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Abstract

Corruption is a societal challenge facing many governments and human insti-
tutions globally. This paper presents the analysis of a deterministic model of
corruption taking into account honest/incorruptible individuals. We first
proved that the model formulated is well-posed. We computed the corruption-
free equilibrium state, the corruption basic reproduction number ( R;) and es-
tablished that the corruption-free state is locally and globally stable whenever
R, <1 and unstable if R, >1. We have also shown that the proposed model
admits a unique and globally stable endemic equilibrium when R, >1. Fur-

thermore, we conducted numerical simulations to demonstrate the validity of
the model.
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1. Introduction

According to the World Bank and the International Monetary Fund (IMF), cor-
ruption is the abuse of public office for personal gain Tesfaye et al [1]. Itis a global
societal challenge with more pronounced consequences in low-income countries
Nwajeri et al. [2]. From an epidemiological point of view, corruption can be de-
scribed as an endemic human disease with records of outbreaks spanning from
the time of the first human on earth till date. It is a major cause of poverty globally,

especially in Africa. Corruption is a major factor that slows down sustainable eco-
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nomic growth in many countries. It is one of the causes of social unrest around
the world [1] [3]. Despite the efforts of some governments and anti-corruption
agencies to fight corruption, this social ill still continues to evolve in our society
[1] [4] [5]. Hence, the need for more research into the topic becomes crucial.
Mathematical modelling has become a significant decision making toolbox espe-
cially in the absence of real data [6]. Despite, the existence of a vast literature on
corruption, mathematical models on the analysis of corruption transmission dy-
namics are still limited [1] [6]. In what follows, we briefly discuss some mathe-
matical models that have been formulated to study this evil phenomenon of cor-
ruption. Tesfaye ef al. [1] formulated and analyzed a stochastic model of corrup-
tion dynamics in society. It was revealed from their analysis that there is a direct
proportion between the number of corrupt individuals in a community and the
interaction rate of corrupt individuals with the susceptible ones. Additionally, the
study demonstrated that education or punishment could be an effective strategy
for minimizing the number of corrupt individuals in the community. Researchers
in [7] used a deterministic model to describe the transmission dynamics of cor-
ruption. These authors recommended that investing in public awareness and en-
couraging religious leaders to preach about the negative impact associated with
corruption can help mitigate this evil act. Alemneh [8] formulated an optimal
control problem of the corruption model using combinations of control measures
such as educational campaigns and punishment including jail. The study revealed
that an integrated control strategy is required to fight corruption. Ahmed et a/. [9]
also established that prevention and punishment are effective control measures
for mitigating corruption. Rahmadi and Rahayu [10] used a mathematical mod-
elling approach to explore alternative solutions for combating corruption in In-
donesia. Their model took into account the intensity of enforcement against cor-
rupt practices, public education/awareness and the effectiveness of the corruption
control policy. It was shown from the study that the spread of corruption in In-
donesia depends on the initial conditions. Gutema et a/ [3] formulated an optimal
control model for corruption dynamics in society. Their study revealed that com-
bining public sensitization and law enforcement is the most effective control strat-
egy for combating corruption in our society. Teklu [11] analyzed a fractional or-
der optimal control problem of corruption dynamics using controls such as pre-
ventive measures and measures for checking moderate and high level corruption.
The study’s numerical results showed that a combination of these controls can
drastically reduce the number of corrupt people in a community. Bonyah [6] also
used a fractional optimal control model to investigate the best strategy to reduce
the occurrence of corruption in society. The author recommended that simulta-
neous implementation of preventive measures, correctional measures, and moti-
vational measures that will make people desist from corrupt practices is required
to mitigate corruption in our society. Fantaye and Birhanu [12] analyzed an opti-
mal control model of corruption taking into consideration the social influence of

honest individuals in society. The study revealed that a combination of preventive
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and punitive measures is the most efficient control strategy for minimizing cor-

ruption.

