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Abstract 
Let G  be a compact connected Lie group with Lie algebra g . We prove that 

the de Rham cohomology ( )dRH G•  is isomorphic to the Lie algebra cohomol-

ogy ( )• ,H g  , and that both are isomorphic to the space ( )( )*
Λ•

g

g  of g -

invariant forms on the exterior algebra. In other words,  

( ) ( ) ( )( )*

dR, .H H G• • •≅ ≅ Λ
g

g g  

This result reduces the geometric problem of computing ( )dRH G•  to the al-
gebraic problem. We use the above isomorphism to calculate the de Rham co-

homology of several classical groups ( )3SO , ( )4SO , ( )5SO , ( )6SO , and 

( )3SU . We provide detailed computations for ( )3SO . For the higher-dimen-

sional cases ( )4SO , ( )5SO , ( )6SO , and ( )3SU , we utilize MATLAB to 
compute the de Rham cohomology groups efficiently. 
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1. Introduction 

The cohomology of Lie groups and Lie algebras constitutes a fundamental topic 
in differential geometry and algebraic topology, with profound connections to 
representation theory and mathematical physics. For a compact connected Lie 
group G  with Lie algebra g , the cohomology of G  is defined as the de Rham 
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cohomology arising from the complex of differential forms on G . We build on 
the work of Chevalley and Eilenberg [1], who introduced Lie algebra cohomology 
to compute de Rham cohomology, thereby translating a geometric problem into 
an algebraic one. Specifically, when g  acts trivially on  , there exists an iso-
morphism:  

( ) ( ) ( )( )*

dR, Λ ,H H G• • •≅ ≅
g

g g  

where ( )( )*
Λ•

g

g  denotes the space of g -invariant elements. This isomorphism  

provides a powerful tool for computing the de Rham cohomology of G  by lev-
eraging the algebraic structure of g . While the theory is well-known, computa-
tions become increasingly complex as the dimension grows for Lie groups. Exist-
ing literature often focuses on lower-dimensional cases (e.g., ( )3SO ), but sys-
tematic computations remain challenge for classical groups of higher dimensions. 
This paper provides a rigorous exposition of the isomorphism and presents de-
tailed cohomology calculations for specific classical Lie groups, namely ( )4SO , 

( )5SO , ( )6SO , and ( )3SU . 
This paper is organized as follows: In Sect. 2, we recall basic concepts about the 

de Rham cohomology and the Lie algebra cohomology. In Sect. 3, we provide a 
detailed proof of the isomorphism. In Sect. 4, we compute specific examples. 

2. Preliminary Knowledge 

This section recalls the definitions and fundamental properties of the de Rham 
cohomology and the Lie algebra cohomology.  

Definition 1 [2] Let K  be a field. A Lie algebra g  is a vector space over K  
with a bilinear bracket [ ],− − :  

,× →g g g  

satisfying the following axioms for all , ,X Y Z ∈g  and 1 2, Kλ λ ∈ : 
1) Bilinearity: [ ] [ ] [ ]1 2 1 2, , ,X Y Z X Z Y Zλ λ λ λ+ = + ; 

2) Antisymmetry: [ ], 0X X = ; 
3) Jacobi identity: [ ] [ ] [ ], , , , , , 0X Y Z Y Z X Z X Y     + + =      .  

Definition 2 [2] Let K  be a field and A  be a unital ring. If the additive 
group of A  forms a K -vector space, and  

( ) ( ) ( )ab a b a bλ λ λ= =  

for all Kλ ∈ , and ,a b A∈ , then A  is called an associative algebra over K , or 
simply a K -algebra. 

Let A  be an associative algebra over a field K . The commutator bracket 
[ ],a b ab ba= −  defines a Lie algebra structure on the underlying K -vector space 
of A . 

Definition 3 [3] Let 1g  and 2g  be Lie algebras over a field K . A K -linear 
map 1 2: →g gA  is a Lie algebra homomorphism if for all 1,X Y ∈g   

( ) ( ) [ ]( ), , .X Y X Y=  A A A  

https://doi.org/10.4236/oalib.1114782
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A canonical example is a homomorphism from a Lie algebra g  to ( )gl V , the 
general linear Lie algebra on a vector space V . 

Definition 4 [3] A representation of a Lie algebra g  over a field K  is a pair 
( ),V ρ , where V  is a K -vector space and ( ): gl Vρ →g  is a Lie algebra ho-
momorphism.  

Definition 5 [3] For any Lie algebra g , the adjoint representation is the ho-
momorphism ( ):ad gl→g g , defined by ( )( ) [ ],ad X Y X Y= .  

The adjoint representation is fundamental for studying the structure of Lie al-
gebra. To connect this algebraic framework to the differential geometry of Lie 
groups, we recall basic concepts from smooth manifold theory.  

Definition 6 [4] Let M  be an n -dimensional topological manifold. If a 
smooth structure Σ  is specified on M , then ( ),M Σ  is called an n -dimen-
sional smooth manifold.  

Definition 7 [4] Let M  be a smooth manifold. A function :f M →   is 
called smooth if it is smooth with respect to the smooth structure of M . The set 
of all smooth functions on M  is denoted by ( )C M∞ .  

Definition 8 [5] Let M  be a smooth manifold and p M∈ . Denote by pC∞  
the algebra of germs of smooth functions at p . A tangent vector at p  is a linear 
map : pv C∞ →   satisfying the following axioms: for all , pf g C∞∈  and λ ∈ , 

1) ( ) ( ) ( )v f g v f v gλ λ+ = + ; 

2) ( ) ( ) ( ) ( ) ( )v f g v f g p f p v g⋅ = + .  

The tangent space at p , denoted pT M , is the vector space of all tangent vec-
tors. 

Definition 9 [5] A cotangent vector at p M∈  is a linear functional 
: pT Mα →  . The cotangent space *

pT M  is the dual space of pT M .  
Definition 10 [5] Let M  be a smooth manifold. The tangent bundle of M  

is defined as p
p M

TM T M
∈

=


, equipped with a natural smooth structure that 

makes it a smooth manifold. 
Definition 11 [6] A smooth vector field on a smooth manifold M  is a smooth 

map :X M TM→  such that MX idπ = , where :TM Mπ →  is the canoni-
cal projection. In other words, X  is a smooth section of the tangent bundle. 

The set of all smooth vector fields on M  is denoted by ( )MX . 
Definition 12 [7] Let M  be a smooth manifold. A differential k -form on 

M  is a smooth section of the k -th exterior power of the cotangent bundle, i.e., 
a smooth map  

( )* *: Λ Λ ,k k
p

p M
M T M T Mω

∈

→ =


 

such that ( ) ( )*Λk
pp T Mω ∈  for each p M∈ . The set of all differential k -

forms on M  is denoted by ( )k MΩ .  

Property 1 [6] Let M  be a smooth manifold. There exists a unique operator 
( ) ( )( )1: 0r rd M M r+Ω →Ω ≥ , called the exterior derivative, satisfying the fol-

lowing properties: 
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1) ( ) ( )1: r rd M M+Ω →Ω  is a linear map. 

2) ( ) ( )1 rd d dϕ ψ ϕ ψ ϕ ψ∧ = ∧ + − ∧ , ( )r Mϕ ∈Ω , ( )s Mψ ∈Ω . 

3) For ( ) ( )0f C M M∞∈ = Ω , df  is the ordinary differential of f . 

4) 0d d =
. 

Proposition 1 [6] The space ( )k MΩ  of differential k -forms on a smooth 

manifold M  is isomorphic as a ( )C M∞ -module to the space of alternating 

( )C M∞ -multilinear maps ( ) ( )kM C M∞→X .  

Proposition 2 [8] (Invariant formula) For any ( )k Mω∈Ω  and 

( )0 , , kX X M∈ X ,  

( ) ( ) ( )( )
( ) ( )

0 0
0

0
0

ˆ

ˆ

, , 1 , , , ,

1 , , , , ˆ, , , , ,

k
i

k i i k
i

i j
i j i j k

i j k

d X X X X X X

X X X X X X

ω ω

ω
=

+

≤ < ≤

= −

 + −  

∑

∑

  

  

 

where ˆ
iX  denotes that the element iX  is omitted. 

Definition 13 [6] Let M  and N  be smooth manifolds and :f M N→  a 
smooth map. For each p M∈ , the pushforward of f  at p  is the linear map 

( )* :p p f pf T M T N→  defined by  

( )( )( ) ( )* pf X g X g f= 
 

for all pX T M∈  and ( )f pg C∞∈ . 

Definition 14 [6] Let :f M N→  be a smooth map. The pullback induced by 

f  is the map ( ) ( )* : k kf N MΩ →Ω  defined by  

( )( ) ( ) ( )( )*
1 * 1 *, , , ,k kf X X f X f Xω ω= 

 

for all ( )k Nω∈Ω  and ( )1, , kX X M∈ X .  
Property 2 [6] Let :f M N→  be a smooth map. The pullback 

( ) ( )* : k kf N MΩ →Ω  satisfies the following properties: 

1) *f  is a linear map. 
2) For all ( )r Nω∈Ω  and ( )s Nη ∈Ω , ( )* * *f f fω η ω η∧ = ∧ . 

3) ( ) ( )* *f d d fω ω= . 

Definition 15 [9] A Lie group is a group G  that is also a smooth manifold 
such that the group operations ( ): , ,G G G g h ghϕ × →   and inversion 

1: ,G G g gτ −→   are smooth maps.  
For any fixed g G∈ , the maps  

( ): ,g gL G G L h gh→ =  

and  

( ) 1: ,g gR G G R h hg −→ =  

are smooth diffeomorphisms, called left multiplication and right multiplication, 
respectively. 
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The group G G×  acts smoothly on G via  

( ) ( ) 1, , , , .h gg h x R L x gxh g h x G−⋅ = = ∈  

If g h= , this action gives the conjugation by g , denoted g g gc R L= . 
Definition 16 [7] Let a Lie group G  acts smoothly on a smooth manifold M  

via a map G M M× → . For each g G∈ , denote by g  the smooth map 

M M→  given by the action. A differential form ( )k Mω∈Ω  is called G -in-

variant if *g ω ω= , for all g G∈ . 

The space of all G -invariant k -forms on M  is denoted by ( )Gk MΩ . 
Definition 17 [9] Let G  be a Lie group. A vector field ( )X G∈X  is left-

invariant if for all ,g h G∈ ,  

( ) ( )( ) ( ).g h
L X h X gh

∗
=  

The set of all left-invariant vector fields on G  forms a Lie algebra under the 
Lie bracket of vector fields. This Lie algebra is denoted by g  and is isomorphic 
to the tangent space eT G  at the identity element e G∈ . It is called the Lie alge-
bra of G . 

Definition 18 [10] A chain complex C  of R -modules is a family { }n n Z
C

∈
 

of R -modules together with R -modules map 1:n n nd C C −→  such that the se-
quence  

1
1 1

n nd d
n n nC C C+
+ −→ → → →   

satisfies 1 0n nd d + =  for all n Z∈ .  

