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Abstract

This article develops a framework for extending spectral theory to Frolicher
algebras, which define smoothness via curves and functionals rather than top-
ological or bornological structures. Motivated by classical spectral theory in lo-
cally convex algebras and its smooth extension in convenient algebras, we com-
pare and connect these three categories through their notions of smoothness
and character spectra. Beginning with the Gelfand theory for locally convex al-
gebras, we generalize spectral constructions to convenient algebras via smooth
homomorphisms, and further to Frolicher algebras, defining the spectrum in
terms of Frélicher-smooth homomorphisms. We construct a smooth Gelfand
transform and show that every convenient algebra admits a canonical Frolicher
structure, yielding a faithful functor, though not an essentially surjective one.
We introduce the concept of Frolicher bialgebras and sketch possible extensions
of spectral analysis in this context. This work offers a unified smooth spectral
framework, bridging topological, convenient, and Frolicher settings, and pro-
vides new tools for infinite-dimensional geometry, global analysis, and noncom-
mutative smooth structures.

Subject Areas

Algebra, Algebraic Geometry, Functional Analysis, Special Theory of Relativity

Keywords
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1. Statement of the Problem

Classical spectral theory for unital commutative locally convex algebras relies on
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topological structures, with the Gelfand spectrum defined via continuous algebra
homomorphisms into the base field. This framework has been extended to conven-
ient algebras using smooth homomorphisms defined through convenient calculus.
However, these approaches depend on topological or bornological foundations,
which may not apply to more general smooth settings.

In particular, Frélicher algebras, defined via smooth curves and functionals,
lack a corresponding spectral theory that aligns with their intrinsic structure. This
work addresses the gap by:

1) Developing a spectral theory for Frolicher algebras using Frélicher-smooth
homomorphisms;

2) Comparing spectral theories across locally convex, convenient, and Frolicher
algebras;

3) Constructing a unified Gelfand transform compatible with smooth struc-
tures;

4) Investigating categorical embeddings between convenient and Frolicher al-

gebras.

2. Introduction

The notion of the spectrum for elements of algebras originates from early devel-
opments in classical operator theory and Banach algebras [1]. Classical spectral
theory, based on normed structures, provides tools for analyzing spectra, resol-
vents, and functional calculi but depends heavily on norm completeness, limiting
its reach in more general topological algebraic settings. A foundational advance-
ment came from Allan [1], who extended spectral theory to unital, commutative
locally convex algebras using weak topologies. This approach enabled spectral
analysis in pseudo-complete algebras without relying on normed structures. It laid
the groundwork for later extensions of non-normed spectral theory. Subsequent
developments by Beckenstein et al. [2] and Helemskii [3] deepened the theory of
topological algebras, though a fully general smooth calculus remained elusive.
More recent contributions by Fragoulopoulou et al. [4] extended Gelfand-type re-
sults in locally convex settings, while Yahaghi [5] explored spectral theory beyond
associative topologies. Wang [6] introduced a framework for locally convex Hopf
algebras, emphasizing dualities potentially compatible with smooth spectral the-
ory. In parallel, Kriegl and Michor [7] developed the convenient setting of global
analysis, where smoothness is defined via curves and functionals, creating a robust
framework for infinite-dimensional calculus. This cartesian-closed category of con-
venient vector spaces supports smooth algebras but lacks a comprehensive spec-
tral theory. Frolicher algebras, introduced by Froélicher and Nijenhuis [8], gener-
alize smooth manifolds without topological assumptions. These algebras, struc-
tured via the duality of smooth curves and functions, encompass infinite-dimen-
sional objects such as diffeomorphism groups and loop spaces, but no spectral
framework currently exists for them. This work addresses these gaps by construct-

ing a spectral theory for Frolicher algebras, grounded in Allan’s theory and enriched
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by convenient calculus. We define spectra via Frolicher-smooth homomorphisms,
develop smooth Gelfand transforms, and relate this theory categorically to locally
convex and convenient settings. Our results unify and extend spectral methods
across topological, convenient, and smooth algebraic structures, contributing new
tools for infinite-dimensional geometry, global analysis, and noncommutative

smooth frameworks.

3. Preliminaries

In this section, we present some definitions and results needed for our develop-
ment of spectral theory in Frolicher algebras. We summarise the framework of lo-
cally convex algebras, following Allan’s foundational work [1] and review the con-
venient setting of global analysis as formulated by Kriegl and Michor [7], which
provides a smooth calculus framework in infinite dimensions. Concepts on Froli-
cher space, which serve as our primary objects of study, are also introduced.

Definition 3.1. [9] Let E be a topological vector space. Then, E is alocally
convex topological vector space if its topology arises from a family of seminorms.
A locally convex topological vector space therefore carries a natural topology called
the initial topology induced by seminorms. This topology is the coarsest topology
for which all the mappings are continuous.

Locally convex topological vector spaces are examples of topological vector spaces
that generalize normed spaces. They are in general not necessarily normable.

Definition 3.2. [9] The C” -topology on a locally convex space E is the final
topology with respect to all smooth curves R — E . Its open sets are usually called
C” -open.

Definition 3.3. [9] A Jocally convex vector space E 1iscalled C” -complete if
one of the following equivalent conditions is satisfied.

1) Any Lipschitz curve in £is locally Riemann integrable.

2)Forany ¢, €C”(R,E) thereis ¢, eC”(R,E) with ¢, =¢,.

3) E is C” -closed in any locally convex space.

