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Abstract

Let G bea compact connected Lie group with Lie algebra g. We prove that
the de Rham cohomology Hj, (G) is isomorphic to the Lie algebra cohomol-

*\8
ogy H'(g,R), and that both are isomorphic to the space ((A'g) ) of g-

invariant forms on the exterior algebra. In other words,
g

H‘(g,R);H'R(G);((A'g) ) .
This result reduces the geometric problem of computing Hj, (G) to the al-

gebraic problem. We use the above isomorphism to calculate the de Rham co-
homology of several classical groups S0(3) , SO(4), SO(S) , SO(6) , and

SU (3) . We provide detailed computations for S0(3) . For the higher-dimen-
sional cases SO(4), SO(S) , SO(6), and SU(3), we utilize MATLAB to
compute the de Rham cohomology groups efficiently.
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Keywords
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1. Introduction

The cohomology of Lie groups and Lie algebras constitutes a fundamental topic
in differential geometry and algebraic topology, with profound connections to
representation theory and mathematical physics. For a compact connected Lie
group G with Lie algebra g, the cohomology of G is defined as the de Rham
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cohomology arising from the complex of differential forms on G . We build on
the work of Chevalley and Eilenberg [1], who introduced Lie algebra cohomology
to compute de Rham cohomology, thereby translating a geometric problem into
an algebraic one. Specifically, when g acts trivially on R, there exists an iso-

morphism:
H* (6.R)= H} (G) = ((A-g)*)g,

*\ 0
where ((A g) ) denotes the space of g -invariant elements. This isomorphism

provides a powerful tool for computing the de Rham cohomology of G by lev-
eraging the algebraic structure of g. While the theory is well-known, computa-
tions become increasingly complex as the dimension grows for Lie groups. Exist-
ing literature often focuses on lower-dimensional cases (e.g., 50(3) ), but sys-
tematic computations remain challenge for classical groups of higher dimensions.
This paper provides a rigorous exposition of the isomorphism and presents de-
tailed cohomology calculations for specific classical Lie groups, namely S0(4) ,
SO(S) , 50(6), and SU(3) .

This paper is organized as follows: In Sect. 2, we recall basic concepts about the
de Rham cohomology and the Lie algebra cohomology. In Sect. 3, we provide a

detailed proof of the isomorphism. In Sect. 4, we compute specific examples.

2. Preliminary Knowledge

This section recalls the definitions and fundamental properties of the de Rham
cohomology and the Lie algebra cohomology.

Definition 1 [2] Let K be a field. A Lie algebra g 1is a vector space over K
with a bilinear bracket [—, —] :

gxg—9,

satisfying the following axioms forall X,Y,Zeg and 4,4, €K:

1) Bilinearity: [4X +4,Y,Z]=4[X,Z]+4[Y,Z];

2) Antisymmetry: [X,X] =0;

3) Jacobi identity: [X,[Y,Z]]+[Y,[Z,X]]+[Z,[X,Y]] =0.

Definition 2 [2] Let K be a field and A be a unital ring. If the additive
group of A formsa K -vector space, and

/I(ab) = (la)b = a(/ib)

forall AeK,and a,be 4,then A is called an associative algebra over K, or
simplya K -algebra.

Let A4 be an associative algebra over a field K . The commutator bracket
[a,b] =ab-ba defines a Lie algebra structure on the underlying K -vector space
of 4.

Definition 3 [3] Let g, and g, be Lie algebras over a field K . A K -linear
map ./ .9, —> 9, Isa lLiealgebra homomorphism ifforall X,Y € g,

[/ (X)..7(Y)]=7([Xx.Y]).
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A canonical example is a homomorphism from a Lie algebra g to gl(V) , the
general linear Lie algebra on a vector space V' .

Definition 4 [3] A representation of a Lie algebra g overa field K is a pair
(V,p) , where V isa K -vector space and p.§—> gl(V) is a Lie algebra ho-
momorphism.

Definition 5 [3] For any Lie algebra g, the adjoint representation is the ho-
momorphism ad :g—> gl(g), defined by ad(X)(Y) = [X,Y] .

The adjoint representation is fundamental for studying the structure of Lie al-
gebra. To connect this algebraic framework to the differential geometry of Lie
groups, we recall basic concepts from smooth manifold theory.

Definition 6 [4] Let M be an n -dimensional topological manifold. If a
smooth structure X is specified on M , then (M , 2) is called an n -dimen-
sional smooth manifold.

Definition 7 [4] Let M be a smooth manifold. A function f:M — R is
called smooth if it is smooth with respect to the smooth structure of M . The set
of all smooth functionson M is denoted by C* (M ) .

Definition 8 [5] Zet M be a smooth manifold and p € M . Denote by C;C
the algebra of germs of smooth functions at p . A tangent vectorat p isalinear
map v:C,; >R satistying the following axioms: forall f,geC, and AR,

1) v(f+lg):v(f)+/1v(g);
2) v(f-g)=v(f)g(p)+f(p)v(g).

The tangent space at p, denoted 7,M , is the vector space of all tangent vec-
tors.
Definition 9 [5] A cotangent vector at peM is a linear functional

a:T,M — R . The cotangent space T;M is the dual space of T,M .
Definition 10 [5] Let M be a smooth manifold. The tangent bundle of M

is defined as TM = U T,M , equipped with a natural smooth structure that

peM
makes it a smooth manifold.

Definition 11 [6] A smooth vector field on a smooth manifold M  is a smooth
map X :M —TM such that woX =id,,, where = :TM — M is the canoni-
cal projection. In other words, X Is a smooth section of the tangent bundle.

The set of all smooth vector fieldson M is denoted by X (M ) .

Definition 12 [7] Let M be a smooth manifold. A differential k -form on
M  is a smooth section of the k -th exterior power of the cotangent bundle, i.e.,
a smooth map

o:M—>ANT'M=] Ak(T;M),

peM
such that @(p)e A" (TPM ) for each peM . The set of all differential & -
formson M is denoted by QF (M).

Property 1 [6] Let M be a smooth manifold. There exists a unique operator
d:Q (M)— Q! (M)(r=0), called the exterior derivative, satistying the fol-

lowing properties:
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1) d:Q (M)—>Q™" (M) isalinear map.

2) d(pry)=dory+(-1) prdy, 9eQ (M), yeQ'(M).

3)For feC”(M)=Q"(M), df isthe ordinary differential of f .

4) dod=0.

Proposition 1 [6] The space Q' (M ) of differential k -forms on a smooth
manifold M is isomorphic as a C” (M) -module to the space of alternating
C* (M) -multilinear maps X(M)" — C*(M).

Proposition 2 [8] (/nvariant formula) For any we o (M ) and
Xy, X, € X(M),

k .
do( Xy, X, )= Z(;(—l)' X, (a)(XOXXk))

i=

N Z (_1)i+ja)([X,-,XJ,Xoa"‘,)?-a"'aX'a"'an)a

0<i<j<k

where X, denotes that the element X, is omitted.

1

Definition 13 [6] Let M and N be smooth manifolds and f:M — N a
smooth map. For each p €M , the pushforward of [ at p Is the linear map
Jop T,M T, )V defined by

(p

(£, (X)) =X (g21)
forall XeT,M and ge C;C(p) .
Definition 14 [6] Let f:M — N be a smooth map. The pullback induced by

f isthemap [ :Q°(N)—>Q"(M) defined by
(@)X, X, ) = a)(ﬁ (X)) £ (X ))
forall weQ"(N) and X, X, €eX(M).

Property 2 [6] Let f:M —>N be a smooth map. The pullback
o (N ) - Qf ( M ) satisties the following properties:

1) f* isalinear map.

2)Forall weQ'(N) and neQ’ (N), f(orn)=fonfn.

3) f(do)=d(f @)

Definition 15 [9] A Lie group is a group G that is also a smooth manifold
such that the group operations ¢:GxG—> G,( g,h) > gh and inversion
1:G>G,g g aresmooth maps.

For any fixed g € G, the maps

L,:G—>G, L,(h)=gh
and
R,:G—>G, R (h)=hg™

are smooth diffeomorphisms, called left multiplication and right multiplication,

respectively.
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The group GxG acts smoothly on G via
(g,h)-x =R,L, (x) =gxh”', g,h,xeG.

If g=h, this action gives the conjugation by g, denoted ¢, =R,L,.
Definition 16 [7] Leta Liegroup G acts smoothly on a smooth manifold M
via a map GxM —> M . For each g€G, denote by g the smooth map

M — M  given by the action. A differential form @ e Q" (M ) is called G -in-

variant it g*a) =w,forall gegG.
The space of all G -invariant & -formson M is denoted by QF (M )G .
Definition 17 [9] Let G be a Lie group. A vector field X € X (G) is left-
invariant if for all g,he G,

(L), (X (1) =X (gh).