Definition 19 [10] Let ( ),d• •C  and ( ),d• •′ ′C  be chain complexes. A chain 
map  

( ) ( ): , ,f f d d• • • • •′ ′= →C C  

is a family of morphisms { }:n n n n
f C C

∈
′→   such that diagram  

 
commutes, i.e., 1n n n nf d d f− ′=   for all n Z∈ .  

Definition 20 [10] Let 1
1 1: n nd d

n n nC C C+
+ −→ → → → C  be a chain 

complex. Its n -th homology is defined as the quotient module  

( )
1

ker
.

Im
n

n
n

d
H

d +

=C  

Definition 21 [10] A chain map ( ) ( ): , ,f A d C δ→  is called a quasi-isomor-

phism if for every integer n  the induced map ( ) ( )* : n nf H A H C→  are an iso-
morphism. 

Definition 22 [11] Let K  be a feld, g  a Lie algebra over K , and Γ  a g -
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module. Define  

( ) ( ) ( )0,Γ : Hom Λ ,Γ , 0, ,Γ : Γ.n n
KC n C= > =g g g  

The space ( ),ΓnC g  can be identified with the space of alternating n -linear 
maps Γn →g . For ( ),Γnc C∈ g , define ( )1 ,Γndc C +∈ g  by  

( ) ( ) ( )( )
( ) ( )

1
1

1 1 1 1
1

1 1
1 1

, , 1 , , , ,

1 , , , ,

ˆ

ˆ ˆ, , , ,

n
i

n i i n
i

i j
i j i j n

i j n

dc X X X c X X X

c X X X X X X

+
+

+ +
=

+
+

≤ < ≤ +

= −

 + −  

∑

∑

  

  

 

for all 1 1, , nX X + ∈ g . 

One can verify that 0d d =
, so we obtain a cochain complex  

( ) ( ) ( )11 1, , , .
n nd dn n nC C C
−− +→ →→ Γ Γ Γ → g g g  

The Lie algebra cohomology of g  with coefficients in Γ  is  

( ) ( )( )( )*
1

ker, : , , .
Im

n
n n

n

dH H C d
d −Γ = Γ =g g  

3. Isomorphism between de Rham Cohomology and Lie  
Algebra Cohomology 

This section constructs explicit chain complexe isomorphisms that induce iso-
morphisms in cohomology. As a consequence, we prove that for a compact con-
nected Lie group G  with Lie algebra g , the de Rham cohomology ( )•

dRH G  is 
isomorphic to the Lie algebra cohomology ( )• , .H g   

Proposition 3 [11] Let M  be a smooth manifold and G  a connected com-
pact Lie group acting smoothly on M  via : G M Mα × → . Then the inclusion 
map  

( )*: GMϕ Ω ↪ ( )* MΩ  

is a quasi-isomorphism.  
Let G  be a connected Lie group with Lie algebra g . Let V  be a vector space 

and ( ): AutG Vπ →  a representation of G . Its derivative at the identity gives 
the induced Lie algebra representation  

( ): End .eD Vρ π= →g  

Recall that for any X ∈g , the exponential map exp : eT G G= →g  satisfies  

( )
0

d exp ,
d t

tX X
t =

=  

where exp is defined by ( ) ( )exp 1XX θ= , with Xθ  being the maximal integral 
curve of the left-invariant vector field determined by X  and satisfying 

( )0X eθ = . Applying the chain rule to expπ   yields  

( ) ( )( )
0

d exp .
d t

X tX
t

ρ π
=

=  

Definition 23 [12] Let G  be a Lie group acting linearly on a vector space V  

https://doi.org/10.4236/oalib.1114782
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via a representation ( ): GLG Vπ → , and let ( ): End Vρ →g  be the corre-
sponding Lie algebra representation. A vector v V∈  is called G -invariant if 
( )( )g v vπ = , for all g G∈ . 
The subspace of G -invariant vectors is denoted by GV . A vector v V∈  is 

called g -invariant if ( )( ) 0X vρ = , for all X ∈g . 

The subspace of g -invariant vectors is denoted by V g .  
We shall now prove that these two subspaces coincide.  
Proposition 4  GV V= g .  
Proof. We prove the equality by showing two inclusions. 
1) GV V⊆ g . 
Let Gv V∈ , so that ( )( )g v vπ =  for every g G∈ . For any X ∈g ,  

( )( ) ( )( )( )
0 0

d dexp 0,
d dt t

X v tX v v
t t

ρ π
= =

= = =  

hence v V∈ g . 
2) GV V⊆g . 
Let v V∈ g , i.e., ( )( ) 0X vρ =  for every X ∈g . Define the evaluation map 

( )ev : Autv V V→  by ( ) ( )evv A A v= . Then  

( )( ) ( )( ) ( )( ) ( )( )ev ev ev 0.e v v e vD X D X X X vπ π ρ ρ= = = = 
 

Since G  is connected, the map evv π  is constant. As 

( ) ( )( )evv e e v vπ π= = , we obtain ( ) ( )( )evv g g v vπ π= = , where e  is the 

identity of G . Thus Gv V∈ . Combining (1) and (2) we conclude GV V= g .  
Building on Proposition 4, we now establish an isomorphism between the com-

plex of invariant differential forms and the cochain complex of the Lie algebra, 
thereby connecting the de Rham cohomology of a Lie group to its Lie algebra co-
homology. 

Proposition 5 The evaluation map at the identity e G∈ , 
( ) ( ): ,Gk kG Cε Ω → g  , eω ω , defines an isomorphism of cochain com-

plexes.  
Proof. First, we verify that ε  is well-defined. Identifying g  with the tangent 

space eT G , we have  

( ) ( )( ) ( ) ( )Hom , Hom , , .k k k
e eT G Cε ω ω= ∈ Λ = Λ =g g     

Hence ε  is well-defined. 
Consider the following diagram:  

 

Let ( )Gk Gω∈Ω  and g G∈ . Since ω  is G -invariant, *g ω ω= . We have 

( ) ( )* *k k kg d d g dω ω ω= = , so kd ω  is also G -invariant, i.e., ( )1 Gk kd Gω +∈Ω . 

https://doi.org/10.4236/oalib.1114782


Y. L. Liu, Y. Wang 
 

 

DOI: 10.4236/oalib.1114782 8 Open Access Library Journal 
 

Next, we show that ε  is a chain map, i.e., 1k k k kd dε ε+ ′=  . Let 
( )Gk Gω∈Ω  and 1 1, , k ev v T G+ ∈ . Let iX  be the left-invariant vector field on 

G  with ( )i iX e v= . Since ω  and each iX  are left-invariant, we have  

( ) ( )( ) ( ) ,g i ih
L X h X gh

∗
=  

( )gL ω ω
∗

=  

for all ,g h G∈ . The invariance of ω  means that for any tangent vectors 

1, , k hu u T G∈ ,  

( ) ( )( ) ( ) ( ) ( ) ( ) ( )( )1 1 1, , , , , , .h k g k gh g g kh hh
w u u L u u w L u L uω

∗

∗ ∗
= =  

 

Define the function :f G →   by ( ) ( )1, , k h
f h X Xω= 

( ) ( )( )1 , ,h kX h X hω=  . Then  

( ) ( )
( ) ( )( )

( ) ( )( ) ( ) ( )( )( )
( )( ) ( ) ( )( )

( ) ( )( )
( )

1

1

1

*
1

1

, ,

, ,

, ,

, ,

, ,

.

k gh

gh k

gh g g kh h

g k
h

h k

f gh X X

X gh X gh

L X h L X h

L X h X h

X h X h

f h

ω

ω

ω

ω

ω

∗ ∗

=

=

=

=

=

=











 

Thus, f  is left-invariant. Consequently, ( )1, , kX Xω   is left-invariant and 
therefore constant. 

Since g  acts trivially on  , we have  

( )( )

( ) ( ) ( )( )

( ) ( )( )( )

( ) ( )( )

( ) ( )( )

( )

1
1 1

1 1 1 1

1
1

1 1
1

1 1
1 1

1 1
1 1

1 1

, ,

, , , ,

1 , , , ,

1 , , , , , , , ,

1 , ,

ˆ

ˆ

, , , , , ,

ˆ

1

ˆ

,

ˆ

k k
k

k k
k ke

k
i

i i k
i

i j
i j i j k

i j k

i j
i j i j k

i j k

i j
e i j

i j k

d v v

d v v d X X e

X X X X e

X X X X X X e

X X X X X X e

v v

ε ω

ω ω

ω

ω

ω

ω

+
+

+ +

+
+

+
=

+
+

≤ < ≤ +

+
+

≤ < ≤ +

+

≤ < ≤ +

= =

= −

 + −  

 = −  

 = − 

∑

∑

∑

∑



 

 

  

  

( )1 1, , , , , ˆ .ˆ , ,i j kv v v v +   

 

On the other hand,  

( )( ) ( )( )

( ) ( )( )

( ) ( )
( ) ( )

'
1 1 1 1

1
1

1 1
1

1 1
1 1

1 1
1 1

ˆ

, , , ,

1 , , , ,

1 , , , , , , , ,

1 , , , , , , , .

ˆ

,

ˆ

ˆ ˆ

k k k
k e k

k
i

i e i k
i

i j
e i j i j k

i j k

i j
e i j i j k

i j k

d v v d v v

v v v v

v v v v v v

v v v v v v

ε ω ω

ω

ω

ω

+ +

+
+

+
=

+
+

≤ < ≤ +

+
+

≤ < ≤ +

′=

= −

 + −  

 = −  

∑

∑

∑

 

 

  

  
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This implies that 1k k k kd dε ε+ ′=  , so ε  is a chain map. 
Next we prove that ε  is an isomorphism. Let ( )Gk Gω∈Ω , g G∈  and 

1, , k gu u T G′ ′ ∈ . Then  

( ) ( ) ( ) ( ) ( )( )1 1 1
*

1 1 1, , , , , , .g k k e g g kg g gg
u u L u u D L u D L uω ω ω− − −′ ′ ′ ′ ′ ′= =    

Hence ( ) ( ){ }ker | 0 0Gk
eGε ω ε ω ω= ∈Ω = = = . It follows that ε  is injective. 

Let ( ),kc C∈ g  , there exists ( )k Gω∈Ω  such that  

( ) ( ) ( )( )1 11 1, , , , .g k g g kg g
u u c D L u D L uω − −′ ′ ′ ′=   

For any ,g h G∈ ,  

( )( ) ( ) ( ) ( ) ( ) ( )( )
( ) ( )( )

( ) ( )( ) ( ) ( )( )( )
( ) ( )( )

( )

1 1

1 1

1 1

1

1

1

1

, , , ,

, ,

, ,

, ,

, , .

h k hg h h kg gg

hg g h g h k

hg g h hg g h khg hg

g g kg g

g k

L u u L u L u

D L u D L u

c D L D L u D L D L u

c D L u D L u

u u

ω ω

ω

ω

− −

− −

∗

∗ ∗
′ ′ ′ ′=

′ ′=

′ ′=

′ ′=

′ ′=

 









 

Thus, ( )Gk Gω∈Ω . Additionally, since  

( )( ) ( )
( ) ( )( )

( ) ( )( ) ( ) ( )( )( )
( ) ( )( )
( ) ( )( )

( )

1 1

1 1

1 1

1

1

1 1
1

1

1

, , , ,

, ,

, ,

, ,

, ,

, , ,

k e k

e e ke e

ke ee e

k

k

k

v v v v

c D L v D L v

c L X e L X e

c X e e X e e

c X e X e

c v v

ε ω ω

− −

− −
∗ ∗

− −

=

=

=

= ⋅ ⋅

=

=

 











 

it follows that ( ) cε ω = . Thus, ε  is surjective. We conclude that ε  is an iso-
morphism.  