4)If ¢:R—E isacurvesuchthat /oc:R—>R issmoothforall /€&,
then ¢ is smooth. (E~ denotes a space of all continuous linear functionals on
E).

5) Any Mackey-Cauchy sequence converges; E is Mackey complete.

6) Any continuous linear mapping from a normed space into £ has a contin-
uous extension to the completion of the normed space.

Lemma 3.4. Aspace E is C* -completeifandonlyif C*(R,E) is. The proof
for this lemma can easily be followed in [9].

By a topological algebra, 4 [r] , we shall mean a topological vector space which
is also an algebra, such that the ring multiplication is separately continuous.
A[T] is said to be a locally convex algebra if it is a topological algebra whose un-
derlying topological vector space is a locally convex space [1]. Here is a break-down
definition:

Definition 3.5. [1] A locally convex algebra is a topological vector space A [T]
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over a field (typically R or C) equipped with:

1) An algebra structure: A[T] is closed under a bilinear multiplication opera-
tion.

2) A locally convex topology: The topology is defined by a family of seminorms
{P.}»and has a local base at zero consisting of convex sets.

3) Continuity of multiplication: At a minimum, multiplication
A[r]xA[r]—> A[z] is separately continuous, meaning:

x> xy is continuous for fixed y,

y > xy is continuous for fixed x.

Note that in stronger versions, joint continuity may be required. Also note that
in certain types of locally convex algebras, called locally multiplicatively convex al-

gebras, the multiplication satisfies an inequality of the form:
p(x)<Cp(x)p(y),

forall x,y€ A, some constant C >0, andaseminorm p from the defining
family. We shall denote the category of locally convex algebras by LCAlg. Here is
an example of LCAlg.

Example 3.6.

1) Fréchet Algebras: These are complete locally convex algebras whose topology
is defined by a countable family of seminorms, such as C”(R), the algebra of
smooth functions with the usual Fréchet topology.

2) Algebras of Distributions: Such as the space of tempered distributions S '(R" )
under convolution.

3) The Schwartz Space S (R" ) : This is a locally convex algebra under pointwise
multiplication or convolution.

Unlike a Banach algebra, a locally convex algebra 4 [T] may not have a norm,
and its topology may not be metrizable or complete. It is often assumed to be com-
plete or pseudo-complete (as in Allan’s setting). Thus, locally convex algebras gen-
eralize Banach algebras and are central in various fields.

Definition 3.7. [1] Let A[T] be a locally convex algebra. An element x of
A [T] is called (Allan-) bounded and for simplicity just bounded, if there exists a
nonzero complex number A, such that the set {(/Ix)" :neN } is a bounded sub-
setof A[r].

The set of all bounded elements of A4[z]| will be denoted by 4,.One can eas-
ily see that every element of a normed algebra is bounded and also that if A[T]
has an identity e, then e isbounded.

Let C* denote the extended complex plane, in its usual topology, as the one-
point compactification of C so that a partial algebraic structure is defined on

C* as follows:
wt+A=0w,1eC;0-A=0w, 1eC"\{0} and % =0

Allan [1] introduced a generalized notion of the spectrum for an element x

of a locally convex algebra A[T] (which may or may not have an identity) as
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follows:

Definition 3.8. Let A[r] be a locally convex algebra with an identity e. The
spectrum of an element x € A[z’] , denoted by o (x) (orby o,(x), when more
than one algebra is involved), is the subset of C* defined by

o,(x)={41eC" | de—xisnotinvertible in 4,}U{x < x e 4,}

Incase A[z] hasnoidentity then ¢, (x)=0, (x,0).

Definition 3.9. [1] The resolvent set of x, p(x) , Is the complement of
o,(x)eC".

In Allan’s approach, the spectral radius was defined analogously to the Banach
context. However, it was shown that in commutative, pseudo-complete, locally
multiplicatively convex (l.m.c.) algebras, the spectral radius is lower semi-contin-
uous. This partial continuity mirrors Banach algebra behavior and highlights how
completeness and m-convexity help restore familiar spectral features.

Definition 3.10. [9] A C” -complete locally convex vector space E as defined
in Definition 3.2 above is referred to as a convenient vector space. A convenient
vector space therefore is a locally convex space satistying a completeness property
that all derivatives which ought to exist actually do. It is equivalent to locally com-
plete space as usually used in functional analysis. The term convenient space was
first introduced by Kriegl and Michor as part of their theory of global analysis, as
mn(7].

Frolicher and Kriegl in [9] defined a preconvenient space as a dualized vector
space which is invariant under the endo-functor of a differential vector space. It
was later stated that any separated preconvenient vector space that satisfies com-
pleteness conditions is called a convenient vector space.

Definition 3.11. [9] Let E bea convenient vector space. Then, AE isreferred
to as a free convenient vector space.

Definition 3.12. [9] A Frélicher space is a space which consists of a non-empty
set X together withasubset C of Hom(R,X) called the set of smooth curves,
and a subset F of Hom (X , R) called the set of smooth real functions, such that
foreach real function f:X >R in F andeachcurve c:R— X in C, the
following axioms are satisfied:

1) f isin F ifandonlyifforeach y in C, foy isin C*(R,R).

2) ¢ isin C ifandonlyifforeach ¢ in F, goc isin C”(R,R).

It is usually denoted by the triple (X,C,]:) ,where X, C and F areas
defined above.

Definition 3.13. [9] A Frélicher structureonaset X 1isapair (C o Fy ) , where
F  is a family of real-valued functions X - R and C is a family of maps
R — X, suchthat ®C=F and TF=C. feF, arecalled structure func-
tions, and c€C, are called structure curves. Note that structure functions and
structure curves are smooth in the smooth structure (Cy,F, ).