The set of all left-invariant vector fields on G forms a Lie algebra under the
Lie bracket of vector fields. This Lie algebra is denoted by g and is isomorphic
to the tangent space 7,G at the identity element e e G. It is called the Lie alge-
braof G.

Definition 18 [10] A chain complex C of R -modules is a family {C }nEZ

n

of R -modules together with R -modules map d,:C, — C,_, such that the se-

quence

d d,
waC,, —41>C —>C _ >

n—-1
satisfies d,od,,, =0 forall neZ.
Definition 19 [10] Let (C,,d,) and (C:,d,’ ) be chain complexes. A chain

map
f=1:(C.d,)~(C.d)

is a family of morphisms {f, :C, > C, }n such that diagram

el

dn,+1 dn

OnJrl Cn Cnfl —_—

lf’nJrl lfn, lfnl

/ /
Cn ' Cnf 1 T
n

'
1
nt d;H»]
commutes, e, f, ,od, =d.of, forall neZ.

Definition 20 [10] Zet C:---—>C,,, %>C,7 L)CH —> -+ be a chain
complex. Its n -th homology is defined as the quotient module

H,(C)= kerd,

CImd,
Definition 21 [10] A chain map f: (A,d ) - (C ,0 ) is called a quasi-isomor-

n+l

phism iffor every integer n the induced map f.:H, (A) ->H, (C ) are an iso-
morphism.
Definition 22 [11] Let K beafeld, g aLiealgebraover K,and T" a g-
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module. Define
C"(g.T'):=Hom, (A”g,F), n>0, C°(g,I)=T.

The space C" ( g,F) can be identified with the space of alternating 7 -linear
maps §" =>T.For ceC"(g,I'), define dceC"'(g,I') by

dC(Xl,'--,XnH):nZH(_l)HI X,-(C(Xp’”a/{/i"'"XnH))

i=1

+ Y (_1)”"c([){ﬂ){j]’){“...,)A(I_’...’)A(j,...’)(m)

1<i<j<n+1
forall X,,---,X,, 9.
One can verify that d od =0, so we obtain a cochain complex

e O (g, T)— € (g,T) —En C (g, T) = -+,

The Lie algebra cohomology of g with coefficientsin I' is

_ kerd"
Imd"™"’

H"(g.T)=H"((C"(3.7).4))

3. Isomorphism between de Rham Cohomology and Lie
Algebra Cohomology

This section constructs explicit chain complexe isomorphisms that induce iso-
morphisms in cohomology. As a consequence, we prove that for a compact con-
nected Lie group G with Lie algebra g, the de Rham cohomology H, (G) is
isomorphic to the Lie algebra cohomology H' ( g, R).

Proposition 3 [11] Let M be a smooth manifold and G a connected com-
pact Lie group acting smoothlyon M via a:GxM — M . Then the inclusion
map

o100 (b1 0 (M)
is a quasi-isomorphism.
Let G bea connected Lie group with Lie algebra g.Let V' beavector space

and 7:G—> Aut(V) a representation of G. Its derivative at the identity gives
the induced Lie algebra representation

p=D,x:g—>End(V).

Recall that for any X € g, the exponential map exp:g=7,G —> G satisfies

exp(tX) =X,

t t=0
where exp is defined by exp(X)=6, (1), with 6, being the maximal integral
curve of the left-invariant vector field determined by X and satisfying

0y (0) =e . Applying the chain rule to zoexp yields

p(X) :di ﬂ(exp(tX)).

t t=0

Definition 23 [12] Let G be a Lie group acting linearly on a vector space V
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via a representation 7:G —> GL(V) , and let p:g—> End(V) be the corre-
sponding Lie algebra representation. A vector veV Is called G -invariant if
ﬁ(g)(v) =v,forall geG.

The subspace of G -invariant vectors is denoted by V9. A vector veV is
called g -invariant if p(X)(v) =0,forall Xeg.

The subspace of g -invariant vectors is denoted by 7?.

We shall now prove that these two subspaces coincide.

Proposition4 V¢ =V°.

Proof. We prove the equality by showing two inclusions.

1) vecre.

Let veV,so that ﬂ(g)(v) =v forevery g€G.Forany X €y,

P(X)(v) =] 7 (exp())(v) =

—| v=0,
dt t=0 dt t=0

hence veV?®.

2) Vieve.

Let veV?, ie, p(X)(v)=0 for every X €g. Define the evaluation map
ev, :Aut(V)—>V by ev,(4)=A(v). Then

D, (ev, o x)(X) = (ev, e D7) (X) =ov, (p(X)) = p(X) (+) =0.

Since G is connected, the map ev oxr is constant. As
ev,oz(e)=7(e)(v)=v, we obtain ev,o7(g)=7(g)(v)=v, where e is the
identity of G.Thus ve V. Combining (1) and (2) we conclude V¢ =V7.

Building on Proposition 4, we now establish an isomorphism between the com-
plex of invariant differential forms and the cochain complex of the Lie algebra,

thereby connecting the de Rham cohomology of a Lie group to its Lie algebra co-

homology.
Proposition 5 The evaluation map at the Iidentity eeG

£:Q"(G)° - C*(g,R), w>w,, defines an isomorphism of cochain com-
plexes.

Proof. First, we verify that & is well-defined. Identifying g with the tangent
space T,G, we have

&(w)=w, e Hom, (Ak (TL,G),R) = Hom, (Akg,R) =C*(g.R).

Hence ¢ is well-defined.
Consider the following diagram:
. OF1(@)C dk! Ok (G)C d* O L(G)E

P o

T Ckil(g*R) T Ck(g*R) — CkJrl (Q,R) —

d'k—1 'k

Let weQF (G)G and g€G.Since @ is G -invariant, g ®=®. We have

g*(d"'a)):d"(g*a))zdka),so d‘® isalso G -invariant, ie, d‘we Q' (G)°.
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Next, we show that & is a chain map, ie, &"'od"=d"os" . Let
weQF (G)G and v,---,v,,, €T.G.Let X, betheleft-invariant vector field on
G with X,

; (e) =v,.Since @ andeach X, areleft-invariant, we have

(Lg )*h (Xi (h)) =X, (gh),
(1) -0

for all g,he G . The invariance of @ means that for any tangent vectors
u,--u, €T,G,

i) = () @) ) = (), (0.2, ()
Define the function  f:G—>R by  f(h)=0(X,.X,),
=, (X, (), X, (h)). Then

f(gh)=o(X,, - X)),
=0, (X, (gh), . X, (gh))
= ((2.),, (4 (1) (L), (%, ()
=((£) @) (4 (), (1)
= o, (X, (k) X, ()
= 7 (h).
Thus, f isleft-invariant. Consequently, @(X,,--,X,) isleft-invariant and

therefore constant.

Since g acts triviallyon R, we have
£t (dka))(vp"':vk+1)
=(d"a)) (Vv ) =d o (X, X)) (e)

k+1

_z()“ ((xfw&fwnﬂﬂa
’*f w( -',)A(’-,"‘,)A(ja"‘anJrl)(e)
1<,<j<k+1
I w 1><>
<i<j<k+
1<l<]<k+1
On the other hand,
d'k(gkw)(v]’...,vk+l)=d’k(a)e)(vl,---,vkﬂ)

k+1

= (1" (@, (v B )

i=1

i+j A A
+ > (- “’e([Vi"’/}"l"""’i"”"’/""v"ml)

1<i<j<k+1
_ 1+ N N
- z (_) @, I:V,-;V‘/»:|,V1,'",Vi,"‘,Vj,"',VkH .
1<i<j<k+1
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This implies that &' od* =d" 0", s0 ¢ isa chain map.
Next we prove that & is an isomorphism. Let o e Q* (G)G , 2€G and
uy, -+, u; € T,G . Then

o, ()= (L) (o) = 0, (DL (). DL (1)
Hence kere = {a) cQ'(G) |&¢(w)=w, = 0} =0.Itfollows that & isinjective.
Let ceC*(g,R), there exists weQ'(G) such that

o, (uf,})=(D,L, . (). DL, (1))
Forany g,heG,
(L) ) () = o, (L), () (2., ()

=y, (DL (), D, L, (1)
= c(Dth(hg)_l (D,L, (ul')),“-,Dth(hg)_‘ (D,L, (u )))
= (DL ()., D L ()
= 0 (ul, ;).

