Q  decays exponentially as x →∞  in the 
sense that  

 ( ) ( )
1
2, e as .xQ x Q x O x x− − ∇ = →∞ 

 
 (1.13) 

Moreover, recall from [11] that Q  is the achievement function of the equality 
in the following classical Gagliardo-Nirenberg inequality:  
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We then conclude from (1.2) and (1.14) that  
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Based on the above results, we can establish the existence and nonexistence of 
minimizers for the constrained variational problem (1.6).  

Theorem 1.1 Let ( ) ( ) 0Q x Q x= >  be the unique positive solution of (1.2) 

and 2*
2:a Q= , assume that ( )k x  always satisfies (1.7) and (1.8).  

1) If ( )1 0k x− ≤ ≤ , then there exists at least one minimizer of ( ),e aγ  for 
0γ ≠  and 0a > .  

2) If ( )0 1k x< ≤ , then there exists at least one minimizer of ( ),e aγ  for 
0γ ≠  and *0 2a a< < , and then there is no minimizer of ( ),e aγ  for 0γ ≠ , 

*2a a> , or 0γ > , *2a a= .  
Theorem 1.1 establishes the existence and nonexistence of minimizers of 
( ),e aγ . When ( )1 0k x− ≤ ≤ , we can get that ,aEγ  is bounded from below 

based on the non-positivity of ( )k x , then we can get the existence of minimizers 

of ( ),e aγ . As for ( )0 1k x< ≤ , then we can also get the existence of minimizers 

of ( ),e aγ  by rewriting ,aEγ  into (2.8). Moreover, when *2a a≥ , we use appro- 

priate test function to get that there is no minimizer of ( ),e aγ . If  
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variational theory shows that ( )1 2,a au u  solves  

( ) ( ) ( )

( ) ( ) ( )

2

2

22 2
1 1 1 2 2 1 2 1

22 2
2 2 1 2 1 2 1 2

Δ ln d in ,
2

Δ ln d in ,
2

a a a a a a a a
a

a a a a a a a a
a

u x u x y u y u y yu u ak x u u

u x u x y u y u y yu u ak x u u

γ λ
π
γ λ
π

− + + − = +

− + + − =






+


∫

∫








(1.16) 

where aλ ∈  is the Lagrange multiplier associated with (1.3) and satisfies 
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that  
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The second result in this paper deals with the limiting behavior of minimizers 
of ( ),e aγ  as *2a a , where 0γ >  is fixed. We always denote by →  and 
  the strong convergence and the weak convergence, respectively.  

Theorem 1.2 Let ( )1 2,a au u ∈M  be a minimizer of ( ),e aγ , where 0γ >  is 

fixed and ( )*0, 2a a∈ . Assume that ( )0 1k x< ≤  and ( ) ( )0, 2k x C α∈   for some 

( )0,1α ∈ , then there exist a sequence { } 2
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ix  is the unique global maximum point of a

iu  and 0a
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For any minimizer ( )1 2,a au u ∈M , Theorem 1.2 provides the preliminary 
limiting behavior as *2a a . Moreover, Theorem 1.2 also gives the more refined 
convergence information when the minimizer is non-negative. In order to prove 
Theorem 1.2, we shall show that  
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The above Theorems show that the system (1.1) has a stable normalized state 
when *0 2a a< < , and the stable state disappears when *2a a≥ . The inho- 
mogeneous interaction ( )k x  only affects the range of stable states and does not 
alter the cole role of critical threshold. In short, this result reveals the stability 
conditions and critical behavior of two-component BECs under microwave field, 
providing a physical basis for the artificial control of BECs configuration by 
regulating the interaction strength. 

The rest of this paper is organized as follows. In section 2, we prove Theorem 
1.1 on the existence and nonexistence of minimizers. In section 3, we analyze the 
limiting behavior of minimizers and prove Theorem 1.2.  

2. Existence and Nonexistence of Minimizers 

In this section, we prove the existence and nonexistence of minimizers for  
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( ),e aγ , where 0γ ≠  and 0a > . For the case that ( )0 1k x< ≤ , the crucial 
technique is that we rewrite the energy functional ( ), 1 2,aE u uγ  into a new form 
(2.8) and we use an important estimate (2.6). 

Proof of Theorem 1.1. 1) For the case that ( )1 0k x− ≤ ≤ , we prove the 
existence of minimizers of ( ),e aγ , where 0γ ≠  and 0a > . By Young 
inequality, we derive from (1.10) that  
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where qQ  is the unique positive solution of  
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Combining (1.11) with (2.2) yields that there exists a constant 0C >  such that  
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Following (1.9), (1.12), (2.1) and (2.3), we infer that  
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which implies that ,aEγ  is bounded from below on M . Let ( ){ }1, 2,,n nu u ⊂ M  

be a minimizing sequence of ( ),e aγ . We get from (2.4) that  
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respect to n . Combining with the fact 
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( ){ }1, 2,,n nu u  is bounded uniformly in X . By (1.5), there is ( )1 2,u u ∈X  such 
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as n →∞ , which indicates that ( )1 2,u u ∈M . By the weak lower semicontinuity, 
we have 
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where we use the fact that there exists a constant 0C > , independent of n +∈  
and 2x∈ , such that 
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 1, 2, 1, 2, 1, 2,6 6 2 2 1 1
.n n n n n nC u u u u C u u≤ + ≤  (2.6) 

Similarly, we also have 

 2, 2, 2 2
0 as ,n nL C u u n≤ − → →∞   

 3, 1, 1 2
0 as ,n nL C u u n≤ − → →∞   

 4, 2, 2 2
0 as .n nL C u u n≤ − → →∞   

The claim (2.5) is thus proved. 
It follows from Hölder inequality that 

 

( ) ( )

( )

2 2

2 2

2 2 2 2
1, 2, 1 2

2 2
1, 2, 2 2, 2 2 1, 1 1, 1

2 2
2, 2 2, 2 1, 1, 1 1, 1 2 63 3 6 3 3

1, 1 2, 23 3

d d

d d

0 as

n n

n n n n n

n n n n n

n n

k x u u x k x u u x

u u u u u x u u u u u x

u u u u u u u u u u

C u u u u n

−

≤ + − + + −

≤ + − + + −

≤ − + − → →∞

∫ ∫
∫ ∫
 

    

then we can get that  

 ( ) ( )2 2
2 2 2 2
1, 2, 1 2d d as .n nk x u u x k x u u x n→ →∞∫ ∫ 

  

