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Abstract

Dynamic analysis can be an efficient tool to understand and characterize
some physical systems at different stages of processing. This is the subject of
this paper. We derive analytically the scale entropies, Fishier information and
Wigner phase probability distribution of the Dicke model in a quantum phase
transition. We focus the treatment on the Gauge transformation approach.
The Dicke model is considered as two harmonic oscillators. For two different
models, the first is two harmonic oscillators with angular frequencies varying
for negative and positive time intervals, the second is two harmonic oscilla-
tors in a Paul Trap motion with a periodic quadrupole potential. The Gauge
transformation approach is a path between classical and quantum such that
the choice cosinusoidal form of the classical functions fully reflects the oscil-
latory behavior of entanglement, Fishier information and the Wigner phase
probability distribution. Another interesting result, the time evolution of en-
tanglement, Fishier information and the Wigner phase probability distribu-
tion are used to distinguish different quantum phase transitions. It is shown
that the oscillations of the normal phase are always in phase advance com-
pared to the critical phase, while the oscillations of the superradiant phase
are in phase delay.
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1. Introduction

For a long time, Lewis and Resenfield have developed a very powerful invariant
method to find the exact quantum states, like the generalized invariant method
[1]-[3], the path integral method [4] [5], the direct method to find quantum
states in Gaussian form [6], Hermite polynomials [7] [8] etc, which is investi-
gated well the one-dimensional harmonic oscillator. Also, quantum information
is a further development of the Shannon’s information theory. They are closely
related to entropy mixing information and spirit. He ensures today the safety of
Internet communications and opens a step to quantum computing, note for ex-
ample: quantum cryptography, teleportation, coding [9]-[15]... The importance
of the Lewis and Resenfield (LR) invariant method on quantum information
processing has been considered just recently, specifying quantum entanglement.
Entanglement is not only a qualitative phenomenon, it is then important to find
quantitative observables for it. In fact, in recent years a reconsideration of quan-
tum entanglement and some other concepts of quantum physics for dynamic
systems has been made in terms of classical mathematical considerations. The
trick is to introduce the invariant operator which is constructed on the basis of
some solutions of differential equations. The most thorough analysis of this
topic is due to refs [16]-[20], also this method is developed on the canonical non
commutative phase space [21] [22]. In this regard, we have framed this work.
We have introduced the gauge transformations approach to derive some prop-
erties of quantum entanglement, Fishier information and Wigner phase distri-

bution probability on the Dicke model.

2. Gauge Transformation Approach to Entangled State
Representation

The study of entangled dynamic systems is related to the time-dependent Hamil-
tonians by solving the usual Schrodinger equation. In this echo, we consider the
single mode Dicke model with time-dependent angular frequencies (t) and
atom-field coupling strength «(t) based on [23]. It is common to consider the
situation where the resonance between the frequency of the field mode is equal to
the transition frequency of the atoms. This simplifies the analysis and highlights
the superradiance transition phenomenon, consequently we follow the Hamilto-
nian expression
H () = %(plz . P22)+%a)(t)(xf +X2)+ 25 (t) @ () X,X, o(t) 1+ ). (1)
The spatial coupling in (1) prevents us from studying directly the fundamental

characteristics of the system. We will now consider the condition

1 1
Q1=$(Xl+xz), Q;E(xl—xz), )
and
1 1
plzﬁ(Pl"'Pz): pzzﬁ(Pl_Pz), 3)
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to reach a satisfactory description. This therefore appears to be an entangled rep-

resentation
H (1) :%(pf N p22)+%§21 (t)Q? +%Qz (1)Q2 —a(t)(1+ ), )
where
Q (t)=1+x(t)o(t), Q,(t)=1-x(t)a(t). (5)

Expression (4) is alike to the diagonal Hamiltonian of two entangled har-
monic oscillators. Similarly, [24] find that the Dicke model in phase transition
for a limited time can be described by an inverse harmonic oscillator model and

that this time can be extended indefinitely in the thermodynamic limit.
Substituting (4) in the Schrodinger equation i%y/ =H (t)l// , we obtain the so-

lution as

N

2 2

!//n,m(Ql,Qz;t)=m(gl(tzfz(t)j

< Hy [ (0 |Ha [ (0)Q |

By referring to [25], we define a three consecutive transformations

Uy, (t)= eXp{_iEL;Y(t,)(Q P+ PQ )dt,} , Uy ()= eXpI:%(%"' f.j:Jle]

Ql_(t)_Qz_(t)}
(©)

xexp{—

f.

