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Abstract

We present a Lie symmetry classification of 2D proper-time Maxwell’s
equations, deriving an 8-dimensional Lie algebra and constructing rotationally
invariant Bessel function solutions and self-similar solutions with Hadamard
regularization. A central-difference/Verlet scheme is stable under the standard
Courant condition for numerical solutions. The results model transverse
plasma waves in relativistic jets and particle beams in plasma wakefield

accelerators [1], preserving causality via u“u, =—c?, where u” is the 4-

velocity, using the Minkowski metric 77, =diag(-11,1). Here,
b=,/c®+u;+uj is the propagation speed, y=b/c is the Lorentz factor,

and ¢ =r/r isthe similarity variable.
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1. Introduction

The proper-time formulation of electrodynamics [2] provides a natural framework
for studying radiation from relativistic charges by expressing Maxwell’s equations
in terms of the source’s proper time 7 (the time measured in the rest frame of
the source), rather than the observer’s coordinate time t. This approach incur-

porates velocity-dependent effects through the modified propagation speed
b=/c?+uf +uj , where (vauy) is the source’s proper velocity in two dimen-
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sions. Applications include [3] [4]:

« Helical beam trajectories in free-electron lasers.

« Transverse plasma waves in relativistic astrophysical jets.

« Plasma instabilities in high-energy regimes.

Prior studies focused on 1D; here, we extend to 2D with rotational symmetry,
addressing transverse effects in relativistic jets and beams. We derive symmetries,
exact solutions, conservation laws, and numerical schemes [5], visualized in

Figure 1 and Figure 2, with numerical errors in Table 1.

(=15
Light cone ¢=1
r = /22 + y2
z (or x)

Figure 1. Self-similar jet expansion with azimuthal E-field ~ r6 . Solid blue curves show
constant ¢ =r/z ; dashed red line indicates the light cone ¢ =b. Arrows scale as 0.3
exp(—1/2) to show field decay.

Similarity Solution F'(¢) = In (H ‘;7(2) forb=1
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Figure 2. Similarity solution F(¢{)= In{l-kzé,] for b=1. The logarithmic singu-
larityat ¢'=0 (dotted line) is regularized via Hadamard finite-part integration.

Table 1. L, -norm error for 2D wave equation (b=1, 7=2.0, Ax=Ay=h, ¢,=0.8).

Errors normalized to the L, -norm of the initial condition.

h AT L, Error
0.2 0.12 0.0314
0.1 0.06 0.0078

0.05 0.03 0.0019
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2. Mathematical Formulation

Lemma 1 (Proper Time Transformation in 2D) For a source with constant

velocity (u,,u,) and 4-velocity u” = (}/C, yu,, yuy) ,where y=b/c,

2 2 2 2 . . . . _ -
b=,/c®+u;+uj,and u“u,=-c* inthe Minkowski metric 7,, =diag (-111),
the time derivative transforms as:

0 €0
L.L2 (1)
ot bor

This reflects the source’s proper time for a relativistic beam.

Proof. The 4-velocity normalization in the Minkowski metric gives:

b
~(yc)’ +(7Ux)2 +(;/uy)2 == r=o

The observer velocity is w = (uX Uy )/;/ . Thus:

W2 + w2
dr =dt,[1-—— = dt. =,
c b

This follows from the Lorentz factor y =b/c, relating proper time to coordinate

time. This transformation preserves causality, as u“u, = —c* ensures 7 is time-
like. OJ

We assume B =0 (electrostatic limit for transverse electric modes), which is
physically relevant for modeling scenarios like transverse magnetic (TM) waves
in plasmas where electric fields dominate the dynamics parallel to the direction of
propagation, and magnetic fields are negligible [4]. This assumption is valid for
studying the transverse dynamics of relativistic particle beams and plasma waves
where the dominant field components are electric. As Vx E =—-0,B, a consistent
solution with B =0 existsif VxE =0, which is satisfied by our ansatz

E= (—8yU ,0,U, O). The proper-time Maxwell equations are [2]:

V-E =4np, (2)
VxE =0, (3)

1(oE c
VxB=— —+4np—u |. 4
X b(@f+ Tcpbuj 4)

Define E = (—ayu ,0,U, 0), which satisfies V-E=0 for p=0.
Proposition 2 (2D Wave Equation) For B =0 (electrostatic limit), the scalar
potential U (x,y,7),with p=p(X,Y), satisfies:

2]
a—g—bzvzu =—4nc[uya—p—uxa—p]. (5)
T OX oy

Proof. See Appendix A for the detailed derivation. With B =0, apply the curl
to (4), equate z-components, and choose an appropriate integration constant to
obtain (5). O
3. Lie Symmetry Analysis

Theorem 3 (Lie Algebra Basis) The homogeneous equation U_ —b’VU =0
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admits an 8-dimensional Lie algebra [6], comprising translations ( X,_; ), rotation/
boosts ( X, ), and scaling ( X, 5 ):
Theorem 4

L (translation in x),

X, =0,
X, =0, (translationiny),
X, =0,

X

)
5 (translation in 7),
)

»=Y0,—xd, (rotation),

X =70, +126, (Lorentz boost in x), (©)
b

Xe =170, +blzar (Lorentz boost in y),
X; =x0, +Yyd, +270, (scaling),
Xy =U0, (field scaling).
Proof. For the rotation generator X,:
pr¥X, =ya,-x0,-U,8, +U,0,, +(U,, -U,)a, -2U, 0, +2U,0, .
Applyto U, —b*(U, +U, ):
pr¥X, (U, -b*VU ) =-b’[ (U, -U,,)U,, +2U, (U, )]=0.
For X,,the 270, term reflects the 2D Laplacian’s homogeneity.

3.1. Invariant Solutions

3.1.1. Rotationally Invariant Solution
Using X, , invariants are r=4/x*+Yy’, 7, U .The PDE reduces to:

u,,—bz(ur,+%u,)=o.

Solution:

(k-2
U(r,z)=]"e ©°5 J,(kr)cos(bke)dk.

(k-2)°
The weight e 5 localizes the spectrum around K =2, modeling dominant
cylindrical wave modes.

3.1.2. Scaling Similarity Solution
Using X,,invariantsare ¢ =r/r, U= *F (é’) .For k=0:

(bz—gz)F"+[b2§+§jF’=0.

Solution for ¢ <b:

F(;):clm(‘”—‘sz‘?z}cz.

¢

This divergence at (=0 is physical, representing a self-similar collapse at the
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origin. The Hadamard finite-part [7], a technique well-suited for isolating physical
singularities in field theories, isolates the physical singularity, analogous to UV

regularization in QFT [8] (Appendix C).

4. Conservation Laws
The Lagrangianis L= 1(U 2 p? (U >+U 2)) .
2 T X y

Theorem 5 (Conserved Currents) For the vacuum case (p=0):

1) Energy-momentum ( X, ):
T 1 2 2 2 2 2 2
T :E(Uf +2(UF4U7)), T =-bUU,, TV =-bU U,

2) Angular momentum ( X, ):

J' = (yUx -xU, )UT (proper-time angular momentum density), (7)
J*=-b*(yu, -xU,)U,, (8)
3V =-b*(yU, -xU, )U,. 9)

Proof. For energy-momentum:
0T +0,T"+0,T" =U (U, -b*VU)=0.
For angular momentum, use Noether’s theorem with R=y0, —x0,:

I :%Ru ~L&", RU=yU,—xU,, & =(0,y,~X).

u
Compute:
J7=(yU, -xU,)U,, J*=-b* (YU, -xU )U,, 3" =-b*(yU, -xU,)U,.
Verify divergence explicitly:
0.9"+8,3*+0,3”
=(yU,, —xU,,)U, +(yU,-xU U,
_bz[(yUXX—Xny+UX—UX)UX+(yUX—XUy)UXX]
_bZ[(yUXy—nyy—Uy)Uy+(yUX—ny)Uw]
:(yUx—ny)(U”—bZVZU)+UT[y(U”—bZUXX)—x(U,y—bZUW)]
=0.

(10)

since U_ —b?V°U =0 and the second term vanishes due to symmetry.

5. Numerical Analysis
We solve (5) using a central-difference scheme for spatial derivatives and a Verlet
scheme for 7 -evolution [5]:
+1 -1
Ui —207, +U _p? Uil —2U7 +U7 | N Ul 203 +U7 _
A7? AX? Ay?
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Stability requires:

bAr<—Z0
11

7+7
AX® AY?

where ¢, ~0.8 isthe Courant number. This scheme is stable under the standard
—(x%+y?) )o.