We conclude from the above that  

 ( ) ( ) ( ) ( ), 1 2 , 1, 2,, , liminf , , ,a a n nn
e a E u u E u u e aγ γγ γ

→∞
≤ ≤ =   

which means that ( ) ( ), 1 2, ,ae a E u uγγ = , and hence ( )1 2,u u  is a minimizer of 
( ),e aγ . 
2). For the case that ( )0 1k x< ≤ , we prove the existence and nonexistence of 

minimizers of ( ),e aγ . 
Case 1: 0γ ≠  and ( )*0, 2a a∈ . For any ( )*0, 2a a∈ , there exists a constant 

0β >  such that  

 *.
2
a aβ≤ <  (2.7) 

We rewrite the energy functional ( ), 1 2,aE u uγ  as  

 

( ) ( ) ( ) ( )( )
( )

( ) ( ) ( ) ( )

( ) ( )( ) ( )

2 2

2

2 2

2 2

22 2 2 2
, 1 2 1 2 1 2

2 2 2
1 2

1 2 1 2

2
2 2 2 2
1 2 1 2

1, d d
2 4

1 d
2

ln d d
4

2d d .
4 2

aE u u u u x k x u k x u x

x u u x

x y u x u x u y u y x y

ak x u k x u x k x u u x

γ
β

γ
π
β β

= ∇ + ∇ − +

+ +

+ −

−
+ − +

∫ ∫

∫

∫ ∫

∫ ∫

 



 

 

 (2.8) 

Following (1.9), (1.12) (2.1), (2.3), (2.7) and (2.8), we infer that 

 
( ) ( ) ( )

( ) ( )

2 2

2

2 2 2 2 2
, 1 2 1 2 1 2*

1 2
2 2 2

1 2 1 22

1 1, 1 d d
2 4

d for , ,
16

aE u u u u x x u u x
a

C u u x u u

γ
β

γ
π

 ≥ − ∇ + ∇ + + 
 

 − ∇ + ∇ − ∈  

∫ ∫

∫

 


M

 (2.9) 
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which indicates that ,aEγ  is bounded from below on M . Using the similar 
argument as the case that ( )1 0k x− ≤ ≤ , one can obtain that ( ),e aγ  admits at 
least one minimizer. 

Case 2: 0γ ≠  and *2a a> . For any *2a a> , we next prove the nonexistence 
of minimizers of ( ),e aγ . Letting 0 1θ≤ ≤ , we consider the test function 

 ( ) ( )( ) ( ) ( )1, 2,
2 2

1, : , for 0.u x u x Q x Q x
Q Qτ τ
θτ θττ τ τ

 −
= >  
 

  

Clearly, ( )1, 2,,u uτ τ ∈M  for all 0τ > . It follows from (1.4) and (1.15) that  

( ) ( )
( )

( ) ( )

( ) ( )
( )

( ) ( )

2 2

2 2

24 2 2
, 1, 2, 2 * 2*

2 2
2*

11 1, d d
2 22

1 1
ln ln d d .

4 4

a
a xE u u k Q x x x Q x x

aa

x y Q x Q y x y
a

γ τ τ

θ θ
τ

τ τ

γθ θ γθ θ
τ

π π

 −   = − +   
 

− −
− + −

∫ ∫

∫ ∫

 

 

 (2.10) 

Choose 1
2

θ = , combining with Fatou’s lemma, then we obtain from (1.7), 

(1.13) and (2.10) that  

 

( )
( )

( ) ( )

( )
( ) ( )

( )

( )
( ) ( )

2 2

2 2

2

2 2

24 2 2
2 * 2*

2 2
2*

22 2
* * 2

2 2
2*

1 1, d d
2 28

ln ln d d
16 16

1 1 d
2 4 2

ln ln d d
16 16

as ,

a xe a k Q x x x Q x x
aa

x y Q x Q y x y
a

a x Q x x
a a

x y Q x Q y x y
a

γ τ
τ τ

γ γτ
π π

τ
τ

γ γτ
π π

τ

 
  ≤ − +   

 

− + −

 ≤ − + 
 

− + −

→ −∞ →∞

∫ ∫

∫ ∫

∫

∫ ∫

 



 

 

 (2.11) 

which implies that there is no minimizers of ( ),e aγ  for 0γ ≠  and *2a a> . 

Case 3: 0γ >  and *2a a= . Combining with (1.8), choosing 1
2

θ = , we can 

obtain from (2.10) that  

 

( ) ( ) ( )

( )
( ) ( )

( ) ( )

( )
( ) ( )

2 2

2 2

2 2

2 2

2
24 2

* * * 2

2 2
2*

2
24 2

* * 2

2 2
2*

1, 1 d d
4 2 2

ln ln d d
16 16

1d d
4 2

ln ln d d
16 16

as .

b
b

a xe a k Q x x x Q x x
a a a

x y Q x Q y x y
a

C x Q x x x Q x x
a a

x y Q x Q y x y
a

τγ
τ τ

γ γτ
π π

τ
τ

γ γτ
π π

τ

−

  ≤ − +  
  

− + −

≤ +

− + −

→ −∞ →∞

∫ ∫

∫ ∫

∫ ∫

∫ ∫

 

 

 

 

 (2.12) 

which implies that there is no minimizers of ( ),e aγ  for 0γ >  and *2a a= . 
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This completes the proof of Theorem 1.1. 

3. Limiting Behavior of Minimizers 

In this section, we prove Theorem 1.2 on the limiting behavior of minimizers 

( )1 2,a au u  of ( ),e aγ  as *2a a , where 0γ >  is fixed. We shall make full use 
of the rewritten form (3.7) of the energy functional (1.4). In order to analyze the 
blowing-up property of minimizers ( )1 2,a au u , we define  

 ( )2

1
2 2 2

1 2: d .a a
a u u xε

−
 = ∇ + ∇  ∫  (3.1) 

Lemma 3.1 Let ( )1 2,a au u ∈M  be a minimizer of ( ),e aγ , where 0γ >  is 
fixed and ( )*0, 2a a∈ , together with ( )0 1k x< ≤  satisfies (1.7) and (1.8). Then  

1) 0aε >  satisfies that 

 0aε →  and 2 1a aλ ε → −  as *2a a ; (3.2) 

2) There exist a sequence { } 2
a

yε ⊂  , and constants 0 0, 0r α> >  independent 
of ( )*0, 2a a∈ , such that  

 ( )( )*
0

2

02
liminf d 0 for 1,2,

ar

a
a a iBa a

k x y v x iεε ε α+ ≥ > =∫


 (3.3) 

where 

 ( ) ( ): for 1, 2;
a

a a
i a i a av x u x y iεε ε ε= + =  (3.4) 

3) There exists a point 2
0x ∈  such that  

 ( ) ( ) ( )*

0 1 2

*2
lim in for 1,2.