Thus, e Q*(G)°. Additionally, since

g(@)(vi, )=, (v, v)

(P (510, (5
e((r).(

:C(X1<€
(X (e).
(

)
X, (e)),
e),---,Xk (e’1~e))
Xy (3))

(
*e
,1.
=clX, ),-
=C Vl””’vk

)-

it follows that 8((0) =c.Thus, & is surjective. We conclude that & is an iso-
morphism.

Next, we construct a representation of the Lie group G with Lie algebra g
on the cochain complex C " ( g,R) , and show that the subspace of G -invariant
cochains coincides with the subspace of g -invariant cochains.

Proposition 6 (C* (g,R)G ,d) = (C* (g.R)’ ,d).

Proof. First, we construct the action 7:G — Aut(C" ( g,R)) .

For g,heG and X,X,,--,X, €g, recall that G acts on g via the ad-

joint action

Ad:G - Aut(g). Ad(g)(X)=Te, (X).
where ¢, (h) =ghg™' is conjugation by g . This action extends naturally to the

exterior power A*g, which we also denote by Ad:G — Aut (A" g) , satisfying

Ad(g)(X] /\---/\Xk):=Ad(g)(X,)/\---/\Ad(g)(Xk).
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Dualising gives an action 7 of G on C*(g,R), 7:G - Aut(C* (g, R)),

gl—)Ad(g)*, (Ad(g)*c)(Xl,‘.',Xk);zc(Ad(gfl)(Xl)’...’Ad(g—l)(Xk))'
Next we verify that 7 is a homomorphism. For g,heG and

ceC*(g,R),

(ﬁ(gh)c)(Xl,---,Xk):Ad(gh)*c(Xl,---,Xk)

it follows that 7 ( gh) =7 (g) or (h) .Thus, 7 isarepresentation of G.
Now we construct the corresponding Lie algebra action p:g—> End (C" (o, R)) .
The adjoint action of g on itself is

ad:g— End(g), ad(X)=[X,Y],

which we can extend to an action of g on A* (g) by
k
ad(X)(X, A AX ) =Y X A A[X X A A X
i=1

Again this dualises to an action on C* ( g,]R) ,

pig— End(C" (g,R)), X ad(X)
satisfying

C(Xp“"[XpX]:'”an)-

1

(ad () €)(X,,-.X,) =

1

k
Next we show that p is a Lie algebra homomorphism, ie,
p([X.Y])=[p(X),p(¥)] for all X,Yeg . Recall that [p(X),p(Y)]=
p(X)ep(Y)—-p(Y)ep(X).For ceC’(g,R) and X,,--, X, €9,
k
(P(X)op(¥)e) (i Xy ) = 2 p(Y)e( Xy [Xp, X0, X, )

)
=3 e[l )
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Similarly,
(p(1)o p(X)e)(Xrsrors X, ) = 3 p (X)X [ X7 ],

=3 e( Xy [ XY ] [ X X X

1<j<i<k

+1<§‘ c(Xl, --,[[X/. Y] X] ,Xk)

+ Y (X [ X ] [ XY e X ).
1<i<j<

Hence

(Lo(X).p(1)]e) (X, X, )

=(p(X)°p(Y)—p(Y)op(X))c(Xp‘-uXk)

>, el [ x) ] x,)
( RICEIRGRIERIRT R

c( ,...’[Xl.,[X,YH,"'an)

M- HM» -m

=(p([X,Y])c)(X1,-~~,Xk),
it follows that p([X,Y])=[ p(X).p(Y)]. Thus, p isarepresentationof g.

Next we prove that p(X) = D/T(X) for every X €g. Since

(D7 (X)e) (X X, )

e

(ﬂ(exp(tX))c)(Xl,---,Xk)

(Ad(exp(tX))*c)(Xl,-'-,Xk)

t=0

c(Ad(exp(tX)y1 (X, ),~--,Ad(€Xp(tX))7l (X, ))

t=0

I
M- &la &la &

o
>

sead (= X)(X,)ees X, )

Il
M=~

C(Xl»"‘a[XisX]a“'an)

ad X) ¢)(X,,r++, X, )
p(X)e)(Xn. X,),

. According to Proposition 4, we conclude

Il
—_—~
—

it follows that p=0D,
C*(g.R)” =C* (g, R)".

N

Next we prove that for every ceC* (g,R)G , its differential satisfies
deeC*'(g,R)". Let geG and X,,-,X,, €g. Because ¢ is G -invari-

ant,

7(g)e(X, X, )= (Ad(g)) e(X . X, )= (X, X,).
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Now compute (Ad(g)* dc)(Xl,...,XM):

(Ad(g) de) (X, X,

ZZ(_I)H/ (Ad(g)*c)([X[,XjJ’Xl""’)A(f""’)?f""’Xk+1)

i<j

SYRIERERARHES M AR

i<j
=de( X, X,,).

It follows that dceC*! (g,R)G . We finally obtain (C* (g,R)G ,d) =
(" (aR).a).

We now consider the action of GxG on G and establish an isomorphism
of cochain complexes between the space of G x G -invariant differential forms on
G andthe G -invariant supspace of the Lie algebra cochain complex.

Proposition 7 Evaluation at ec G, 7:Q'(G)”" - C*(g,R), o o,
defines an isomorphism of chain complexes.

Proof Let weQF(G)™, we show that , e C*(g,R)", thatis, o, is G-

invariant. For any ge€G and X,,---,X, €g, the invariance of ® gives

c;a)za).Hence
aJe(Xl,m,Xk)=(c;]a))e(Xl,---,Xk)
=0,(Die . (%) D1 (X))
= o,(Ad(g") (%)), Ad(g)(X,)).
Therefore
(7(2)@) (X0 X,) =((4dg) @, ) (X, X,)

=a, (Ad(gq)(Xl)"“aAd(gil)(Xk ))
=w, (X, X,).

It follows that 7 (g)a)e =®,, which means that o, is G -invariant. Conse-
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quently, 7 is well-defined.
Consider the following diagram:

Qk—l(@(*xcd" ! Ok (GGG L Qk+1(G)G><G

iTkl iTk ilekl

—>Ck_l(g,ﬂ€{)(’ch(g,R)(;TCk+l(g,R)(’—>

Let weQ' (G

(R,L,) (4" 0)=L,(R; (4" w)) = ,d" (R,0) = d" (L, R,0) = d" o,
0 d"we ™ (G)7.
Next we show that 7 is a chain map, ie, 7""od"™ =d"or" . Let
0eQ"(G)” and v,-,v,, €T,G.Let X, be the left-invariant vector field

)GXG and g,heG.Since @ is GxG -invariant, we have

on G with Xi(e) =V;.Because @ andeach X, are left-invariant, the func-

tion a)(Xl,m,X k) is left-invariant and therefore is constant. Moreover, g

acts trivially on R. Consequently,
(Tk+1 (drka))) (Vp'"s"k+1)

* ) (Vv ) =d"o( X, X, ) (e)

=(d
k§< ) x ((X],...,;%i,...,xm))(e)

1+j A N
) ”’Xi"”!Xja"'stH)(e)
1<l</<k+l
1+] A
- ([X,,X ] X, ;,"',X,,"',Xk+1)(e)
l<l</<k+1
_ I+_] .
= \G’v SVttt iyt vj’”."%+l'
l<l</<k+1
On the other hand,
ko _k ok
(d (T a)))("ls""vk+1)—d (a)e)(vl""avkn)
k+1 i+l
ZZ(_l) vl'(a)e(vls""vis"',vk+l))
i=1
J i+j
+ z (_1) ‘ a)e(|:vi9vj:|’v]3"',V[,"'9vj9"'avk+])
I<i<j<k+1
£ i+j
= 2: (—1) a%([w’vj]’VU.”’W3”'J05“'AQ+1)
1<i<j<k+1

This implies that 7" od™ =d* oz*. Thus, 7 isa chain map.
)GxG

Next, we prove that 7 is an isomorphism. Let weQ*(G , 2€G and
u,-,u, €T,G.Becausea Gx G -invariant form is in particular left-invariant, we
have

o, (-1, ) = (Lg,la)) (uy,u, )=, (Dng,l (ul),w,Dng,l (1 ))

g
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This gives kerz = {a) e (6)" |7(0) =0, = 0} =0.Thus, 7 is injective.

Let ceC*(g, R)G , there exists w e QF (G)G such that

0, (oot ) = (DL (). D L (1))
Forany x,y,2€G,

((R_LX)* a))g (“n"'s“k)”"w (D (R,L.) (), D, (R,L,) (1))

Thus, we Q' (G )GXG Additionally, since
(@) (v, v ) =0, (v, vk)
(DL DGL,I( )
((L "’(Lefl )*e (Xk (e)))
:c(Xl - C(e_]~e))
(
(

C

Il
o

=c X, )

=c(v, )

it follows that 7 (a)) =c.Thus, 7 issurjective. We conclude that 7 is an iso-
morphism.