Next, we construct a representation of the Lie group G  with Lie algebra g  
on the cochain complex ( )* ,C g  , and show that the subspace of G -invariant 
cochains coincides with the subspace of g -invariant cochains.  

Proposition 6  ( )( ) ( )( )* *, , , ,GC d C d= g
g g  .  

Proof. First, we construct the action ( )( ): Aut ,kG Cπ → g  . 
For ,g h G∈  and 1, , , kX X X ∈ g , recall that G  acts on g  via the ad-

joint action  

( ) ( )( ) ( )Ad : Aut , Ad ,e gG g X T c X→ =g  

where ( ) 1
gc h ghg −=  is conjugation by g . This action extends naturally to the 

exterior power kΛ g , which we also denote by ( )Ad : Aut kG → Λ g , satisfying  

( )( ) ( )( ) ( )( )1 1Ad : Ad Ad .k kg X X g X g X∧ ∧ = ∧ ∧   
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Dualising gives an action π  of G  on ( ),kC g  , ( )( ): Aut ,kG Cπ → g  ,  

( ) ( )( )( ) ( )( ) ( )( )( )* * 1 1
1 1Ad , Ad , , : Ad , ,Ad .k kg g g c X X c g X g X− −=    

Next we verify that π  is a homomorphism. For ,g h G∈  and 

( ), ,kc C∈ g    

( )( )( ) ( ) ( )

( )( )( ) ( )( )( )( )
( ) ( ) ( ) ( )( )1 1

*
1 1

1 1
1

1

, , Ad , ,

Ad , ,Ad

, , ,

k k

k

e e kgh gh

gh c X X gh c X X

c gh X gh X

c T c X T c X

π

− −

− −

=

=

=

 





 

( ) ( )( )( ) ( ) ( )( ) ( )

( ) ( )( )( )

( ) ( ) ( )( )
( )( ) ( )( )( )

( ) ( ) ( ) ( )( )

1 1

1 1 1 1

1 1

* *
1 1

* *
1

*
1

1

1

, , Ad Ad , ,

Ad Ad , ,

Ad , ,

, ,

, , ,

k k

k

e e kg g

e e e e kh g h g

e e kgh gh

g h c X X g h c X X

g h c X X

h c T c X T c X

c T c T c X T c T c X

c T c X T c X

π π

− −

− − − −

− −

=

=

=

=

=

   









 

it follows that ( ) ( ) ( )gh g hπ π π=  . Thus, π  is a representation of G . 
Now we construct the corresponding Lie algebra action ( )( ): End ,kCρ →g g  . 

The adjoint action of g  on itself is  

( ) ( ) [ ]ad : , ad , ,End X X Y→ =g g  

which we can extend to an action of g  on ( )kΛ g  by  

( )( ) [ ]1 1
1

ad , .
k

k i k
i

X X X X X X X
=

∧ ∧ = ∧ ∧ ∧ ∧∑    

Again this dualises to an action on ( ),kC g  ,  

( )( ) ( )*: End , , ad ,kC X Xρ → g g   

satisfying  

( )( )( ) [ ]( )*
1 1

1
ad , , , , , , , .

k

k i k
i

X c X X c X X X X
=

= ∑    

Next we show that ρ  is a Lie algebra homomorphism, i.e., 

[ ]( ) ( ) ( ), ,X Y X Yρ ρ ρ=     for all ,X Y ∈g . Recall that ( ) ( ),X Yρ ρ =  

( ) ( ) ( ) ( )X Y Y Xρ ρ ρ ρ−  . For ( ),kc C∈ g   and 1, , kX X ∈ g ,  

( ) ( )( )( ) ( ) [ ]( )
[ ]( )

[ ]( )
[ ]( )

1 1
1

1
1

1
1

1
1

, , , , , , ,

, , , , , , , ,

, , , , , ,

, , , , , , , , .

k

k i k
i

j i k
j i k

i k
j i k

i j k
i j k

X Y c X X Y c X X X X

c X X Y X X X

c X X X Y X

c X X X X Y X

ρ ρ ρ
=

≤ < ≤

≤ = ≤

≤ < ≤

=

 =  

 +  

 +  

∑

∑

∑

∑

   

  

 

  
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Similarly,  

( ) ( )( )( ) ( ) ( )
[ ]( )

( )
[ ]( )

1 1
1

1
1

1
1

1
1

, , , , , , ,

, , , , , , , ,

, , , , , ,

, , , , , , , , .

k

k j k
j

j i k
j i k

j k
j i k

i j k
i j k

Y X c X X X c X X Y X

c X X Y X X X

c X X Y X X

c X X X X Y X

ρ ρ ρ
=

≤ < ≤

≤ = ≤

≤ < ≤

 =  

 =  

  +   

 +  

∑

∑

∑

∑

   

  

 

  

 

Hence  

( ) ( )( )( )
( ) ( ) ( ) ( )( ) ( )

[ ]( )

[ ] [ ]( )

[ ]( )
[ ]( )( )( )

1

1

1
1

1
1

1
1

1

, , ,

, ,

, , , , , , , ,

, , , , , , , ,

, , , , , ,

, , , ,

k

k

i j k
j i k

k

i i k
i

k

i k
i

k

X Y c X X

X Y Y X c X X

c X X X Y X Y X X

c X X X Y X Y X X

c X X X Y X

X Y c X X

ρ ρ

ρ ρ ρ ρ

ρ

≤ = ≤

=

=

  

= −

   = −    

   = −   

 =  

=

∑

∑

∑



  

 

 

 



 

it follows that [ ]( ) ( ) ( ), ,X Y X Yρ ρ ρ=    . Thus, ρ  is a representation of g . 

Next we prove that ( ) ( )eX D Xρ π=  for every X ∈g . Since  

 

( )( )( ) ( )( )( )( )

( )( )( )( )

( )( ) ( ) ( )( ) ( )( )
( )( )( )

[ ]( )

( )( )( )
( )( )( )

1 1
0

*
1

0

1 1
1

0

1
1

1
1

*
1

1

d, , exp , ,
d
d Ad exp , ,
d
d Ad exp , ,Ad exp
d

, ,ad , ,

, , , , ,

ad , ,

, , ,

e k k
t

k
t

k
t

k

i k
i
k

i k
i

k

k

D X c X X tX c X X
t

tX c X X
t

c tX X tX X
t

c X X X X

c X X X X

X c X X

X c X X

π π

ρ

=

=

− −

=

=

=

=

=

=

= −

=

=

=

∑

∑

 





 

 





 

it follows that eDρ π= . According to Proposition 4, we conclude 

( ) ( ), ,Gk kC C= g
g g  . 

Next we prove that for every ( ), Gkc C∈ g  , its differential satisfies 

( )1 , Gkdc C +∈ g  . Let g G∈  and 1 1, , kX X + ∈ g . Because c  is G -invari-
ant,  

 ( ) ( ) ( )( ) ( ) ( )*
1 1 1, , Ad , , , , .k k kg c X X g c X X c X Xπ = =  

 

https://doi.org/10.4236/oalib.1114782


Y. L. Liu, Y. Wang 
 

 

DOI: 10.4236/oalib.1114782 12 Open Access Library Journal 
 

Now compute ( )( )( )*
1 1Ad , , kg dc X X + :  

( )( )( )

( )( ) ( )( )( )
( ) ( )( ) ( )( ) ( )( ) ( )( )( )
( ) ( )( ) ( )( ) ( )( )(
( )( ) ( )( ) ( )( ))

( ) ( )( )( ( )( )

*
1 1

1 1
1 1

1
1 1 1 1 1

1 1
1

1 1 1
1

1 1 1
1

1 1
1

Ad , ,

Ad , , Ad

1 Ad Ad , , Ad , ,Ad

1 Ad , Ad ,Ad , ,

Ad , , Ad , , Ad

1 Ad , , Ad , , A

k

k

k
i

i i k
i

i j
i j

i j

i j k

i j
i j

i j

g dc X X

dc g X g X

g X c g X g X g X

c g X g X g X

g X g X g X

c g X X g X

+

− −
+

+
+ − − − −

+
=

+ − − −

<

− − −
+

+ − −

<

=

 = −  
 

 + −  

 = −  

∑

∑

∑





 



 



( )( )

( )( ) ( )( ))
( ) ( )( )( )

( ) ( )
( )

1

1 1
1

*
1 1

1

1 1

ˆ ˆ

d , ,

Ad , , Ad

1 Ad , , , , , , , ,

1 , , , , , , , ,

, , .

ˆ ˆ

i

j k

i j
i j i j k

i j

i j
i j i i j k

i j

k

g X

g X g X

g c X X X X X X

c X X X X X X

dc X X

−

− −
+

+
+

<

+
+

<

+

 = −  

 = −  

=

∑

∑





  

  



 

It follows that ( )1 , Gkdc C +∈ g  . We finally obtain ( )( )* , ,GC d =g 

( )( )* , ,C dg
g  .  

We now consider the action of G G×  on G  and establish an isomorphism 
of cochain complexes between the space of G G× -invariant differential forms on 
G  and the G -invariant supspace of the Lie algebra cochain complex.  

Proposition 7 Evaluation at e G∈ , ( ) ( ): ,G G Gk kG Cτ ×Ω → g  , eω ω  
defines an isomorphism of chain complexes.  