2
a
i

a a

Q x x
v x H i

a

−
= =



  (3.5) 

Proof. 1) We first prove that 

 *0 as 2 .a a aε →   (3.6) 

Rewrite 

( ) ( ) ( ) ( )( )
( )

( ) ( ) ( ) ( )

( ) ( )( )
( )

2 2

2

2 2

2

2

* 22 2 2 2

, 1 2 1 2 1 2

2 22
1 2

1 2 1 2

* 22 2

1 2

* 2 2

1 2

1, d d
2 4

1 d
2

ln d d
4

d
4
2 d .

2

a a a a a a
a

a a

a a a a

a a

a a

aE u u u u x k x u k x u x

x u u x

x y u x u x u y u y x y

a k x u k x u x

a a k x u u x

γ

γ
π

= ∇ + ∇ − +

+ +

+ −

+ −

−
+

∫ ∫

∫

∫ ∫

∫

∫

 

 







(3.7) 

We derive from (1.9), (1.12), (2.1), (2.3) and (3.7) that  

 ( )
2

1
2, .

16ae a C γγ ε
π

−≥ − −  (3.8) 

Derive from (2.12), choosing ( )
1

* 22a aτ
−

= − , we can obtain that  
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( )
( )

( ) ( )

( )
( )

( ) ( )

2 2

2 2

2
* 2 *

24 2
* *

* 2 2
2*

*

2 2, d d
4 2

ln 2 ln d d
32 16

as 2 .

b

ba a a ae a C x Q x x x Q x x
a a

a a x y Q x Q y x y
a

a a

γ

γ γ
π π

−

− −
≤ +

+ − + −

→ −∞

∫ ∫

∫ ∫



 

 
 (3.9) 

It then yields from (3.8) and (3.9) that (3.6) holds true. 
We then prove that 2 1a aλ ε → −  as *2a a . It follows from (3.6) and (3.8) 

that  

 ( )
* *

2
2 2

22 2
liminf , liminf 0.

16a a a
a a a a

e a Cγε γ ε ε
π

 
≥ − − = 

  

 (3.10) 

In addition, observe from (2.1), (2.3) and (3.7) that  

 

( ) ( ) ( )( )
( )

( ) ( )( )
( )

( )

2

2

2

2

* 2 22 22
1 2

2 2 22
1 2

* 2 22 2

1 2

* 2 22 2 2
1 2 2

1, d
2 4

d
4

d
4

2
d .

2 16

a aa
a

a aa

a aa

a a a
a a

ae a k x u k x u x

x u u x

a k x u k x u x

a a
k x u u x C

εε γ

ε

ε

ε γ ε ε
π

≥ − +

+ +

+ −

−
+ − −

∫

∫

∫

∫









 (3.11) 

Using (1.12), we then obtain from (3.9) and (3.11) that  

 

( )

( )
( )

*

2 **

2*

2

2

2 22 22 2
1 2 222

2 2 22
1 2

2

0 limsup ,

limsup d lim
4 16

liminf d 0.
4

a
a a

a aa
a a

a aa a

a aa

a a

e a

x u u x C

x u u x

ε γ

ε γ ε ε
π

ε

≥

 
≥ + + − − 

 

≥ + ≥

∫

∫













 (3.12) 

It follows from (3.10) and (3.12) that  

 ( ) ( )2* *

2 222 2
1 2

2 2
lim , 0 and lim d 0.a a

a a
a a a a

e a x u u xε γ ε= + =∫
 


 (3.13) 

Similarly, we also have 

 ( ) ( )( )2*

22 22
1 2

2
lim d 0,a a

a
a a

k x u k x u xε − =∫



 

 ( ) ( )( )2*

22 22
1 2 *2

2lim d ,a a
a

a a
k x u k x u x

a
ε + =∫




 (3.14) 

which imply that 

 ( )2*

2 22
1 2 *2

1lim d .
2

a a
a

a a
k x u u x

a
ε =∫




 (3.15) 

Due to (2.1), (2.3) and (3.13), we obtain that  

 ( ) ( )2

2 222 2 2 *
1 1 2 1 2, d 0 as 2 ,

4
a a a a

a a aF u u x u u x a aπ γε ε ε
γ π

≤ + + →∫ 


  

https://doi.org/10.4236/oalib.1114973


R. Sun 
 

 

DOI: 10.4236/oalib.1114973 12 Open Access Library Journal 
 

 ( )2 *
2 1 2, 0 as 2 ,a a

a aF u u C a aε ε≤ →    

that is, 

 ( ) ( )* *

2 2
1 1 2 2 1 2

2 2
lim , 0 and lim , 0.a a a a

a a
a a a a

F u u F u uε ε= =
 

 (3.16) 

Hence we conclude from (1.17), (3.13), (3.15) and (3.16) that 

 
*

2

2
lim 1.a a

a a
λ ε = −



  

2) Note from (3.4) that  

 ( ) ( )2 2

2 2 2 2

1 2 1 2d 1 d .a a a av v x v v x+ = = ∇ + ∇∫ ∫ 
 (3.17) 

Thus { }( )1,2a
iv i =  is bounded uniformly in ( )1 2H   and in ( )2qL   for 

all [ )2,q∈ ∞ . Following (3.14) and (3.15), we then obtain from (3.4) that  

 
( )

( )

2

2

2 2

1 2

2 22 *
1 2 *

d

1d as 2 ,
2

a

a a
a a

a a
a

k x y v v x

k x u u x a a
a

εε ε

ε

+

= →

∫

∫ 





 (3.18) 

 
( ) ( )( )

( ) ( )( )
2

2

22 2

1 2

22 22 *
1 2

d

d 0 as 2 .

