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Abstract

This paper is devoted to the normalized solutions of the two-dimensional
Gross-Pitaevskii system with a microwave field and inhomogeneous interactions.

By investigating the relevant L’ -critical constrained variational problem, we get
the existence and nonexistence of the normalized solutions under suitable
assumptions about the interaction potentials. We establish the existence and

. . . . . * * .
nonexistence of minimizers of e(y,a) via a threshold a , where a  is the

square of L’ -norm of the unique positive solution of Au—u+u>=0 in R?.
We also analyze the limiting behavior of the constraint minimizers as

a /" 24" through overcoming the challenges associated with the sign-changing
property of the logarithmic convolutions and the impact of inhomogeneous
interactions.
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1. Introduction

In this paper, we focus on the following two-component Gross-Pitaevskii system

coupled with a microwave field and inhomogeneous interactions in R”:

—Au, +|x|2 u, — u, = Au, +ak(x)|”2|2 w,in Rz’

2 ) )
~Duy + x|y — puy = A + ak (x| w, in R, (1.1)
_A¢ = 7”1”2 il’l RZ’

DOI: 10.4236/0alib.1114973 Mar. 5, 2026 1 Open Access Library Journal


https://doi.org/10.4236/oalib.1114973
http://www.oalib.com/journal
https://doi.org/10.4236/oalib.1114973
http://creativecommons.org/licenses/by/4.0/

R. Sun

where A €R is the chemical potential, @ € R denotes the contact interaction
strength between two components, k(x) stands for the inhomogeneous inter-
actions,and y >0 (resp. <0) represents that the magnetic field is attractive (resp.
repulsive). The system (1.1) originates from Bose-Einstein Condensates (BECs)
interacting with a microwave field at low temperature. The microwave field can
influence BECs by the local field effect which plays an important role in the
process of forming electromagnetic-matter waves. Due to the physical significance
of this system, our goal is to research the existence, nonexistence and limiting
behavior of the complex-valued states in system (1.1).

Another purpose of studying (1.1) derives from recent research [1]-[5]. In
these references [1]-[4], the authors investigate various models, including single-
component attractive BECs, two-component attractive BECs and rotating attractive
BECs. They research a range of properties such as existence, nonexistence, uni-
queness, quality concentration, symmetry breaking, and refined spike profiles of
ground states. However, there is relatively little research on planar multi-com-
ponent BECs interacting with electromagnetic fields. Recently, Wang, Cai and
Wang [5] explored (1.1) in the complex-valued case. They obtained results about
the existence and nonexistence of central vortex steady states. Now, we add in-
homogeneous interactions to (1.1) for further research. For 0<k (x) <1, we give
the existence of minimizers of e( 7, a) in the case of a e (O, 2a*) , where a" is

the square of L’ -norm of the unique positive solution of

—Au+u=u’, ueH'(Rz). (1.2)

In this paper, we are interested in the nontrivial solutions of (1.1) under the

normalization constraint

IR2<uf+u§)dx=l. (1.3)

Towards this purpose, with the help of the fundamental solution of —A, we

define the energy functional
E,, (u,u,)= % Lo [1Vaf + 7]+ (i +2) | e
+ﬁfRzIRzln|x—y|ul(X)uz(x)ul(y)uz(y)dxdy (1.4)
-= j ke (x)utuldx

Due to the appearance of the harmonic potential term and the logarithmic
convolution term, E, is not well-defined on H' (RZ)XH] (]Rz). Inspired by
[3] [6] [7], we work in the subspace -/ = H xH , where

H = {u cH' (Rz) tJul, = (J.RZ |)c|2 u’ (x)dx)E < oo}

Define the normon .7 by

=l ol = [ v (1))

" ”1’”2
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According to ([2] lemma 2.1), we have

The embedding /= HxH & ¢ (Rz)xL" (R2 ) is compact for all g >2. (1.5)
We now define the constraint set
= {(ul,uz) e :IRz(”f +u22)dx=1},
and focus on studying the following constrained variational problem:

e(y,a)= inf E _ (u,u,). (1.6)

(war)e.r ¢

Throughout the paper, we assume that the potential —1<k(x)<1 satisfies the

following assumptions:

£i_r)1(}k(x):1, (1.7)
1—2‘;* k(x)<Cla’, (1.8)

where C>0 and b>2 are some constants, and k(x) eC% (RZ) for some
ae(0,1).
Stimulated by [6] [8], we perform that
[ [ P =3 (), ()10, () () ey
- .[R2 R2 ln(l+|x—y|)ul (x)u2 (x)u] (y)uz (y)dxdy
oo Tt (= o (), ()0 ()10, () ey
= F (uyu, )= F, (uy,u, ).

(1.9)

For simplicity, we use |-| - to denote the standard Lebesgue norm on 1 (R?)
for g e[l,0]. Since
In(1+]x = y]) < |x = y| <|x]+|y| for x,y e R?,
We deduce by Hélder inequality that
[ Cats ) < o Pl o) o () s oy () e () b

+ b (o) (o) syl () () by

S2|u,|* |u]|2 |u2|§ for(u],uz)e/ s

u,|, for (u,u,)e. 7.