Proof. Let ( )G Gk Gω ×∈Ω , we show that ( ), Gk
e Cω ∈ g  , that is, eω  is G -

invariant. For any g G∈  and 1, , kX X ∈ g , the invariance of ω  gives 
*
gc ω ω= . Hence  

( ) ( ) ( )

( ) ( )( )
( )( ) ( )( )( )

1

1 1

*
1 1

1

1 1
1

, , , ,

, ,

Ad , ,Ad .

e k kg e

e e e kg g

e k

X X c X X

D c X D c X

g X g X

ω ω

ω

ω

−

− −

− −

=

=

=

 





 

Therefore  

( )( )( ) ( )( )( )

( )( ) ( )( )( )
( )

*
1 1

1 1
1

1

, , , ,

, ,

, , .

e k e k

e k

e k

g X X Adg X X

Ad g X Ad g X

X X

π ω ω

ω

ω

− −

=

=

=

 





 

It follows that ( ) e egπ ω ω= , which means that eω  is G -invariant. Conse-
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quently, τ  is well-defined. 
Consider the following diagram:  

 
Let ( )G Gk Gω ×∈Ω  and ,g h G∈ . Since ω  is G G× -invariant, we have  

( ) ( ) ( )( ) ( ) ( )* * * * * * * ,k k k k k
g h h g h g h gR L d L R d L d R d L R dω ω ω ω ω′ ′ ′ ′ ′= = = =  

so ( )1 G Gk kd Gω ×+′ ∈Ω . 
Next we show that τ  is a chain map, i.e., 1k k k kd dτ τ+ ′ =  . Let 

( )G Gk Gω ×∈Ω  and 1 1, , k ev v T G+ ∈ . Let iX  be the left-invariant vector field 

on G  with ( )i iX e v= . Because ω  and each iX  are left-invariant, the func-

tion ( )1, , kX Xω   is left-invariant and therefore is constant. Moreover, g  
acts trivially on  . Consequently,  

( )( )( )

( ) ( ) ( )( )

( ) ( )( )( )

( ) ( )( )

( ) ( )( )

( )

1
1 1

1 1 1

1
1

1 1
1

1 1
1 1

1 1
1 1

1 1

, ,

, , , ,

1 , , , ,

1 , , , , , , , ,

1 , , , , , , , ,

ˆ

ˆ ˆ

ˆ ˆ

1 ,

k k
k

k k
k ke

k
i

i i k
i

i j
i j i j k

i j k

i j
i j i j k

i j k

i j
e i j

i j k

d v v

d v v d X X e

X X X X e

X X X X X X e

X X X X X X e

v v

τ ω

ω ω

ω

ω

ω

ω

+
+

+

+
+

+
=

+
+

≤ < ≤ +

+
+

≤ < ≤ +

+

≤ < ≤ +

′

′ ′= =

= −

 + −  

 = −  

= − 

∑

∑

∑

∑



 

 

  

  

( )1 1, , , ,ˆ ˆ, , , .i j kv v v v +   

 

On the other hand,  

( )( )( ) ( )( )

( ) ( )( )

( ) ( )

( ) ( )

1 1 1 1

1
1

1 1
1

1 1
1 1

1 1
1 1

ˆ

ˆ ˆ

, , , ,

1 , , , ,

1 , , , , , , , ,

1 , , , , , , , ,ˆ ˆ .

k k k
k e k

k
i

i e i k
i

k
i j

e i j i j k
i j k

k
i j

e i j i j k
i j k

d v v d v v

v v v v

v v v v v v

v v v v v v

τ ω ω

ω

ω

ω

+ +

+
+

+
=

+
+

≤ < ≤ +

+
+

≤ < ≤ +

=

= −

 + −  

 = −  

∑

∑

∑

 

 

  

  

 

This implies that 1k k k kd dτ τ+ ′ =  . Thus, τ  is a chain map. 
Next, we prove that τ  is an isomorphism. Let ( )G Gk Gω ×∈Ω , g G∈  and 

1, , k gu u T G∈ . Because a G G× -invariant form is in particular left-invariant, we 
have  

( ) ( ) ( ) ( ) ( )( )1 1 1
*

1 1 1, , , , , , .g k k e g g kg g gg
u u L u u D L u D L uω ω ω− − −= =    
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This gives ( ) ( ){ }ker | 0 0G Gk
eGτ ω τ ω ω×= ∈Ω = = = . Thus, τ  is injective. 

Let ( ), Gkc C∈ g  , there exists ( )Gk Gω∈Ω  such that  

( ) ( ) ( )( )1 11 1, , , , .g k g g kg g
u u c D L u D L uω − −=   

For any , ,x y g G∈ ,  

( )( ) ( ) ( )( ) ( )( )( )
( )( )( ) ( )( )( )( )

( )( ) ( )( )( )
( ) ( )( )

( ) ( )( ) ( ) ( )( )( )
( ) ( )( )

1

1 1 1 1 1 1

1 1

1 1

1 1

1 1

*
1 1

1

1

1

1

1

1

, , , ,

, ,

, ,

, ,

Ad , ,Ad

, ,

y x k g y x g y x kxgyg

g y x g y x kxgy yg x xgy yg x

g y g y kg g

e y g e y g kg g

g g kg g

g g kg g

g

R L u u D R L u D R L u

c D L D R L u D L D R L u

c D c L u D c L u

c D c D L u D c D L u

c y D L u y D L u

c D L u D L u

u

ω ω

ω

−

− − − − − −

− −

− −

− −

− −

=

=

=

=

=

=

=

 



  

  





( ), , .ku

 

Thus, ( )G Gk Gω ×∈Ω . Additionally, since  

( )( ) ( )
( ) ( )( )

( ) ( )( ) ( ) ( )( )( )
( ) ( )( )
( ) ( )( )

( )

1 1

1 1

1 1

1

1* *

1 1
1

1

1

, , , ,

, ,

, ,

, ,

, ,
, , ,

k e k

e e ke e

ke ee e

k

k

k

v v v v

c D L v D L v

c L X e L X e

c X e e X e e

c X e X e
c v v

τ ω ω

− −

− −

− −

=

=

=

= ⋅ ⋅

=

=

 











 

it follows that ( ) cτ ω = . Thus, τ  is surjective. We conclude that τ  is an iso-
morphism.  

The isomorphisms of chain complexes established in Propositions 5 and 7, to-
gether with the quasi-isomorphism in Proposition 3 and the equality in Proposi-
tion 6, induce isomorphisms in cohomology.  

Theorem 1 If G  is a compact connected Lie group with Lie algebra g , then  

( ) ( ) ( )( )*
, Λ ,dRH H G• • •≅ ≅

g

g g  

where g  acts trivially on .   
Proof. According to Proposition 3, we have ( )( ) ( )Gk

dRH G H G• •Ω ≅ . Moreo-
ver, Proposition 5 also gives an isomorphism of complexes ( ) ( ),G Gk kG C g RΩ ≅ . 
Consequently,  

( )( ) ( )

( )( )
( )( )

( )( )*

,

,

,

.

Gk k k

Gk k

k k

k k

H G H

H C R

H C R

H

Ω ≅

≅

=

 
= ∧ 

 



g

g

g

g

g

g
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We obtain ( ) ( ) ( )( )*
, ΛdRH H G H• • • 

≅ ≅  
 

g

g g . 

Now we prove that 0d =  of the chain complex  

( )( ) ( )( ) ( )( )*
, , , , Λ , .GC d C d d• • • 

= =  
 

g
g

g g g   

For any ( ),kc C∈ g
g   and 1 1, , kX X + ∈ g . Because g  acts trivially on   

and c  is g -invariant, we have  

( ) ( ) ( )( )
( ) ( )

( ) ( )
( ) ( )
( )

1
1

1 1 1 1
1

1 1

1 1

1 1

1

2 , , 2 1 , , , ,

2 1 , , , , , , , ,

1 , , , , , , , ,

1 , , , , , ,

ˆ

ˆ ˆ

ˆ ˆ

ˆ , ,

1 , , , , ,

ˆ

ˆ

k
i

k i i k
i

i j
i j i j k

i j

i j
i j i j k

i j

i j
i j i j k

i j

j
i j j

i j

dc X X X c X X X

c X X X X X X

c X X X X X X

c X X X X X X

c X X X X

+
+

+ +
=

+
+

<

+
+

<

+
+

<

<

= −

 + −  

 = −  

 + −  

 = −  

∑

∑

∑

∑

∑

  

  

  

  

 ( )
( ) ( )

( ) ( ) ( )

1

1 1

1 *
1 1

1

, ,

1 , , ,ˆ , , , ,

1 ad , , , ,

0

ˆ

.

k

j
j i j k

j i

k
j

j j k
j

X

c X X X X X

X c X X X

+

+
<

+

+
=

 + −  

= −

=

∑

∑



  

 

 

This gives ( )( ) ( )( )* *k kH  
∧ = ∧ 

 

g g

g g . Combining all isomorphisms we finally 

obtain  

( ) ( ) ( )( )*
, Λ .dRH H G• • •≅ ≅

g

g g  

4. Example 

This section provides explicit cohomology computations for several examples, 
with a detailed derivation for ( )3SO . For higher-dimensional cases ( 4n ≥ ), the 
rapid growth in combinatorial complexity and computational demands necessi-
tates algorithmic approaches. We therefore compute these results programmati-
cally using MATLAB. 

Example 1 Calculate the de Rham cohomology of ( )3SO  and the Lie algebra 
cohomology of its Lie algebra ( )3so .  

The Lie group ( )3SO  is defined as  

( ) ( ){ }33 | ,det 1 ,tSO A M A A id A= ∈ = =
 

with Lie algebra  

( ) ( ){ }33 | .tX M X X= ∈ = −so   

By Theorem 1, we have isomorphisms  
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( )( ) ( )( ) ( )( )( ) ( )3*
3 , 3 Λ 3 .dRH H SO• • •≅ ≅

so

so so  

The Lie algebra ( )3so  is spanned by the basis matrices  

1 2 3

0 1 0 0 0 1 0 0 0
1 0 0 , 0 0 0 , 0 0 1 ,

0 0 0 1 0 0 0 1 0
E E E

     
     = − = =     
     − −     

 

whose Lie brackets satisfy  

[ ] [ ] [ ]1 2 3 1 3 2 2 3 1, , , , , .E E E E E E E E E= − = = −  

Next, we compute ( )( ) ( )( ) ( )( )( ) ( )3*1 13 , 3 3dRH H SO≅ ≅
so

so so . For any 

( )( )( ) ( )3*
3c∈

so

so , ( ): 3c →so   is an ( )3so -invariant linear map, i.e., 

( ) ( )( )( ): 3 End 3 ,cρ →so so   satisfying  

( ) ( ) ( ) ( ) [ ]( )*ad , 0, 1 , 3.m i m i i mE c E E c E c E E m iρ = = = ≤ ≤  

Write 
3

*

1
i i

i
c Eλ

=

= ∑ , with ( )* j
i j iE E δ= , we have  

( ) ( ) [ ]( ) ( )*
1 1 1 1ad , 0 0,E c E c E E c= = =  

( ) ( ) [ ]( ) ( )*
1 2 2 1 3 3ad , 0,E c E c E E c E λ= = = =  

( ) ( ) [ ]( ) ( )*
1 3 3 1 2 2ad , 0,E c E c E E c E λ= = − = − =  

( ) ( ) [ ]( ) ( )*
2 1 1 2 3 3ad , 0,E c E c E E c E λ= = − = − =  

( ) ( ) [ ]( ) ( )*
2 2 2 2ad , 0 0,E c E c E E c= = =  

( ) ( ) [ ]( ) ( )*
2 3 3 2 1 1ad , 0,E c E c E E c E λ= = = =  

( ) ( ) [ ]( ) ( )*
3 1 1 3 2 2ad , 0,E c E c E E c E λ= = = =  

( ) ( ) [ ]( ) ( )*
3 2 2 3 1 1ad , 0,E c E c E E c E λ= = − = − =  

( ) ( ) [ ]( ) ( )*
3 3 3 3ad , 0 0.E c E c E E c= = =  

Hence 1 2 3 0λ λ λ= = = . Consequently,  

( )( ) ( )( ) ( )( )( ) ( )3*1 13 , 3 3 0.dRH H SO≅ ≅ =
so

so so  

Next, we compute ( )( ) ( )( ) ( )( )( ) ( )3*2 2 23 , 3 Λ 3dRH H SO≅ ≅
so

so so . For any 

( )( )( ) ( )3*2Λ 3c∈
so

so , ( )2: 3c →so   is a bilinear, alternating, ( )3so -invariant 

map, i.e.,  

( ) ( ) ( ) ( ) [ ]( ) ( )*, ad , , , , , 0,m i j m i j i m j i j mE c E E E c E E c E E E c E E Eρ  = = + =   

for 1 3m≤ ≤ , 1 3i j≤ < ≤ . Write  
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( ) ( )( ) ( )* * * *