i |
1 2
and U,, (t)= exp{—zln‘f (t)j‘ (Qp +pQ )} are applied to the form (4),
where f ; area complex functions, 1=1,2 and j=1,2. Such that
, 1 DRV
H'(t)=U,; (1)U, (t)Us, (I)E( Py +€ (1)QF )Us3 (1)U1 (1)U, (1)

(7)
U (U (0Us (67 (924, (9)02)Ush (6)U35 (U3 1),

This method shows an exact reformulation of a broad class of Dicke-type dy-
namics [26] [27], consequently expression (7) give as a solution the wave function
W'=U,, (t)U,, (t)U;, (t)y, and we obtain from expression (6)

¥ (Q1Qyt)
- <ﬂ1(t)ﬂz(t))z xexp{—i[n+£j

[ A (t’)dt—i(m+%jjéwdt}

T r] 2o f
Re( ., Re(1,f; ®
xexp| i ol — )Qf+i el zzz)sz—ﬁl(thlz—ﬂZ(tZsz
2|1, 2|1, 2[t] 2t

SRS
VIRV

1 t’
Expression (8) is qualified by the phase factors [n + Ej j; 'T 1f(|2) dt and
1
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1 t'
(m +Ej ’[;ITZf—(F)dt . The initial condition gives J, (t,) =, (t) and
2
By (1) =Q,(t).
The quantum variables Q, and Q, can be checked using the homologous

classical differential equations as

Q; (t)+9;(1)Q; (1) =0. ©)
The solution is given from the complex functions f;. They are the basis of the

dynamic description in the system and they are determined from expression

d

a(fjf'j*-f'j fj*):o. (10)

We have readily identified the entangled eigenstates going back to the variables
(X;,X,) toachieve expression

l//n,m(xl’xz;t)

— (ﬂl(t)ﬂZ(t))4 exp _i(n"_ljrﬂl(tz')dt—i[m"'i)rﬂZ(tZ')dt

J2" " nimin| 1, 2)7 14 2)% |1,

xexp| i(b, X7 +B X2 +25,X,X, ) | (11)
xexp[— cl+c2)X12—(c1+c2)X22—2(c1—c2)X1X2J

(
xH, ”§|§:?(X1+X2)]Hm|: [232|]E:|)(X1—X2)],

where
_Re(f'lfl*)2 Re(f'zf;)2
B T
Re(f'lff)2 Re(f’zf;)2
S TN
clzﬂl—(tz and szﬁz(tgl
41| a1,
We have

A0)=m(1,0)(f,) (1)) 12

These parameters will be clarified later when we discuss their contribution to
outcome evaluation. The present approach targets a time-dependent reformula-
tion of the single-mode Dicke Hamiltonian via a structured LR-type gauge se-
quence, yielding a representation in terms of two time dependent Harmonic os-
cillators. This is distinct from many treatments that remain at the level of either
the full Dicke Hamiltonian in a fixed basis or rely on perturbative/time-averaged
approximations. The LR-guided transformation provides an analytic handle on
the nonstationary dynamics and enables closed-form expressions for several in-

formation-theoretic quantities [28] [29].
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3. Scale Entropies

The density matrix is the most immediate tool to describe an eigenstate. It is re-
lated to the entanglement entropy through the formula
S, (t)=(1- iy’ INTF(Preq (X, X’;t))J and it is given as
Pom (X0, X X1 X5 ) = w0 (X X, )y o (X X ). (13)
Wam (X1, X, 1) is the eigenstate defined in (11). Consequently
Pam (X1, X5 X{, X, 11)

:—(ﬂl(t)ﬂz(t))% an[ ﬁl(t)(xﬁxz)}Hm{ ﬂZ(t)(xl—xz)}

2" nimlin|f,f,| 2|1, 2|1,

(14)
an[ ﬂl(t)(xl’-i-xz’)]H [ 2|]E:|)(X - X, )}

2|1,
xexp{ie(t)(xz X?)- gt)(x +X'2)+v()X1X1},

To start, we specify the reduced density matrix of the vacuum states for one
harmonic oscillator by the form
Progy (Xi X 1t) = jdszo’o (X, X5 X{, X5 0t)
1

:nl(u(t)—v(t))zexp{ie( )(X7=X?)- ﬂgt)(X12+Xl'z)+V(t)X1X1'},

where py (X, X,; X{, X, :t) is the density matrix of the overall system when

(15)

(n=m=0),
2 2
-b.
,u(t):z(cl+cz)—16—(Cl J;lci)c 2 (16)
2
b2
v(t)=16(°1+clcz+)cJr 2 (17)
2
and
e(t):bl—4§1izz b,. (18)
1 2