a a

a a
a a a a

a a
a

k x y v k x y v x

k x u k x u x a a

ε εε ε ε ε

ε

+ − +

= − →

∫

∫ 





 (3.19) 

For 1,2i = , we denote  

 ( ) ( ) ( ): .
a

a a a
i i a i av x v x y u xε ε ε= − =   

To prove (3.3), it suffices to prove that there exist { } 2
a

yε ⊂  , 0 0r >  and 

0α >  independent of ( )*0, 2 ,a a∈  such that  

 ( )( )*
0

2

2
liminf d 0 for 1,2.

r a

a
a iB ya a

k x v x i
ε

ε α≥ =>∫


 (3.20) 

We first show (3.20) for 1i = . Indeed, if it were false, then for any 0r > , there 
exists a subsequence { }1

kav , where *2ka a  as k →∞ , such that  

 ( )( )2

2

1lim sup d 0.k

r

a
aB yk y

k x v xε
→∞ ∈

=∫


  

By ([12] Lemma 1.21), we have ( )
1
4 1 0ka

ak x vε →  in ( )2qL   as k →∞  for 
any ( )2,q∈ ∞ . Hence  

 

( )

( )( ) ( )( )
( )( )

2

2 2

2

2 2

1 2

1 1
4 42 2

1 2

1
4 2

1

d

d d

d 0 as ,

k k

k k

k

a a
a

a a
a a

a
a

k x v v x

k x v x k x v x

C k x v x k

ε

ε ε

ε

≤

≤ → →∞

∫

∫ ∫

∫



 



  

which contradicts with (3.18). 
We next show (3.20) for 2i = . Let { } 2

a
yε ⊂  , 0 0r >  and 0α >  be 

obtained for 1
av  in (3.20). If (3.20) were false for 2

av , then there is a subsequence 
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{ }2
kav , where *2ka a  as k →∞ , such that  

 ( )( )0

2

2limsup d 0,k

r k

a
aB yk

k x v x
ε

ε
→∞

=∫   

where :
kk aε ε=  is defined by (3.1). Choose 4q >  and 0 1ζ< <  such that  

1 1
4 2q

ζ ζ−
= + . We then deduce that 

 

( )( )

( )( ) ( )( )

( )( )

( )( )

( )

( )( )

( )( )

0

0 0

0

0 0

0

2 2

1 2

1 1
4 42 2

1 2

1
4 2

2

2 1
21 1

4 42 2

2

2

d

d d

d

d d

d

k k

r k

k k

r rk k

k

r k

k k

r rk k

k

r k

a a
aB y

a a
a aB y B y

a
aB y

q q
a a

a aB y B y

a
aB y

k x v v x

k x v x k x v x

C k x v x

C k x v x k x v x

C k x v x

ε

ε ε

ε

ε ε

ε

ζ
ζ

ε

ε ε

ε

ε ε

ε

−

   ≤    
   

 ≤  
 

      ≤       
         

≤

∫

∫ ∫

∫

∫ ∫

∫ 0 as .k
ζ

  → →∞ 
 

  

Together with (3.20) for 1i = , we then get that  

 

( ) ( )( )( )

( )( ) ( )( )

0

0 0

22 2

1 2

2
4 2

1 12
0

2

2
0

d

1 1d d
2 2

0 as ,
2

k k

r k

k k

r rk k

a a
a aB y

a a
a aB y B y

k x v k x v x

k x v x k x v x
r

k
r

ε

ε ε

ε ε

ε ε
π

α
π

−

 ≥ ≥  
 

≥ > →∞

∫

∫ ∫   

which contradicts with (3.19). 
3) Since ( ){ }1 2,a av v  is bounded uniformly in ( ) ( )1 2 1 2H H×  , up to a sub-

sequence if necessary, there exists ( ) ( ) ( )* * 1 2 1 2
1 2,v v H H∈ ×   such that as  

*2a a ,  

 ( ) ( ) ( ) ( )* * 1 2 1 2
1 2 1 2, , in ,a av v v v H H×     

 ( ) ( ) ( ) ( ) [ )* * 2 2
1 2 1 2, , in for 2, ,a a q q

loc locv v v v L L q→ × ∈ ∞    

 ( ) ( )* * 2
1 2 1 2, , a.e. on .a av v v v→    

It follows from Fatou’s lemma and (3.17) that ( )2

2 2* *
1 2 d 1v v x+ ≤∫ . Moreover, 

we obtain from (3.3) that *
1 0v ≡/  and *

2 0v ≡/ . According to Brézis-Lieb lemma 
and (3.17), we derive that  

 
( )
( ) ( ) ( )

2

2 2

2 2

1 2

2 2 2 2* * * *
1 2 1 1 2 2

1 d

d d 1 ,

a a

a a

v v x

v v x v v v v x o

= +

= + + − + − +

∫

∫ ∫



 

 (3.21) 
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( )
( ) ( ) ( )

2

2 2

2 2

1 2

2 2 2 2* * * *
1 2 1 1 2 2

1 d

d d 1 ,

a a

a a

v v x

v v x v v v v x o

= ∇ + ∇

= ∇ + ∇ + ∇ −∇ + ∇ −∇ +

∫

∫ ∫



 

 (3.22) 

where and below ( )1o  represents the quantities tending to 0 as *2a a . 
Additionally, there holds  

 
( )
( ) ( )

2

2

2* *
1 2 1 2

2 2* *
1 1 2 2

d

d 1 ,

a

a

a a
a a

a a
a a

k x y v v v v x

k x y v v v v x o

ε

ε

ε ε

ε ε

+ −

= + − − +

∫

∫




 (3.23) 

where we use the facts that *2a a ,  

 ( ) ( )( )2

2 2 2* *
1 2 1 1 2 d 0,

a a

a a a
a a a ak x y v v k x y v v v xε εε ε ε ε+ − + →∫   

 ( ) ( )( )2

2 2 2* *
1 2 1 2 2 d 0,

a a

a a a
a a a ak x y v v k x y v v v xε εε ε ε ε+ − + →∫   

 ( ) ( )( )2

2* * *
1 1 2 2 1 1 2 d 0,

a a

a a a a
a a a ak x y v v v v k x y v v v xε εε ε ε ε+ − + →∫   

 ( ) ( )( )2

2* * *
1 1 2 2 1 2 2 d 0,

a a

a a a a
a a a ak x y v v v v k x y v v v xε εε ε ε ε+ − + →∫   

 ( ) ( )( )2

2* * * *
1 1 2 2 1 1 2 d 0,

a a

a a a
a a a ak x y v v v v k x y v v v xε εε ε ε ε+ − + →∫   

 ( ) ( )( )2

2* * * *
1 1 2 2 1 2 2 d 0.