1 3
, , 1 3 ,k l

ij i j i j k l i j
i j

c E E E E E E k lλ δ δ
≤ < ≤

= ∧ ∧ = ≤ < ≤∑  

it follows that  

( ) ( ) [ ]( ) [ ]( ) [ ]( )*
1 1 2 1 1 2 1 2 1 1 3 13ad , , , , , , 0,E c E E c E E E c E E E c E E λ= + = = =  

( ) ( ) [ ]( ) [ ]( ) [ ]( )*
1 1 3 1 1 2 1 3 1 1 2 12ad , , , , , , 0,E c E E c E E E c E E E c E E λ= + = − = − =  

( ) ( ) [ ]( ) [ ]( ) [ ]( ) ( )*
1 2 3 2 1 3 2 3 1 3 3 2 2ad , , , , , , , 0,E c E E c E E E c E E E c E E c E E= + = − =  

( ) ( ) [ ]( ) [ ]( ) [ ]( )*
2 1 2 1 2 2 1 2 2 3 2 23ad , , , , , , 0.E c E E c E E E c E E E c E E λ= + = − = =  

This implies that 12 13 23 0λ λ λ= = = . Thus,  

( )( ) ( )( ) ( ) ( )32 2 2 *3 , 3 ((Λ 3 ) ) 0.dRH H SO≅ ≅ =so
so so  

Next, we compute ( )( ) ( )( ) ( )( )( ) ( )3*3 3 33 , 3 Λ 3dRH H SO≅ ≅
so

so so . For any 

( )( )( ) ( )3*3Λ 3c∈
so

so , ( )3: 3c →so   is a 3-linear, alternating, ( )3so - invariant 

map, i.e.,  

( ) ( ) ( ) ( )
[ ]( ) ( )

[ ]( )

*, , ad , ,

, , , , , ,

, , ,

0,

m i j k m i j k

i m j k i j m k

i j k m

E c E E E E c E E E

c E E E E c E E E E

c E E E E

ρ =

 = +  

+

=

 

for 1 3m≤ ≤  and 1 3i j k≤ < < ≤ . According to ( )* * *

1 3
ijk i j k

i j k
c E E Eλ

≤ < < ≤

= ∧ ∧∑  

and ( )( )* * * , , i j k
i j k s t l s t lE E E E E E δ δ δ∧ ∧ =  ( )1 3s t l≤ < < ≤ , we obtain  

( ) ( )
[ ]( ) [ ]( ) [ ]( )
( ) ( )

*
1 1 2 3

1 1 2 3 1 2 1 3 1 2 3 1

1 3 3 1 2 2

ad , ,

, , , , , , , , ,

, , , , 0,

E c E E E

c E E E E c E E E E c E E E E

c E E E c E E E

= + +

= − ≡

 

( ) ( )
[ ]( ) [ ]( ) [ ]( )
( ) ( )

*
2 1 2 3

1 2 2 3 1 2 2 3 1 2 3 2

3 2 3 1 2 1

ad , ,

, , , , , , , , ,

, , , , 0,

E c E E E

c E E E E c E E E E c E E E E

c E E E c E E E

= + +

= − + ≡

 

( ) ( )
[ ]( ) [ ]( ) [ ]( )
( ) ( )

*
3 1 2 3

1 3 2 3 1 2 3 3 1 2 3 3

2 2 3 1 1 3

ad , ,

, , , , , , , , ,

, , , , 0.

E c E E E

c E E E E c E E E E c E E E E

c E E E c E E E

= + +

= − − ≡

 

All three equations are automatically satisfied for any 123λ . This implies that 

123λ  is free. Consequently,  

( )( ) ( )( ) ( )( )( ) ( )3*3 3 33 , 3 Λ 3 .dRH H SO≅ ≅ ≅
so

so so   

Summarising the results for 1,2,3k = : 
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( )( ) ( )( ) 3
3 , 3 .

0 1,2
k k

dR

k
H H SO

k
=

≅ ≅  =
so


  

The Lie algebra cohomology of ( )4SO , ( )5SO  and ( )6SO  is computed 

below using a method analogous to that employed for ( )3SO . However, the in-
creased dimensionality leads to substantial growth in computational complexity, 
rendering manual calculations impractical. Consequently, the results presented 
below were obtained via MATLAB. 

Example 2 Calculate the de Rham cohomology of ( )4SO  and the Lie algebra 

cohomology of its Lie algebra ( )4so .  

The Lie group ( )4SO  is defined as  

( ) ( ){ }44 | ,det 1 ,tSO A M A A id A= ∈ = =  

with Lie algebra  

( ) ( ){ }44 | .tX M X X= ∈ = −so   

By Theorem 1 we have the isomorphisms  

( )( ) ( )( ) ( )( )( ) ( )4*• 4 , 4 Λ 4 .dRH H SO• •≅ ≅
so

so so  

A basis of ( )4so  is given by the matrices  

1 2 3

0 1 0 0 0 0 1 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0

, , ,
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0

e e e

     
     
−     = = =     −
          −     

 

4 5 6

0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 1 0 0 0 0

, , ,
0 1 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 1 0 0 0 0 1 0

e e e

     
     
     = = =     −
          − −     

 

whose Lie brackets satisfy  

[ ] [ ] [ ] [ ] [ ]1 2 4 1 3 5 1 4 2 1 5 3 1 6, , , , , , , , , 0,e e e e e e e e e e e e e e= − = − = = =  

[ ] [ ] [ ] [ ] [ ]2 3 6 2 4 1 2 5 2 6 3 3 4, , , , , 0, , , , 0,e e e e e e e e e e e e e= − = − = = =  

[ ] [ ] [ ] [ ] [ ]3 5 1 3 6 2 4 5 6 4 6 5 5 6 4, , , , , , , , , .e e e e e e e e e e e e e e e= − = − = − = = −  

We calculated the results below using MATLAB. 
For 1H , all coefficients ( )0 1 6i iλ = ≤ ≤ . 

For 2H , all coefficients ( )0 1 6ij i jλ = ≤ < ≤ . 
For 3H , the coefficients satisfy  

123 145 246 356

124 135 236 456

,
,

λ λ λ λ
λ λ λ λ

= = =

= = =
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with all other ( )0 1 6ijk i j kλ = ≤ < < ≤ . 

For 4H , all coefficients ( )0 1 6ijkl i j k lλ = ≤ < < < ≤ . 

For 5H , all coefficients ( )0 1 6ijkls i j k l sλ = ≤ < < < < ≤ . 

For 6H , the coefficient 123456λ  is a free parameter in  . 
Hence,  

( )( ) ( )( )
2

1, 2, 4,5
4 , 4 6 .

  3

0
k k

dR

k
H H SO k

k

=
≅ ≅ =
 =

so  


 

Example 3 Calculate the de Rham cohomology of ( )5SO  and the Lie algebra 
cohomology of the Lie algebra ( )5so .  

The Lie group ( )5SO  is defined as  

( ) ( ){ }55 | ,det 1 ,tSO A M A A id A= ∈ = =  

with Lie algebra  

( ) ( ){ }55 | .tX M X X= ∈ = −so   

By Theorem 1 we have the isomorphisms  

( )( ) ( )( ) ( )( )( ) ( )5*
5 , 5 Λ 5 .dRH H SO• • •≅ ≅

so

so so  

The Lie algebra ( )5so  is spanned by the basis matrices  

1 2 3

0 1 0 0 0 0 0 1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

, , ,0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

e e e

     
     −
     

= = =−     
     −
     
     

 

4 5 6

0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 1 0

, , ,0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

e e e

     
     
     

= = =−     
     −
     −     

 

7 8 9

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0

, , ,0 0 0 0 0 0 0 0 1 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 1 0 0

e e e

     
     
     

= = =     
     −
     − −     

 

10

0 0 0 0 0
0 0 0 0 0

,0 0 0 0 0
0 0 0 0 1
0 0 0 1 0

e

 
 
 
 =
 
 
 − 

 

whose Lie brackets satisfy  

[ ] [ ] [ ] [ ] [ ]1 2 5 1 3 6 1 4 7 1 5 2 1 6 3, , , , , , , , , ,e e e e e e e e e e e e e e e= − = − = − = =  
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[ ] [ ] [ ] [ ] [ ]1 7 4 1 8 1 9 1 10 2 3 8, , , 0, , 0, , 0, , ,e e e e e e e e e e e e= = = = = −  

[ ] [ ] [ ] [ ] [ ]2 4 9 2 5 1 2 6 2 7 2 8 3, , , , , 0, , 0, ,e e e e e e e e e e e e e= − = − = = =  

[ ] [ ] [ ] [ ] [ ]2 9 4 2 10 3 4 10 3 5 3 6 1, , , 0, , , , 0, , ,e e e e e e e e e e e e e= = = − = = −  

[ ] [ ] [ ] [ ] [ ]3 7 3 8 2 3 9 3 10 4 4 5, 0, , , , 0, , , , 0,e e e e e e e e e e e e= = − = = =  

[ ] [ ] [ ] [ ] [ ]4 6 4 7 1 4 8 4 9 2 4 10 3, 0, , , , 0, , , , ,e e e e e e e e e e e e e= = − = = − = −  

[ ] [ ] [ ] [ ] [ ]5 6 8 5 7 9 5 8 6 5 9 7 5 10, , , , , , , , , 0,e e e e e e e e e e e e e e= − = − = = =  

[ ] [ ] [ ] [ ] [ ]6 7 10 6 8 5 6 9 6 10 7 7 8, , , , , 0, , , , 0,e e e e e e e e e e e e e= − = − = = =  

[ ] [ ] [ ] [ ] [ ]7 9 5 7 10 6 8 9 10 8 10 9 9 10 8, , , , , , , , , .e e e e e e e e e e e e e e e= − = − = − = = −  

We calculated the results below using MATLAB. 
For 1H , all coefficients ( )0 1 10i iλ = ≤ ≤ . 
For 2H , all coefficients ( )0 1 10ij i jλ = ≤ < ≤ . 
For 3H , the coefficients satisfy  

125 136 147 238

249 34,10 568

579 67,10 89,10 ,

λ λ λ λ
λ λ λ
λ λ λ

= = =
= = =
= = =

 

with all other other ( )0 1 10ijk i j kλ = ≤ < < ≤ . 

For 4H , all coefficients ( )0 1 10ijkl i j k lλ = ≤ < < < ≤ . 

For 5H , all coefficients ( )0 1 10ijkls i j k l sλ = ≤ < < < < ≤ . 

For 6H , all coefficients ( )0 1 10ijklst i j k l s tλ = ≤ < < < < < ≤ . 

For 7H , the coefficients satisfy  

1234567 1234589 123468,10 123479,10

1256789 135678,10 145679,10

235689,10 245789,10 346789,10 ,

λ λ λ λ

λ λ λ

λ λ λ

= = =

= = =

= = =

 

with all other ( )0 1 10ijklstx i j k l s t xλ = ≤ < < < < < < ≤ . 