Then to find the entanglement entropies, we project expression (15) into the

equation
[, e (XSO R (X 21) = R (DF, (X1), (19)

to derive its eigenvalues. N is an integer number. The solution is provided with

the following eigenvalues and eigenfunctions
P (1) =(1=2(1)2(t)" (1),

and

F(X;t)= ! -(gj Hn(\/;X)exp[—%xzﬂe(t)Xz}. (20)

[6,]
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where

)(t)= ”(t)a Co=(ulty —v(t)z)%. 1)
v(t)+E

So we define the entanglement Rényi entropy in order j as
1 - .
5, (=15 In((-9(0)')-mf1-o(v)') @

where

J(t) = “() anda:(y(t)z—v(t)z)%. (23)

The Rényi entropy is reduced to the von Neumann entropy in the boundary
when j—1 and (22) becomes

S,(t)==In(1=3(t) =5 ()12 (1)) "I 5(t): (29)

We note that expressions (22) and (24) only depend on the solution of the classi-
cal Equation (9). Thus the choice of f j give us information of the entanglement
behavior. This expression is probably a good description of the entangled state. We
expect that can be as a starting point between the classical and the quantum.

4. Fishier and Shannon Information

We can define the fishier information of an entangled Dicke model as [30]

F=jf(xl,x2){ 0 [MH dX,dX,. (25)

oX, X,

f (X,,X,) is the probability density, it is expressed from (11) as:
2
F (X0 X, ) =[Wo0 Xy, X, 0t)|

: (26)
_ (B.()5 (1)) , ,
_Wexp[—Z(q +C,) Xy —2(c +¢,) X5 —4(c,—¢,) xlxz]_

We have

X, X,

{ 0 [MHZ=16((01+02)X1+(01—Cz))2- (27)

Consequently (25) become

F:m(ﬂl(t)ﬁz(t))?( . M ' ]2

¢, +3c, 3¢, +¢,

17 (28)
2

o e R i e
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The Shannon entropy is described as

S, =—[ £ (X3, %;)In (X, X, )dX,dX,
:(ﬂl(tm(t))E L V(1 Y| [Bosor | 1] @
1.1, 3¢, +¢, ) (¢ +3c, n|f. 5, 2|

5. Wigner Phase Probability Distribution of Entangled Dicke
Model

We go further, we will study in this section the concept of phase state, its corre-
sponding Wigner phase probability distribution, in order to clarify some proper-
ties of an entangled Dicke model. We start from expression (11), we can define
the corresponding phase state of dimensions (s, +1) and (s, +1) as: [31] [32]

m%ﬂ;)exp[ (n6, +ma,)][n,m;t), (30)

and we can rewrite it as

16.6:t) =
vy X, g%, X e‘g';t)

Z Zexp[ (N6, +m6,) [, (Xi€™, X, 1),

) J(Sl +1)(S2 +1) n=0m=0

Consequently the corresponding density matrix is defined as

aa
G1)

Pa.a (X g%, X,e%; X/em %, Xe™ ;t)
=Wy q (XiE™ X)W 4 (XiE™, X3t

(A)A( )) S

2””"n'm'n|f f |n om0 (s +

1
(s,+1)(s, +1)
an[ A Xe"9k X,e :IXH|: 2|f 1ei‘9k+X2'e‘i6‘)] (32)

S, +1

2|f|
me[ ?'g')(xle”k—xze'ﬂ)}H [ §2|£2|)(x eI _ Xe'g')}

e X2 -0, (t)e?" X} - 20, (t)e™e" X1X2]
e X2 -0 (t)e?"X,;? 20, (t)e " he™ X{Xé}.
We notice that
o,(t)=c,+c,—ib and o, (t)=c,—c, —ib,. (33)

We can formally express the Wigner phase probability distribution as

Poa = Z z exp[i(n—n")6, Jexp[i(m-m")§ |

nnm =0n’,m'=0 (34)
x(nm| g 4 (Xs€™, X6 X (e, Xze" t)|n',m).
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Therefore, using (11) and (32); (34) can be computed go back to [33] as
(nm| py 4 (Xlein L X,e%5 X e %, X e :t)|n',m'>

1 (AWAO) T eeaaa w1 1 (P mY(n)m
‘Z”nZInle[ 2t ) EEEEEEEDE D k)