According to [10], a smooth map between Frolicher spaces is a map on under-
lying sets, which takes curves from the smooth structure of the source space to

curves in the structure of the target space. Thus, a map between Frolicher spaces

DOI: 10.4236/0alib.1114279

5 Open Access Library Journal


https://doi.org/10.4236/oalib.1114279

J. Pamba

is smooth if it maps structure functions in the target space back to those in the
source space.

Let (X,Cy,Fy) and (Y,C,,F;) be Frolicher spaces. Then, as a mapping
¢:X =Y iscalled smooth if the following three equivalent conditions hold:

1) For each ¢ €C,, the composite goc isin C,,

2) Foreach f € F,,the composite fo¢ isin F,

3) Foreach ce(C, andforeach f eF,,thecomposite fogoc isin
C*(R,R).

The set of all smooth mappings from X to Y isusually denoted by
C”(X,Y),sothat C*(R,Y)=C, and C”(X,R)=F,.Furthermore, in order to
emphasize that a map is smooth in the sense of Frolicher, [7] highlights that one
often uses the notation F -smooth map.

Example 3.14. Smooth Mappings between Frolicher Spaces

1) A constant mapping isa F -smooth map.

2) An identity isa F -smooth map. Let M and N be Froélicher spaces. If
N=M and h isanidentityon M ,thenitisa Frolicher smooth map. In Lemma
1.11in [11], it was shown thatif X, ¥ and Z are Frolicher spaces, then the fol-
lowing canonical mappings are smooth:

o v:C*(X.Y)xX oY, ev(f,x)=/(x);
o ins: X >C”(Y,XxY),ins(x)(g)=(x»);
o comp:C*(Y,Z)xC"(X,Y)—>C*(X,Z),comp(g,f)=go°f .

3) Itis shown in Lemma 1.4in [11] that,if X isaFrolicher Spaceand pe X,
thenthemap T:T,XxT X >T,X, (u,v) > u+v isasmooth map of Frélicher
Spaces.

4) Lemma 1.2 in [11] shows that if ¢: X — Y is a map of Frolicher Spaces
X and Y, then the following canonical mappings are smooth:

. 9:FF ., p(f)=poo;
o y:FRL(X,Y)>FRL(%,% ). 2(f)=f,where f(B)=pof.

Definition 3.15. A Linear Frélicher space is a Frolicher space X in which both
the real-valued functions f:X ->R in F andthecurves c:R—> X in C as
described in Definition 3.12 above are linear.

In [12], Batubenge and Tshilombo introduced a class of Sikorski differential
spaces called pre-Frolicher spaces and investigated some algebraic properties
on these spaces. Here, the notion of a ringed space in the sense of Palais as in
[13] was given in terms of pre-Frolicher spaces. We follow Batudenge and Tshi-
lombo [12] for the definition of Frolicher and pre-Frolicher ringed spaces as be-
low:

Definition 3.16. A pre- Frolicher space is a differential space (M , D) with struc-
ture D suchthat D =®I'F,, where (M ,TF,,®LF,) istheassociated Frélicher
space and F, Is a generating set.

The definition and existence of the class of pre-Frolicher spaces have been jus-
tified in [12] by using a diagram.

Lemma 3.17. Let (M,,D,) and (M,,D,) be differential spaces. If (M,,D,)
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is a pre-Frolicher space and ¢:(M,,D,) —(M,,D,) isa diffeomorphism of dif-
ferential space, then (M,,D,) isa pre-Frélicher space. For the proof, we refer to
[12].

Proposition 3.18. For every Frélicher space X , there exists a free convenient
vector space AX .

One can follow the proof of this proposition in [9] or [10].

It is remarked on page 240 in [7] by Kriegl and Michor that the convenient vector
spaces are exactly the linear Frolicher spaces for which the smooth linear function-
als generate the smooth structure, and which are “separated” and “complete” as can
be verified in [9] on 2.4.4.

Proposition 3.19. Let X be a Frolicher space and E be a convenient vector
space. Then, C*(X,E) Isa convenient vector space with the smooth structure
which is cartesian closed.

Follow [7] for the proof of this proposition.

Definition 3.20. [9] A convenient bialgebra B is a convenient vector space
which is both a convenient algebra and a convenient coalgebra such that the alge-
bra structure maps are ConCoAlg-morphisms or equivalently that the coalgebra
structure maps are ConAlg-morphisms.

We can easily notethata C” -bialgebra B isa C” -algebrawhich isalsoacon-

venient bialgebra with the same underlying convenient algebra structure.

4. Main Results
4.1. Frolicher Algebra

We now present the concept of a Frolicher algebra as follows:
Definition 4.1. A Froélicher algebra is a Frolicher space (A, C,F ) such that. A
is an algebra over R, where the algebra operations.
+:AxA—> A, AxA—>A, RxA—> A, (i,a)H/l-a

are smooth with respect to the Frolicher structure.
That is, for any smooth curves c¢,c, €C and any smooth scalar function
A:R >R, the curves:
t o (t)+e,(t), tc(1)-c, (1), 1 A(1)-c(t)

also belongto C.

A Frolicher algebra therefore is an algebra A4 equipped with a Frolicher struc-
ture (A4,C,F) such that the algebra operations are smooth maps in the Frélicher
sense.

We shall denote the category of a Frélicher algebra by FrAlg, which is a Froli-
cher vector space with smooth multiplication, and so it is Linear. Thus, through-
out this manuscript, a Frolicher algebra shall refer to a linear Frélicher algebra even
without mention.

