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Abstract

We study some nonlinear optimal control problems under state constraint. We
construct extremal flows by differential-algebraic equations to solve an optimal
control problem subject to mixed control-state constraint. Then we present an
approximation approach to the state constraint optimal control problem.
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1. Introduction

In general, it is hard to obtain an analytic solution for nonlinear optimal control
problem under state constraint. To solve a constraint optimal control problem, it
is rather common to use a direct discretization approach to exact solution for the
problem [1] [2]. Mathematically, the direct discretization methods should be
supported by the investigation of convergence properties for the solutions of
discretized problems approximating to the solution of the continuous problem.
One usually expects a desired error between a numerical value and the optimal
objective value of the original problem. However, for many engineering applications,
the direct discretization methods may be useful to deal with some constrained
optimal control problems efficiently, but so far for these methods one still expects
more researches on theoretical foundation of convergence results [2]. The purpose
of this paper is to provide a convergence result for a nonlinear optimal control

problem under state constraint.
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In this paper, according to the traditional optimal control theory, an admissible
control is measurable and bounded on the interval [0, T] such that the ordinary
differential equation in the control problem has a unique solution.

We consider three nonlinear optimal control problems under state constraint

as follows.

(R): 154 %(0)= £ (x(0)+ g (x(1)u(?), x(0)=ac R, (1.1)
<0

u(t)eR", x(1)eR", te[0,T]

where the cost function P(x) is continuously differentiable on R" and Q(x)
is a convex function on R”. For this problem the matrix functions f(x),g(x)
on R" are smooth and the vector a€R" satisfying Q(a)<0 is given in the

control system in (1.1).

inf J

)= P(x(T)) ], Su" (0)u(e)

(
(): {8t ¥(O)= £ (x(0))+&(x(0))u(t), x(0)=ackr", (1.2)
Olx t))<0,
u(t)eR", x(t)eR", t[0,T]

where the cost function P(x) is continuously differentiable on R" and O(x)
is a convex function on R”. For this problem the matrix functions f(x),g(x)
on R" are smooth and the vector a€R" satisfying Q(a)<0 is given in the

control system in (1.2).

inf J (u):= P( (T))+ %uT(t)u(t)dt,

J
(7 Jst 1= 1 (x( ))+g<x< Do), (0)=ack. g
O(x(2))+Bu" (t)u(t)<0

() eR" ,x(t)eR te[O,T]

where the parameter >0 is given and the cost function P(x) is continuously
differentiable on R" and Q(x) is a convex function on R’. For this problem
the matrix functions f(x),g(x) on R" are smooth and the vector aeR"
satisfying Q(a)<0 is given in the control system in (1.3).

Main assumption: In this paper, we assume that the sets of admissible control
of all problems concerned in this paper are not empty.

Remark 1.1. Through out the paper by optimal value of the problem we mean
the infimum of the cost functional, ze. infJ(u). On the other hand, noting that
P(x) is continuously differentiable and that the matrix functions f(x),g(x)

on R" are smooth, by functional analysis we see that the cost functional

J(u)=P(x(T))+ I()T%uT (t)u(t)ds is continuous on admissible control space.
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The rest of the paper is organized as follows. In Section 2, to deal with the problem
(7 ), we present a partial differential equation by rewriting the Hamilton-Jacobi-
Bellman equation. Then we create an extremal flow by a differential-algebraic
equation to compute the optimal value of the problem (7). We prove a conver-
gence theorem for an approximation approach to the optimal value of the problem
(P) by a series of optimal values of the problem () with different parameters
in Section 3. In Section 4, we provide a convergence result for the optimal value
of the problem (7}) by proving that the problem (%) and the problem (7,)
have the same optimal value. We give a proof of Theorem 2.1 in Section 5 and a

conclusion in Section 6.