The isomorphisms of chain complexes established in Propositions 5 and 7, to-
gether with the quasi-isomorphism in Proposition 3 and the equality in Proposi-
tion 6, induce isomorphisms in cohomology.

Theorem 1 If G is a compact connected Lie group with Lie algebra g, then
.\ g
1 (a.R) = 13,(6)=((A'g) ) ,

where g acts triviallyon R.
Proof. According to Proposition 3, we have H® (Qk (G)G)
ver, Proposition 5 also gives an isomorphism of complexes Qf

Consequently,
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Weobtain H"(g,R)= H}, (G) = H(((A'g)*)gJ .

Now we prove that & =0 of the chain complex
(a2 ) (027 0){[(vof ]

Forany ceC"(g,R)’ and X,,---,X,, €g.Because g acts trivially on R
and ¢ is g -invariant, we have

k+1

ZdC(Xl,'”,XkH)222(_1)i+l Xl»(C(Xp”")?iﬂ’”’XkH))

R SN ST R I
i<j

ZZ(—I)HjC(I:XiaX/}axlﬂu'ﬂ)A(i"”’)?j"”’XkH)

i<j
+Z(—1)Hj C([Xi’Xj:I’Xl"“’)%i"“’Xj"“’X"”)

i<j

=S (1) c(Xl,"',[X,,X,-]z"',X,va"'anH)

i<j
+Z(_1)]C(X""")A(j""’[Xi’XjJ’""X/m)
Jj<i

=21 (3, ) X K X )

J=1

=0.
*\8 *\8
This gives H ((/\" g) ) = ((/\1‘ g) ) . Combining all isomorphisms we finally
obtain

H (.R)= H, (G);((A'g)*)g.

4. Example

This section provides explicit cohomology computations for several examples,
with a detailed derivation for 50(3) . For higher-dimensional cases (n > 4 ), the
rapid growth in combinatorial complexity and computational demands necessi-
tates algorithmic approaches. We therefore compute these results programmati-
cally using MATLAB.

Example 1 Calculate the de Rham cohomology of SO(3) and the Lie algebra
cohomology of its Lie algebra 50 (3) .

The Lie group 50(3) is defined as

SO(3)={AeM,(R)|4'A=id,det 4=1},

with Lie algebra
s0(3)={X e M,(R)| X' =-X}.

By Theorem 1, we have isomorphisms
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H* (s0(3),R) = H}, (SO(3)) = ((A'50(3))*)50(3) .

The Lie algebra 50(3) is spanned by the basis matrices
0 10 0 01 0 0 O
E=-1 0 O,E,=0 O Of,E;=|0 0 1],
0 0 0 -1 00 0 -1 0

whose Lie brackets satisfy
[EI’E2] = _E3’ [EI7E3] =E,, [E25E3] =-E,
Next, we compute H'(s0(3),R)=H, (SO(3));((50(3))* )50(3) . For any
* 50(3) . . . . .
c ((50(3)) ) , c: 50(3) —->R is an 50(3) -invariant linear map, ie,
piso(3)—> End(c(so(3),R)) satisfying
p(E,)e(E,)=(adE,) c(E)=c([E.E,])=0, 1<m,i<3.

Write ¢= Z/IE,,wnh E;(E,)=5/, wehave

i=1

(adE,) ¢(E)=c([EE ])=c(0)=0,

(adE)) c(Ey) =c([Ey. E ) =c(Ey) =4 =0,
(adE,) c(Ey)=c([Es. E ]) = —c(E,) =—4, =0,
(adE,) ¢(E)=c([EE]) =—c(E) ==4 =0,

(adE, ) ¢(E,) =c([ExE,]) = (0) =0
(adE, ) c(Ey) = c([E;. By ]) =c(B) =4 =
(adEy) e(E) =c([E, B ])=c(E;) =4, =
(adEy) c(E,) = c([Es. By]) = —c(E,) = =4 =0,
(adE,) c(Ey) =c([Es, Ey]) = c(0) =0.
Hence 4, =4, =4 =0. Consequently,
H'(50(3),R) = Hly (SO(3)) = ((s0(3)) )50(3) ~0.
Next, we compute F° (s0(3),R) = H2, (SO(3))= ((A250(3))* )50(3). For any

1\ 50(3)
ce ((A250(3)) ) , ¢:50(3)’ >R is a bilinear, alternating, $0(3)-invariant

map, Le,

p(E,)e(EE;)=(adE, ) ¢(E,.E,)=c([E,.E,). E,)+c(E,.[ E. E, ]) =0,

for 1<m<3, 1<i<j<3, Write
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c= Y A(E AE})., (E AE;)(E.E)=6'5(1<k<I<3),

it follows that
(adE,) c(E.E,)=c([E.E . E)+c(E.[Ey. E]) = c([E.E]) = A; =0,
(adE)) c(E,.E)=c([E.E . E, ) +c(EL[E.E]) = —c([E.E,]) =-4, =0,
(adEl)*c(EZ,E3):c([Ez,El],E3)+c(E2,[E3,El]):c([E3,E3])—c(E2,E2):0,
(adE,) ¢(E,.E,) = c([E\.E, . E, ) +c(EL[Ey B, ) = ~c([Ey By ]) = Ay = 0.
This implies that 4, = A = A4,; = 0. Thus,

H?(s0(3),R) = H}, (SO(3)) = (A*s0(3) )" = 0.

50(3)

Next, we compute H”(s0(3),R)= H;, (SO(3)) = ((A350 (3))*) . For any
+\50(3)
ce ((ASso(S)) ) , ¢:50(3)' >R isa 3-linear, alternating, 50(3)- invariant
map, Le,

m

= c([EE, ). E, By )+ (B[ 0B, | B )

p(E,)c(E.E,.E)=(adE,) c(E.E,.E,)

+c(E,.E,[E,.E,))
=0,

for 1<m<3 and 1<i<j<k<3. According to ¢ = Z ﬂyk(E:/\E;/\E,:)

1<i< j<k<3

and (E} AE) AE;)(E,.E,.E)=05.5/s" (1Ss<t<I<3), weobtain

(adE,) ¢(E,,E,,E,)
=c([E\.E ). E,.Ey )+ c(EEy. B E; )+ c(E,. E, [ Ey. E, )
=c(E,,E;,E,)~c(E,,E,.E,)=0,

(adE, )* c(E,,E,,E,)
:c([El’EZ]’Ez’E3)+C(El’[EZ’E2]9E3)+C(E],Ez’[E3’E2])
:_C(E35E2:E3)+C(E1,E2,El)EO’

(adE,) ¢(E,,E,,E,)
=c([E\.E,). Ey . Ey) +c(E,\[E,. E; | Ey )+ c(E,. Ey [ Es E )
=—c(E,,E,,E;)—c(E,,E,,E;)=0.

All three equations are automatically satisfied for any A,,,. This implies that

A, is free. Consequently,

H*(s0(3),R) = Hy, (SO(3)) = ((A350(3))*)§n(3) =R.

Summarising the results for k=1,2,3:
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I

H*(s0(3),R) = H} (SO(3))

R k=3
0 k=12

The Lie algebra cohomology of SO(4), SO(5) and SO(6) is computed

below using a method analogous to that employed for 50(3) . However, the in-

creased dimensionality leads to substantial growth in computational complexity,
rendering manual calculations impractical. Consequently, the results presented
below were obtained via MATLAB.

Example 2 Calculate the de Rham cohomology of SO (4) and the Lie algebra
cohomology of its Lie algebra 50 (4) .
The Lie group 50(4) is defined as
SO(4)={4eM,(R)| 4 4=id,det A=1},
with Lie algebra
s0(4)={X e M, (R)| X' =-X}.

By Theorem 1 we have the isomorphisms

s0(4)

H'(50(4),R);H;R(S0(4));((A'so(4))*) .

A basis of 50(4) is given by the matrices

0 1 00 1 0 0 0 1
-1 0 0 0 0 0 0 0 0
€ = , € = , €3 = s
0 0 0 -1 0 0 0 0 0 0
0 0 0 0 0 0 -1 0 0 0
0O 0 0 O 0 00 00 0 O
0 0 1 0 0 0 1 0 0 0
64 = 5 65 = 5 66 = 5
0 -1 0 O 0 0 0 0 0 1
0 O 0 0 -1 0 O 00 -1 0

whose Lie brackets satisfy
[e.e,]=—¢,, [e.e]=¢;, [e.¢,]=e,, [a.¢] =5, [€.€]=0,
[e).6]= ¢, [er.6,] =€, [er.6]=0, [er.6] =5, [e5,,]=0,
[es.e]=—¢, [e.6] =0, [er.65]=—¢;, [es.6]= e, [e5.6,] =,
We calculated the results below using MATLAB.