Theorem 4.2. Every convenient algebra carries a natural Frolicher structure,
induced by its smooth curves and real-valued smooth functionals. With respect to

this structure, it becomes a Frolicher algebra.
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Proof. Let A be a convenient algebra; thatis, 4 isan algebra object in the
category of convenient vector spaces, with smooth addition, scalar multiplication,
and multiplication maps.

Define a Frolicher structure on 4 as follows:

e Let C be the set of all smooth curves ¢:R — A in the convenient sense
(e, ceC” (R,A) ).

o Let F be the set of all smooth functionals f:4— R in the convenient
sense (Ze, feC”(A4,R)).

By the foundational results of convenient calculus (see Kriegl and Michor), a map
f:4—>R issmoothifand onlyif foceC”(R) forall ceC,and vice versa.
Thus, the pair (C ,F ) satisfies the compatibility condition required for a Frélicher
space. Next, observe that since the algebra operations

+:AxA—> A, AxA—> A, RxA—> A4

are smooth in the convenient sense, their compositions with smooth curves also

yield smooth curves. That is, for any ¢,c, € C, the curves
t e (H)+e (1), tH¢(t)e(r)

arein C,and for any smooth scalar curve 1:R — R, thecurve ¢+ A(t)-c(¢)
isalso in C. Therefore, the Frolicher structure defined above makes 4 intoa
Frolicher algebra. Thus, every convenient algebra carries a canonical Frolicher
structure, induced by its set of smooth curves ¢:R — A and its set of real-valued
smooth functionals f:4—>R.

This makes every convenient algebra into a Frolicher algebra. However, note that
the converse does not hold in general.

Claim!

Not every Frolicher algebra arises from a convenient algebra structure.

This Claim shows that there exist Frolicher spaces (and algebras) that are not
modeled on convenient vector spaces or lack locally convex topologies.

To justify the above Claim, it suffices for one to recall that a Frolicher algebra
consists of a set A4 equipped with a set C of smooth curves ¢:R— 4, and a
set F of real-valued functions f: A4 — R, satisfying the compatibility condi-
tionthat foceC”(R) forall ceC and f e F .Moreover, the algebraic oper-
ations (addition, multiplication, scalar multiplication) must preserve smooth curves
and smooth functionals.

Proposition 4.3. There exists a Frolicher algebra that does not arise from any
convenient algebra structure.

Proof. Let A=C" (R)N , the countable product of the Fréchet space C*(R),
endowed with the Frolicher structure generated by pointwise smooth curves and
smooth evaluation functionals. Define the algebra structureon 4 componentwise:
for f=(f,), g=(g,)ed, define f+g=(f,+g,), and f-g=(f,-g,)-
This makes A into a commutative algebra equipped with a Frolicher structure.
This Frolicher structure is well-defined and closed under algebraic operations.

o (AN . .
However, 4=C"(R) isnota convenient vector space, since the category of
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convenient vector spaces is not closed under countable products. In particular,
there exists no convenient vector space structure on A4 such that pointwise ad-
dition and multiplication are smooth. Hence, this Frolicher algebra does not arise
from any convenient algebra structure. It admits a Frolicher structure, but not a
convenient one.

A convenient algebra is more restrictive: it requires that the underlying space
be a convenient vector space, which in turn must be a locally convex vector space
satisfying additional completeness and smoothness properties (such as the ¢”-
completeness condition).

Example 4.4. Let A be an uncountable- dimensional vector space over R,
equipped with the trivial topology (i.e., the only open sets are 0 and A). Define
the set of curves C  to consist of all constant maps c¢:R — A, and define the set
of functionals F  to consist of all linear maps f:A—R,ie, F=A, the al-
gebraic dual of A. Forany fe€F and ceC, the composition foc iscon-
stant, hence smooth. Therefore, (C ,F ) defines a Frolicher structureon A. An
algebra structureon A can be defined by coordinate- wise (i.e., componentwise)
multiplication, making A a Frélicher algebra. However, this Frélicher algebra
does not arise from any convenient vector space structure. the trivial topology is
not locally convex, nor does it support a topology compatible with completeness
or continuity properties required in the convenient setting. Moreover, countable
products of C*(R) fail to be c” -complete because their bounded sets are not
contained in any Banach disk, which explicitly illustrates the non-convenient na-
ture of such product spaces.

Proposition 4.5. There exist locally convex algebras that do not admit any com-
patible convenient or Frélicher algebra structure.

Proof. Let 4:=R" be the space of all real sequences, endowed with the prod-
uct topology. Then, A4 isalocally convex topological vector space. Define pointwise
multiplication by (x- y)n =x,y,,for x=(x,), y=(y,)€4,which is bilinear
and jointly continuous, making 4 a commutative locally convex algebra. How-
ever, A isnota convenient vector space. Specifically:

e Thereexist smooth curves ¢:R — 4 suchthat foceC”(R) forall /e 4',
but ¢ isunbounded.

e « 4 isnotbornologically complete; bounded sets are not contained in Banach
disks.

Therefore, A isnota convenient algebra. Furthermore, any Frolicher structure
induced by the continuous linear functionals on A fails to capture the smooth-
ness of algebraic operations: smooth curves and functionals do not interact com-
patibly with the algebra structure. Thus, 4 cannot be endowed with a convenient
or Froélicher algebra structure.