(1.10)

< |u]

*

Applying Hardy-Littlewood-Sobolev inequality (cf. ([9], Theorem 4.3)), we

then derive that there exists a constant C >0 such that

w (x )y (x)u, (y)u, (v
IFZ(ul,u2)|£jR2jR2| (1) 2(|x)_1? ) )|dxdy
g . . (1.11)
SC|u1u2|§ SC|u1|§ |u2|§ for (”1»”2)61} (Rz)ng (Rz).
3 33

It follows from (1.9)-(1.11) that .[R2 J.]R{Z In|xc = y|u, (x)u, (x)u, (y)uy (v)dedy is

well-defined on -/ . We can get that E, , is of class c'.
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The existence and nonexistence of minimizers of the constrained variational
problem (1.6) depend strongly on the following Gagliardo-Nirenberg type in-
equality (cf. ([2], lemma A. 2])):

2 2
fis (e + e dxg@ [ (vl + Vs e (e +ef )ax, 12)
2
where (u,,u,)eH' (R2 ) xH' (Rz ) and Q istheunique positive solution of (1.2).
For any 6e(0,27), the equality in (1.12) can be attained at (Qsin®,Qcos6).
Note from ([10], Proposition 4.1) that O decays exponentially as |x| - in the

sense that
|Q(x)|,|VQ(x)|=0(|x|_2 exj as |x| > oo, (1.13)

Moreover, recall from [11] that Q is the achievement function of the equality

in the following classical Gagliardo-Nirenberg inequality:

foluf* < éIR Vaf" dx[ ,[uf dx, ue H'(R?). (1.14)
2
We then conclude from (1.2) and (1.14) that
[LIVolax=, dexzé [0 (1.15)

Based on the above results, we can establish the existence and nonexistence of
minimizers for the constrained variational problem (1.6).
Theorem 1.1 Let Q(x)= Q(|x|) >0 be the unique positive solution of (1.2)

and a" = |Q§, assume that k(x) always satisfies (1.7) and (1.8).

1) If —1<k(x)<0, then there exists at least one minimizer of e(y,a) for
y#0 and a>0.

2) If 0<k(x)<1, then there exists at least one minimizer of e(y,a) for
y#0 and 0<a<2da, and then there is no minimizer of e(;/,a) for y =0,
a>2a ,or y>0, a=2a .

Theorem 1.1 establishes the existence and nonexistence of minimizers of
e(y,a). When —1<k(x)<0, we can get that E,, is bounded from below
based on the non-positivity of k(x), then we can get the existence of minimizers
of e(y,a).Asfor 0<k(x)<I,thenwe can also get the existence of minimizers
of e(y,a) byrewriting E,, into (2.8). Moreover, when a>2a’, we use appro-
priate test function to get that there is no minimizer of e(y,a).If

(u{',u;‘)e.// is a minimizer of e(y,a) for y#0 and 0<a<2a, then the

variational theory shows that (ul" ,u;’) solves

—Au +|x|2 uy +—2};[ IRZ 1n|x—y|u1” (y)ug (y)dyug =Au +ak(x)|u§|2 u in ]Rz,( |
1.16
it inR?,

a
U

~vu o 4 [ ey () () dyuf = A+ ak(x)

where 4, eR is the Lagrange multiplier associated with (1.3) and satisfies
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that

2
5| dx

Uy

e
U

A, = Ze(}/,a)—a_[]Rz k(x)

e e ot (e (e () ()

(1.17)

The second result in this paper deals with the limiting behavior of minimizers
of e(y,a) as a/"2a’, where y>0 is fixed. We always denote by — and
— the strong convergence and the weak convergence, respectively.

Theorem 1.2 Let (ul“,u;)e ./ be a minimizer of e(y,a), where y >0 Iis
fixedand a e (0, 2a*) . Assume that 0<k(x)<1 and k(x)eC" (Rz) for some
a €(0,1), then there exist a sequence { Vs, } c R’ and a point x,eR’ such

that

&, uzfl(gax_'_gayga)_)Q(x—_jCO) in HI(RZ) as a/'Za*,
2a

=

where i=1,2 and

o

Moreover, lim A&’ =-1. Particularly, if (ul",ué‘ ) €./ is non-negative, then

a/2a

\/Sﬁ(ic;*—a)u[a \/SE(jz*—a)fo a% in HmL“’(]RZ) as a/ 24,

where x! is the unique global maximum pointof # and x' -0 as a ./ 2a’ .

1
Vuf‘2+|Vu§2)dx} 50 as a/2d".

For any minimizer (uf,ug ) €./ , Theorem 1.2 provides the preliminary
limiting behavioras a /" 2a”. Moreover, Theorem 1.2 also gives the more refined
convergence information when the minimizer is non-negative. In order to prove
Theorem 1.2, we shall show that

87[(261* - a)

e(y,a)~ Y In . +C asa /24’
2 ya

The above Theorems show that the system (1.1) has a stable normalized state
when 0<a<2a", and the stable state disappears when a>24" . The inho-
mogeneous interaction k(x) only affects the range of stable states and does not
alter the cole role of critical threshold. In short, this result reveals the stability
conditions and critical behavior of two-component BECs under microwave field,
providing a physical basis for the artificial control of BECs configuration by
regulating the interaction strength.

The rest of this paper is organized as follows. In section 2, we prove Theorem
1.1 on the existence and nonexistence of minimizers. In section 3, we analyze the

limiting behavior of minimizers and prove Theorem 1.2.

2. Existence and Nonexistence of Minimizers

In this section, we prove the existence and nonexistence of minimizers for
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e(y,a), where y#0 and a>0. For the case that 0<k(x)<1, the crucial
technique is that we rewrite the energy functional E, ,(u,u,) into a new form
(2.8) and we use an important estimate (2.6).

Proof of Theorem 1.1. 1) For the case that —1<k(x)<0, we prove the
existence of minimizers of e(y,a), where y#0 and a>0. By Young
inequality, we derive from (1.10) that

|7| |u2|

| u17”2)|—| ||u1
|)/| (2.1)

rye for (ul,uz)e. 7.