2. A Study on Optimal Control Problem Subject to Mixed
Control-State Constraint

In this section, we deal with the optimal control problem (%) by a partial
differential equation. In the following, the positive number f is fixed. For given

xeR", define a set

S(x):{u:uTu <L(x)} (2.1)
s
Note thatif O(x)>0 then S(x)=¢.In the following we assume that
S(x)=. (2.2)

We consider the Hamilton-Jacobi-Bellman equation as follows:
v, (t,x)+v; (,x) f(x)+ rr}gi(n){vxT (t,x)g(x)u +%uTu} =0, (T,x)=P(x). (2.3)

For given (4,x)eR"xR" with Q(x)<0, define a function

[N (S
H(A,x):= urilsl(rxl){/i u+ 2u u}, (2.4)

then for 7€[0,7] and A=g"(x)v,(t,x), wehave
H(gT (x) v, (t,x),x) = lglsl(l)}){v;r (t,x)g(x)u +%uTu}. (2.5)

By (2.5), we can rewrite the Hamilton-Jacobi-Bellman equation in (2.3) with

global optimization to obtain the following partial differential equation [3]:
v, (t,x) +v) (t,x)f(x) + H(gT (x)vx (t,x),x) = O,(T,x) = P(x). (2.6)

We will solve the optimal control problem (773) in (1.3) by the partial dif-

—0(x)
B

ferential equation in (2.6).

. For

Given a pair (x,u)eR"xR", satisfying ueS(x), ie u'u<

—0(x)

>0, in the following let # denote the global minimizer of

min ATu +luTu , Le. H(Ax)=2A" +lﬁTﬁ =min . <A u +luTu .
ueS(x) 2 2 ueS(.x) 2
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We need the following lemma to study the expression of H ( g (x)v, (t,x),x).
For given r>0 and A€ R",we then define auxiliary function

h(A,r)= minH e {/lTu +%uTu} . Again let # denote the global minimizer of
minH < {/ITu +%uTu} , Le. h(/l,x) =A"0 +%ﬁTﬁ = minH Per {/ITu +luTu} . We

2
see that, given x€R" satisfying _Qﬂ(x) >0, for r= —Qﬂ(x)

>

A=g" (x)v,(¢,x), we have H(gT (x)v, (t,x),x) =h(A,r). By primary optimi-
zation theory we have the following lemma.
Lemma 2.1. Given >0 and AeR".If |||’ <r,then

2
U= —ﬂ,h(ﬂ,r) :@ . On the other hand, if ||/1||2 >r,then u= ﬁ(ﬁ} ,

(1) =L r ).

For given (t,x)€[0,T]xR" such that —0(x)

>0, denoting

by r

—0(x)
B

and denoting gT (x)vx (t,x) by A4,byLemma 2.1, we see that, if

"gT (x)v, (l‘,)c)"2 < —Qﬂ(x) , then

i=p(t,x)=-g" (x)v, (t,x),H(gT (x)v, (t,x),x) = %lugT (x)v, (t,x)"2 , (2.7)

and if ”gT (x)vx (t,x)||2 > %(x) ,then

R o1 5] e A
- )
H(gT (x)vx (t,x),x) = _%(;) - —ngx) "gT (x) v, (t,x)".

Remark 2.1. By Lemma 2.1 we see that H (4,x) is continuous with respect to

(2.8)

(ﬂ,x). We can get a viscosity solution of the partial differential equation in (2.6)
[4]-[6]. Then the Hamilton-Jacobi-Bellman equation in (2.3) can be solved for a
numerical solution [7].

Definition 2.1. For a solution v(t,x) of the partial differential equation in
(2.6), we call ()%(),12 ()) an extremal flow related to v(t,x) if it is a solution of

the following differential-algebraic equation:
£(1)= £ (2()+ g (R(1)a(0), 2(0)=aeR", 29)
o (03(0)) g (1)) + 32" (1) (1)
= H(g" (2(0))v, (6.2(0)). %(1)), re[0.7].

By the same way in [7], we can prove the following theorem.

(2.10)

DOI: 10.4236/0alib.1114454

4 Open Access Library Journal


https://doi.org/10.4236/oalib.1114454

J.H. Zhu

Theorem 2.1. Let v(t,x) be a solution of the partial differential equation in
(2.6) and (fc(),ﬁ()) be an extremal flow defined by (2.9), (2.10). Then, (")
is an optimal control of the problem (P ) ,and

v(0,a) T ) .[ — t)dt is the optimal value of the problem (7).

Theorem 2.2. If the continuously differentiable function v(t,x) is a solution
of the partial differential equation in (2.6) on [0,00)x {x :=0(x)> O} and
(o(t,x) is the function defined in (2.7), (2.8), then u = (p(t,x) is an optimal
feedback control of the problem (7).