Example 4.6. Let A=R [x] be the algebra of real polynomials, endowed with
the fine topology, i.e., the inductive limit topology of the finite- dimensional sub-
spaces R, [x] (polynomials of degree at most n). Then:

1) A isalocally convex topological vector space.
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2) Multiplication Ax A — A, defined pointwise, is jointly continuous, making
A alocally convex algebra.

3) However, A isnot Mackey-complete, hence not a convenient vector space.

4) Furthermore, no Frolicher structure on A4 makes the multiplication smooth:
the topology is too coarse to support enough smooth curves.

Therefore, A isalocally convex algebra that does not admit a compatible con-
venient or Frélicher structure.

Therefore, A4 isalocally convex algebra that does nofadmit any compatible
convenient or Frolicher algebra structure.

Thus, Locally Convex Algebras (LCAlg) form a broad class of algebras with a lo-
cally convex topology and continuous multiplication, but generally Jack a canon-
ical smooth structure. On the other hand, Convenient Algebras (ConAlg) are a sub-
classof LCAlgequipped with a smooth structure that enables infinite-dimensional
differential calculus. Every convenient algebra naturally carries a Frolicher algebra
(FrAlg) structure induced by its smooth curves and smooth functionals. Therefore,
the category of Frolicher Algebras is the most general, requiring only compatible
smooth curves and functionals, and includes many algebras that are not locally
convex or convenient.

One can define a Frolicher algebra by requiring the multiplication to be smooth
relative to the chosen Frolicher structure, generalizing continuous multiplication
in locally convex algebras and smooth multiplication in convenient algebras. We
explore this in the next proposition.

Proposition 4.7. Let A be a Frolicher space. If the multiplication map
pu:AxA—> A, (x,y)b> xy is smooth with respect to the product Frélicher
structure on Ax A, then A becomes a Frolicher algebra.

(This generalizes the notion of continuous multiplication in locally convex al-
gebras and smooth multiplication in convenient algebras).

Proof. Recall that a Frolicher space consists of aset 4,aset C of smooth
curves ¢:R— A,andaset F ofsmooth functionals f: A4 — R, satisfying mu-
tual compatibility: feceC”(R) forall feF, ceC.

The product Frolicher structure on Ax A4 is defined via smooth curves
y:R—> Ax A, such that 7, 0y,7, oy € C, and smooth functionals of the form
fxy)=e(x)y(y), 3 pyeF.

If multiplication g is smooth, then for every smooth curve y:R —> Ax 4,
the composed curve ¢+ y(y(t)) =7 (7/(t)) “TT, ()/(t)) € A is again a smooth
curve in A4, Le, belongs to C. Moreover, for every smooth functional feF,
the composition f o0y e C*(R), so the structure remains compatible.

Therefore, the multiplication is smooth in the Frolicher sense,and 4 is equipped
with an algebra structure that is compatible with its differential structure, making
it a Frolicher algebra. This generalizes:

e Locally convex algebras, where multiplication is jointly continuous;
e Convenient algebras, where multiplication is jointly smooth.
Example 4.8. (Algebras of Smooth Functions)
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Let M beasmooth finite-dimensional manifold. The algebra C” (M) of
smooth real-valued functions on M is naturally a Frolicher space:

e Smooth curvesin C*(M) are maps c¢:R— C”(M) such that for every
x €M , the function ¢ c(t)(x) is smoothin ¢.
¢ Smooth functionals are evaluations at points: f > f (x) ,for xeM .

The pointwise multiplication (/f-g)(x)=/(x)g(x) is smooth with respect

to this Frolicher structure, since the product of smooth functions is smooth. Thus,
C” (M) isa Frolicher algebra.

Example 4.9. (Convenient Algebras)

Every convenient algebra A4, being a convenient vector space with smooth
multiplication, naturally induces a Frolicher structure via:

e Smooth curves: ¢:R — 4 that are smooth in the convenient sense.
e Smooth functionals: f: 4 — R, smooth in the convenient calculus.

Since the multiplication is jointly smooth in the convenient sense, it is also smooth
with respect to the induced Frolicher structure. Hence, every convenient algebra
is a Frolicher algebra.

Example 4.10. (Diffeological Algebras)

Let A4 beadiffeological algebra, ie, an algebra equipped with a diffeology such
that the multiplication map Ax A — A is smooth with respect to the product
diffeology.

Every diffeological space induces a Frolicher structure (via smooth plots and
functionals), and if the multiplication is smooth in the diffeological sense, it re-
mains smooth in the corresponding Frolicher sense.

Hence, many diffeological algebras (e.g., function spaces on singular spaces,
mapping spaces) are naturally Frolicher algebras. For more details on the concept
of diffeological spaces, see [14].

Remark 4.11. (Closure under Smooth Subalgebras)

Let A4 beaFrolicher algebra, andlet B < A be a subalgebra that is closed un-
der the Frolicher structure (Z.e., smooth curvesin B are also smoothin A4, and
functionalson B arerestrictions ofthoseon A4 ).Then, B inheritsa Frolicher
structure, making it a Frolicher algebra. This allows constructing new Frolicher
algebras from subalgebras of known examples (i.e., inheritance of structure by
smooth subalgebras).

The following proposition shows the categorical embedding of convenient al-
gebras into Frolicher algebras.

Proposition 4.12. There exists a faithful functor F :ConvAlg < FrAlg from
the category of convenient algebras to the category of Frélicher algebras. That is,
every convenient algebra admits a canonical Frélicher structure making it a Fro-
licher algebra, and every smooth algebra homomorphism in the convenient sense
is smooth in the Frélicher sense.