_| |_[]R2|x| (ul +u2)dx+
Recall from [11] the general Gagliardo-Nirenberg inequality: for any
veH](Rz) and ¢>2,
42
oo 1" < L ([ [Vof ax) * [ o, (2.2)

o]

where O, is the unique positive solution of

—q_zAv+v=v"’l, veHl(Rz).
2
Combining (1.11) with (2.2) yields that there exists a constant C >0 such that

|F (”1’“2)| (I |V”l| dx) (.[ [Vu 2| dx)

1 (2.3)
SCURZ(|Vu1|2+|Vu2|2)dx]2 for (u,,u,)e . 7.
Following (1.9), (1.12), (2.1) and (2.3), we infer that
E,,(u.u,)2 j (IVea ] + Vs )dH [ o (i 2 )
1 (2.4)

— 2
—CURZ(W“JZ +|Vu2|2)dx}2 _167”2 for (u,,u,)e. 7,

which implies that E,, is bounded from below on .7 . Let {(ul’n,uz’n )} c.7

be a minimizing sequence of ¢(y,a) . We get from (2.4) that

.[Rz (|vu1’" i

respect to 7 . Combining with the fact

+ |Vu2~n

’ ) dx and .[RZ <’ (ufﬂ +u;, )dx are bounded uniformly with

2 2
+u =1, we then obtain that
2 72y

ul,n
{(u"”’uzs")} is bounded uniformly in -/ . By (1.5), there is (u,,u,)€ # such
that

(ul,n’”z,n ) — (uy,u,) in 7,
(ul’"’uz’" ) = () in 22 (RZ)X r (RZ) for any g €[2,0)

as n — oo, which indicates that (ul,uz) €. . By the weak lower semicontinuity,

we have
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oo | Va9 o (o 0 [

o s 2 2 2 2 2
Shmgf&{ m|ﬂvwm|ﬂﬂ(%m+%mﬂdn

We then claim that
I}RZ 22 1n|x—y| u,, (x)uz’n (x)ul’n (y)uz,n (y)dxdy

(2.5)
ln|x—y|u1 (x)u, (x)u, (y)u, (y)dxdy asn— oo,

_>R2 R?

Actually, note that

[ Joo =y, (), (x)en, (3), () dedy

~Joa Joo e (o) () () () x|

<|Fos fes b= oA () =0 (), <x>ul ()10, () dxdy]

+ RZIR21n|x_y|”l (x)(”z, (x)—u, (x )) . (V)uy, (J’)dXd)/‘

[ Lo b= (o) (2) 1, () =2 ()t () x|
Jus (x)

[T Joa = () ()2, () (1, () = () ]
= L]’n +L2’n +L3,n +L4’n.

We denote the norm of any function u in H' (Rz) by

1
||u|| = jz |Vu|2+u2 dx |> for convenience. In view of
I R

[infx—y| = ln(1+|x—y|)—ln<1+|x—y|_l)‘S|x|+|y|+|x—y|_1,
we then deduce that
L wS I]RZ |x||u1 n —Y (x)| Uy x)|dx.[R2 |”1 n | U, , (J’)| dy
* Jg2 u]n x)””zz | j2|y| U, Y)| uz,n(y)|dy
+fRz|uw (s o L O

< =0, . Iul,»lz e, s =] i o
# Cli | ] b =10, e,
< C|ul,, —ul| —0 asn— oo,
’ 2

where we use the fact that there exists a constant C >0, independent of neZ*

and xeR?, such that

[ e 0],

=

o ()|, () u, ()|t (¥)
S N TE T

=yl ey

3 1

) 1

) [J.Hd—}dyJ (I\X-J’\d i (y)|3 2 (y)|3 dy)3
|x—yp

+ J.\x_y\z1 Ui (y)|

Uy (J’)| dy
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(2.6)

<C

<C|

u .
1|2s"1

+

ul,n 6 uZ,n 6 ul,n 2 u2,n 2 ul,n

Similarly, we also have

L, < C|u2’n —u2|2 —0 asn— oo,

L, <C

“1,,,—”||2 —0 asn— o,
L, SC|u2,n —u2|2 —0 asn— .

The claim (2.5) is thus proved.
It follows from Holder inequality that

x)ulz’nuzz’ndx = IRZ k( u; uzdx‘

2
< R2 ul,n |u2,n + u2||u2,n - u2|dx + IRZ M2 |u1,n + ul ||u1,n - M] | dx

2
6" |u1’" i |3

2
U, —u |3 |u2|6

< |”2,n "'”2|3 |”2,n ~ U, (U

< C(|u1,n —u1|3 +|u2)" -u, 3)—)0 as n—» oo

then we can get that
JRZk( ulnuz,,dx—>j k(x)ufu;dx asn— oo.
We conclude from the above that

e(;/,a)SEy’a(u],uz)Sliminny (ulﬂ,u“) e(y,a),

which means that e(y,a)=E,, (u,u,), and hence (u,,u,) is a minimizer of

e(y,a).

2). For the case that 0<k(x)<1, we prove the existence and nonexistence of
minimizers of e( 7,a) .

Casel: 20 and ae (0, 2a*) .Forany ae (0, 2a*) , there exists a constant
B >0 such that

%Sﬂ<f. 2.7)

We rewrite the energy functional E, , (u,,u,) as

E,, (u,,uz):%jRZ(WMJ +|Vu, | ) .[2(\/7”1 +\/k7u2)

+%_[R2 |x|2 (uf +u§)dx

(2.8)
ﬁ el ln|x—y|u1()c)u2 (x)u, (y)u2 (y)dxdy
2 2 2 2 - 2.2
+§fm2(.lk(x)ul -/ (x)uz) dx + ’82 aijk(x)uluz
Following (1.9), (1.12) (2.1), (2.3), (2.7) and (2.8), we infer that
1 2 2 1 20 5 o
E, o (upuy) = 2( ﬂjIR2(|Vul| +|Vu2| )dx+ZIR2|x| (u1 +u2)dx
2.9)

— 2
_CURZ(|Vu,|2 +|Vu2|2)dx]2 _12’”2 for (u;,u,)e . 7,
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which indicates that E,, is bounded from below on .7 . Using the similar
argument as the case that —1<k(x)<0, one can obtain that e(y,a) admits at
least one minimizer.