a a

a a a
a a a ak x y v v v v k x y v v v xε εε ε ε ε+ − + →∫   

It follows from Brézis-Lieb lemma and (3.23) that  

 

( )
( )
( ) ( )

2

2

2

2 2

1 2

2 2* *
1 2

2 2* *
1 1 2 2

d

d

d 1 ,

a

a

a

a a
a a

a a

a a
a a

k x y v v x

k x y v v x

k x y v v v v x o

ε

ε

ε

ε ε

ε ε

ε ε

+

= +

+ + − − +

∫

∫

∫







  

which jointly with 

 

( ) ( )( )
( ) ( )( )
( ) ( )( ) ( )

2

2

2

4 4

1 2

4 4* *
1 2

4 4* *
1 1 2 2

d

d

d 1 ,

a a

a a

a a

a a
a a a a

a a a a

a a
a a a a

k x y v k x y v x

k x y v k x y v x

k x y v v k x y v v x o

ε ε

ε ε

ε ε

ε ε ε ε

ε ε ε ε

ε ε ε ε

+ + +

= + + +

+ + − + + − +

∫

∫

∫







  

yields that 

 

( ) ( )( )
( ) ( )( )
( ) ( )( ) ( )

2

2

2

22 2

1 2

22 2* *
1 2

22 2* *
1 1 2 2

d

d

d 1 .

a a

a a

a a

a a
a a a a

a a a a

a a
a a a a

k x y v k x y v x

k x y v k x y v x

k x y v v k x y v v x o

ε ε

ε ε

ε ε

ε ε ε ε

ε ε ε ε

ε ε ε ε

+ + +

= + + +

+ + − + + − +

∫

∫

∫







(3.24) 

Due to (3.14), we have  
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( ) ( )( )

( ) ( )( )
2

2

22 2

1 2

22 22 *
1 2 *

d

2d as 2 .

a a

a a
a a a a

a a
a

k x y v k x y v x

k x u k x u x a a
a

ε εε ε ε ε

ε

+ + +

= + →

∫

∫ 





 (3.25) 

Then we deduce from (1.12), (3.21), (3.22), (3.24) and (3.25) that  

( ) ( ) ( )( )
( ) ( )
( ) ( )( )
( ) ( )( )

2 2*

2 2*

2

2

22 2 2 2

1 2 1 2
2

2 2 2 2* * * *
1 2 1 1 2 2

2

22 2* *
1 2

22 2* *
1 1 2 2

0 lim d d
4

lim d d

d
4

d
4

a

a a

a a

a a a a
a a

a a

a a

a a

a a a a

a a
a a a a

av v x k x y v v x

v v x v v v v x

a k x y v k x y v x

a k x y v v k x y v v x

ε

ε ε

ε ε

ε ε

ε ε ε ε

ε ε ε ε

 
= ∇ + ∇ − + + 

 
= ∇ + ∇ + ∇ −∇ + ∇ −∇

− + + +


− + − + + −

∫ ∫

∫ ∫

∫

∫





 

 





( )( ) ( )
( )

( )

2 2

2*

2

1* 22 2 2 2* * * *
1 2 1 2

2 2* *
1 1 2 2

2

2 2* *
1 1 2 2

d 1 d
2

lim 1 d

d

0,

a a

a a

a a

a v v x v v x

v v v v x

v v v v x

−




 
≥ + − + 

 
 + − − + −  

× ∇ −∇ + ∇ −∇

≥

∫ ∫

∫

∫



 





 (3.26) 

which implies that 

 ( )2

2 2* *
1 2 d 1,v v x+ =∫  (3.27) 

 ( )2*

2 2* *
1 1 2 2

2
lim d 0.a a

a a
v v v v x∇ −∇ + ∇ −∇ =∫




  

Therefore, we conclude that  

 ( ) ( ) ( ) ( )* * 1 2 1 2 *
1 2 1 2, , in as 2 .a av v v v H H a a→ ×    (3.28) 

We obtain from (3.17) and (3.28) that  

 ( )2

2 2* *
1 2 d 1.v v x∇ + ∇ =∫  (3.29) 

Additionally, we also get from (3.26) that  

 ( ) ( )2 2

* 22 2 2 2* * * *
1 2 1 2d d .

2
av v x v v x∇ + ∇ = +∫ ∫ 

 (3.30) 

Applying (3.19) and (3.28) we have ( ) ( )( )2

22 2* *
1 2 d 0

aa ak x y v v xεε ε+ − =∫ . 

This further implies that * *
1 2v v=  a.e. on 2 . It then follows from (3.27), (3.29) 

and (3.30) that for 1,2i = ,  

 2 2 2

2 2 4* * * *1 1d and d d .
2 2i i iv x v x a v x= = ∇ =∫ ∫ ∫  

  

Obviously, the identity in (1.14) is attained at *
iv  for 1,2i = . We can derive 

from the Lagrange multiplier rule that for 1,2i = ,  
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3* * * * 2Δ 2 in .i i iv v a v− + =    

The uniqueness (up to translations) of positive solutions of (1.2) yields that  

 ( ) ( ) ( )0* * 2
1 2 0*

for some .
2

Q x x
v x v x x

a

−
= = ∈   

This completes the proof of Lemma 3.1.  
In what follows, we assume that the minimizer ( )1 2,a au u  of ( ),e aγ  is non-

negative. Following Lemma 3.1, we continue to analyze the refined limiting 
behavior of non-negative ( )1 2,a au u  as *2a a . The exponential decay of non-
negative minimizers ( )1 2,a au u  at infinity needs to be proved first.  