2. Corruption Model Formulation

To construct a compartmental model for studying corruption dynamics, we
adopt the model formulated in [6] to include honest individuals. Here, the total
population at time ¢ (M) is stratified into seven sub-classes. Namely: (4,
H(p, E(H A D, A1), AP and R(H. Individuals are recruited into the susceptible
class (8(9) at rate ¢ out of which, a small proportion (A) are honest/ incor-
ruptible individuals. Some of these honest people lose their honesty and move
to susceptible class at rate y. A susceptible person can also move to honest
class (H(9) at rate 6. The susceptible individuals become exposed to corrup-
tion following interaction with the corrupted individuals at a force of influence
B(a,C +q,P+0q,F). Exposed individuals get involved into corrupt practices and
move to corrupt class (C{#) at rate p. These corrupt people either repent
through self conviction and move to repented class (R(#)) atrate 6 or get pun-
ished and move to punished class (2(#) at rate 7,. In reality, it common to see
some corrupt individuals going unpunished sometimes due to their political col-
ors, social status or for other reasons. Hence, the model assumes that some cor-
rupt individuals who are well known for engaging into corrupt practices get
away with it or are forgiven. This category of corrupt people join the unpunished
class (F(f)) at rate 77,. Corrupt individuals who go unpunished engage in cor-
rupt activities again at rate y or repent at rate ¢. Corrupt individuals who
are punished either repent at rate 7 or join the susceptible class at rate w.
Individuals who repent from corrupt practices either move to susceptible class
atrate v orhonest class atrate ¢ .Itisassumed in this model that individuals
can die naturally from each compartment at a rate . The model also assumes
a corrupt person can die from corruption related issues at rate & . The variables
and parameters used to describe the corruption model summarized by Figure 1
are defined in Table 1.

((jj_?:(l—A)g"+7/H +a)P+UR—ﬂ(q1C+q2P+an)S_(‘9+1“)S
dd—T:Ag“+6’S+aR—(7+ﬂ)H

dE

ot = PAC+ QP+ F)S —(p+u)E

dc

o= PETVF-[m+(-r)m+5+aru]C W
(:j—l’::mlC—(ﬂ+a)+y)P

dF

5 ==L ~(g+y+u)F

dR

3 = OCHAPHIF —(v+a+ )R
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Figure 1. Corruption transmission flow chart.

Table 1. Corruption model parameters and initial conditions.

Parameter Definition Value Source
¢ Population recruitment rate 100 [2]
A proportion of honest individuals 0.01 Assumed
Y7 Population natural mortality rate é [2]
0 Honesty rate of susceptible individuals 0.03 [3] [8]
p Influence rate of corrupt individuals 0.0234 [3] [8]
¥ Rate at which honest people become susceptible 0.0021 [9] [13]
a Honesty rate of repented people 0.035 [8]
P Progression rate from exposed to corrupt class 0.06 [4] [8]
m Punishment rate of corrupt people 0.1 [4]
, Rate at which corrupt people go unpunished 0.18 Assumed
o Progression rate from corrupt to repented class 0.035  Assumed
€ corruption related death rate 0.0005  Assumed
7 Progression rate from unpunished to corrupt class  0.0095  Assumed
1"} Progression rate from unpunished to repented class 0.114  Assumed
T Progression rate from punished to repented class  0.000001 [7]
(0] Progression rate from punished to susceptible class  0.125 [5]
v Progression rate from repented to susceptible class ~ 0.315  Assumed
T Probability of punishing a corrupt person 0.6 Assumed
0,/d,/0d; Degree at which a corrupt/ punished/unpunished ~ 0.036 [3] [8]
individual influences a susceptible person
Initial Value
S(0) Initial susceptible population 300 Variable
H (0) Initial honest population 50 Variable
E (0) Initial exposed population 100 Variable
C(0) Initial corrupt population 15 Variable
P(0) Initial punished population 5 Variable
F(0) Initial unpunished population 5 Variable
R(0) Initial repented population 5 Variable
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The following notation will be used in the rest of the study:
9,=0+u 0, :(7+ﬂ)’ g3 :(p*‘ﬂ)’ 94 :(7771"‘(1_7)772 +5+g+,u),
Os=(7m+o+u), 9s=(¢+y+p) and g, =(v+a+u)