For 8H , all coefficients ( )0 1 10ijklstxp i j k l s t x pλ = ≤ < < < < < < < ≤ . 

For 9H , all coefficients ( )0 1 10ijklstxpz i j k l s t x p zλ = ≤ < < < < < < < < ≤ . 

For 10H , the coefficient 123456789,10λ  is a free parameter in  . 

Hence,  

( )( ) ( )( ) 1,2,4,5,6,8,9
5 , 5 .

3,7,
0

10
k k

dR

k
H H SO

k
=

≅ ≅  =
so 


 

Example 4 Calculate the de Rham cohomology of ( )6SO  and the Lie algebra 
cohomology of the Lie algebra ( )6so .  

The Lie group ( )6SO  is defined as  

( ) ( ){ }66 | ,det 1 ,tSO A M A A id A= ∈ = =  
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with Lie algebra  

( ) ( ){ }66 | .tX M X X= ∈ = −so   

By Theorem 1 we have the isomorphisms  

( )( ) ( )( ) ( )( )( ) ( )6*
6 , 6 Λ 6 .dRH H SO• • •≅ ≅

so

so so  

The Lie algebra ( )6so  is spanned by the basis matrices  

1 2 3

0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0, , ,
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

e e e

     
     −
     

−     = = =     −
     
          
     

 

4 5 6

0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0, , ,
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

e e e

     
     
     

−     = = =     
     −          −     

 

7 8 9

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

, , ,
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0

e e e

     
     
     
     

= = =     
−     

     −
          −     

 

10 11 12

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 1

, , ,
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0

e e e

     
     
     
     = = =     −     

−     
     −     

 

13 14 15

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

, , ,
0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0

e e e

     
     
     
     = = =     
     

−     
     − −     

 

whose Lie brackets satisfy  

[ ] [ ] [ ] [ ] [ ]1 2 6 1 3 7 1 4 8 1 5 9 1 6 2, , , , , , , , , ,e e e e e e e e e e e e e e e= − = − = − = − =  

[ ] [ ] [ ] [ ] [ ]1 7 3 1 8 4 1 9 5 1 10 1 11, , , , , , , 0, , 0,e e e e e e e e e e e e e= = = = =  

[ ] [ ] [ ] [ ] [ ]1 12 1 13 1 14 1 15 2 3 10, 0, , 0, , 0, , 0, , ,e e e e e e e e e e e= = = = = −  

[ ] [ ] [ ] [ ] [ ]2 4 11 2 5 12 2 6 1 2 7 2 8, , , , , , , 0,, 0,e e e e e e e e e e e e e= − = − = − = =  
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[ ] [ ] [ ] [ ] [ ]2 9 2 10 3 2 11 4 2 12 5 2 13, 0, , , , , , , , 0,e e e e e e e e e e e e e= = = = =  

[ ] [ ] [ ] [ ] [ ]2 14 2 15 3 4 13 3 5 14 3 6, 0, , 0, , , , , , 0,e e e e e e e e e e e e= = = − = − =  

[ ] ] [ ] [ [ ]3 7 1 3 8 3 9 3 10 2 3 11, , , 0, , 0, , , , 0,e e e e e e e e e e e e = − = = = − =   

[ ] [ ] [ ] [ ] [ ]3 12 3 13 4 3 14 5 3 15 4 5 15, 0, , , , , , 0, , ,e e e e e e e e e e e e e= = = = = −  

[ ] [ ] [ ] [ ] [ ]4 6 4 7 4 8 1 4 9 4 10, 0, , 0, , , , 0, , 0,e e e e e e e e e e e= = = − = =  

[ ] [ ] [ ] [ ] [ ]4 11 2 4 12 4 13 3 4 14 4 15 5, , , 0, , , , 0, , ,e e e e e e e e e e e e e= − = = − = =  

[ ] [ ] [ ] [ ] [ ]5 6 5 7 5 8 5 9 1 5 10, 0, , 0, , 0, , , , 0,e e e e e e e e e e e= = = = − =  

[ ] [ ] [ ] [ ] [ ]5 11 5 12 2 5 13 5 14 3 5 15 4, 0, , , , 0, , , , ,e e e e e e e e e e e e e= = − = = − = −
 

[ ] [ ] [ ] [ ] [ ]6 7 10 6 8 11 6 9 12 6 10 7 6 11 8, , , , , , , , ,,e e e e e e e e e e e e e e e= − = − = − = =
 

[ ] [ ] [ ] [ ] [ ]6 12 9 6 13 6 14 6 15 7 8 13, , , 0, , 0, , 0, , ,e e e e e e e e e e e e= = = = = −
 

[ ] [ ] [ ] [ ] [ ]7 9 14 7 10 6 7 11 7 12 7 13 8, , , , , 0, , 0, , ,e e e e e e e e e e e e e= − = − = = =
 

[ ] [ ] [ ] [ ] [ ]7 14 9 7 15 8 9 15 8 10 8 11 6, , , 0, , , , 0, , ,e e e e e e e e e e e e e= = = − = = −
 

[ ] [ ] [ ] [ ] [ ]8 12 8 13 7 8 14 8 15 9 9 10, 0, , , , 0, , , , 0,e e e e e e e e e e e e= = − = = =
 

[ ] [ ] [ ] [ ] [ ]9 11 9 12 6 9 13 9 14 7 9 15 8, 0, , , , 0, , , , ,e e e e e e e e e e e e e= = − = = − = −
 

[ ] [ ] [ ] [ ] [ ]10 11 13 10 12 14 10 13 11 10 14 12 10 15, , , , , , , , , 0,e e e e e e e e e e e e e e= − = − = = =
 

[ ] [ ] [ ] [ ] [ ]11 12 15 11 13 10 11 14 11 15 12 12 13, , , , , 0, , , , 0,e e e e e e e e e e e e e= − = − = = =
 

[ ] [ ] [ ] [ ] [ ]12 14 10 12 15 11 13 14 15 13 15 14 14 15 13, , , , , , , , , .e e e e e e e e e e e e e e e= − = − = − = = −
 

We calculated the results below using MATLAB. 
For 1H , all coefficients ( )0 1 15i iλ = ≤ ≤ . 
For 2H , all coefficients ( )0 1 15ij i jλ = ≤ < ≤ . 
For 3H , the coefficients satisfy  

126 137 148 159 23,10 24,11 25,12 34,13

35,14 45,15 67,10 68,11 69,12 78,13

79,14 89,15 10,11,13 10,12,14 11,12,15 13,14,15 ,

λ λ λ λ λ λ λ λ

λ λ λ λ λ λ

λ λ λ λ λ λ

= = = = = = =

= = = = = =

= = = = = =

 

with all other ( )0 1 15ijk i j kλ = ≤ < < ≤ . 

For 4H , all coefficients ( )0 1 15ijkl i j k lλ = ≤ < < < ≤ . 
For 5H , the coefficients satisfy  

12345 12389 123,11,12 123,13,14 12479 124,10,12λ λ λ λ λ λ= = = = =  

124,13,15 12578 125,10,11 125,14,15 13469λ λ λ λ λ= = = = =  

134,10,14 134,11,15 13568 135,10,13 135,12,15λ λ λ λ λ= = = = =  

14567 145,11,13 145,12,14 16789 167,11,12λ λ λ λ λ= = = = =  

167,13,14 168,10,12 168,13,15 169,10,11 169,14,15λ λ λ λ λ= = = = =  

178,10,14 178,11,15 179,10,13 179,12,15 189,11,13λ λ λ λ λ= = = = =  

189,12,14 2346,12 2347,14 2348,15 2356,11λ λ λ λ λ= = = = =  
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2357,13 2359,15 2456,10 2458,13 2459,14λ λ λ λ λ= = = = =  

2678,12 2679,11 2689,10 26,10,11,12 26,10,13,14λ λ λ λ λ= = = = =  

26,11,13,15 26,12,14,15 27,10,11,14 27,10,12,13 28,10,11,15λ λ λ λ λ= = = = =  

28,11,12,13 29,10,12,15 29,11,12,14 3457,10 3458,11λ λ λ λ λ= = = = =  

3459,12 3478,14 3679,13 36,10,11,14 36,10,12,13λ λ λ λ λ= = = = =  

3789,10 37,10,11,12 37,10,13,14 37,11,13,15 37,12,14,15λ λ λ λ λ= = = = =  

38,10,13,15 38,11,13,14 39,10,14,15 39,12,13,14 4678,15λ λ λ λ λ= = = = =  

4689,13 46,10,11,15 46,11,12,13 4789,11 47,10,13,15λ λ λ λ λ= = = = =  

47,11,13,14 48,10,11,12 48,10,13,14 48,11,13,15 48,12,14,15λ λ λ λ λ= = = = =  

49,11,14,15 49,12,13,15 5679,15 5689,14 56,10,12,15λ λ λ λ λ= = = = =  

56,11,12,14 5689,12 57,10,14,15 57,12,13,14 58,11,14,15λ λ λ λ λ= = = = =  

58,12,13,15 59,10,11,12 59,10,13,14 59,11,13,15 59,12,14,15 ,λ λ λ λ λ= = = = =  

with all other ( )0 1 15ijkls i j k l sλ = ≤ < < < < ≤ . 

For 6H , all coefficients 0,1 15ijklst i j k l s tλ = ≤ < < < < < ≤ . 

For 7H , the coefficients satisfy  

1234678 12346,10,11 12346,14,15 12347,10,13 12347,12,15 12348,11,13λ λ λ λ λ λ= = = = =  

12348,12,14 12349,10,15 12349,11,14 12349,12,13 1235679λ λ λ λ λ= = = = =  

12356,10,12 12356,13,15 12357,10,14 12357,11,15 12358,10,15λ λ λ λ λ= = = = =  

12358,11,14 12358,12,13 12359,11,13 12359,12,14 1245689λ λ λ λ λ= = = = =  

12456,11,12 12456,13,14 12457,10,15 12457,11,14 12457,12,13λ λ λ λ λ= = = = =  

12458,10,14 12458,11,15 12459,10,13 12459,12,15 12678,10,11λ λ λ λ λ= = = = =  

12678,14,15 12679,10,12 12679,13,15 12689,11,12 12689,13,14λ λ λ λ λ= = = = =  

126,10,11,14,15 126,10,12,13,15 126,11,12,13,14 12789,10,15 12789,11,14λ λ λ λ λ= = = = =  

12789,12,13 127,10,11,12,15 127,10,13,14,15 128,10,11,12,14 128,11,13,14,15λ λ λ λ λ= = = = =  

129,10,11,12,13 129,12,13,14,15 13456,10,15 13456,11,14 13456,12,13λ λ λ λ λ= = = = =  

1345789 13457,11,12 13457,13,14 13458,10,12 13458,13,15λ λ λ λ λ= = = = =  

13459,10,11 13459,14,15 13678,10,13 13678,12,15 13679,10,14λ λ λ λ λ= = = = =  

13679,11,15 13689,10,15 13689,11,14 13689,12,13 136,10,11,12,15λ λ λ λ λ= = = = =  

136,10,13,14,15 13789,11,12 13789,13,14 137,10,11,14,15 137,10,12,13,15λ λ λ λ λ= = = = =  