Lemma 3.2 Let ( )1 2,a au u ∈M  be a non-negative minimizer of ( ),e aγ , where 
0γ >  is fixed and ( )*0, 2a a∈ , together with ( )0 1k x< ≤  satisfies (1.7) and 

(1.8). Then  
1) There exists a large constant 0R > , independent of ( )*0, 2a a∈ , such that  

 ( )
2

*3e uniformly for as 2 ,
xa

iv x C x R a a
−

≤ ≥    (3.31) 

where a
iv  is defined by (3.4) and 1,2i = ; 

2) There results  

 *0 as 2 .
aa y a aεε →   (3.32) 

Proof. 1) Note from (1.16) that ( )1 2,a av v  solves  

( ) ( )

( ) ( ) ( )

( ) ( )

( )

2

2

2

222
1 1 1 2 2

222 2
1 2 1 1 2 2

222
2 2 1 2 1

222
2 1 2

ln d
2

ln d in ,
2

Δ ln d
2

ln
2

a

a

a

a

a a a a aa
a a a

a a a a a aa
a a a a a

a a a a aa
a a a

a a a a
a a a a a

v x y v x y v y v y yv

v ak x y v v v y v y yv

v x y v x y v y v y yv

v ak x y v v v

ε

ε

ε

ε

γεε ε ε
π

γελ ε ε ε ε
π

γεε ε ε
π

γελ ε ε ε ε
π

−∆ + + + −

= + + −

− + + + −

= + + −

∫

∫

∫









( ) ( )2
2

1 2 1d in .a a ay v y yv











 ∫ 

(3.33) 

Using the same argument as (2.6), we then obtain from (3.17) that  

 ( ) ( ) ( )2
1 2 2 *d uniformly for any and 0,2 .
a av y v y

y C x a a
x y

≤ ∈ ∈
−∫    

This further implies that  

 

( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( )

2

2 2

1 2

1
1 2 1 2

2 *

ln d

ln 1 d ln 1 d

for any and 0,2 .

a a

a a a a

x y v y v y y

x y v y v y y x y v y v y y

C x a a

−

−

= + − − + −

≥ − ∈ ∈

∫
∫ ∫


 



  

Hence we derive from (3.2) and (3.33) that as *2a a ,  

 

( )

( )

2* 2
1 1 2 1 2

2* 2
2 2 1 2 1

2Δ 2 1 in ,
3
2Δ 2 1 in .
3

a a a a a

a a a a a

v v a v v o v

v v a v v o v

− + ≤ +



− + ≤ +





 (3.34) 
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Using the De Giorgi-Nash-Moser theory (cf. [13] Theorem 4.1), we then deduce 
from (3.17) that as *2a a ,  

 
( ) ( )( ) ( )( )

2 21

1 1
2 22 2

1 2max d d for 1,2,a a a
i B BB

v C v x v x i
ξ ξξ

 
 ≤ + =
  
∫ ∫   

where ξ  is an arbitrary point in 2  and 0C >  is a constant independent of 

( )*0, 2a a∈ . We then obtain from (3.5) that  

( ) ( )2 *and 0 as uniformly for 2 with 1,2.a a
i iv L v x x a a i∞∈ → →∞ =  (3.35) 

Therefore, we infer from (3.34) that there exists a large constant 0R >  
independent of ( )*0, 2a a∈  such that  

 ( ) ( ) *
1 2 1 2

4Δ 0 uniformly for as 2 .
9

a a a av v v v x R a a− + + + ≤ ≥    

Applying the comparision principle, it implies that there is a constant 0C >  
independent of ( )*0, 2a a∈  such that  

 ( ) ( )
2

*3
1 2 e uniformly for as 2 .

xa av x v x C x R a a
−

+ ≤ ≥    

Together with the non-negativity of a
iv  for 1,2i = , we conclude that (3.31) 

holds true. 
3) We now prove that 

 
*2

lim 0.
aa

a a
yεε =



  

Otherwise, there is a subsequence of 
aa yεε , still denoted by itself, such that  

 *
0 0 as 2 .

aa y z a aεε → ≠    

Set ( )2

2 2

1 2: da a
ax x u u x= +∫ . It follows from (3.4) and (3.5) that as *2a a ,  

 ( )( ) ( )( )2

2 2

1 2 0 0d 1 .
a a

a a
a a a a ax x y v v x y x o zε εε ε ε ε= + + = + + →∫   

Define ( ) ( ):a a
i i au x u x x= +  for 1,2i = . Then ( )1 2,a au u ∈M  and  

 ( ) ( )2 2

2 2 2 2

1 2 1 2d d ,a a a au u x u u x∇ + ∇ = ∇ + ∇∫ ∫ 
  

 
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

2 2

2 2

1 2 1 2

1 2 1 2

ln d d

ln d d .

x y u x u x u y u y x y

x y u x u x u y u y x y

−

= −

∫ ∫
∫ ∫

 

 

  

In addition, we deduce from (3.4) and (3.31) that as *2a a ,  

 

( ) ( )
( )( ) ( )

( )

2 2

2

2 2 2 222
1 2 1 2

2 2 22
0 1 2

2

d d

1 d

,

a a a a
a

a a
a

a

x u u x x x u u x

x x o v v x

O

ε

ε

+ = − +

= − + +

=

∫ ∫

∫

 


  

 ( ) ( )2 2

22 2 2 2 22
1 2 1 2 0d d .

a

a a a a
a ax u u x x y v v x zεε ε+ = + + →∫ ∫ 
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Using (1.7), (3.4) and (3.31), we derive that  

 

( ) ( )

( )( )( )
( )

2 2

2

2 22 2
1 2 1 2

2 22
0 1 2

2 *

d d

1 d

1 1 as 2 ,

a a
a

a a a

a

a k x u u x a k x x u u x

a k x x o v v x

o a a

ε ε ε

ε

−

−

= −

= − +

= +  

∫ ∫
∫



 


  

 
( ) ( )

( ) ( )
2 2

2 2 2 22
1 2 1 2

2 *
0

d d

1 as 2 .
aa a a

a

a k x u u x a k x y v v x

k z o a a

εε ε ε

ε

−

−

= +

 = + 

∫ ∫


    

Note that ( )0 1k z ≤ , then ( ) ( ), 1 2 , 1 2, ,a a a a
a aE u u E u uγ γ<  as *2a a , which 

contradicts with the fact that ( )1 2,a au u  is the minimizer of ( ),e aγ , which 
ensures that (3.32) is true. The proof of Lemma 3.2 is thus complete.  

Next, we shall apply Lemma 3.2 to prove the convergence behavior of non-
negative minimizers ( )1 2,a au u  as *2a a  for given 0γ > .  