Proof. Let A < ConvAlg, ie, a convenient vector space equipped with a jointly
smooth multiplication map #: Ax A — A. Define the Frolicher structure (C ,F )
on A by
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C:={c:R — A|csmooth in the convenient sense},
F={f:4—R| f smooth in the convenient sense}.

By the properties of convenient calculus (Kriegl-Michor), feoceC”(R) for
all feF, ceC,so (C,F) defines a Frélicher structure.

Since u is smooth in the convenient sense, and the Frolicher structure is in-
duced from the convenient one, it follows that @: AxA4— A is smooth in the
Frolicher sense. Thus, A4 becomes a Frolicher algebra. Let ¢: 4 —> B bea
morphism in ConvAlg. Then, ¢ preserves smooth curves and functionals, so it
is smooth as a map of Frolicher spaces and an algebra homomorphism. Hence,
¢ € Homy,,, (7 (4),F (B)). Faithfulness of F follows since it acts as the iden-
tity on underlying sets and maps.

Therefore, this construction defines a faithful functor from the category of con-
venient algebras to the category of Frolicher algebras. We extend this proposition
with a corollary showing that the functor from convenient algebras to Frélicher
algebras is not essentially surjective, that is, not every Frolicher algebra arises from
a convenient algebra.

Corollary 4.13. The embedding functor F :ConvAlg < FrAlg is not essen-
tially surjective; that is, there exist Frolicher algebras which are not isomorphic (in
FrAlg ) to any object in the image of F .

Proof. Consider the Frolicher algebra 4=C" (]R)N , with the pointwise algebra
structure and the Frolicher structure induced from the product of Frolicher spaces.
The multiplication p:AxA4—> 4, ,u((f,1 ),(g" )) = (fngn) is smooth in the Fro-
licher sense, as multiplication in each component C*(R) is smooth. However,
the underlying vector space A is not convenient: the category of convenient vec-
tor spaces is not closed under countable products, and C” (R)N isnot ¢”-com-
plete. Hence, 4 doesnotadmit a convenient vector space structure compatible
with the given Frolicher structure and algebraic operations. Therefore, 4 isa
Frolicher algebra that is not isomorphic to any convenient algebra via F , prov-
ing that F is not essentially surjective.

Example 4.14. (A Frolicher Algebra that is not Convenient)

Let 4=C7(R), the algebra of smooth functions on R with compact sup-
port, equipped with pointwise multiplication: (fg)(x) = f(x)g(x) , for all
f,g€C”(R). Define a Frolicher structure on A as follows:

e Acurve ¢:R—C”(R) issmoothifthemap (¢,x)r> c(¢)(x) issmoothas
afunction R* — R, and the support of c(t) iscontained in a fixed compact
set independent of ¢.

e Functionals f > J']Rf(x)(p(x)dx ,where ¢ e C”(R), are declared smooth.

With this structure, smooth curves and functionals are compatible, and pointwise
multiplication is smooth: the product of two smooth curves f (t,x) and g(t,x)
is also smooth, and their supports remain compact. Thus, C”(R) becomes a
Frolicher algebra. However, C”(RR) is not a convenient vector space:

c

e Itis not complete in the sense of convenient calculus (ie., not ¢”-complete).
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e Itisnotalocally convex inductive limit of Banach spaces in the sense required
for convenient spaces.
Therefore, no convenient structure exists on C’(R) making it a convenient
algebra, even though it carries a natural Frolicher algebra structure. This example
shows that the functor from convenient algebras to Frolicher algebras is not es-

sentially surjective.

4.2. Spectral Theory for Frélicher Algebras
Let 4 be a Frolicher algebra, ie., a Frolicher space equipped with a smooth, as-
sociative, and bilinear multiplication map
UiAxA— A, p(x,y)=xp.
We now present a generalized spectral theory appropriate to this smooth setting.

Definition 4.15. Let A be a unital Frélicher algebra over C, andlet a€ 4.
The resolvent set of a, denoted p(a), is defined by

pla)= {/1 e C|(A-1-a)is invertible in 4 and A > (4 -l—a)_] is smooth}.
The resolvent of a isthe map
R,:p(a)—> 4, R (A)=(2-1-a)",
which is smooth in the sense of Frolicher spaces.

4.2.1. Smooth Characters and the Spectrum
Definition 4.16. A smooth character on a Frolicher algebra A is a unital alge-

bra homomorphism

y:A->R
that is smooth with respect to the Frolicher structure on A4 and the standard Fro-
licher structureon R.

Definition 4.17. The smooth spectrum of A, denoted Spec” (A), is the set of

all smooth characters:
Spec” (4):= {;( € Hom,, (4,R)| y is smooth}.

This smooth spectrum generalizes the Gelfand spectrum from Banach algebras

or the character space from commutative topological algebras.

4.2.2. Topology on the Smooth Spectrum
Definition 4.18. The smooth spectrum Spec” (A) is endowed with the weak-
est topology making all evaluation maps

ev, :Spec” (4) >R, x> x(a),

continuous for each a € 4. This is analogous to the Gelfand topology.

4.2.3. Smooth Gelfand Transform
Definition 4.19. The smooth Gelfand transform is the map

G:A—>C” (Spec"C (A)), aa, a(y)=x(a),
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where C” (Spec‘)O (A)) denotes the algebra of smooth real-valued functions on
the smooth spectrum.

Proposition 4.20. The smooth Gelfand transform G is an algebra homomor-
phism. If A separates smooth characters, then G is injective.