For H',all coefficients 4, =0(1<i<6).
For H*, all coefficients A; = 0(1 <i<j< 6) .
For H* , the coefficients satisfy
2123 = 1145 = /1246 = A’ase’
Aing = Aiss = Ayzs = Ausgo
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with all other 4, =0(1<i<j<k<6).
For H*,all coefficients A, =0(1<i<j<k<I<6).
For H°,all coefficients A, =0(1<i<j<k<l<s<6).

For H°,the coefficient A, isa free parameterin R.

Hence,
0 k=12,45
H"(s0(4),R)= H}, (SO(4))=qR k=6
R?> k=3

Example 3 Calculate the de Rham cohomology of SO (5) and the Lie algebra
cohomology of the Lie algebra 50 (5) .
The Lie group SO(5) is defined as

SO(5)={4eM(R)| A'4=id,det 4 =1},
with Lie algebra
s0(5)={X e M,(R)| X' =-x}.

By Theorem 1 we have the isomorphisms

o (50 5),R) =H, (50(5)) =~ ((A’SO(S))*)

(
The Lie algebra & 0(5 ) is spanned by the basis matrices

50(5)

01000 0 0100 00010
-1 00 0 0 0 0000 0 0000
=0 000 0l,e,=|-1 0 0 0 0f,e,=[0 0 0 0 O,
0 000 O 0 0000 -1 000 0
0 0000 0 0000 00000
0 000 1 00 00O 00 00O
0 0000 00 100 00 010
e,=| 0 0 0 0 0f,e,=[0 -1 0 0 0[,¢,=|0 0 0 0 0,
0 0000 00 000 0 -1 00 0
-1 000 0 0 0 000 0 0 00O
0 0 00 0 00 0 00 00 0 00
00 00 1 00 0 00 00 0 00
e =[0 0 0 0 0[,¢=|{0 0 0 1 0/,¢,=|0 0 0 0 1|,
00 00O 00 -1 00 00 0 00
0 -1 00 0 00 0 00 00 -1 00
000 0 0
000 0 0
€,=/0 0 0 0 0},
000 0 1
000 -1 0

whose Lie brackets satisfy

[e.e,]=—¢, [e.e] =€, [e.e,]=¢,, [e.e] =), [e.e,] =5
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[e.e;]=¢, [€.6]=0, [¢.6]=0, [¢.6,]=0, [e,,e;] = ¢,

[e.e.] =, [er.e5]= ¢, [e2.6,] =0, [er.6,]=0, [er.6] =
[e).6,]= ¢, [€2.€,0]=0, [e5.6,]= =€y, [e5.6]=0, [e5.¢,]= e,
[e5.¢,]=0, [e5.6] =€, [e,6,]=0, [e;,¢,] =€, [e;.6]=0,
[eine]=0, [enne] =€, [enng] =0, [ei.e]= =€, [ei60] =i,
[es. 6] =€, [es.6,]= ¢y, [e5.6] = ¢, [e5.6] =, [e5.€,0]=0,
[e5.6;]=—€s [€5.6 ] =65, [€5:6]=0, [es.€0] =610 [€1.6]=0,
[er.e]=—es. [e.00] = ¢, [en.0] = =€ [60] = 0 e, ] =65

We calculated the results below using MATLAB.
For H',all coefficients 4, =0(1<i<10).

For H’,all coefficients A =0(1 Si<j£lO) :
For H’,the coefficients satisfy

A =g = Ay = Aogg
= Ao = A0 = Ases
= As29 = X100 = As0.105
with all other other 4, = 0(1<i<j<k<10).

For H',all coefficients 4, = 0(1<i<j<k<I<10).
For H’,all coefficients Ajs = 0(1 <i<j<k<l<s< 10) .
For H°,all coefficients At = 0(1 <i<j<k<l<s<t< 10) .
For H',the coefficients satisfy

Airsassr = Ainsasso = 2123468,10 = /1123479,10
= 2’1256789 = 2’135678,10 = 2’145679.10

= Aassasono = Aaasrso10 = Aaasrso o5
with all other A, =0(1<i< j<k<l<s<t<x<10).
For H*,all coefficients A, =0(1<i<j<k<l<s<t<x<p<10).
For H’, all coefficients - =0(1Si<j<k<l<s<t<x<p<Z£10),
For H'",the coefficient Aizsasersono 18 a free parameter in R.

Hence,

I

H’“(5°(5)’R)EH§R(SO(5)) {0 k=1,2,4,5,6,8,9.

R k£=3,7,10
Example 4 Calculate the de Rham cohomology of SO (6) and the Lie algebra

cohomology of the Lie algebra 50 ( 6) .
The Lie group SO(6) is defined as

SO(6)={AeMy(R)| A'A=id,det A=1},
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with Lie algebra

=-x}.

s0(6)={X e M (R)| X'

By Theorem 1 we have the isomorphisms

L (50(6)) = ((A'so(6))* )JO(G) .

di

H'(so(6),R);H

The Lie algebra & 0(6) is spanned by the basis matrices

coococooc cocococooc oco—~cocooco coo—~ocooc cooco —~o
C OO0 COO0O0O0OO OO0 o000 OO0 OO —
oo oo o
— 00000 CO0O00O0O0 OO0 0000 o000 oo
oo oo oo
cCcooc o000 O—-0000C o0 oo o o —
SO coococ oo
cocoocococo — —
CO L OO0 Q0O 9 | cooco0c00C oo oo o
—
COCO | CPCC 000000 ©O 00000 O00000 ocooco oo
Il Il Il Il 1]
(sa) o N o~ wy
® 8 © o) o)
Cooco0oo0o o000 © 00000 5o oooo ©oo—oo
COOO0OOO COODOOO © —~ OO0 OC 0o o0 o6 oo oo
CoO0 000 CcCoOCcCOoCO0O0C OO0 o o o o
c o oo oo —
o oo oo
— 00000 o000 O0 OO0 o o o o —
CCOCCC | coocooc oo
cooc o000 ococoocoocoo —
oo oo T o
c oo oo cooocooc oo
— p—
o o coo coocoo
_ | © © 09903 cococoocooco cocoocooo
N g & = <
A . . < <
cocococoococ coocoocoocoo oo oo o o =
cocoocoocoocoo ocoococoo
cCcoococ o0 —C0O0O0O00C OO0 O o o o
cCc oo o000 ocoocoo ~o0o o
CoO0 000 OO0 © O o o O _
e T e cooco T o
Cooc o000 CO0O0O0O0 OO0 oo o O _
coo T oo
c o oo oo
—C o000 ©So09SoSoe s oo T o o
_ _ cC oo o000 ocoooc oo o
©c T oococoo 00O TO 6o o o o o
C o o000 cooc o oo
Il Il I
- < - Il Il
S QS ) - -
Ny Ny

whose Lie brackets satisfy

—&, [el,es]=—eg, [el,eé]=ez,

—€, [61,64]

—€> [e1=e3]

[ee:]

0,

0, [el,e“]
0, [62,63]

€45 [‘31169]=35’ [el’elo]
0, [@peu]

0, [el,eM]

[61137]:‘335 [eI’eS]

—€05

0, [el,eB]
—€ [ezaes]

[el ’612]
[es.e4]

:0’

0, [ez,eg]

=€, [ez,eﬁ]z—el, [62537] =
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[e,.6,]=0, [er.e0] =65, [r.0,]= ¢, [ee5] =65, [e,,65]=0,
[e,€,]=0, [e),65]=0, [es.e,] =€, [e5.65] =€, [e5.€,] =0,
[ese,] = e[ enney = 0[ennes = 0 enrery | = —eru[ese1,] = 0,
[e5,6,]=0, [e,e5]=¢,, [e.e4] =6, [e5.65]=0, [e,.6]= €5,
[e.6,]=0, [e,.€,]=0, [e,.6]=—¢1.[e;.6,]=0, [e;.6,]=0,
[e,.e]=—€, [e,6,]=0, [e,.05] =6, [e,.e4]=0, [e;.05] = e,
[es.e]=0, [e5.6,]=0, [es,e]=0, [es.0]=¢, [e5,00] =0,
[es.e]=0, [es.,]=—¢,, [e.65]=0, [e5.e] = ¢, [e5,e5] =,
[eg.€:]= =€ [e5.6]=—€1s [e5.60] =—€1r, [e-e0]= €, [:€1] = €
[es€n] = [e5.65]=0, [e5.€4]=0, [e5.€5]=0, [e;.6,] =€,
[er.6]=—eu, [er.€0] =€ [€.€,]=0, [e;.,]=0, [e.€5] =6,
[er.e4] = [e7.65]=0, [e.6]=—¢s. [6.60]=0, [e.€,]=¢,
[e.€,]=0, [e.e5]=—€,, [.€4]=0, [e5.e5]=e. [e.6,]=0,
[e5.¢,]=0, [ey.e,] =€, [e5.€5]=0, [ey.64]=—¢: [e5,65] = ¢,
[ense1]=—¢s [an-en]=—¢s [€nses]=a1 [€0-€s]=€ns [@n-€s]=0,
[e.en]=—¢s. [ar.a5]=—€0s [anes]=0, [ee5]=¢n [@.€5]=0,