2.1. Well-Posedness of the Model

In this section, we establish that the system of differential equations representing
model (1) admits only non-negative solutions. Furthermore, the set over which
the model system of equations is meaningful is also determined. These results are
summarized in the theorems below.

Theorem 1. Given the initial value set:
{$(0),H(0),E(0),C(0),P(0),F(0),R(0)} 20 ofsystem (1), it follows that the
model solutions S(t),H (t),E(t),C(t),P(t),F(t) and R(t) are non-nega-
tive and bounded V1>0.

Proof. Consider the differential equation for the susceptible sub-class:

?j_?:(l—A)§+7/H +@P+0R-B(qC+0,P+0,F)S—(6+4)S

:z—fz—}tS—gls, A=pB(4C+q,P+q,F)

—| + t A X)ax
— s(t)=s(0)e B 5
Similarly, the following results can be obtained:
H(t)>H(0)e® >0, E(t)>E(0)e™* >0, C(t)>1(0)e % >0,
P(t)=P(0)e™*' >0, F(t)>F(0)e™™ >0 and R(t)>R(0)e*" >0
Therefore, Vt>0, the state variables of the model have non-negative solu-
tions.
Theorem 2. The feasible positive invariant region in which the solution set of
the model system of equations is considered meaningtul is the set:

’/:{(S,H,E,C,P,F,R)GRK:S+H+E+C+P+F+R££} (2)
7

Proof. The total population N at any given time #is:
N=S+H+E+C+P+F+R
dN

=>—=(-uN-¢C 3
pm g—uN-¢ (3)
2NS£a5t—>+oo

U

Hence, the set < in (2) is obtained.

2.2. Corruption-Free Equilibrium Point (CFEP)

Equating the individual equations of the system (1) to zero with
E=C=P=F=R=0, we obtain the CFEP »° given by

+u(l-A
2= (s m0 20,0, p0, p o) = LTS 1 ey 0.0,0.00
9,9, — 70 9,
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The Basic Reproductive Number ( R, ) for the Corruption Model

Borrowing the concept of basic reproductive number from epidemiology, the cor-
ruption reproductive number may be defined as the average number of secondary
corrupt individuals that will be influenced by one corrupt individual when intro-
duced into a wholly susceptible population. To compute the corruption reproduc-

tive number, we expressed the corrupt sub-system of (1) in the form

(:j—)t(:(./'/'—/ )XT". Here, X=(E,C,P,F), .~ and 7/~

new corrupt individuals and transfer rates respectively. Now, considering the cor-

are the source of

rupt system of (1) that is:

dE
ot =P aC+qP+a,F)S - g,E
d—C=pE+wF—94C
dt
dp @
E:Tﬂlc_gsp
dF
E:(l_f)ﬂzc_geF
we obtain:
B(aC+a,P+0;F)S 9;E
-pE C-yF
_/;/‘: 0 and o= p +g4 l// (5)
0 —1,C + 9P
0 (1—2')772C+96F?
Consequently, we obtain the matrices K'and Vof % and 7 as:
0 BqS° Bg,S° pg,S° 9 0 0 0
_ 0 -
K = 0 0 0 0 and V — 1% 9, 4 6)
0 0 0 0 0 -t g5 O
0 0 0 0 0 —(I-7)n, 0 g
From Vabove, we obtain V™ as follows:
1 0 0 0
g3
P 96 /4
e 93(9496_!//(1_2-)772) (9496_‘//(1_T)772) (9496—!//(1_7)772) 7
- PTYe 7,0 1 ym,
9395(9496_‘//(1_7)772) 95(9496_‘//(1_7)772) 0s 95(9495—V/(1—T)772
p(l-7)n, (1-7)n, 94
93(9496_'//(1_7)772) (9496_‘//(1_7')772) (9496—!//(1—7)772)