Courant condition for 2D wave equations. Test case: U (x, y,O):e (y7)ozs ,

U, (xy,0)=0, with Dirichlet boundaries U =0 at |X|,]yj=5 . The exact

solution is:

(k-2)?

2
Uexact = soeiﬁ\]o (k\/ X2 + y2 )COS(ka)dk.

Errors, normalized to the L,-norm of the initial condition, are shown in Table

6. Physical Interpretation

« Radial solution: Models azimuthal electric fields E ~r@, matching the
field structure in free-electron lasers [1], as shown in Figure 1.

o Similarity solution: Describes self-similar expansion in astrophysical jets,
visualized in Figure 2. The singularity at § =0 1is regularized via Hadamard
integration [7], analogous to renormalization in quantum field theory [8].

Limitations include the B =0 assumption and constant u.

7. Discussion

This work extends the 1D proper-time Maxwell analysis to 2D, capturing rotational
symmetries absent in 1D. Compared to the 4-dimensional algebra found in 1D
(comprising translations, scaling, and field scaling), the 2D case reveals a richer 8-
dimensional structure. The new symmetries include rotation ( X,) and Lorentz
boosts ( Xy, Xg), which reflect the increased physical complexity of transverse
dynamics. The boost symmetries, in particular, are a direct consequence of the
proper-time formulation and enforce the relativistic causality condition

ufu, = —C? . Physically, these additional symmetries permit more complex
solution families, such as the rotationally invariant Bessel solutions and the self-
similar scaling solutions derived here, which have direct applications in modeling
cylindrical plasma waves [3] [4] and astrophysical jets. Our 2D solutions agree
with 3D axisymmetric models in the B =0 limit. The B=0 assumption
excludes magnetic modes, but future work could incorporate B =0 via full
Maxwell equations [2]. The Bessel solution models cylindrical waves, while the
similarity solution captures self-similar jet expansion. Future work could include
magnetic fields and variable velocity u.

8. Conclusions

This work provides a 2D Lie symmetry analysis of proper-time Maxwell’s

equations, incorporating:
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« Rotational and boost symmetries.
« Exact radial and similarity solutions with physical applications.
« Conservation laws and stable numerical schemes.

Future extensions include 3D models with magnetic fields and variable velocity

u.
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Appendix A. Wave Equation Derivation

For E =(-0,U,8,U,0), (4) with B=0:

E——47: Eu
ot pb .
Take the curl:
oE 0 0 0 X
(g gmondf 3]0
£t “lvu ) | Ly
or
0
V><[p—uj:E 0
b b op op
U, ——Uu,——
an ay

Integrate with respectto z:

vy :—4n§(uya—p—uxa—p)r+6(x, y).
OX oy

Apply the wave operator:
U

TZ
The integration constant G(X,y) is fixed by:

4nc op op
G(xy) F[uy&—uxg],

yielding (5).

Appendix B. Energy Calculation

(k-2)?

For U=["e © Jg(kr)cos(bkr)dk :

(k-2)?

U, =—["e ©° bksin(bkr)J,(kr)dk,

2

ouU L (2
= —["e °® kcos(bkr)J, (kr)dk.
The energy density is:

T’:%[(ur)zmz(%—t:ﬂ.

2
?—bzvzu = Z U +4nc(uyg—’;—ux%J—b2G(x, y).

(A1)

The total energy & is constant in time for the homogeneous wave equation
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because:

d&
dr

At 7=0:

=[(uu, +b’VU-VU, )d*x=[U, (U, -b*VU )d’x=0.

(k-2)°

2
 rdr =mb? [ {j ke 9% (kr)dk] rdr.

5:2nj0°°Tf

Numerical computation for b=1 yields:

E~1.72n (arbitrary units, normalized to nbz).

Appendix C. Similarity Solution Regularization

¢

finite-part integral (F,¢> converges for test functions ¢eC”:
(F.8)=lim| [ F(£)4(£)d< +(0)ne .
For ¢(¢)=e ", b1

(F.¢ —llm{jl {1“/27] '4Zd§+|ne].

2 -2
The solution F(¢)=In [MJ is singular at ¢ =0. The Hadamard

0"

Numerical computation yields (F , ¢> ~0.44.
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