[612’614] =€ [612’315] =€ [613’e14] =65, [613’915] =€y [314’615] =€
We calculated the results below using MATLAB.
For H',all coefficients 4, =0(1<i<15).
For H?,all coefficients ﬂl-j = 0(1 <i<j< 15).
For H’, the coefficients satisfy
/1126 = 1137 = 1’148 = 2159 = /123,10 = 124,” = /125,12 = /134,13
= 135,14 = /145,15 = 467,10 = /168,11 = 169,12 = 178,13
= }‘79,14 = ﬂ5;9,15 = 210,11,13 = 210,12,14 = 21 L1215 — 113,14‘15’

with all other 4, =0(1<i< j<k<15).

For H*, all coefficients A = 0(1<i<j<k<lI< 15) .
For H’,the coefficients satisfy
212345 = j12389 = %23,11‘12 = 1123,13,14 = /112479 = 424,10,12
= Aasas = Aoszs = Araspon = Aiasaans = Aisa
= 1134,10,14 = 1134,11,15 = %3568 = 1135,10,13 = ﬂ135,12,15
= 2’14567 = /1145,11,13 = 1145,12,14 = /116789 = /1167,11,12
= ﬂ’167,13,14 = j168,10,12 = %68,13,15 = 2169,10,11 = ﬂ169,14,15
= Aizgo0a = Arsanas = Aosoas = Aonaas = Aisons
= ﬂ'189,12,14 = %346,12 = /12347,14 = /12348,15 = ﬂ'zsso,ll
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= 12357,13 = ﬂ'2359,15 = 22456,10 = 1'2458,13 = 12459,14

= %678,12 = /12679,11 = ’12689,10 = /7'26,10,11,12 = 1’26,10,13,14

= A’zs,n,n,ls = /126,12,14,15 = 227,10,11,14 = 127,10,12,13 = /’1’28,10,11,I5
= g2z = Aaooa2as = Awininas = Aaszio = Aussin

= 13459,12 = ;{3478,14 = j3‘679,13 = j3‘6,10,11,14 = 1’56,10,12,13

= 13789,10 = %7,10,11,12 = /7'37,10,13,14 = %7,11,13,15 = %7,12,14,15

= Aiggoa3as = Aasasis = Aogosans = Aorainis = Aaersas

= Aussons = Aasgonss = Aasanizas = Aazson = Aazionas

147,11,13,14 = 143,10,11,12 = ﬂ*48,10,13,14 = /148,11,13,15 = /7'48,12,14,15

= /149,11,14,15 = M9.12,13,15 = Ms5679,15 5689,14 — 7456,10,12,15

= Asei112,14 = Ms689.12 T As7,10,14,15 = As7.12,13,14 = Asg.11,14,15

258,12,13,15 = 259,10,11,12 = )“59,10,13,14 = 159,11,13,15 = /159,12,14,15=
with all other 4, =0(1<i< j<k<l<s<15).
For H°, all coefficients Ajug = 0,1 i< j<k<l<s<t<I15.

For H',the coefficients satisfy

Aisasrs = Ansasion = Aosaians = Aosarions = Aosarazas = Aosasis
= 1'12348,12,14 = /112349,10,15 = 112349,11,14 = 112349,12,13 = 1'1235679
= /112356,10,12 = /112356,13,15 = /?12357,10,14 = /112357,11,15 = /112358,10,15
= 2’12358,11,14 = 2’12358,12,13 = 212359,11,13 = 212359,12,14 = /11245689
= 2’12456,11,12 = 2’12456,13,14 = /112457,10,15 = 112457,11,14 = ﬂ12457,|2,|3
= j12458,10,14 = 1'12458,11,15 = /112459,10,13 = 112459,12,15 = ﬂ'12678,10,11
= /112678,14,15 = /112679,10,12 = /112679,13,15 = /112689,11,12 = /,112689,13,14
= /1126,10,11,14,15 = /1126,10,12,13,15 = /1126,11,12,13,14 = )“12789,10,15 = 2’12789,11,14
= Arsonnas = Aoraoanzas = Aaraonsaans = Aasaoinizas = Aosinisias
= /1129,10,11,12,13 = /1129,12,13,14,15 = 1'13456,10,15 = %3456,11,14 = 113456,12,13
= 11345789 = %3457,11,12 = /113457,13,14 = 113458,10,12 = /113458,13,15
= ﬂ13459,10,11 = 213459,14,15 = ﬂ’13678,10,13 = 1’13678,12,15 = ﬂ’13679,10,14
= Aisgmanis = Aisesooas = Asesonas = Asesonzis = Aissaonizs
= 1'136,10,13,14,15 = 213789,11,12 = 113789,13,14 = /1137,10,11,14,15 = 1137,10,12,13,15
= /?137,11,12,13,14 = /1138,10,12,13,14 = /1138.11,12,13,15 = /1139,10,11,13,14 = 1139,11,12,14,15
= Ausrsinns = Aaersazas = Aasronons = Aasroniis = Aaeronnis
= 2'14689,10,14 = j14689,11,15 = 2146,10,11,12,14 = %46,11,13,14,15 = /114789,10,12
= /114789,13,15 = }‘147,10,12,13,14 = /1147,11,12,13,15 = /1148,10,11,14,15 = j148,10,12,13,15
= /1148,11,12,13,14 = 2149,10,11,13,15 = 2149,10,12,14,15 = /115678,10,15 = 1’15678,11,14
= Aissrsinas = Aiseronis = Aismoanis = Aisesonons = Aiseso.zis
= ﬂ156,10,11,12,13 = ﬂ'156,12,13,14,15 = ﬂ'15789,10,11 = 1’15789,14,15 = 1'157,10,11,13,14
= /1157,11,12,14,15 = /1158,10,11,13,15 = 2’158,10,12,14,15 = /?159,10,11,14,15 = j'159,10,12,13,15
= 2159,11,12,13,14 = 2234567,15 = 2‘234568,14 = /1234569,13 = /1234578,12
= Asasronn = Aasassono = Aasasoaniz = Aasasionsis = Aasnias

= /12345,12,14,15 = 2236789,15 = /12367,10,11,13 = /12367,10,12,14 = 22367,11,12,15
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= /12367,13,14,15 = 12368,10,12,15 = /12368,11,12,14 = /12369,10,11,15 = /12369,11,12,13
= /,12378,10,14,15 = 22378,12,13,14 = %379,10,13,15 = /12379,11,13,14 = ﬂ'2389,10,11,12
= /1238910,13,14 = ﬂ'z389,11,13,15 = /72389,12,14,15 = /723,10,11,12,13,14 = /1246789,14
= 22467,10,12,15 = 2‘2467,11,12,14 = 2’2468,10,11,13 = }“2458,10,12,14 = 2’2468‘11,12,15
= /12468,]3,]4,I5 = /1246910,”,14 = ﬂ’246910,12,]3 = /12478,“,14,15 = ﬂ'2478,12,13,|5
= ﬂ'2479,10,11,12 = /1247910,13,14 = 12479,11,13,15 = /12479,12,14,15 = 2’248910,13,15
= /12489,11,13,14 = %4,10,11,12,13,15 = /1256789,13 = 12567,10,11,15 = j'2567,11,12,13
= 22568,10,11,14 = 2’2568,10,12,13 = 2’2569,10,11,13 = /12569,10,12,14 = /12569,11,12,15
= /12569,13,14,15 = /12578,10,11,12 = /12578,10,13,14 = /12578,1|,13,|5 = /12578,12,14,15
= 12579,11,14,15 = 12579,12,13,15 = 2'2589,10,14,15 = 22589,12,13,14 = /125,10,11,12,14,15
= 2’346789,12 = 13467,10,14,15 = 1’5467,12,13,14 = 13468,11,14,15 = j3468,12,13,15

= /13469,10,“,12 = %469,10,13,14%469,11,13,15 = 2’3469,12,14,15 = 1’3478,10,1],13