Case2: y#0 and a>2a .Forany a>2a ,we nextprove the nonexistence

of minimizers of e(;/, a) . Letting 0<6 <1, we consider the test function

(ul’r(x),uz,r(x)):z(gr \/ETQ(”)J for 7 > 0.

Clearly, (“1,w“2,r) €.~ forall z>0.Itfollows from (1.4) and (1.15) that
1 ab(1-6)

E, (ul,,,uz,f){E T J.Rzk(f)Q“(x)dx

~ 70(1-6) et 70(1-0)

4r 4 (a* )2

Q(rx),

1
g b O ()
(2.10)

[ [ =] Q7 (x) 07 () dxdy.

Choose 6:% , combining with Fatou’s lemma, then we obtain from (1.7),

(1.13) and (2.10) that
1 a X 4 2 1 2 2
e(}/’a)<|:EWLR2k[?jQ (x)dx]z’ +—2a*12 J.R2|X| Q (x)dx
— L[ = 3]0 (x) 07 (v) dxdy
1672' 1672'((1*)2 J.]R R | | ( ) ( )

2 1 2 A2
S(——%jr +W'{R2|x| 0 (x)dx (2.11)

¥ 2 2
_EIHT+WLRZ .[RZ 1n|x—y|Q (x)0° (v)dxdy

—> —00 aS T —» O,

which implies that there is no minimizers of e(y,a) for y#0 and a> 24" .
Case 3: y>0 and a= 24". Combining with (1.8), choosing 8 =%, we can

obtain from (2.10) that
7 a by 1 2
e(}/’a)STJIRZ(I_Z_Jk(;jJQA‘(x)dx+WIR2|x| QZ (x)dx

}/ 2 2
_Elnr+ijszzln|x—y|Q (x)Q (y)dxdy

4 1 2
0 (x)dx+o— [l 07 (x)dx (2.12)
—*)szfRzln|x—y|Q2(X)Q2(y)dxdy

—>—00 aS T —> 0.

which implies that there is no minimizers of e(y,a) for y>0 and a=2a .
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This completes the proof of Theorem 1.1.

3. Limiting Behavior of Minimizers

In this section, we prove Theorem 1.2 on the limiting behavior of minimizers
(u{’,u;’) of e(y,a) as a/"2a", where y>0 isfixed. We shall make full use
of the rewritten form (3.7) of the energy functional (1.4). In order to analyze the

blowing-up property of minimizers (uf Uy ) , we define

o1

Lemma 3.1 Let (ul“,u;’)e.// be a minimizer of e¢(y,a), where y>0 Iis
fixedand ae (O, Za*) , together with 0<k(x)<1 satisfies (1.7) and (1.8). Then
1) g,>0 satisfies that

| + |Vu2

)dx];. (3.1)

g, —>0 and A&’ —>-1 as a./2a; (3.2)

2) There exist a sequence { y } —R?, and constants 7, >0,a >0 independent

of ae (0,2a*) , such that

€a

ha%l?f 0 k(eax+gaysa) v (3.3)
where
v (x)=¢eu (gax+gayga ) fori=1,2; (3.4)
3) There exists a point x, € R* such that
Q(x—xo) . ey .
lim v/ (x)|=——=—>"in H (R") fori=1,2. (3.5)
a2a ( )| “,261 ( )
Proof. 1) We first prove that
&,—>0asa/2a. (3.6)
Rewrite
a a 1 a 2 ) a 2 a 2 :
E, , (ul ,uz):Eij( +|Vu2 )dx—%‘[Rz( ke (x) )| + ke (x) [us ) dx

1 2 a 2
+—IR2|x| (u1 )dx
# L [ (x)u () () () ey (3.7)

(] -

2a" —a
+ 3 LRZ k(x)

2

22
2 u2
U,

a
U

We derive from (1.9), (1.12), (2.1), (2.3) and (3.7) that

2
e(y,a)=-Ce)' —12”2. (3.8)
1

Derive from (2.12), choosing 7= (Za* - a)7 , we can obtain that
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24"~
S Lt 0 (e

ol 0 () de+

+#ln(2a*—a)+ 7a*)2 _[Rz Rzln|x—Y|Q2(x)Q2(y)dxdy (3.9

—>-w asa/ 24 .

It then yields from (3.8) and (3.9) that (3.6) holds true.
We then prove that A &> ——1 as a./ 2a’. It follows from (3.6) and (3.8)
that

2
liminf £2e(7,a) > liminf| ——2— &> —Ce |=0. 3.10
minfz,e(7.a) a/zla*[ 16> © (310

In addition, observe from (2.1), (2.3) and (3.7) that

sie(ra)= Lo [ (e @] + ()
b (e

. “}5 (e f - e e ) e

(2a"-a)e] 2 7

a H2
+T Rzk(x)ul u, dx—16”2

a a
U Uy

22
)dx

(3.11)

a
1

a
U

2
g, —Ceg,.

Using (1.12), we then obtain from (3.9) and (3.11) that

0> limsup&.e(y,a)
a/2a*

2 2
= timsup S [ |of (j [+ e+ 1im*(— A gz—Cgaj (3.12)

a/‘Za* a/2a 16ﬂ2 ¢
. 85 2 af? al?
learleBfTJAR2|x| (u, + |u5 )deO.
It follows from (3.10) and (3.12) that
: 2 _ : 2 2 a 2 a 2 _
al}rzr; ele(y,a)=0 and al}rzr; & IIRZ |x| (|u1| +|u2| )dx—O. (3.13)
Similarly, we also have
. a2 EAS
al}%g{f ]RZ( k(x)uf | =k (x) [us ) dx =0,
. e Y 2
lim, & ij(Jk(x) e[+ e (o) ) dr==, (3.14)
which imply that
. al2| al? 1
ul/lrzr; gj.fmz ke (o) [uy'| fus | dx = (3.15)

Due to (2.1), (2.3) and (3.13), we obtain that

< %83 LRZ |x|2 (|u1” |2 +

2 a . .a
gaFi (ul ’u2 )