(_1)2<n )+ 3(m-kp )5 ks)+§<m k) R 5 )
T
2 ) 2 2 )
Xr(2k12+1+5}_(2k +1 Jr[kﬁ ) (k2+I2<4+1+5J

(((n—%)+3)) (((m S (=K +8))(((m'—k,)+5))

x 2k +1 is 2k2+1 is k1+k3+1 5 k2+k4+1 (35)
2{9 2 92 g g2 }
xF, vk vk 2ot 515t Z10 ;'Bl(t)e
2 2 2 2 "2 2ty 2lfo,
‘o, mek, Mk, 2+l o1 o1 o AU ;ﬂz(t)e
2 2 2 2 72 2o 2ty

_ _n —ig
P e k2+k4+1+5%+5%+ A1) B(t)e j

2 2 12 2lffo, " 2|t
[ Mk kel o1 o1 L Bi(t) B (1)e™
o2 2 2 2 2|t 2/flu, )
where
o, (t _ _ 1 _ 29 \? 6 nith
1 =20 (e o) Lot e o) vack ((trene |

0= 20 o re s e )%\/C’f (t)(e* —e )" 4o (1) (Leee ),

Uy = % (t)(ZJre_Mk +e24 )—%\/ofz (t)(e‘zek _g2 )2 1407 (t)(1+e-i6ke—i0| )2'

v, = alz(t)(ZvLe‘z”k +e )+%\/a;2 (t)(e?* —e? )2 +407 (t)(1+e e ™ )2.

1
[, isthe Appell hypergeometric function and & = {0 is the Kronecker delta

symbol.
Expression (35) one depend of f; and the phase factors e*, e ;so it is easy

to control it by setting those two parameters. This will be studied below.

6. Numerical Results and Discussion
Two Different Models

It is appropriate for further considerations that we limit ourselves to the discus-

sion of the equilibrium properties of the system. We define the critical point
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1
K, = Ea) We note that when the coupling crosses the critical point x > «_, the

system undergoes a phase transition. It is in the superradiant phase transition. In
the opposite « <k, the system is in the normal phase. We will present herein
two applications to implement the analytical results of (22), (24) and (35) to a
problem of two entangled harmonic oscillators. Two entangled harmonic oscilla-
tors with angular frequencies varying between negative and positive time intervals
has been the subject of the first example. We address the particular case of sudden

jump [34], expression (5) becomes:
1
Q;=Q;,and Q; =Q; whenwereplace ® with o, =(1+4))2 @.
(i, f) means respectively initial and final time.

We choose fj in (10) as

fi ()= cost  t<0
1k( ): i pt (36)
foe(t)=€""cosQ;t t>0,
fy (1) =€2"sinQ,t t<0
f (t)= Q, . 37
2 (1 for () =—2e™"sinQ,,t t>0. (57)
Q
2f
Consequently g, (t) in (12) become
By (1) =—Q, cosQit  t<0
i (1) { P (1) = cos it (38)
Bt (t)=—Q; cosQfit t>0,
Boi (1) =—Q,sinQ3t  t<0
t)= Q% 39
Puc(t) Bt () =——2-sinQ3,t t>0. (9)
sz
where (k=1,2).
The phases 6,, 6, reads:
0, =0,+2™ and g =g, +>"", (40)
s +1 s, +1

Weset f,=0.3, w=0.6 givesreasonto x, =0.3 and 6, =%.

To ease the numerical calculation, we assume that (n’,m")=(0,1).
We will treat for the second case, two harmonic oscillators in a Paul trap, thus
providing a quadrupole potential. Typically for this purpose, we used a periodic

potential of the form [35]. In fact, the angular frequencies in (5) are:

Q, :a+bcos(a)jt), (41)

and we have

cos(Q, jt)}. (42)
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2
Q,; is given by replacing ®; in Q; by @, = T—n Consequently g, (t) in
0
(12) become

2
b
(t)=—Q.|1+———cos(Q,.t) | . 43
ﬂl() J( on(t) ( OJ)J (43)
Weset a=0.2 and b=0.45.
The cosine-sine structure in expressions (36), (37) and (42) give reason to the
oscillatory behavior of entanglement, Fishier information and Wigner phase

probability distribution of Figures 1-6. We notice that even its expressions differ

S(t) S(t)

0.7

0.65 @

0.60 06

055

050 -

045

0.40 0.4

i t t
-3 -2 -1 1 2 3 -3 -2 -1 1 2 3

Figure 1. Plot of expression (24). (a): normal phase for x =0.1 (blue solid line), x=0.2 (red solid
line), x=0.3 (black solid line). (b): superradiant phase for x =0.3 (black solid line), x =0.4 (red
solid line), x=0.5 (blue solid line).