= /13478,10,12,14 = /13478,11,12,15 = /13478,13,14,15 = /1347910,11,14 = 13479,10,12,13
= ;{3489,10,11,15 = }‘3489,11,12,13 = ;{34,10,11,13,14,15 = 2’556789,11 = ;{3567,10,13,15
= ’13567,11,13,14 = 13568,10,11,12 = 13568,10,13,14 = /13568,11,13,15 = /13568,12,14,15
= /13569,11,14,15 = 2'3569,12,13,15 = 13578,10,11,14 = /13578,10,12,13 = /13579,10,11,13
= /13579,10,12,14 = /13579,11,12,15 = /13579,13,14,15 = 23589,10,12,15 = ﬂ3589,11,12,14
= /135,10,12,13,14,15 = /1456789,10 = 1’4567,10,11,12 = 14567,10,13,14 = 14567,11,13,15

= /14567,12,14,15 = Ms68,10,13,15 — Mases,11,13,14 — M4569,10,14,15 — 14569,12,13,14

= /’1’4578,10,]1,]5 4578,11,12,13 — 74579,10,12,15 457,9,11,12,14 — 7%4589,10,11,13
= 14589,10,12,14 = 14589,11,12,15 = /14589,13,14,15 = 145,11,12,13,14,15 = /16789,10,11,12
= /16789,10,13,14 = ]’6789,11,13,15 = ’16789,12,14,15 = ﬂ*67,10,11,12,13,14 = /168,10,11,12,13,15

= /169,10,11,12,14,15 = 178,10,11,13,14,15 = 379,10,12,13,14,15 = j129,11,12,13,14,15 >
with all other A, =0(1<i< j<k<l<s<t<x<l15).
For H*, the coefficients satisfy

ﬂ’1234567,10 = ﬂ'1234568,11 = /11234569,12 = /11234578,13 = %234579,14
= ﬂ1234589,15 = %2345‘10,11,13 = 212345,10,12,14 = /112345,11,12,15
= 42345,13,14,15 = 21236789,10 = /112367,10,1],12 = /112357,10,13,14
= /112367,11,13,15 = %2367,12,14,15 = 212368,10,13,15 = 1'12368,11,13,14

= ﬂ12369,10,14,15 = /112369,12,13,14 = 2'12378,10,11,15 = /112378,11,12,13

= j12379,10,12,15 = /112379,11,12,14 = 21238‘),10,11,13 1’12389,10,12,14

= 212389,11,12,15 = /112389,13,14,15 = 1123,11,12,13,14,5 = ﬂ1246789,11

= /112467,10,13,15 = ﬂ"12467,11,13,14 = ﬂ"12468,10,11,12 112468,10,13,14
= ﬂ'12468,11,13,15 = /112468,12,14,15 = 112469,11,14,15 = 1’12469,12,13,15
= 2’12478,10,11,14 = 2’12478,10,12,13 = j'12479,10,11,13 = 112479,10,12,14
= 112479,11,12,15 = /112479,13,14,15 = 212489,10,12,15 = 2’12489,11,12,14
= /1124,10,12,13,14,15 = /11256789,12 = ﬂ"12567,10,14,15 = /112567,12,13,14
= ﬂ'12568,11,14,15 = %2568,12,13,15 = 212569,10,11,12 = /?'12569,10,13,14

= j12569,11,13,15 = j12569,12,14,15 = j'12578,10,11,13 = 1’12578,10,12,14

= 2'12578,11,12,15 = %2578,13,14,15 = ﬂ12579,10,11,14 = /112579,10,12,13
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= ﬂ'12589,10,11,15 = /112589,11,12,13 = j125,10,11,13,14,15 = ﬂ'1346789,13
= ’113467,10,11,15 = ﬂ’l3467,11,12.13 = 1’13468,10,11,14 = 1’13468,10,12.13
= ﬂ13469,|0,11,13 = 1’13469,10,12,14 = 2’13469,11,12,15 = 213469,13,14,15
= /113478,10,11,12 = /113478,10,13,14 = 213478,11,13,15 = /113478,12,14,15
= ﬂ'13479,11,14,15 = ﬂ13479,12,13,15 = &3489,10,14,15 = /113489,12,13,14
= ’1134,10,11,12,14,15 = A’1356789,14 = %3567,10,12.15 = /7'13567,11,12,14
= ﬂ13568,10,1 L3 = j’l3568,10,12,14 = ﬂ13568,1 112,15 — /113568,13,14,15

= /113569,10,11,14 = ;)13569,10,12,I3 = 113578,11,]4,]5 = ﬂ'l3578,12,13,15

= ﬂ'13579,10,11,12 = 213579,10,13,14 = /113579,11,13,15 ﬂ13579,12,14,15

= ’113589,10,13,15 = /113589,11,13,14 = /1135,10,11,12,13,15 = 1’1456789,15

= ﬂ14567,10,11,13 = ﬂ14567,10,12,|4 = A‘l4567,|1,12,15 = 214567,13,14,15

= 214568,10,12,15 = 114568,11,12,14 = ﬂ"14569,10,11,15 = ﬂ'l4569,11,12,13

= ﬂ'14578,10,14,15 = 2’14578,12,13,14 = j14579,10,13,15 = 114579,11,13,14

= 114589,10,1],12 = ﬂ14589,]0,]3,]4 = 114539,11,13,15 = /114539,12,14,15

= /1145,10,11,12,13,14 = ﬂ16789,10,11,13 = /116789,10,12,14 = /116789,11,12,15

= 116789,13,14,15 = /1167,11,12,13,14,15 = ;2168,10,12,13,14,15 = ;2169,10,11,13,14,15
= )“178,10,11,12,14,15 = }“179,10,11,12,13,15 = /1189,10,11,12,13,14 = /1234678,10,15
= ﬂ'234678,ll,14 = /1234678,12,13 = /1234679,11,13 = /1234679,12,14

= 2234689,10,13 = 2234689,12,15 = 12346,10,11,12,13 = /12346,12,13,14,15

= }‘234789,10,11 = 2234789,14,15 = j'2347,10,11,13,14 = 12347,11,12,14,15

= ﬂ‘2348,10,11,13,15 = 2’2348,10,12,14,15 = 22349,10,11,14,15 = 22349,10,12,13,15
= /12349,11,12,13,14 = 2’235678,11,]3 = 1235678,12,14 = /1235679,10,15

= 1235679,11,14 = /1235679,12,13 = /1235689,10,14 = 1'235689,11,15

= }‘2356,10,11,12,14 = /12356,11,13,14,15 = }{235789,10,12 = A‘235789,13,15

= %357,10,12,13,14 = )‘2357,11,12,13,15 = ﬂ‘2358,10,11,14,15 = %358,10,12,13,15
= ﬂ'zsss,n,lz,ls,m = /12359,10,11,13,5 = /12359,10,12,14,15 = /1245678,10,13

= /,1245678,12,15 = /1245679,10,14 = 1245679,11,15 = 1245689,10,15

= 1245689,11,14 = 2245689,12,13 = /12456,10,11,12,15 = A‘2456,10,13,14,15

= 1245789,1],12 = 1245739,13,14 = /12457,10,11,14,15 = %457,10,12,13,15

= %457,11,12,13,14 = ﬂ'2453,10,12,13,14 = /,12458,11,12,13,15 = 22459,10,11,13,14
= 12459,11,12,14,15 = /12678,10,11,12,13 = /12678,12,13,14,15 = %679,10,11,12,14
= 2‘2679,11,13,14,15 = 22689,10,11,12,15 = 2’2689,10,13,14,15 = 126,10,11,12,13,14,15
= 1'2789,10,11,14,]5 = /12789,10,12,13,15 = 12739,”,12,13,14 = /’1345678,10,”

= ﬂ'345678,14,15 1'345679,10,12 = /1345679,13,15 = 2'345689,11,12

= 1345689,13,14 = 23456,10,11,14,15 = %456,10,12,13,15 = /13456,11,12,13,14

= ;{345789,10,15 = 2’345789,11,14 = }‘345789,12,13 = ’13457,10,11,12,15

= 13457,10,13,14,15 = ;{’3458,10,11,12,14 = %458,11,13,14,15 = 3'3459,10,11,12,13
= %459,12,13,14,15 = 2’3678,10,11,13,14 = /13678,11,12,14,15 = 23679,10,12,13,14
= 13679,11,12,13,15 = /13689,10,11,14,15 = j3689,10,12,13,15 = 13689,11,12,13,14

= 23789,10,11,12,15 = 2’5789,10,13,14,15 = 137,10,11,12,13,14,15 4678,10,11,13,15