2)dx+Lg§ —0asa2a,
4r

a
U,
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<Ce¢, >0 asa2d,

2 a _a
gaFVZ (M] 5”2)

that is,

al}rzr; ek, (ul",ug):O and al}r;; &.F, (ul‘l,u;):O. (3.16)

Hence we conclude from (1.17), (3.13), (3.15) and (3.16) that

lim A &’ =—1.
a/‘Zu‘ aa

2) Note from (3.4) that

L o1

Thus {vf’}(z =1,2) is bounded uniformly in H' (Rz) and in Lf (Rz) for
all ge[2,). Following (3.14) and (3.15), we then obtain from (3.4) that

2

2
+ + |Vv§

a
Vi

a a
Vv, Vv

2)dx. (3.17)

'[Rzk(gax+gayga)vf ’ vy "
, o 1 . (3.18)
=&, |k (x)|uf| |3 dx_>2a* asa ./ 2a’,
IRZ(Jk(gax+gay£a)vf2—J (gax+$ay€a)v2”2)2dx
(3.19)

az_m

2
u, “2) dx—>0 asa ./ 2a".

Uy

=22 ok ()

For i=1,2, we denote

—a

v (x)=vf (x -V, ) =cu’ (&,x).
To prove (3.3), it suffices to prove that there exist { yga} cR?, r,>0 and

a >0 independent of ae (O,Za*), such that

timing [, Jk(e,0) fdv>a>0 fori=12. (3.20)

a/‘2a* B’O

We first show (3.20) for i=1.Indeed, if it were false, then for any r >0, there

exists a subsequence {\71”"} ,where a, /" 2a" as k —» o, such that
lim su Jk(&,x
ke yERg J.B,.(y) ( “ )

1
By ([12] Lemma 1.21), we have k(eax)zvl“" —0 in I7 (Rz) as k—>oo for
any ¢ e(2,).Hence

.LRZ k(e,x)
<(f.ek(e)

SCUWHQﬂ

which contradicts with (3.18).
We next show (3.20) for i=2 . Let {yga}c]R2 , >0 and a>0 be

2
dx =0.

—a,
Vi

2 2

e

V,

‘ dx); (ij k(e,x)

Y
dx) —>0 as k —> oo,

dx

—a
Y
1

4 dx)E

—a;

V2

—a
4|

o,
Y

obtained for v in (3.20).If (3.20) were false for Vv, then there is a subsequence
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{\72”"} ,where a, /"2a" as k— o, such that

limsup _[B (1) [k(&,x)

k—0

2
dx =0,

—a
V)

where ¢, :=¢, isdefined by (3.1). Choose ¢>4 and 0<¢ <1 such that

l = ﬁ-ﬁ-é We then deduce that
4 q 2
—a 2 —a
R
1 1
—a, [* 2 —a; 2
s(j% X dx) ( ij (o K (EX)|TS dx)

],

'o(yfk

o,
V2

N
dxj —0 as k —> oo,

el D

Together with (3.20) for i=1, we then get that
2
j'%(ygk)(,/k(gax) —Jk(&,x)

1 4 1
ZEI%(m)k(g"x) dr>

2
27y
2

,\2
J ax

(Jy o i)

o
15}

—a
Vi

—a;

Vi

—a,
Y

5 2
g

>
2

> >0 as k > x,
27y

which contradicts with (3.19).
3) Since {(v]",v;’ )} is bounded uniformly in H' (Rz)xH' (Rz) , up to a sub-

sequence if necessary, there exists (v;,v,)e H'(R*)x H'(R*) such thatas
a/ 2",
(viv5) = (v.v) in H'(R?)xH' (R?),
(vi.v5) = (vv;) in L, (R*)x Lf, (R?) for g €[2,00),
(vi.v5) > (v.v;) ae.on R”.

It follows from Fatou’s lemma and (3.17) that LRZ (

L2 L2
2 | +|v2| )dx <1.Moreover,

we obtain from (3.3) that v #0 and v, #0. According to Brézis-Lieb lemma
and (3.17), we derive that

-
- Rz(
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By
oy

where and below o(1) represents the quantities tending to 0 as a./"2a’ .
Additionally, there holds

a 2 a 2

[+ [ovafJax
i ; (3.22)

u_VVI*| +|Vv§—Vv;| )dx+0(1),

%12 %12
v )dx+ Rz(

O o2
:J']Rzk(gax+gaygu)|v]” —v]*| |v§ —v;| dx+o(1),

where we use the facts that /24",

It follows from Brézis-Lieb lemma and (3.23) that
Jos k(e ot ] ax
= [k (et il paf ax
k(e avey, Vvl i -l deo(1),
which jointly with
ij(k(gaHga v )i k(e x4, )|v;|“)dx
_ ij(k(gumay% il + k(e e,9,, )|v;|“)dx
" ij(k(gamayga v =i k(o5 42,0, b8 _v;|“)dx+o(1),

yields that

J.RZ (, [k(eaergayga ) |v1“|2 + 4 lk(gax+5aygu ) |v§|2 )2 dx
= _[Rz (1[k(£ax+£ayga ) |V1*|2 +1/k(gax+£ayga ) |v;|2 )2 dx (3.24)
+IR2(,/k(£ax+8ay£a ) |v1" —v:|2 +4/k<gax+5ayga )|v;’ —v;r)z dx+o(1)

Due to (3.14), we have
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(el e, i ) s
=2 [ (VG e+ G el ) @ 2 s a 720
Then we deduce from (1.12), (3.21), (3.22), (3.24) and (3.25) that
o= | (o ol o= (oo, ) (i ) e
= tm | [ (901 o] e o
-4 (eleer e )il + u(ax+ay%ﬂ@rfdx
_gﬂv(m(ax+ay%ﬂﬁ_v$+»u(%x+%y%ﬂg_wqu&} 526
S (b i )as) 11
i 1=
S|