Proof: Since v, (1,x) is continuous, by (2.7), (2.8), we see that ¢(z,x) is
continuous on [0,7]x {x :-0(x)> 0} . By classical theory of ordinary differential
equation we see that the equation

)'c(t ( (t )+g(x ) (t x(t ) (0)=aeR" (2.11)
has a solution on [0,7]x { O(x)> O} Let the solution of the ODE in (2.11) be

denoted by £(7) and let (p(l,x(t) be denoted by ii(¢). By lemma 2.1 and
(2.7),(2.8) we see that

o (62(0) g (1) (o) + 30" (1) (1)
=H(g" (£(1))v, (.%(2)). %(1)), te[0.T].

Noting (2.11), (2.12), by Definition 2.1, the pair (fc(),ﬁ()) is an extremal
flow related to v(t,x). It follows from Theorem 2.1 that u z(p(t,x) is an

(2.12)

optimal feedback control of the problem (7,).

3. An Approximation Approach to the Optimal Value of
Problem (7,)

In this section we show a convergent result for an approximation approach to the

optimal value of problem (772) which is restated as follows.

inf J (u) I —u'
(R):{%t x(t)= ( ())*g( ()) (t) x(0)=aeR", (3.1)
O(x(1)) <0,
u(t)eR", x(t)eR”, te[O,T]

where the cost function P(x) is continuously differentiable on R" and Q(x)
is a convex function on R". In this problem the matrix functions f (x), g(x)
on R" are continuously differentiable and the vector a € R" such that
Q(a)<0 are given in the control system in (3.1).

In the following, for a given positive number S, the optimal value of problem
(P3) is denoted by ¥, and the optimal value of problem (R) isdenoted by V.

Lemma 3.1. (i). For each given number >0, V, >V . (ii). If f24,>0,
then V, 2V, .

Proof: Firstly, let (x(-),u(-)) be an admissible pair of the problem (7).
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Note that the functions f(x),g(x) and the vector a appearingin (7) and
(R) are the same. It follows from the fact Q(x(t)) +pu" ()u(t)<0, te[0,T]
that Q(x(t)) <0, te [O,T]. Thus (x(),u()) is also an admissible pair of the
problem (7). Consequently, Vg2 V.

Secondly, let (x(-),u(-)) bean admissible pair of the problem (7,) with the
parameter /[, . Note that functions f’ (x), g(x) and the vector c¢,a appearing
in (B) do not depend on different parameter /. Noting >/, >0, it
follows from the fact Q(x(t))+ Bu" (t)u(t)<0, 1€[0,T] that
Q(x(t))+,82uT (t)u(1)<0, te [O,T] . Thus (x(),u()) is also an admissible
pair of the problem (733) with the parameter [, . Consequently, Vs 2Vs . The
lemma is proved.

Theorem 3.1. For given €>0 there exists a positive number S such that
v, -7|<e (3.2)
Proof: Given €>0. Let (X,iz) be an admissible pair of the problem (7,)
such that
V<J(a)<V +e, (3.3)
noting that V' is the infimum of J (u) for the problem (7).

Noting that f(t) is continuous and cT)_c(t) <0,te [O,T] , we see that there is
a 0>0 such that

0(x(t))<-o, te[0.7]. (3.4)
Noting that the admissible control is bounded on [O,T ] , there is a number
M >0 such that
(1) @(r)<M, tef0,T]. (3.5)
By (3.4), (3.5), thereisa >0, such that
O(%(1))+ pia(t) w(t)<-5+pM <0, t[0,T]. (3.6)
Thus ()_C,L_l) is an admissible pair of both problem (772) and problem (773)
with the parameter /. Then we have
J ()=, (3.7)
By Lemma 3.1 and (3.3),(3.7) we have
0<V,—V <V,—(J(t)—€)<J (it)-(J () €)= (3.8)
Therefore (3.2) is true and the theorem has been proved.

Corollary 3.1. Let
satisfying 8, -0 when n— +oo. Then

limVv, =V. (3.9)

n—+ow B

n=1,2,--- be a decrease sequence of positive numbers

n?