DOI: 10.4236/0alib.1114782 25 Open Access Library Journal


https://doi.org/10.4236/oalib.1114782

Y. L. Liu, Y. Wang

= 14678,1(),12,14,]5 4679,10,11,14,15 ﬂ’4679,|0,]2,]3,15 = 4679,11,12,13,14

= 1’4689,10,12,13,14 = 14689,11,12,13,15 14789,10,11,12,14 = 14789,11,13,14,15

= j'48,10,11,12,13,14,15 = 2’5678,10,11,14,15 = 1’5678,10,12,13,15 = A5678,11,12,13,14

= 5679,10,11,13,15 — 7%5679,10,12,14,15 /15689,10,11,13,14= 5689,11,12,14,15

= A5789,10,11,12,13 — “*5789,12,13,14,15 — 159,10,11,12,13,14,159
with all other A, =0(1<i< j<k<l<s<t<x<p<l5).
For H’,all coefficients Aiisospe =0(1Si<j<k<l<s<t<x<p<z£15).
For H" , the coefficients satisfy

21234678,10,11,13 = /11234678,10,12,14 = ﬂ1234678,]1,|2,]5 = 21234678,13,14,15
= ﬂ'1234679,10,11,14 = 2'1234679,10,12,13 = 21234689,10,11,15
= }‘1234689,11,12,13 = /112346,10,11,13,14,15 = 1'1234789,10,13,15
= 2’1234789,11,13,14 = 112347,10,11,12,13,15 = 2‘12348,10,11,12,13,14
= ﬂ'1235678,10,11,14 = %235678,10,12,13 = /11235679,10,11,13
= 11235679,10,12,14 = /11235679,11,12,15 = ﬂ1235679,13,14,15
= 2’1235689,10,12,15 = j1235589,11,12,14 = j12356,10,12,13,14,15
= %235789,10,14,15 = 21235789,]2,]3,14 = 112357,10,11,12,14,15
= %2359,10,11,12,13,14 = /11245678,10,11,15 = /11245678,11,12,13
= 11245679,10,12,15 = j1245679,11,12,14 = ﬂ'1245689,10,11,13
= 21245689,10,12,14 = /11245689,11,12,15 = j'1245689,13,14,15
= ﬂ12456,1],12,13,|4,15 = /11245789,11,|4,|5 = /11245789,12,13,15
= /112458,10,11,12,14,15 = /112459,10,11,12,13,15 = /112678,10,11,13,14,15
= ﬂ'12679,10,12,13,14,15 = /112689,11,12,13,14,15 = /11345678,10,13,15
= 21345678,11,13,14 = 2’1345679,10,14,15 = /11345679,12,13,14
= 4345689,11,14,15 = /11345689,12,13,15 = 11345789,I0,I1,I3
= ﬂ1345789,10,12,14 = /11345789,11,12,15 = /11345789,13,14,15
= 213457,11,12,13,14,15 = 213458,10,12,13,14,15 = j13459,10,11,13,14,15
= 1’13678,10,11,12,13‘15 = 213679,10,11,12,14,15 = j'13789,11,12,13,14,15
= /114678,10,11,12,13,14 = /114689,10,11,12,14,15 = %4789,10,12,13,1415
= /,i'15679,10,11,12,13,14 = &5689,10,11,12,13,15 = ﬂ'15789,10,11,13,14,15
= j234567,10,11,13,15 = 1'234567,10,12,14,15 = 2’234568,10,11,13,14
= ﬂ‘234568,11,]2,]4,I5 = ﬂ‘234569,10,12,13,14 = 2234569,11,12,13,15
= @34578,10,11,12,13 = 2’234578,12,13,14,15 = 1234579,10,11,12,14
= 1234579,11,13,14,15 = ﬂ'234589,10,11,12,15 = /7'234589,10,13,14,15
= 12345,10,11,12,13,14,15 = %36789,10,11,13,15 = j"236789,10,12,14,15
= 1‘2389,10,11,12,13,I4,I5 = 2246789,10,11,13,14 = 2’246789,11,12,14,15
= 12479,10,11,12,13,14,15 = 1256789,10,12,13,14 = 2’256789,11,12,13,15
= 2'2578,10,11,12,13,14,15 = /1346739,10,11,12,13 = /1_%46789,12,13,14,15
= j3‘469,10,11,12,13,14,15 = /1356789,10,11,12,14 = 1356789,11,13,14,15

= 13568,10,1],12,13,14,15 = 456789,10,11,12,15 — 7*456789,10,13,14,15

4567,10,11,12,13,14,15 6789,10,11,12,13,14,15>
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with all other A, =0(1<i<j<k<I<s<t<x<p<z<d<15).

For H'", all coefficients

Aty =0(1S i< j<k<l<s<t<x<p<z<d<g<l5).

For H" , the coefficients satisfy

2123456789,]0,11,12 = 1123456789,1(),13,14 = /1123456789,“,13,15 = 2’123456789,I2,I4,15
= 2'1234567,10,11,12,13,14 = /11234568,10,11,12,13,15 = /11234569,10,11,12,14,15
= 2’1234578,10,11,13,14,15 = 21234579,10,12,13,14,15 = j1234589,11,|2,|3,14,15
= 11236789,10,1 1L12,13,14 = 11246789,10,1 1L12,13,15 — ;11256789,10,11,12,14,15
= 21346789,10,11,13,14,15 = %356789,10,12,13,14,15 = 1'1456789,11,12,13,14,15
= 2‘234678,10,11,12,13,14,15 = 2235679,10,11,12,13,14,15 = 2245689,10,11,12,13,14,15

= %45789,10,11,12,13.14,15’

with all other Ay =0(1Si< j<k<I<s<t<x<p<z<d<q<b<l5).

For H" , all coefficients

A

iitpeagre = O(1S i< j<k<l<s<t<x<p<z<d<q<b<c<ls).
For H'", all coefficients

ﬂijklstxpqubcg=0(1£i<j<k<l<s<t<x<p<z<d<q<b<c<g£15).

Hence,

R

H*(s0(6),R) = H}y (SO(6))

0 k=12,4,6,9,11,13,14
R k£=3,57,8,10,12,15

Example 5 Calculate the de Rham cohomology of SU (3) and the Lie algebra
cohomology of the Lie algebra su (3) .
The Lie group SU (3) is defined as

SU(3)={U eC™|U"U =id,detU =1},

with Lie algebra
50(3)={X€C3X3 | X" :—X}.

By Theorem 1 we have isomorphisms

11 (su(3), ) = 13, (50 (3)) = (A su (3)) |

su(3)

The Lie algebra 5u(3) is spanned by the basis matrices

010 0 —i 0 1 0 0
=10 0|,e=li 0 0|, e=|0 -1 0},
00 0 00 0 0 0 0
00 1 0 0 —i 000
e,=|0 0 0], e=[0 0 0, e=0 0 1],
100 i 00 010
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0 0 O 1 0 0
1
e, = 0 0 —i , € :T 0 1 0 N
3
0 7 O 0 0 -2

whose Lie brackets satisfy

e ] 2ie;, [el,e3] —2ie,, [e],e4]=ie7, [el,es]z—ieé,
el,eﬁ] ieg, [61,67]— ~ie,, [el,eg] 0, [62,63]=2i€1,

ez,e] ieg, [ez,es]—ze7, [ez,eé]— —ie,, [ez,e7] e,

[e:
[
[
[ez,e ]: , [e3,e4]=ie5, [e3,es]=—ie4, [e3,e6]=—ie7,
[e,.e,] =ieq, [e,,6,] =0, [e,,e,] =ie, +iey, [e,,e,]=ie,,
[e,.e; | =ie,, [e,e]=—3ies, [es.e]= ey, [es,e,] = 1e,,
[e;.e,] = V3ie,, [e5,e,] = —ie, +\3iey, [eq.e,]=—3ie,, [e;.¢,]=3ie,,
We calculated the results below using MATLAB.
For H',all coefficients 4 =0(1<i<8).
For H*,all coefficients 4; =0(1<i<j<8).
For H’, the coefficients satisfy
Ay = Ay = s = Aoss = Aoy
= Aass = Ay = sy = Aers
with all other 4, =0(1<i<j<k<8).

For H*, all coefficients iy-k, = 0(1 <i<j<k<lI< 8).
For H’,the coefficients satisfy

112345 = 1'12367 = /112458 = /112678 = /113468
= ﬂ13578 = /’123478 = 2'23568 = /145678’

with all other /1,(1;—0(1<l<]<k<l<s<8)
For H°, all coefficients Aiist =0(1£l<]<k<l<s<t£8),
For H',all coefficients 4

g =0(1Si< j<k<l<s<t<x<8).

For H®,the coefficient A, isa free parameter in R.

Hence,

N

H* (su(3),R) = Hly (SU(3)) {O k=12467

R £=3)5,8
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