>0,

(3.25)

*|2 £12
2% —Vv1| +|Vv§ —Vv2| )dx

o2 «12\2
v1| +|v2| dx

N A *zdx
v —v1| +|v2—v2|

«|2 %2
2% —Vvl| +|Vv§' —Vv2| )dx

which implies that

I

v |2 +|v§|2 )dx =1, (3.27)

al}lzr; IRZ ( v/ —var +|Vv§ —Vv;r )dx =0.
Therefore, we conclude that
(vl",vza) —>(vf,v;) in H' (Rz)xH' (Rz) asa ./ 2a’. (3.28)

We obtain from (3.17) and (3.28) that
J.RZ(
Additionally, we also get from (3.26) that
o2 -2 a
Je Wil ol Jor= Lo
Y12 a2\
Applying (3.19) and (3.28) we have J.]Rz(1/k(e;"”x+5ayg“)(|v1 | —|v2| )) dx=0.

This further implies that |v1*| = |v2| a.e.on R’.Itthen follows from (3.27), (3.29)
and (3.30) that for i=1,2,

J:

Obviously, the identity in (1.14) is attained at |vl*| for i=1,2. We can derive

vui[ +ovif )dx ~1. (3.29)

W2 W2\2
vl +p| ) dx. (3.30)

vf‘|2dx—1 and 1_
! 2

=3 Vv:|2dx=a*IR2

«|4
v[| dx.

Rr2

from the Lagrange multiplier rule that for i=1,2,

DOI: 10.4236/0alib.1114973 15 Open Access Library Journal


https://doi.org/10.4236/oalib.1114973

R. Sun

—A|v:|+|v:| =24’ |vj|3 in R*.
The uniqueness (up to translations) of positive solutions of (1.2) yields that

|v]* (x)| = |v; (x)| = Q0i—x) for some x, € R”.

N2d'

This completes the proof of Lemma 3.1.

In what follows, we assume that the minimizer (ul",ug’) of e(y,a) is non-
negative. Following Lemma 3.1, we continue to analyze the refined limiting
behavior of non-negative (u{’,u;’ ) as a ./ 2a . The exponential decay of non-
negative minimizers (ul" , ug) at infinity needs to be proved first.

Lemma 3.2 Let (ul‘l,u; ) €./ beanon-negative minimizer of e(y,a), where
y>0 is fixed and a e (0, 2a*) , together with 0<k(x)<1 satisfies (1.7) and
(1.8). Then

1) There exists a large constant R >0, independent of a e (0, 2a*) , such that

2
¥l

v (x)| <Ce?

uniformly for |x| >R asa./ 24", (3.31)

where v/ is defined by (3.4) and i=1,2;
2) There results

£y, >0asa/ 2. (3.32)
Proof. 1) Note from (1.16) that (vl”,vg) solves

2
2 £

a 2 a i
—Avy +e e x+E,y, | v+ Y

o=y ()8 () dyvs
. Ve

Ty - o ine, [, (y)v5 (»)dyvs in R?,

=, + ak(gax +ey, )

vy
, (3.33)
Y€,

2
a 2 a
-AV; +¢&; |gax TEY, | Vo
2

[ =]y (v)vs () dyvy

2
7;; In eaJ.Rz v (¥)vs (»)dyy in R%.

2
=A,E0V5 + ak(gax +E,V,, ) vy —

a
VI

Using the same argument as (2.6), we then obtain from (3.17) that

I z—v]a () () dy < C uniformly for any xe R* and a e (0, 20*)~
R

This further implies that
[ Infx=y|v (¥)v4 (v)dv
=, ln(] +|x—y|)vl” (y)vs (y)dy—_[]Rz ln(l +|x—y|71)v1“ (¥)vs (v)dy
>-C forany xeR’ and ae (O,Za*).

Hence we derive from (3.2) and (3.33) thatas a /" 24",

2 * .
_Avl“+§v1“ <2a 2vf’+o(1)v;’ in R?,

a
V,

zv;’ +o(1)yf inR%

a
Vi

-Av) +gv;’ <2a
3 (3.34)
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Using the De Giorgi-Nash-Moser theory (cf. [13] Theorem 4.1), we then deduce
from (3.17) thatas a /24",

1
a 2 .\
<
oyt <€ (1

where & is an arbitrary point in R*> and C >0 is a constant independent of
ae (O, Za*) . We then obtain from (3.5) that

a a
Y 1)

2y
dx) fori=1,2,

Vel (Rz) and v/ (x) >0 as |x| > oo uniformly fora /' 24" withi=1,2. (3.35)

Therefore, we infer from (3.34) that there exists a large constant R >0

independent of a e (0,2a*) such that
_A(vl“ +v;‘)+g(vl" +v§) <0 uniformly for |x| >R asa./ 2a".

Applying the comparision principle, it implies that there is a constant C >0
independent of a e (O,Za*) such that

2

|

v (x)+15 (x) < Ce?x‘ uniformly for |x| >R asa/ 2a".

Together with the non-negativity of v for i=1,2, we conclude that (3.31)
holds true.
3) We now prove that

lim ¢ =0.
a/Za* ayga

Otherwise, there is a subsequence of ¢,y, , still denoted by itself, such that

£y, >z,#0asa/ 2a.

a 2
Set x, = ijx(|u] | +

uy 2)dx. It follows from (3.4) and (3.5) thatas a /" 24",

%, = [ (ex ey, )(|Vf’|2 +|V§‘|2)dx =5,y +& (% +o(1)) > 2.
Define ' (x):=u/ (x+x,) for i=1,2.Then (%', )e./ and
Joo e[ e,

oo Jio =37 (), ()7, ()5, () dudy
= [ oo b=l () (5 () () .