137,11,12,13,14 138,10,12,13,14 138,11,12,13,15 139,10,11,13,14 139,11,12,14,15λ λ λ λ λ= = = = =  

14678,11,13 14678,12,14 14679,10,15 14679,11,14 14679,12,13λ λ λ λ λ= = = = =  

14689,10,14 14689,11,15 146,10,11,12,14 146,11,13,14,15 14789,10,12λ λ λ λ λ= = = = =  

14789,13,15 147,10,12,13,14 147,11,12,13,15 148,10,11,14,15 148,10,12,13,15λ λ λ λ λ= = = = =  

148,11,12,13,14 149,10,11,13,15 149,10,12,14,15 15678,10,15 15678,11,14λ λ λ λ λ= = = = =  

15678,12,13 15679,11,13 15679,12,14 15689,10,13 15689,12,15λ λ λ λ λ= = = = =  

156,10,11,12,13 156,12,13,14,15 15789,10,11 15789,14,15 157,10,11,13,14λ λ λ λ λ= = = = =  

157,11,12,14,15 158,10,11,13,15 158,10,12,14,15 159,10,11,14,15 159,10,12,13,15λ λ λ λ λ= = = = =  

159,11,12,13,14 234567,15 234568,14 234569,13 234578,12λ λ λ λ λ= = = = =  

234579,11 234589,10 2345,10,11,12 2345,10,1314 2345,11,13,15λ λ λ λ λ= = = = =  

2345,12,14,15 236789,15 2367,10,11,13 2367,10,12,14 2367,11,12,15λ λ λ λ λ= = = = =  
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2367,13,14,15 2368,10,12,15 2368,11,12,14 2369,10,11,15 2369,11,12,13λ λ λ λ λ= = = = =  

2378,10,14,15 2378,12,13,14 2379,10,13,15 2379,11,13,14 2389,10,11,12λ λ λ λ λ= = = = =  

238910,13,14 2389,11,13,15 2389,12,14,15 23,10,11,12,13,14 246789,14λ λ λ λ λ= = = = =  

2467,10,12,15 2467,11,12,14 2468,10,11,13 2468,10,12,14 2468,11,12,15λ λ λ λ λ= = = = =  

2468,13,14,15 246910,11,14 246910,12,13 2478,11,14,15 2478,12,13,15λ λ λ λ λ= = = = =  

2479,10,11,12 247910,13,14 2479,11,13,15 2479,12,14,15 248910,13,15λ λ λ λ λ= = = = =  

2489,11,13,14 24,10,11,12,13,15 256789,13 2567,10,11,15 2567,11,12,13λ λ λ λ λ= = = = =  

2568,10,11,14 2568,10,12,13 2569,10,11,13 2569,10,12,14 2569,11,12,15λ λ λ λ λ= = = = =  

2569,13,14,15 2578,10,11,12 2578,10,13,14 2578,11,13,15 2578,12,14,15λ λ λ λ λ= = = = =  

2579,11,14,15 2579,12,13,15 2589,10,14,15 2589,12,13,14 25,10,11,12,14,15λ λ λ λ λ= = = = =  

346789,12 3467,10,14,15 3467,12,13,14 3468,11,14,15 3468,12,13,15λ λ λ λ λ= = = = =  

3469,10,11,12 3469,10,13,14 3469,11,13,15 3469,12,14,15 3478,10,11,13λ λ λ λ λ= = = =  

3478,10,12,14 3478,11,12,15 3478,13,14,15 347910,11,14 3479,10,12,13λ λ λ λ λ= = = = =  

3489,10,11,15 3489,11,12,13 34,10,11,13,14,15 356789,11 3567,10,13,15λ λ λ λ λ= = = = =  

3567,11,13,14 3568,10,11,12 3568,10,13,14 3568,11,13,15 3568,12,14,15λ λ λ λ λ= = = = =  

3569,11,14,15 3569,12,13,15 3578,10,11,14 3578,10,12,13 3579,10,11,13λ λ λ λ λ= = = = =  

3579,10,12,14 3579,11,12,15 3579,13,14,15 3589,10,12,15 3589,11,12,14λ λ λ λ λ= = = = =  

35,10,12,13,14,15 456789,10 4567,10,11,12 4567,10,13,14 4567,11,13,15λ λ λ λ λ= = = = =  

4567,12,14,15 4568,10,13,15 4568,11,13,14 4569,10,14,15 4569,12,13,14λ λ λ λ λ= = = = =  

4578,10,11,15 4578,11,12,13 4579,10,12,15 457,9,11,12,14 4589,10,11,13λ λ λ λ λ= = = = =  

4589,10,12,14 4589,11,12,15 4589,13,14,15 45,11,12,13,14,15 6789,10,11,12λ λ λ λ λ= = = = =  

6789,10,13,14 6789,11,13,15 6789,12,14,15 67,10,11,12,13,14 68,10,11,12,13,15λ λ λ λ λ= = = = =  

69,10,11,12,14,15 78,10,11,13,14,15 79,10,12,13,14,15 89,11,12,13,14,15 ,λ λ λ λ= = = =  

with all other ( )0 1 15ijklstx i j k l s t xλ = ≤ < < < < < < ≤ . 

For 8H , the coefficients satisfy 

1234567,10 1234568,11 1234569,12 1234578,13 1234579,14λ λ λ λ λ= = = =  

1234589,15 12345,10,11,13 12345,10,12,14 12345,11,12,15λ λ λ λ= = = =  

12345,13,14,15 1236789,10 12367,10,11,12 12367,10,13,14λ λ λ λ= = = =  

12367,11,13,15 12367,12,14,15 12368,10,13,15 12368,11,13,14λ λ λ λ= = = =  

12369,10,14,15 12369,12,13,14 12378,10,11,15 12378,11,12,13λ λ λ λ= = = =  

12379,10,12,15 12379,11,12,14 12389,10,11,13 12389,10,12,14λ λ λ λ= = = =  

12389,11,12,15 12389,13,14,15 123,11,12,13,14,15 1246789,11λ λ λ λ= = = =  

12467,10,13,15 12467,11,13,14 12468,10,11,12 12468,10,13,14λ λ λ λ= = = =  

12468,11,13,15 12468,12,14,15 12469,11,14,15 12469,12,13,15λ λ λ λ= = = =  

12478,10,11,14 12478,10,12,13 12479,10,11,13 12479,10,12,14λ λ λ λ= = = =  

12479,11,12,15 12479,13,14,15 12489,10,12,15 12489,11,12,14λ λ λ λ= = = =  

124,10,12,13,14,15 1256789,12 12567,10,14,15 12567,12,13,14λ λ λ λ= = = =  

12568,11,14,15 12568,12,13,15 12569,10,11,12 12569,10,13,14λ λ λ λ= = = =  

12569,11,13,15 12569,12,14,15 12578,10,11,13 12578,10,12,14λ λ λ λ= = = =  

12578,11,12,15 12578,13,14,15 12579,10,11,14 12579,10,12,13λ λ λ λ= = = =  
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12589,10,11,15 12589,11,12,13 125,10,11,13,14,15 1346789,13λ λ λ λ= = = =  

13467,10,11,15 13467,11,12,13 13468,10,11,14 13468,10,12,13λ λ λ λ= = = =  

13469,10,11,13 13469,10,12,14 13469,11,12,15 13469,13,14,15λ λ λ λ= = = =  

13478,10,11,12 13478,10,13,14 13478,11,13,15 13478,12,14,15λ λ λ λ= = = =  

13479,11,14,15 13479,12,13,15 13489,10,14,15 13489,12,13,14λ λ λ λ= = = =  

134,10,11,12,14,15 1356789,14 13567,10,12,15 13567,11,12,14λ λ λ λ= = = =  

13568,10,11,13 13568,10,12,14 13568,11,12,15 13568,13,14,15λ λ λ λ= = = =  

13569,10,11,14 13569,10,12,13 13578,11,14,15 13578,12,13,15λ λ λ λ= = = =  

13579,10,11,12 13579,10,13,14 13579,11,13,15 13579,12,14,15λ λ λ λ= = = =  

13589,10,13,15 13589,11,13,14 135,10,11,12,13,15 1456789,15λ λ λ λ= = = =  

14567,10,11,13 14567,10,12,14 14567,11,12,15 14567,13,14,15λ λ λ λ= = = =  

14568,10,12,15 14568,11,12,14 14569,10,11,15 14569,11,12,13λ λ λ λ= = = =  

14578,10,14,15 14578,12,13,14 14579,10,13,15 14579,11,13,14λ λ λ λ= = = =  

14589,10,11,12 14589,10,13,14 14589,11,13,15 14589,12,14,15λ λ λ λ= = = =  

145,10,11,12,13,14 16789,10,11,13 16789,10,12,14 16789,11,12,15λ λ λ λ= = = =  

16789,13,14,15 167,11,12,13,14,15 168,10,12,13,14,15 169,10,11,13,14,15λ λ λ λ= = = =  

178,10,11,12,14,15 179,10,11,12,13,15 189,10,11,12,13,14 234678,10,15λ λ λ λ= = = =  

234678,11,14 234678,12,13 234679,11,13 234679,12,14λ λ λ λ= = = =  

234689,10,13 234689,12,15 2346,10,11,12,13 2346,12,13,14,15λ λ λ λ= = = =  

234789,10,11 234789,14,15 2347,10,11,13,14 2347,11,12,14,15λ λ λ λ= = = =  

2348,10,11,13,15 2348,10,12,14,15 2349,10,11,14,15 2349,10,12,13,15λ λ λ λ= = = =  

2349,11,12,13,14 235678,11,13 235678,12,14 235679,10,15λ λ λ λ= = = =  

235679,11,14 235679,12,13 235689,10,14 235689,11,15λ λ λ λ= = = =  

2356,10,11,12,14 2356,11,13,14,15 235789,10,12 235789,13,15λ λ λ λ= = = =  

2357,10,12,13,14 2357,11,12,13,15 2358,10,11,14,15 2358,10,12,13,15λ λ λ λ= = = =  

2358,11,12,13,14 2359,10,11,13,15 2359,10,12,14,15 245678,10,13λ λ λ λ= = = =  

245678,12,15 245679,10,14 245679,11,15 245689,10,15λ λ λ λ= = = =  

245689,11,14 245689,12,13 2456,10,11,12,15 2456,10,13,14,15λ λ λ λ= = = =  

245789,11,12 245789,13,14 2457,10,11,14,15 2457,10,12,13,15λ λ λ λ= = = =  

2457,11,12,13,14 2458,10,12,13,14 2458,11,12,13,15 2459,10,11,13,14λ λ λ λ= = = =  

2459,11,12,14,15 2678,10,11,12,13 2678,12,13,14,15 2679,10,11,12,14λ λ λ λ= = = =  

2679,11,13,14,15 2689,10,11,12,15 2689,10,13,14,15 26,10,11,12,13,14,15λ λ λ λ= = = =  