A(t) PA(t)
0.08 0.04
a
0.06 0.03
0.04 0.02
0.02 0.01
t t
-1.5 -1.0 -0.5 0.5 1.0 15 -1.5 -1.0 -0.5 0.5 1.0 1.5
20}

t

-1.5 -1.0 -0.5 0.5 1.0 15

Figure 2. Plot of expression (35). (a): normal phase & =0.1, (b): critical phase x=0.3, (c): super
radiant phase x =0.4 and different values of the couple (51: Sz) :{ (O,l) (blue solid line), (0, 2) (red

solid line), (0,3) (black solid line)}.
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0.6

0.5

0.4

oo I

0

formally, they can behave very similar, this means that f; clearly reflects the
common features between these concepts. In general, by increasing « , the oscil-
lations become more quickly, consequently the oscillations of the critical phase
act as a good description of transition between phases. The oscillations of the nor-
mal phase oscillate in phase advance compared to the normal phase and in phase
delay compared to the super radiant phase. With respect Figure 2, going beyond
this interval, P

&% .G
tory behavior and an increase of the dimension (s, +1) of the phase state gives

becomes very large, the quick increase eliminates the oscilla-

reason to an interference between the different parts of the Wigner phase proba-
bility distribution. $ — o0 does not mean that B, , can have a value towards
infinity, consequently the limit S— o0 is also available. These non-classical
properties can also be spanned by the arbitrary choice of the phases 6,, 6, . By
increasing the coupling atom-field « , entanglement and Fishier information in-
crease Figure 1 and Figure 5, or it presents entanglement interference dominated
by large values when « is large Figure 3 and Figure 6.

S0
07

@ (b)

t t
1 2 3 4 0 1 2 3 4

Figure 3. Plot of expression (24). (a): normal phase for x =0.1 (blue solid line), x=0.2 (red solid
line), x=0.3 (black solid line). (b): superradiant phase for x =0.3 (black solid line), x =0.4 (red
solid line), x=0.5 (blue solid line).

)

() 7 (b)

Lol j—/\"J JUW

1

t— t
2 3 4 5 6 1 2 3 4 5 6

Figure 4. Plot of expression (22). (a): normal phase for x =0.1 and different values of g:{ =2
(blue solid line), B =4 (red solid line), B =100 (black solid line)}. (b): superradiant phase same as
Fig 4(a) but for x=0.5.

The combination of Rényi and von Neumann entropies, Fisher information, Shan-
non information, and Wigner-phase distribution in a single analytic framework is,

to our knowledge, not simultaneously available in prior literature for this specific
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mapping. This unifies entropic diagnostics with phase-space diagnostics under a
common nonstationary, gauge-driven transformation. Unified, analytically tractable

treatment of entropies, information, and phase-space under nonadiabatic driving.

F(t) F(t)
24
22 a
@ 25 (b)
2.0
1.8 20
1.6
1.4 15
1.2
1.0 t1.0 |
2 4 6 8 0 2 4 6 8

Figure 5. Plot of expression (28). (a): normal phase for x =0.1 (blue solid line), x=0.2 (red solid
line) and x =0.3 (black solid line). (b): superradiant phase x =0.3 (black solidline), x=0.4 (red
solid line) and x=0.5 (blue solid line).

Ss(t) Ss(t)

1.645
1.64
a b
1.640 @ 1.62 -
1.635 1.60
1.630 1.58
1.56
1.625
1.54
1.620
t
2 4 6

t
2 4 6

Figure 6. Plot of expression (29). (a): normal phase for x =0.1 (blue solid line), x=0.2 (red solid
line) and x =0.3(black solid line). (b): superradiant phase x =0.3 (black solid line), x=0.4 (red
solid line) and x =0.5 (blue solid line).

7. Conclusion

This work has discussed entanglement, Fishier, Shannon information and Wigner
phase probability distribution in a dynamic process of the Dicke model based on
the Gauge transformation approach. The first is two harmonic oscillators with
angular frequencies defined between negative and positive time intervals. The
gauge transformation approach is a melting point between classical and quantum.
The choice of the classical functions interprets the oscillatory behavior of entan-
glement, Fishier information and Wigner phase probability distribution. Follow-
ing the evolution of the phase transition between two different models, the phase
shift between oscillations is an attribute to identify the different phases of the
model. The oscillations of the normal phase are in phase advance with respect to

the critical phase while the superradiant phase is in phase delay.
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