In addition, we deduce from (3.4) and (3.31) thatas « ./ 24",

o b e+ |

2 2
va!| +|vizy +[vug

Vu)

2
+

”Z)dx:.[R2|x—xa 2)dx

U

a
U

a
U

= gf_[Rz x—(x, +o(1))|2 (|v]”|2 +|v§|2)dx
= O(eaz),
JR2|x|2(uf + u, 2)dx:jIRZ EXHEY, 2(\11” 4 vy 2)dx—>|20|2.
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Using (1.7), (3.4) and (3.31), we derive that

a2 az
U | |4y

.[ k |u1| |u2| dx = 2k(x—xa)

=as, J. (ux £, x0+0 ))|v1|2|v2|2dx
=g [1+0 } asa /24",

aIRz k(x)|u1|2 |u2|2 dx = ag)’ IRZ k(gax+ Vs, )|v1 |2 v, |2 dx
=, [k(z)+o(1)] asa.2d".

Note that k(z,)<1, then E,, (171“,7{2”)< E,, (ul",u;‘) as a./" 24", which
contradicts with the fact that (ul“,u;) is the minimizer of e(y,a), which
ensures that (3.32) is true. The proof of Lemma 3.2 is thus complete.

Next, we shall apply Lemma 3.2 to prove the convergence behavior of non-
negative minimizers (ul",uza ) as a/'2a" forgiven y>0.

Lemma 3.3 Let (u{’,u;‘ ) €./ beanon-negative minimizer of e(y,a), where
y>0 is fixed and a e (0, 2a*) , together with 0<k(x)<1 satisfies (1.7) and
(1.8) and k(x)eC"™ (]Rz) for some o €(0,1). Define

";ia (X) = gauia (8ax +xia )a i= 13 29 (336)
where ¢, isgiven by (3.1) and x is a global maximum point of u; . Then for

i=1,2, x isunique and satisfies

a ll

x{ >0 and 2150 as a/ 24" . (3.37)

Moreover, there results

W(x)—)M in Hme(Rz) as a/"2a" with i=12. (3.38)

N24'

Proof. We first prove (3.37). For any given ae (0, Za*), each u has a global
maximum point x; for i=1,2 by means of (3.3) and (3.35). Then v achieves
its global maximum point at 5;1 (xf —gayga) for i=1,2. Using (3.3) and (3.35)
again, we obtain that &' (xl“ -g, ysa) is bounded uniformly as a . 24" for
i=1,2. Together with (3.2) and (3.32), we have

x'—>0asa/ 2a fori=1,2. (3.39)

Observe from (3.4) and (3.36) that

i

x'—¢
v (x) =V [x+l—”y£”J in R* fori=1,2. (3.40)
ga

We deduce from (3.33) that (\71” ,17;’) solves
—AV =G* inR?,
M= (3.41)
—-AV =G¢ in R?,

where
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a._ _ 2
G =-¢,

a
E,X+ X

2 a a a a
2. Ve, ~a ~a X —X ~a X X
v - JR21n|x—y|vl (y)v2 [y+ 15 2jdyv2 (--i— 1 ZJ
x'—¢
+/1a55171“+ak(x+ ] ”yg“]

a a
- X' —x
vg['+ 1 Zj,
1 &
a

2, yel —a x5 =x') ., e Xy —x
v2_27r IRzln|x—y|vl (y+ 28 ljvz (y)dyv, [-—i— 2 lj

¥E,
27

~as~a

",

Ing,

a . 2
G; =-¢,

a
E,X+ X5

a
Xy —&,)
~ 2
+/1a£5v§+ak(x+ - 6"]\)
£
a

a a
. x5 —x
1v{‘(-+ 2 ‘].
ga

It follows from (3.5) and (3.40) that

ye,
2r

~a~a

'V,

Ing,

e (x)_)LQ()Hyi—xO) in HI(RZ) asa /' 2a, (3.42)

N24d"

where y, = l/im* g (xl” -£,y, ) for i=1,2. Obviously, {\71."} is bounded uni-
a/2a a

formlyas a./"2a" in HI(R2) and in L"(Rz) forall ge[2,00) with
i=1,2. Notice that

< |x| +C, (3.43)

IRzln|x—y|\7f (y)ﬁf (y+x' g_xz de

a

Ithl|x—y

<|x+C, (3.44)
&

a

v+ ()0

where C >0 isa constantindependentof a e (O,2a*) . Applying the ” theory
(cf. ([14] Theorem 9.11)) to (3.41), we then deduce from (3.31) and (3.39) that
{ﬁf} is bounded uniformly as a /" 2a" in W2! (Rz) for all ge[2,00) with
i=1,2. The standard Sobolev embedding theorem implies that {17.“} is bounded

i

uniformly as a ./ 24" in C* (Rz) for some ne(0,1) with i=1,2. Similar

loc

to the proof of [8, Proposition 2.3], we get thatas a /" 2a’,

et )5+ oy iz (),

a

.[Rzln|x—y|\7]” (y+x;g_x'a]\7§ (y)dyeC,i’f (Rz).

a

Note that &’ * s locally Lipschitz continuous in R*> for i=1,2. Using

ex+x;
the Schauder estimate (cf. ([14] Theorem 6.2)) to (3.41), we further obtain that
{ﬁl“} is bounded uniformly as a /" 24" in C,i’j‘(]Rz) for some 1 €(0,1) with

i =1,2. Passing to a subsequence, there is a function ¥, e C,, (Rz) such that

loc

~a ~% . 2
vi—=>v. inC,,

(Rz) asa./ 2a" fori=1,2.
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Then we have 7, = ! O(.+y,—x,) for i=12 in view of (3.42). Since the

*

2a

origin is a global maximum point of ¥/, it is also a global maximum point of

7 for i=1,2. The radially symmetric and decreasing property of Q 7yields
that

M=V, =X, (3.45)

Hence we derive that

a

Xy — gayga
+

a a
)

a
< |)C1 - gays,l

& &

a a a

> |y|-|p|=0asa. 24" (3.46)

We next prove (3.38). By (3.42) and (3.45), we get that

7 (x) e& in /' (R*) as a /2" with i=1,2. (3.47)
\2a
It follows from (3.31) and (3.40) that there is a large constant
R>max{R+M,2M}, where M >0 is the uniform upper bound of
& |x! —&,),| as a /" 2a" for i=1,2,such that
&

a

1
v (x)| <Ce 3" uniformly for |x] = R asa /24" withi=1,2. (3.48)

Combining (1.13) with (3.47) and (3.48), we deduce that
2|~a 0 (x)
x| (x) ===

Ile | | ) ’2(1

We then obtain from (3.47) and (3.49) that

dx—>0 asa .24 withi=12. (3.49)

V! (x)—)ﬁ in H asa./ 24" fori=1,2.