Lemma 3.3 Let ( )1 2,a au u ∈M  be a non-negative minimizer of ( ),e aγ , where 
0γ >  is fixed and ( )*0, 2a a∈ , together with ( )0 1k x< ≤  satisfies (1.7) and 

(1.8) and ( ) ( )0, 2k x C α∈   for some ( )0,1α ∈ . Define  

 ( ) ( ): , 1, 2,a a a
i a i a iv x u x x iε ε= + =  (3.36) 

where aε  is given by (3.1) and a
ix  is a global maximum point of a

iu . Then for 
1,2i = , a

ix  is unique and satisfies  

 0a
ix →  and 1 2 0

a a

a

x x
ε

−
→  as *2a a . (3.37) 

Moreover, there results 

 ( ) ( )
*2

a
i

Q x
v x

a
→  in ( )2H L∞∩   as *2a a  with 1,2i = . (3.38) 

Proof. We first prove (3.37). For any given ( )*0, 2a a∈ , each a
iu  has a global 

maximum point a
ix  for 1,2i =  by means of (3.3) and (3.35). Then a

iv  achieves 
its global maximum point at ( )1

a

a
a i ax yεε ε− −  for 1,2i = . Using (3.3) and (3.35) 

again, we obtain that ( )1
a

a
a i ax yεε ε− −  is bounded uniformly as *2a a  for 

1,2i = . Together with (3.2) and (3.32), we have  

 *0 as 2 for 1,2.a
ix a a i→ =  (3.39) 

Observe from (3.4) and (3.36) that 

 ( ) 2: in for 1,2.a

a
i aa a

i i
a

x y
v x v x iεε

ε

 −
= + =  

 
   (3.40) 

We deduce from (3.33) that ( )1 2,a av v   solves  

 
2

1 1
2

2 2

Δ in ,

Δ in ,

a a

a a

v G

v G

− =

− =












 (3.41) 

where 
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( )2

222 1 2 1 2
1 1 1 1 2 2

2
12 1 2

1 2 1

2
1 2

1 2 21

: ln d
2

ln ,
2

a

a a a a
a a a a a aa

a a
a a

a a a
aa a a

a a
a a

a a
a a aa

a
a

x x x xG x x v x y v y v y yv

x y x xv ak x v v

x xv v v

ε

γεε ε
π ε ε

ε
λ ε

ε ε

γε ε
π ε

   − −
= − + − − + ⋅+   

   

 −  −
+ + + ⋅+       

 −
− ⋅+ 

 

∫   

  

  



 

( )2

222 2 1 2 1
2 2 2 1 2 1

2
22 2 1

2 1 2

2
2 1

1 2 11

: ln d
2

ln .
2

a

a a a a
a a a a a aa

a a
a a

a a a
aa a a

a a
a a

a a
a a aa

a
a

x x x xG x x v x y v y v y yv

x y x xv ak x v v

x xv v v

ε

γεε ε
π ε ε

ε
λ ε

ε ε

γε ε
π ε

   − −
= − + − − + ⋅+   

   

 −  −
+ + + ⋅+       

 −
− ⋅+ 

 

∫   

  

  



 

It follows from (3.5) and (3.40) that  

 ( ) ( ) ( )1 2 *
0*

1 in as 2 ,
2

a
i iv x Q x y x H a a

a
→ + − 

   (3.42) 

where ( )*

1

2
: lim

a

a
i a i a

a a
y x yεε ε−= −



 for 1,2i = . Obviously, { }a
iv  is bounded uni- 

formly as *2a a  in ( )1 2H   and in ( )2qL   for all [ )2,q∈ ∞  with  

1,2i = . Notice that  

 ( )2
1 2

1 2ln d ,
a a

a a

a

x xx y v y v y y x C
ε

 −
− + ≤ + 

 
∫  


 (3.43) 

 ( )2
2 1

1 2ln d ,
a a

a a

a

x xx y v y v y y x C
ε

 −
− + ≤ + 

 
∫


   (3.44) 

where 0C >  is a constant independent of ( )*0, 2a a∈ . Applying the pL  theory 
(cf. ([14] Theorem 9.11)) to (3.41), we then deduce from (3.31) and (3.39) that 
{ }a

iv  is bounded uniformly as *2a a  in ( )2, 2q
locW   for all [ )2,q∈ ∞  with 

1,2i = . The standard Sobolev embedding theorem implies that { }a
iv  is bounded 

uniformly as *2a a  in ( )1, 2
locC µ   for some ( )0,1µ∈  with 1,2i = . Similar 

to the proof of [8, Proposition 2.3], we get that as *2a a ,  

 ( ) ( )2
3, 21 2

1 2ln d ,
a a

a a
loc

a

x xx y v y v y y C µ

ε
 −

− + ∈ 
 

∫





   

 ( ) ( )2
3, 22 1

1 2ln d .
a a

a a
loc

a

x xx y v y v y y C µ

ε
 −

− + ∈ 
 

∫





   

Note that 
22 a

a a ix xε ε +  is locally Lipschitz continuous in 2  for 1,2i = . Using 

the Schauder estimate (cf. ([14] Theorem 6.2)) to (3.41), we further obtain that 

{ }a
iv  is bounded uniformly as *2a a  in ( )2, 2

locC µ   for some ( )0,1µ∈  with 

1,2i = . Passing to a subsequence, there is a function ( )* 2 2
i locv C∈   such that 

 ( )* 2 2 *in as 2 for 1,2.a
i i locv v C a a i→ =
     
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Then we have ( )*
0*

1 .
2

i iv Q y x
a

= + −  for 1,2i =  in view of (3.42). Since the 

origin is a global maximum point of a
iv , it is also a global maximum point of 

*
iv  for 1,2i = . The radially symmetric and decreasing property of Q  yields 

that  

 1 2 0.y y x= =  (3.45) 

Hence we derive that 

 1 21 2 *
1 2 0 as 2 .a a

a aa a
a a

a a a

x y x yx x
y y a aε εε ε

ε ε ε

− −−
≤ + → − =   (3.46) 

We next prove (3.38). By (3.42) and (3.45), we get that  

 ( ) ( ) ( )1 2 *

*
in as 2 with 1,2.