Proof: By Lemma 3.1, noting (3.3), (3.6) in the proof of Theorem 3.1, for each
n(=1,2,---), there is an admissible pair (x,,u,) of the problem (7) satisfying

I?SJ(un)<V+l, (3.10)
n
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noting that V is the infimum of J (u) for the problem (7).
Noting that x,(.) is continuous and c'x, (1) <0,/ €[0,T], we see that there
isa 0,>0 such that

O(x,(1))<-0,<0, te[0,T], (3.11)
and noting that the admissible control is bounded on [O, T ] , there is a number
M, >0 such that

u, (1) u,(1)<M,, t[0,T]. (3.12)

By (3.11), (3.12), thereisa f8, >0, such that
O(x, (1)) + Bou, (1) u, (1) <=8, +B,M, <0, t[0,T]. (3.13)
Thus (x,,u,) isan admissible pair of both problem (7,) and problem
( 733) with the parameter [, . Then we have
J(u,)2V,. (3.14)
This process (3.10)-(3.14) begins from 7 =1. But by Lemma 3.1 we see that if
a positive number S is got to satisfy (3.13) then for every positive number S’

less than S the process (3.10)-(3.14) still works. For n =1, we choose
0< B <1 asin (3.10)-(3.14). After the step n(Z 1) has been done, in the next

step we choose 0< f3 ., < L’l(< B,) such that
n+

Q(xn+l (t)) + n+]un+l (t)T un+l (t) < _5n+l + ﬂll+lMl1+l < 0’ te [0’ T] (315)

Then we see that in this way the positive sequence { ﬂ"} is strictly decreasing
and tends to zero when »n — . By the deductive process the same as (3.8) in the
proof of Theorem 3.1, or by Lemma 3.1 and (3.10), (3.14), we have for each
n=1,2,--,

A 1 1
OSVﬂ”—V<J(u”)—(J(un)——j:;. (3.15)
Therefore we have
=V, (3.16)

with the positive sequence { ,3,7} being strictly decreasing and tending to zero

when 7 — 0. The Corollary 3.1 has been proved.

4. On the Optimal Value of Problem (7).

In this section we deal with the problem (7):

inf J (u):= P(x(T))+J.TluT ()u(r)ds,

02

(R): st x(1)=f x(t))+g(x(t))u(t), x(0)=aeR", (4.1)
0(x(1)) <0,

u(t)eR"’, x(t)eR”, te[O,T].
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In the following, the optimal value of the problem (7) is denoted by V.
Recall that in Section 4 the optimal value of the problem (7,) is denoted by V.
In the following lemma, noting that ¢'a <0, we define two sets of admissible

control as follows:
D, = {u(.) :0(x, (1)) <0, € [o,T]},
D, ={u():0(x,())<0,t€[0,T]}.
Lemma 4.1. Under the notations above, we have
Vv (4.2)
Proof: Let x,(.) be the solution of the linear equation
i(e)=f(x(2))+g(x(e))u(t), x(0)=a(er")

corresponding to an admissible control u(.). It is clear that D, < D,. Con-

sequently,
Vv (4.4)

The lemma is proved.

In the following lemma we should recall that, in the first section of this paper,
we have assumed that the admissible control set
D, = {u (.):c'x, (1) <0,z €0, T]} is not empty.

Lemma 4.2. Let u#(.)eD, = {u (): Q(xu (t)) <0,t¢e [O,T]} . Then for any admis-
sible control (.) such that Q(xu (t)) <0, 1€[0,T], we have, for Va e(0,1],

aii ()+(1-a)i()e D, ={u(): 0(x, (1)) < 0.t €[0,T]}. (4.5)

Proof: Let X(.) and %(.) be the trajectories of the linear system
x(t)=Ax(t)+Bu(t), x(0)=aeR" correspondingto u(.) and i(.) respec-
tively. Noting that Q(x) is convex, we have, for e [O,T ] R

O(ax(t)+(1-a)x(1)) =aQ(x (1)) +(1-a)Q(%(1)) <0, (4.6)

also noting that Q()_c(t)) <0 and Q()E(t)) <0, a<(0,1].Thelemma is proved.
Theorem 4.1. Let the notations of I}, V" beasin Lemma 4.1. Then

* A

Vo=V, (4.7)

Proof: Let u(.)eD, = {u() :c'x, (1)<0,z€(0, T]} . We show (4.7) by induc-

tion. In the initial step, for given & >0, we have an admissible control (.)
satisfying c'x; (1)<0, e [O,T] and

Vi<J(a)<V +6, (4.8)

noting that 7" is the infimum of J (u) for the problem (R).

Recalling Remark 1.1, noting that each admissible control is bounded, the func-
tion P(x) in the cost functional for the concerned problems is continuously
differentiable and the cost functional J () is continuous on the control space.