Proof. Linearity and multiplicativity follow from the definition of 4. Injectiv-
ity holds if ;((a) =0 forall y eSpec” (A) implies @ =0. This is equivalent to

A separating smooth characters.

4.2.4. Generalized Spectral Radius

Let ae A.If A iscommutative, define the smooth spectral radius of a by
p”(a)= sup{|;((a)| | ¥ € Spec” (A)},

if this supremum exists.
Example 4.21. Let A=C" (M ) , the algebra of smooth functions on a compact
manifold M . Then:

Spec” (4) =M,

via the identification y, (f)=f(p) for peM . The smooth Gelfand trans-
form is just the identity map.

This example shows that for geometric Frolicher algebras, the smooth spectrum
recovers the underlying space.

We now establish the fundamental properties required for a smooth holomor-
phic functional calculus on a unital Frolicher algebra, including the key inverse
mapping property that underpins the spectral mapping theorem.

Proposition 4.22. Let A be a unital Frélicher algebra over C equipped with
a Frolicher structure (C,F). Suppose that for each a € A, the following hold:

1) Smooth Holomorphic Functional Calculus: For every holomorphic func-
tion f:U — C defined on an open neighborhood U < C containing the spec-
trum o (a)c C, there exists a well-defined element f(a)e 4 such that the

map
H(U)> 4, f f(a),

is smooth with respect to the Frolicher structureson H(U) (the space of holo-
morphic functionson U )and 4.

2) Inverse Mapping Property: If f € H(U) isholomorphic and invertible on
U ,then f(a)eA isinvertiblein A, and its inverse is given by

(@) =(f") @),

where f':U — C is the holomorphic inverse of f .

Proof.

Step 1: Definition of f(a) via the holomorphic functional calculus.

By assumption, for each @ € 4 and each holomorphic function f defined on
an open neighborhood U of G(a) ,one defines [ (a) using the standard hol-

omorphic functional calculus machinery (e.g., Cauchy integral formula):
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1
2mi

f(a)==—][ f(A)(Al-a)" d4,
where I'c U is a suitable contour enclosing o (a).

This integral is interpreted in 4 and depends smoothlyon f and a by hy-
pothesis.

Step 2: Smoothness of the map f > f(a).

By the assumption on the Frolicher structure on 4, the mapping
H(U)> A4, f f(a)

is smooth. This means for every smooth curve ¢:R — H(U), the composition
t— c(t)(a) € A is smooth with respect to the Frolicher structureon 4.

Step 3: Inverse mapping property.

Suppose f € H(U) isinvertible withinverse /' € H(U).Since the holomor-

phic functional calculus is an algebra homomorphism,
£a) () @)= (") (a)=1,,
where 1, isthe unit of 4. Similarly,
(fi])(a)'f(a)zlm
showing that f (a) is invertible with inverse ( ! )(a) .

Step 4: Compatibility with the Frolicher structure.

Both multiplication and inversion (on the invertible subset of A ) are smooth
operations in the Frolicher setting. Thus, the inverse mapping property respects
the smooth structure, ensuring that ( a )(a) is not only algebraically the inverse
but also smoothly depending on f and a. Hence, the proof is as follows.

Theorem 4.23. (Spectral Mapping Theorem for Frolicher Algebras) Let A
be a unital Frélicher algebra over C,andlet a € A. Supposethat f:C—>C is
holomorphic on an open neighborhood U of the spectrum O'(a) of a, and
that a holomorphic functional calculus is defined on A which is smooth in the

sense of Froélicher spaces.
Then

Proof.

Step 1:

By definition, the spectrum o (a)< C is the complement of the resolvent set
p(a) , where

pla)= {/”L € C|A-1-aisinvertiblein 4 and A (1.1_51)'1 is smooth}.

Step 2:
Since f isholomorphic on an open neighborhood U > G(a) , the holomor-

phic functional calculus allows us to define

f(a):=Ljrf(/1)(/1~1—a)’1 d,

2mi
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where T’ isacontourin U enclosing o(a).
Step 3:
To show O'(f(a)) c f(o-(a)) , suppose U & f(a(a)). Since f(o-(a)) is

compact, there exists a neighborhood of x4 disjoint from f (O'(Cl)) . Define

1
g(z)= OE
which is holomorphicon U because u¢ f(O'(a)). Applying the functional
calculus,
gla)=(f(a)=sw1) .
showing f(a)—y'l is invertible. Hence, u ¢ O'(f(a)).

Step 4:

Conversely, to show f(a(a)) c O'(f(a)) , assume M= f(ﬂ.o) for some
Jeo(a).If ugo(f(a)),then f(a)—u-1 isinvertible, and by the inverse
mapping theorem in Frolicher algebras with smooth functional calculus, one can
construct a holomorphic function % such that h( f (z)) =z near A;.Applying
h to f(a),weget

and
h(f(a))=2-1=a=2 -1,

which should be invertible if f (a) —u-1 isinvertible, contradicting A4, € O'(a) .

Thus, e O'(f(a)).
Combining the two inclusions gives

o(/(a)=1(o(a)

4.3. Extensions of Spectral Theory for Frolicher Algebras

Noncommutative Frolicher Algebras

Let A4 be a (possibly noncommutative) Frolicher algebra. In this case, the set of

smooth characters (algebra morphisms } : 4 — R) is typically too small or triv-

ial. To develop spectral theory in this context, one may instead consider:

e Smooth states: Linear functionals ¢: 4 — R that are smooth and positive in
an appropriate sense.

e Smooth representations. Frolicher algebra homomorphisms 7:4 — E(H ) ,
where L (H ) is a space of smooth operators on a convenient or Frolicher Hil-
bert space H .