Now we show that

v (x) > 0(v) in Lw(Rz) asa /' 2a" fori=1,2.
V2d

By means of (1.13) and (3.48), we only need to prove the L” -uniform
convergence of {ﬁf’} as a/"2a for i=1,2 on any compact subset of R”.
Using (3.17), (3.39), (3.43), (3.44) and (3.48), we see that {G/'} is bounded
uniformly as a /" 2a" in I (Rz) for i=1,2. For any r>0, it follows from
[14], Theorem 8.8] that there is a constant C >0 independent of ae (0, 2a*)
and >0 suchthatfor i=1,2,

<C
i =

Hence {v,”} isbounded uniformlyas a ./ 24" in H}, (Rz) for i=1,2.Then
we derive from the compact embedding H> (BV(O)) o Lw(Br(O)) (cf. ([14]
Theorem 7.26)) that there is a subsequence of {ﬁl"} , still denoted by itself, such

that

~a
Vi

G

i

~a
vi

) asa ./ 2d".

*|

Hl(Br+l(0)) Lz(Br+1(0))
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v (x) > Q(x*) in L*(B,(0)) asa /24" fori=1,2.
V2d"
Note that the above convergence is independent of the choice of the subsequence
and »>0 is arbitrary. We conclude that the convergence holds for the whole
sequence in L7 (RZ) as a/ 2a for i=1,2.
Finally, we prove the uniqueness of the global maximum point x; of u/ for

i=1,2. Since

v (x) >

i

—\Q/LXB in C ,ic
2a

and the origin is the unique global maximum point of Q, we see that all local

(Rz) asa /24" fori=1,2,

maximum points of ¥’ must approach the origin and thus stay in a small ball
B (0) as a./" 24" for some small constant ¢>0 with i=1,2. Due to
Q"(r)<0,wecan take e>0 small enough such that Q"(0)<0 for re[0,e].
It follows from ([15] Lemma 4.2) that ¥ has no local maximum points other
than the originas @ /" 24" for i=1,2.Hence the global maximum point of u"
is unique as a /" 2a" for i=1,2. This completes the proof of Lemma 3.3.

In view of above lemmas, we are now ready to complete the proof of Theorem
1.2.

Proof of Theorem 1.2. According to Lemma 3.1 and Lemma 3.3, it suffices to

prove that

N —

87(2a" —a a

£ :[MI (1+0(1)) and 1im*x—":0 fori=1,2.
ya a/2d" &,

We first estimate e(y,a) to get the explicit blowing-up rate of (ul“,uz“) as

1

5

2
a /" 24" . Taking 9:%(1+0(1)) and r:[L}] in (2.10), we then

87[(2(1* -a
obtain that
e(y,a)< Cﬁj |x|b Q4(x)dx+;j |x|2 0’ (x)dx_Mln,
6(1-6
+ 2 ( * 2) J.RZ I]Rz ln|x—y|Q2 (X)Qz (y)dxdy
47z(a )
* (3.50)
<7 87[(2a*—a)
N2 ya
+L*2LR2 IRZ In|x-y|0*(x)0*(y)dxdy+C asa /2a".
16ﬂ'(a )
The same argument as (2.5) together with (3.5) yields that
Jeo Jes = (s () ()% () ey
(3.51)

- 2IRZIR21“|x_Y|Q2(x)QZ(y)dxdy asa /24’

(24)
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Following (1.12) and (1.15), we then obtain from (3.5), (3.7) and (3.51) that

e(r-a) =55

*

_;?LRZ( k(gax+gayga ) (|v1“|2 +

20 R Ll
i+ e

2+|Vv§2)dx

v

a

v,

1B

1
+EJR2

w2 [ b=yt ()08 (x)of ()07 () vy

gax + ga yg”

+4Llnga.[R2vla (x)vs (x)dx| v ()3 () dy

T
+%J.R2( k(gax-i-guyga)( 2—|v§|2))2dx
2 2
v{l| |v;’| dx

a
Vi

.
2a —a
2
2¢;

ZW [2]..In[x=y]0* (x) Q% (v)dxdy+o(1)

IRZ k(gax+ £V, )

+é(l+o(l))lne‘u +i‘i%(l+o(l))
Y

a

> [ o[ Infx=y]0% (x)Q* (¥)dxdy +o(1) (3.52)

- 167[(51*)2

+L [1+ln 8”<2ai_a)}(1+o(1)),

32r ya

where the identity in the last inequality is achieved at

1

87(2a"~a) [
g, :{M} (1+0(1)) asa /" 2a". (3.53)
ya

Hence it follows from (3.50) and (3.52) that
87[(261* - a)

e(y,a)~ Y In . +C asa /24",
2 ya

and ¢, satisfies (3.53). We conclude from (3.38) and (3.53) that for i=1,2 and
as a./2a’,

\/8ﬂ(2aia)uﬁ[\/8ﬂ(2aia)x+qu_>% inHﬂLw(Rz)-

ya ya ’ NoTS

This completes the proof of Theorem 1.2.
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