By Lemma 4.2, there exists a number « >0, such that the control

u, ()=aii()+(1-a)i()=a()+a(@()-i()) (4.9)
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satisfying
Vi<J(u,)<V' +68 (4.10)
and
0(x,(t))<0, tef0,T]. (4.11)
Thus u, isalso an admissible control for the problem (7, ). Then by Lemma
4.1 and (4.10) we have
Vi<V <J(u, )<V +6, (4.12)
consequently,
VISV <V +4. (4.13)

Next the same as in the previous step we have an admissible control which is
denoted by ii(.) satisfying c'x,(£)<0, t€[0,T] such that
ve<J(a)<v” +§,

noting that V" is the infimum of J(u) for the problem (731) As in the

previous step above, we have a number ¢ >0, such that the control
u, ()=au()+(1-a)i()=a()+a(u()-i(.)) (4.14)
satisfying

* *

Vi<J(uy)<V +§ (4.15)

and
O(x; (1)) <0, ref0.7]. (4.16)
Thus u,; isalso an admissible control for the problem (7, ). Then by Lemma

4.1 and (4.15) we have

Vo<V <J(uy)<V +§, (4.17)

consequently,
(4.18)
Similar to the process from (4.13) to (4.18), by induction, in this way, for

n=0,1,2,---, when n=0, it is in the initial step, we have Vi<V < V'+6, and

when staying in the n+1-th step, we have,
vy <yt +2 s, (4.19)
Thus for each positive integer N, we have
0<V-r' <27V
Let N — 400, we have
V' =V. (4.20)

Therefore (4.7) is true and the theorem has been proved. By Theorem 4.1 and
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Corollary 3.1, we have the following convergence result.
Corollary 4.1. Let B,,n=1,2,--- be a decrease sequence of positive numbers
satisfying 8, >0 when n— 4. Then

limVv, =V".

n—>+0 B

5. A proof of Theorem 2.1

By (2.9), (2.10), we have, for te [O,T] ,

iv(t,fc(t)):v,(t,fc(
(

det

Integrating the above equality with respect to ¢ from 0 to T, noting that

v(T,fc(T)):P(fc(T)), %(0)=a, we have
T 1

i (1) (o)dr = jj%v(t,;c(t))dt = P((T))-v(0.a) (5.2)

and
v(0,a) = P(%(T))+ OT%L;T (1)a(t)dr. (53)

Now let (x(),u()) be an arbitrary admissible pair of the control system in
the problem (7). We have, for t€[0,7],

Tx(t)+ﬂuT (t)u(t)<0, (5.4)
which implies ()€ S(x(¢)). Thus, by (2.5) with A=g" (x(¢))v, (t.x(¢)) for
ate [O,T], we have

H(gT (x(t))vx (t,x(t)),x(t)) <! (t,x(t))g(x(t))u(t)+%uT (t)u(t) (5.5)

Then for each ¢ €[0,T], by the partial deferential equation in (2.6), also noting
that (x(-),u(-)) is an arbitrary admissible pair of the control system in the

problem (7)), we have, by (5.5),

)
= v, (1x(0) 97 (6:0(0)) £ (x(0)+ H (" ((0))v, (1:()) x (1))
< (1ax(0)) 7 (12x(0)) £ ((0) #5710 2 () (0) 430 (0 ()
(5.6)
=v,(t,x(t))+vXT(t,x(t))dxd—(tt)+%uT(t)u(t)
:%v(t,x(t))+%uT(t)u(t).

Integrating the above inequality over [0,7], noting v(7T,x(T))=P(x(T)),
x(O) =a, by (5.6), we have

DOI: 10.4236/0alib.1114454 10 Open Access Library Journal


https://doi.org/10.4236/oalib.1114454

J.H. Zhu

(5.7)

By (5.3), (5.7), we have
P(3(T))+ jj% i (1)i(r)de = v(0,a) < P(x(T))+ J'OT%uT (Nu()dr.  (5.8)

By (5.8), we see that #i(-) isan optimal control for the problem (7)3) and
v(0,a)=P(2(T))+ JOT%QT (¢)a(t)dt is the optimal value of the problem (7).

The theorem has been proved.

6. Conclusion

In this paper, we study nonlinear optimal control problem under state constraint.
Firstly we deal with a nonlinear optimal control problem subject to mixed control-
state constraint. We try to create a partial differential equation by Hamilton-
Jacobi-Bellman equation with global optimization. Then we provide a convergence
result for an approximation approach to the optimal value of a nonlinear optimal

control problem under state constraint.
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