One can then define the smooth spectrum of an element a€ 4 as:
o”(a)= {A e R | for all ¢, ¢((a -A) ) # 0 for some n}
This generalizes classical operator theory to the smooth category.

4.4. Frolicher C*-Like Structures

Let A be a Frélicher algebra equipped with an involution a+>a* and a
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seminorm |||| satisfying:
o lat]<al- o
4

L4 >

=a
¢ The norm topology is compatible with the Frélicher structure.

Such an algebra is called a Frolicher+-algebra.

One may develop a smooth version of the Gelfand-Naimark theorem under ap-
propriate assumptions, relating the spectrum of self-adjoint elements to smooth
evaluation functionals.

Let A=C" (]:) ,where F isa Frolicher space of fields. Then:

e 4 becomes a commutative Frolicher algebra.
e Observables (functionals on fields) are modeled as elements of A4 .
e The smooth spectrum of A4 can be identified with F itself.

This provides an algebraic perspective on classical fields using the tools of dif-
ferential geometry without requiring manifolds.

This opens the door to smooth noncommutative spectral geometry, where
smoothness is defined via curves and functionals rather than norms.

There are natural inclusions:
Spec,,, (4) < Spec™™ (4) < Spec” (4),

provided the algebra 4 admits compatible structures in each category. These in-
clusions may be strict in general.
Remark 4.24. The smooth Gelfand transform,

G:A->C” (Spec”(A)), ara, a(y)=x(a),

generalizes the classical Gelfand transform. In convenient and Frolicher settings,
this map is smooth and algebraic but may fail to be injective if the algebra does not
separate characters.

The theorem below shows the smooth Gelfand transform in locally convex, con-
venient, and Frolicher settings.

Theorem 4.25. Let A be a unital, commutative algebra over R, equipped with

a structure S e {locally convex, convenient, Frolicher}. Let

X = {;(eHom (4,R)] yis 8-sm00th}.

Alg
Then, the Gelfand transform
G:A->C™(X), ama, a(y)=zx(a)

is a unital algebra homomorphism, smooth in the sense of S.If y(a)=0 forall
ye€X=a=0,then G isinjective.
Proof. Let a,be A, AeR,and y€ X .Then

m(;() :;((a+lb):;((a)+/1;((b) :ﬁ(;{)+ll§(;{),
ab(7)=z(ab)=z(a) 1(b)=a(2)b ().

i(;():;((l):l.
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Hence, G is a unital algebra homomorphism. To show deC”(X):
o If S isalocally convex topology, then & is continuouson X A" under
the weak-* topology since y ;((a) is continuous for fixed a€ 4.
e If S isaconvenient vector space structure, then evaluation ( ;(,a) — ;((a)
is smooth (Kriegl-Michor). Fixing a, a(x)=y(a) issmoothon X.
e If S isaFrélicher structure, then doceC”(R) for every smooth curve
¢:R— X ,hence aeC”(X).
If y(a)=0 VyeX,then 4=0,s0 G isinjectiveif X separates points.
Proposition 4.26. (Spectral Duality for Frolicher Bialgebras) Let B be a unital
commutative Frélicher bialgebra with smooth multiplication u:B®B — B
and smooth comultiplication A:B — B® B . Then:
1) The spectrum

Spec” (B) ={y:B—>R|y isaPFrolicher-smooth algebra morphism}

inherits a natural coalgebra structure via pullback from A.
2) The Gelfand transform

G:B—>C” (Spec”(B)), ara, a(y)=zx(a),

is a morphism of Frolicher bialgebras.

Proof.

1) Since B isa Frolicher algebra, each y €Spec” (B) is a smooth algebra
homomorphism. The comultiplication A:B— B® B induces a dual map on

characters:
A" :Spec” (B®B)—>Spec” (B), (1, ® 1) (1 1:)°A

This defines a coalgebra structure on  Spec” (B) by interpreting function eval-
uation under A.
2) Define the Gelfand transform G:B — C” (Spec°O (B)) by

G(a)(x)=x(a)-

Sinceboth a ;((a) and y ;((a) are smooth in the Frolicher sense, the

map G is smooth. It preserves the algebra structure:

ab(z)= x(ab) = x(a) x(b)=a(x)b(z)=(a-B)( ).

so G(ab)=G(a)G(b).

To show compatibility with the coalgebra structure, note that the comultiplica-
tion Aon B corresponds, under duality, to pointwise multiplication of functions
in C” (Spec"O (B)) , which is preserved by G.Hence, G intertwines both algebra
and coalgebra operations.

Therefore, G isa morphism of Frélicher bialgebras.

5. Conclusion and Suggestions

This work develops spectral theory for Frolicher algebras, extending classical and
convenient frameworks to smooth structures defined by curves and functionals,

independent of topology or bornology. Building on Gelfand theory for commutative
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locally convex algebras, we generalize the spectrum to convenient algebras via
smooth homomorphisms and to Frolicher algebras via Frolicher-smooth charac-
ters. The main result is a smooth Gelfand transform, showing Frolicher algebras
strictly generalize convenient ones. We construct functorial embeddings between
categories and introduce spectral theory for Frolicher bialgebras, compatible with
smooth duality. This unified framework supports smooth spectral theory in infi-
nite-dimensional, non-topological contexts. Future directions include functional
calculus, spectral duality in Hopf structures, and categorical completions—offering

new tools for smooth geometry and global analysis.
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