Using K and V™ from (6) and (7), we obtain R, as the spectral radius of
KV™ given by:
B IBPSO |:ge (qlgs +7n,0, ) +0595 (1_ T)772:|
9.5 (9495 —w (1-7)m,)

R, (8)
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2.3. Stability Analysis of CFEP

2.3.1. Local Stability

To study the local stability of the CFEP, we adopt the linearization approach.
Theorem 3. The corruption-free equilibrium point,

0 [7/'”‘(1_[\)]4 1
X =
9,9, - 70 9,

bility (LAS) whenever R, <1 and is unstableif R;>1.

(AQ’ +65° ) ,0,0,0,0,0 | admits a local asymptotic sta-

Proof Let J, be the Jacobian matrix of system (1) evaluated at )(0 , that is:

-8 7 0 -BgS’ ©-pg,S° -BgS’ v
& -g, O 0 0 0 a
0 0 -g, p9s’  pg,S°  pgs’ 0
=0 0 p -, 0 % 0 9)
0 0 0 ™, —0s 0 0
0 0 0 (I-7)p, 0 -gs O
0 0 O 5 7 ¢ -0,

Clearly, the matrix in (9) admits three negative real eigenvalues, namely
A=-0,, 4 =-0,, A4 =-0,.Other eigenvalues of matrix J, can be obtained

from the sub-matrix J; below:

_ga ﬂq1so ﬂqzso ﬂq3so

- 0
0 2 =05 0
0 (1-7)n, 0 —0

The matrix in (10) will be stable if its trace and determinant are negative and

positive, respectively [14]. Now
Trace(J,)=—(0g;+0,+09s +05) <0 (11)
and

det(J,) =095 (9,95 —(1-7) 7y )(1-Ry) > 0 if Ry <1 (12)

Thus, the CFEP is locally asymptotically stable whenever R, <1.
Next, we examine the global stability of CFEP.

2.3.2. Global Stability of CFEP
To determine the global stability status of the CFEP, we proceed as in [15]-[17].

Thus, model (1) is first expressed as:

dy,
dt =B (Ys —Yecrer ) +BY,
(13)
¥ _py
dt 200

where Y, and Y, denote the non-corrupted and corrupted compartments, re-

spectively. Here, YS:(S,H,R)T R Yi:(E,C,P,F)T R Y3CFEP:(S°,H°,R°) s
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- A A S
9(S.H,R) 9(E,C,P,F) o(E,C,P,F)
Using model (1), we get:
-0 7 v
B=| 0 -0, «a (14)
0 0 -g
0 -pa9S° ©-p9,8° -pq,s°
B,=|0 0 0 0 (15)
0 o T ¢

-9, ¢S°  B9,8° pg,S°

- 0
B,=| 7 % v (16)
0 s —0s 0
0 (1—1)772 0 -0

From the above we formulate the theorem as follows.

dy
Theorem 4. The system dts =B, (Y, —Yecrep )+ Bp,Y, admits a global asymp-

totic stability (GAS) at the CFEP if matrix B, has negative eigenvalues and ma-
trix B, is Metzler stable.

Proof. 1t is not hard to see that 4, =-0,,4, =—0,, 4, =—0, are the eigenval-
ues of matrix B,. Also, matrix B, is clearly Metzler stable. Hence, the CFEP
admits a global asymptotic stability if R <1.