2
a
i

Q x
v x H a a i

a
→ =

   (3.47) 

It follows from (3.31) and (3.40) that there is a large constant  
{ }max ,2R R M M≥ + , where 0M >  is the uniform upper bound of  

1
a

a
a i ax yεε ε− −  as *2a a  for 1,2i = , such that  

 ( )
1

*3e uniformly for as 2 with 1,2.
xa

iv x C x R a a i
−

≤ ≥ =


  (3.48) 

Combining (1.13) with (3.47) and (3.48), we deduce that  

 ( ) ( )
2

2 *

*
d 0 as 2 with 1,2.

2
a
i

Q x
x v x x a a i

a
− → =∫ 




 (3.49) 

We then obtain from (3.47) and (3.49) that  

 ( ) ( ) *

*
in as 2 for 1,2.

2
a
i

Q x
v x H a a i

a
→ =

   

Now we show that  

 ( ) ( ) ( )2 *

*
in as 2 for 1,2.

2
a
i

Q x
v x L a a i

a
∞→ =

    

By means of (1.13) and (3.48), we only need to prove the L∞ -uniform 
convergence of { }a

iv  as *2a a  for 1,2i =  on any compact subset of 2 . 
Using (3.17), (3.39), (3.43), (3.44) and (3.48), we see that { }a

iG  is bounded 
uniformly as *2a a  in ( )2 2L   for 1,2i = . For any 0r > , it follows from 
[14], Theorem 8.8] that there is a constant 0C >  independent of ( )*0, 2a a∈  
and 0r >  such that for 1,2i = ,  

 
( )( ) ( )( ) ( )( )2 1 2

1 1

*
0 0 0

as 2 .
r r r

a a a
i i iH B H B L B

v C v G a a
+ +

 ≤ + 
 

 
   

Hence { }a
iv  is bounded uniformly as *2a a  in ( )2 2

locH   for 1,2i = . Then 
we derive from the compact embedding ( )( )2 0rH B  ↪ ( )( )0rL B∞  (cf. ([14] 
Theorem 7.26)) that there is a subsequence of { }a

iv , still denoted by itself, such 
that 
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 ( ) ( ) ( )( ) *

*
in 0 as 2 for 1,2.

2
a
i r

Q x
v x L B a a i

a
∞→ =

   

Note that the above convergence is independent of the choice of the subsequence 
and 0r >  is arbitrary. We conclude that the convergence holds for the whole 
sequence in ( )2

locL∞   as *2a a  for 1,2i = . 
Finally, we prove the uniqueness of the global maximum point a

ix  of a
iu  for 

1,2i = . Since  

 ( ) ( ) ( )2 2 *

*
in as 2 for 1,2,

2
a
i loc

Q x
v x C a a i

a
→ =

   

and the origin is the unique global maximum point of Q , we see that all local 
maximum points of a

iv  must approach the origin and thus stay in a small ball 
( )0B  as *2a a  for some small constant 0>  with 1,2i = . Due to  
( ) 0Q r′′ < , we can take 0>  small enough such that ( )0 0Q′′ <  for [ ]0,r∈  . 

It follows from ([15] Lemma 4.2) that a
iv  has no local maximum points other 

than the origin as *2a a  for 1,2i = . Hence the global maximum point of a
iu  

is unique as *2a a  for 1,2i = . This completes the proof of Lemma 3.3. 
In view of above lemmas, we are now ready to complete the proof of Theorem 

1.2. 
Proof of Theorem 1.2. According to Lemma 3.1 and Lemma 3.3, it suffices to 

prove that 

 
( )

( )( )
*

1
* 2

* 2

8 2
1 1 and lim 0 for 1,2.

a
i

a
a a a

a a xo i
a

π
ε

εγ

 −
 = + = =
  



  

We first estimate ( ),e aγ  to get the explicit blowing-up rate of ( )1 2,a au u  as 

*2a a . Taking ( )( )1 1 1
2

oθ = +  and 
( )

1
2*

*8 2
a
a a
γτ

π

 
 =
 − 

 in (2.10), we then 

obtain that 

 

( ) ( ) ( ) ( )

( )
( )

( ) ( )

( )

( )
( ) ( )

2 2

2 2

2 2

2
24 2

* * 2

2 2
2*

*

*

2 2 *
2*

11, d d ln
44 2

1
ln d d

4

8 2
ln

32

ln d d as 2 .
16

b
be C x Q x x x Q x x

a a

x y Q x Q y x y
a

a a

a

x y Q x Q y x y C a a
a

γθ θτγ α τ
πτ

γθ θ

π

πγ
π γ

γ

π

− −
≤ + −

−
+ −

−
≤

+ − +

∫ ∫

∫ ∫

∫ ∫

 



 

 

(3.50) 

The same argument as (2.5) together with (3.5) yields that 

 

( ) ( ) ( ) ( )

( )
( ) ( )

2 2

2 2

1 2 1 2

2 2 *
2*

ln d d

1 ln d d as 2 .
2

a a a ax y v x v x v y v y x y

x y Q x Q y x y a a
a

−

→ −

∫ ∫

∫ ∫ 

 

 

 (3.51) 
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Following (1.12) and (1.15), we then obtain from (3.5), (3.7) and (3.51) that  
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( ) ( )( )
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+
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∫
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∫
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 

 



( )
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( )( ) ( )( )
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*

d

ln d d 1
16

21 1 ln 1 1
16 4

ln d d 1
16

8 2
1 ln 1 1 ,

32

a
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a

a
a
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x y Q x Q y x y o
a

a ao o
a

x y Q x Q y x y o
a

a a
o

a

εε

γ

π

γ ε
π ε
γ

π
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−
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 −
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∫

∫ ∫
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 (3.52) 

where the identity in the last inequality is achieved at  

 
( )

( )( )
1

* 2
*

*

8 2
1 1 as 2 .a

a a
o a a

a

π
ε

γ

 −
 = +
  

  (3.53) 

Hence it follows from (3.50) and (3.52) that  

 ( )
( )*

*
*

8 2
, ln as 2 ,

32

a a
e a C a a

a

πγγ
π γ

−
≈ +    

and aε  satisfies (3.53). We conclude from (3.38) and (3.53) that for 1,2i =  and 
as *2a a ,  

 
( ) ( ) ( ) ( )

* *
2

* * *

8 2 8 2
in .

2
a a
i i

a a a a Q x
u x x H L

a a a

π π

γ γ
∞

 − − + → ∩  
 

   

This completes the proof of Theorem 1.2. 
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