2789,10,11,14,15 2789,10,12,13,15 2789,11,12,13,14 345678,10,11λ λ λ λ= = = =  

345678,14,15 345679,10,12 345679,13,15 345689,11,12λ λ λ λ= = = =  

345689,13,14 3456,10,11,14,15 3456,10,12,13,15 3456,11,12,13,14λ λ λ λ= = = =  

345789,10,15 345789,11,14 345789,12,13 3457,10,11,12,15λ λ λ λ= = = =  

3457,10,13,14,15 3458,10,11,12,14 3458,11,13,14,15 3459,10,11,12,13λ λ λ λ= = = =  

3459,12,13,14,15 3678,10,11,13,14 3678,11,12,14,15 3679,10,12,13,14λ λ λ λ= = = =  

3679,11,12,13,15 3689,10,11,14,15 3689,10,12,13,15 3689,11,12,13,14λ λ λ λ= = = =  

3789,10,11,12,15 3789,10,13,14,15 37,10,11,12,13,14,15 4678,10,11,13,15λ λ λ λ= = = =  
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4678,10,12,14,15 4679,10,11,14,15 4679,10,12,13,15 4679,11,12,13,14λ λ λ λ= = = =  

4689,10,12,13,14 4689,11,12,13,15 4789,10,11,12,14 4789,11,13,14,15λ λ λ λ= = = =  

48,10,11,12,13,14,15 5678,10,11,14,15 5678,10,12,13,15 5678,11,12,13,14λ λ λ λ= = = =  

5679,10,11,13,15 5679,10,12,14,15 5689,10,11,13,14 5689,11,12,14,15λ λ λ λ= = = =  

5789,10,11,12,13 5789,12,13,14,15 59,10,11,12,13,14,15 ,λ λ λ= = =  

with all other ( )0 1 15ijklstxp i j k l s t x pλ = ≤ < < < < < < < ≤ . 
For 9H , all coefficients ( )0 1 15ijklstxpz i j k l s t x p zλ = ≤ < < < < < < < < ≤ . 
For 10H , the coefficients satisfy  

1234678,10,11,13 1234678,10,12,14 1234678,11,12,15 1234678,13,14,15λ λ λ λ= = =  

1234679,10,11,14 1234679,10,12,13 1234689,10,11,15λ λ λ= = =  

1234689,11,12,13 12346,10,11,13,14,15 1234789,10,13,15λ λ λ= = =  

1234789,11,13,14 12347,10,11,12,13,15 12348,10,11,12,13,14λ λ λ= = =  

1235678,10,11,14 1235678,10,12,13 1235679,10,11,13λ λ λ= = =  

1235679,10,12,14 1235679,11,12,15 1235679,13,14,15λ λ λ= = =  

1235689,10,12,15 1235689,11,12,14 12356,10,12,13,14,15λ λ λ= = =  

1235789,10,14,15 1235789,12,13,14 12357,10,11,12,14,15λ λ λ= = =  

12359,10,11,12,13,14 1245678,10,11,15 1245678,11,12,13λ λ λ= = =  

1245679,10,12,15 1245679,11,12,14 1245689,10,11,13λ λ λ= = =  

1245689,10,12,14 1245689,11,12,15 1245689,13,14,15λ λ λ= = =  

12456,11,12,13,14,15 1245789,11,14,15 1245789,12,13,15λ λ λ= = =  

12458,10,11,12,14,15 12459,10,11,12,13,15 12678,10,11,13,14,15λ λ λ= = =  

12679,10,12,13,14,15 12689,11,12,13,14,15 1345678,10,13,15λ λ λ= = =  

1345678,11,13,14 1345679,10,14,15 1345679,12,13,14λ λ λ= = =  

1345689,11,14,15 1345689,12,13,15 1345789,10,11,13λ λ λ= = =  

1345789,10,12,14 1345789,11,12,15 1345789,13,14,15λ λ λ= = =  

13457,11,12,13,14,15 13458,10,12,13,14,15 13459,10,11,13,14,15λ λ λ= = =  

13678,10,11,12,13,15 13679,10,11,12,14,15 13789,11,12,13,14,15λ λ λ= = =  

14678,10,11,12,13,14 14689,10,11,12,14,15 14789,10,12,13,1415λ λ λ= = =  

15679,10,11,12,13,14 15689,10,11,12,13,15 15789,10,11,13,14,15λ λ λ= = =  

234567,10,11,13,15 234567,10,12,14,15 234568,10,11,13,14λ λ λ= = =  

234568,11,12,14,15 234569,10,12,13,14 234569,11,12,13,15λ λ λ= = =  

234578,10,11,12,13 234578,12,13,14,15 234579,10,11,12,14λ λ λ= = =  

234579,11,13,14,15 234589,10,11,12,15 234589,10,13,14,15λ λ λ= = =  

2345,10,11,12,13,14,15 236789,10,11,13,15 236789,10,12,14,15λ λ λ= = =  

2389,10,11,12,13,14,15 246789,10,11,13,14 246789,11,12,14,15λ λ λ= = =  

2479,10,11,12,13,14,15 256789,10,12,13,14 256789,11,12,13,15λ λ λ= = =  

2578,10,11,12,13,14,15 346789,10,11,12,13 346789,12,13,14,15λ λ λ= = =  

3469,10,11,12,13,14,15 356789,10,11,12,14 356789,11,13,14,15λ λ λ= = =  

3568,10,11,12,13,14,15 456789,10,11,12,15 456789,10,13,14,15λ λ λ= = =  

4567,10,11,12,13,14,15 6789,10,11,12,13,14,15 ,λ λ= =  
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with all other ( )0 1 15ijklstxpzd i j k l s t x p z dλ = ≤ < < < < < < < < < ≤ . 

For 11H , all coefficients  

( )0 1 15ijklstxpzdq i j k l s t x p z d qλ = ≤ < < < < < < < < < < ≤ . 

For 12H , the coefficients satisfy  

123456789,10,11,12 123456789,10,13,14 123456789,11,13,15 123456789,12,14,15

1234567,10,11,12,13,14 1234568,10,11,12,13,15 1234569,10,11,12,14,15

1234578,10,11,13,14,15 1234579,10,12,13,14,15

λ λ λ λ
λ λ λ
λ λ

= = =
= = =
= = = 1234589,11,12,13,14,15λ

 

1236789,10,11,12,13,14 1246789,10,11,12,13,15 1256789,10,11,12,14,15

1346789,10,11,13,14,15 1356789,10,12,13,14,15 1456789,11,12,13,14,15

234678,10,11,12,13,14,15 235679,10,11,12,13,14,15 24

λ λ λ

λ λ λ

λ λ λ

= = =

= = =

= = = 5689,10,11,12,13,14,15

345789,10,11,12,13,14,15 ,λ=

 

with all other ( )0 1 15ijklstxpzdqb i j k l s t x p z d q bλ = ≤ < < < < < < < < < < < ≤ . 
For 13H , all coefficients  

( )0 1 15ijklstxpzdqbc i j k l s t x p z d q b cλ = ≤ < < < < < < < < < < < < ≤ . 

For 14H , all coefficients  

( )0 1 15ijklstxpzdqbcg i j k l s t x p z d q b c gλ = ≤ < < < < < < < < < < < < < ≤ . 

For 15H , the coefficient 123456789,10,11,12,13,14,15λ  is a free parameter  . 

Hence,  

( )( ) ( )( ) 1,2,4,6,9,11,13,140
6 , 6 .

3,5,7,8,10,12,15
k k

dR

k
H H SO

k
=

≅ ≅  =
so 


 

Example 5 Calculate the de Rham cohomology of ( )3SU  and the Lie algebra 
cohomology of the Lie algebra ( )3su .  

The Lie group ( )3SU  is defined as  

( ) { }3 33 | ,det 1 ,HSU U U U id U×= ∈ = =  

with Lie algebra  

( ) { }3 33 | .HX X X×= ∈ = −so   

By Theorem 1 we have isomorphisms  

( )( ) ( )( ) ( )( )( ) ( )3*
3 , 3 3 .dRH H SU• • •≅ ≅ Λ

su

su su  

The Lie algebra ( )3su  is spanned by the basis matrices  

1 2 3

0 1 0 0 0 1 0 0
1 0 0 , 0 0 , 0 1 0 ,
0 0 0 0 0 0 0 0 0

i
e e i e

−     
     

= = = −     
     
     

 

4 5 6

0 0 1 0 0 0 0 0

0 0 0 , 0 0 0 , 0 0 1 ,

1 0 0 0 0 0 1 0

i

e e e

i

−     
     

= = =     
     
     
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7 8

0 0 0 1 0 0
10 0 , 0 1 0 ,
3

0 0 0 0 2

e i e

i

   
   

= − =   
   −   

 

whose Lie brackets satisfy  

[ ] [ ] [ ] [ ]1 2 3 1 3 2 1 4 7 1 5 6, 2 , , 2 , , , , ,e e ie e e ie e e ie e e ie= = − = = −  

[ ] [ ] [ ] [ ]1 6 5 1 7 4 1 8 2 3 1, , , , , 0, , 2 ,e e ie e e ie e e e e ie= = − = =  

[ ] [ ] [ ] [ ]2 4 6 2 5 7 2 6 4 2 7 5, , , , , , , ,e e ie e e ie e e ie e e ie= = = − = −  

[ ] [ ] [ ] [ ]2 8 3 4 5 3 5 4 3 6 7, 0, , , , , , ,e e e e ie e e ie e e ie= = = − = −  

[ ] [ ] [ ] [ ]3 7 6 3 8 4 5 3 8 4 6 2, , , 0, , 3 , , ,e e ie e e e e ie ie e e ie= = = + =  

[ ] [ ] [ ] [ ]4 7 1 4 8 5 5 6 1 5 7 2, , , 3 , , , , ,e e ie e e ie e e ie e e ie= = − = − =  

[ ] [ ] [ ] [ ]5 8 4 6 7 3 8 6 8 7 7 8 6, 3 , , 3 , , 3 , , 3 ,e e ie e e ie ie e e ie e e ie= = − + = − =  

We calculated the results below using MATLAB. 
For 1H , all coefficients ( )0 1 8i iλ = ≤ ≤ . 

For 2H , all coefficients ( )0 1 8ij i jλ = ≤ < ≤ . 

For 3H , the coefficients satisfy  

123 147 156 246 257

345 367 458 678 ,
λ λ λ λ λ

λ λ λ λ
= = = =

= = = =
 

with all other ( )0 1 8ijk i j kλ = ≤ < < ≤ . 

For 4H , all coefficients ( )0 1 8ijkl i j k lλ = ≤ < < < ≤ . 
For 5H , the coefficients satisfy  

12345 12367 12458 12678 13468

13578 23478 23568 45678 ,
λ λ λ λ λ

λ λ λ λ
= = = =

= = = =
 

with all other ( )0 1 8ijkls i j k l sλ = ≤ < < < < ≤ . 

For 6H , all coefficients ( )0 1 8ijklst i j k l s tλ = ≤ < < < < < ≤ . 

For 7H , all coefficients ( )0 1 8ijklstx i j k l s t xλ = ≤ < < < < < < ≤ . 

For 8H , the coefficient 12345678λ  is a free parameter in .  

Hence,  

( )( ) ( )( ) 1, 2, 4,6,7
3 , 3 .

3,5
0

,8
k k

dR

k
H H SU

k



=
≅

=
≅su 


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