2.4. Existence of Corruption Endemic Equilibrium Point (CEEP)

Solving system (1) for the state variables at the CEEP, we obtain:

- _ 0,05¢ G, (1_G3)[7+ﬂ(1_A)]+|:Tﬂlw92 +(0‘7+ng)gsGo](glgz _70)(R0 _1)

> 9,0:G,(1-G,) (0.9, ~10)(R, - Gs)
H* =m[ygﬁl (1-G,)(AS +6S")+ @yGy (9,9, - 70)(R, —1)}
= oae s RS
o (91222(;175)_(2:)—1) (17)

p* = z771(9192 _79)(R0 _1)
gZQSGl (1_G3)
e (1=7)m:(9.9, - 79) (R, ~1)
gzgee‘l (1_63)
R = Go(g1gz _79)(R0 -1)
92G1(1_Ga>

where
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G, = [05(59 +(1-7)m,8) + Tz Qs |,
95969,

G = gﬁg [gs(gsql+T771q2)+(1_7)77295q3]
596

G = PY6 [”71‘092 +(a7+ng)gsGo:|
’ 929395(9496—1//(1—7)772)

It is clear from (17), that C” existifand onlyif G,<1 and R,>1.

Global Stability of CEEP

Theorem 5. The unique CEEP ( ;(*) of system (1) admits a global asymptotic
stability whenever R, >1.

Proof. As in [3] [18], we consider a positive definite function < defined by:

7 (x)= g%(xi —xi*)2 i =i" model compartment
Now,
A7) =5[(s-8")+(H-H)+(E-E)+(c-C) ”
+(P—P )+ (F-F)+(R-R)]
dv (2 . dN
#:“\]_N )E
=(N=N")(¢-uN-el)
<(N=N")(¢-uN) (19)
s
<-pu(N-N )(N_ZJ
<—u(N-N)

do (y .
Clearly, # <0 with equality holding ifand only if N =N, hence, ac-

cording to [3] [11] [14] [18] [19], the corruption endemic equilibrium point
(CEEP) admits a global asymptotic stability whenever it exists (R, >1).

3. Numerical Simulations

To validate our model, we carried out some numerical simulations using Matlab
ode45 solver. System (1) was solved numerically and the simulation graphs are
shown from Figures 2-20. Additionally, we plotted R, against some key model
parameters to determine the kind of relationship that exists between these param-

etersand R,.

4. Discussion, Conclusion and Future Work

Figures 3-9 describe the effect of varying the influence rate on the population
sub-classes. Figures 10-16 depict the evolution of the population sub-classes as
the honesty rate is varied. Figures 17-20 show the time evolution of corrupt
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Effect of repentance rate (8) on repented individuals class

6=0.025

18 - 5=0.035
5=0.055
5=0.075

Repented Individuals

Time (Years)

Figure 20. Plot of repented class against repentance rate.
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Figure 22. R, against 0.

classes as the repentance rate is varied. It can be seen from the simulation graphs
that as the influence rate increases, the number of people in the corrupt classes
also increases. This therefore suggests that if corruption is to be minimized in so-
ciety, proper mechanisms to identify corrupt individuals and subject them to pu-
nitive measures could serve as a deterrent. Furthermore, it can be noted that in-

creasing the honesty rate of susceptible people leads to minimizing the number of
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people in the corrupt classes. This implies that an effective sensitization campaign
against corruption related practices in a community can help mitigate this de-
monic act. This sensitization program should be championed by the incorruptible
political or religious leaders and other personalities of good moral standing from
the community. Figure 21 and Figure 22 demonstrate the impact of influence and
honesty rates on the spread of corruption. These Plots show that £ (corruption
influence rate) correlates positively with R, while @ (honesty rate) has an in-
verse correlation with R . In reality corruption is best transmitted among: peers,
people belonging to the same tradition or political party, or officers with interre-
lated duty schedules, and so on. In some cases, corruption practices are influenced
by external individuals. Thus, incorporating these factors into this model could
improve its validity for future research. Furthermore, real data on corruption can

be used to fit the model and perform other analyzes for future research.
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