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Abstract 
This paper is concerned with the normalized ground states to the following 
lower critical fractional Kirchhoff-Choquard type equations under the constraint 
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, λ ∈  appears as a Lagrange multiplier and Iθ  is 

the Riesz potential. Using the constraint variational method, we establish the 
existence of normalized ground states and analyze their asymptotic properties 

as 0µ +→  or 0c +→ . 
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1. Introduction 

In this paper, we study the following lower critical fractional Kirchhoff-Choquard 
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type equation 
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with prescribed 2L -norm constraint 

 
2 2d ,N u x c=∫  (1.2) 

where ( )0,1s∈ , ( ]2, 4N ∈ , ( )0, Nθ ∈ , , , , 0a b c µ > ,  

2,N N sq
N N
θ θ+ + + ∈ 

 
 and λ ∈  appears as an unknown Lagrange multiplier. 

In particular, 
N

N
θ+

 is the lower critical exponent in the sense of the Hardy-Lit-

tlewood-Sobolev inequality and 
2N s

N
θ+ +

 is the 2L -critical exponent. The func-

tion : NIθ →   is called the Riesz potential and is defined as follows, 
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For convenience, we drop Aθ  in what follows. The symbol ( )Δ s−  is the frac-
tional Laplace operator defined as 

 ( ) ( ) ( ) ( ) ( ) ( )2Δ , P.V. d , ,N
s s N
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−
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−
∫   

where ( ),C N s  is a dimensional constant and P.V. means the Cauchy principal 
value of the singular integral. As usual, the fractional Sobolev space ( )s NH   is 
defined for any ( )0,1s∈  as 
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Note from [1] that 

 ( ) ( )
( ) ( ) 22

1 2
22 , Δ d d d .N N N

s

N s

u x u y
C N s u x x y

x y
−

+

−
− =

−
∫ ∫ ∫  

 

Hence, we denote the scalar product by 
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The Kirchhoff problem arises in multiple areas of mathematical physics. The 
Kirchhoff problem was proposed in [2] as a generalization of the classical D’Alem-
bert wave equations when researching the changes in the length of the string dur-
ing vibrations. Additionally, the Kirchhoff problem also appears in biological sys-
tems (for example, population density). The Kirchhoff problem also appears in other 
fields like biological systems, such as population density. In [3], Lions proposed an 
abstract functional analysis framework to deal with the stationary analogue of the 
equation. After the work of Lions, the Kirchhoff problem began to receive more at-
tention, and many physicists are more interested in normalized solutions. For in-
stance, Ye [4] proved the existence of solutions with the constraint (1.2) for the fol-
lowing Kirchhoff equation: 

 ( )2 2d Δ , ,N
p Na b u x u u u u xλ −− + ∇ − = ∈∫   (1.3) 

where 3N ≤ , ( )*2, 2p∈ , *2 6=  if 3N =  and *2 = +∞  if 1,2N = . In [4], 

the primary approach is the analysis of excluding the dichotomy of the minimiz-
ing sequences for the related constraint minimization problem. In [5], Ye contin-

ued to study problem (1.3) for the critical case, i.e. 82p
N

= + . Ye proved that the 

functional has a critical point with a mountain pass geometry with the constraint 

(1.2) if 
8 8 2
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, where Q  is the unique positive radial solution 

of 
842Δ 1 NQ Q Q Q

N
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 

 in N . If ( )*0,c c∈ , the functional has no crit-

ical point on the constraint (1.2). Li and Ye [6] studied the existence and concen-
tration phenomenon of normalized ground states to the following Kirchhoff equa-

tions with an external potential ( )V x : 

 ( ) ( )2 2d Δ , ,N
p Na b u x u V x u u u u xλ −− + ∇ + − = ∈∫   

where 3N ≤ , ( )*2, 2p∈  and the potential : NV →  . Li et al. [7] used a per-
turbed Pohozaev constraint approach to consider the existence and asymptotic be-
haviors of solutions to the following Kirchhoff equation: 

 ( )3
2 2 2 3d Δ , ,p ra b u x u u u u u u xλ µ− −− + ∇ − = + ∈∫   

where 
142 6
3

p r< < < ≤  or 
14 6
3

r p< < ≤  and 0µ > . 

The Choquard equation arose from the works of Fröhlich [8] and Pekar [9]. It 
is used to reveal the quantum theory of a polaron, which states that free electrons 
in an ionic lattice interact with phonons. In 1976, the Choquard equation was also 
introduced by Ph. Choquard in the modelling of a one-component plasma [10]. In 
1996, the Choquard equation also appeared in quantum gravity within the frame-
work of Schrödinger-Newton systems, describing a self-gravitating quantum parti-
cle interacting with its own gravitational field [11]. In the past years, Choquard equa-
tion has attracted more and more attention from researchers. For example, Moroz 
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and Schaftingen [12] studied the following semilinear elliptic problem: 

 ( ) 2Δ , ,p p Nu u I u u u xθ
−∗− + = ∈  (1.4) 

where 1p > . Moroz and Schaftingen studied the existence of ground states for 
problem (1.4) and established the regularity, positivity, symmetry, monotonicity 
and decay asymptotics of ground states. Li and Ma [13] studied the following Bre-
zis-Nirenberg type problem for Choquard equations: 

 ( ) 2 2Δ , ,p p r Nu u I u u u u u xθ µ− −− + = +∗ ∈  (1.5) 

where 3N ≥ , 
Np

N
θ+

=  or 
2

N
N

θ+
−

 and ( )*2, 2r∈ , and proved that problem  

(1.5) has positive and radially nonincreasing ground states by using the subcritical 
approximation and the Pohozaev constraint method. Yao et al. [14] considered the 
existence and nonexistence of normalized ground states for the following lower crit-
ical Choquard equations with the local perturbation: 

 2 2Δ , ,
N N r NN Nu u I u u u u u x

θ θ

θλ γ µ
+ +

− − − + = + ∈ 


∗


  

where ( )*2, 2r∈ . In particular, Yao considered the limiting case 
2

2
Nr

N
=

−
  

corresponding to the double critical exponent. Meng and He [15] studied the exist-
ence and the qualitative behavior of normalized ground states for the nonlinear frac-
tional Choquard equations with Hardy-Littlewood-Sobolev upper critical exponent. 
Zhang et al. [16] proved the existence and asymptotic behaviors of the normalized 
ground states for a lower critical Choquard equation with a nonlocal perturbation. 

Recently, the normalized ground states for Kirchhoff-Choquard type equations 
have been extensively concerned. For example, Liu [17] studied the following 
Kirchhoff-Choquard type equation: 

 ( ) ( )2 2d Δ , ,N
p p Na b u x u u I u u u xθλ −− + ∇ − = ∗ ∈∫   

where 3N ≥  and ,
2

N Np
N N

θ
θ

+ ∈ + − 
, and proved the threshold values  

separating the existence and nonexistence of the critical points of functional on 
constraint (1.2) and also proved behaviors of the Lagrange multipliers and the 
energies in relation to the constrained critical points of functional as 0c +→  or 
c →∞ . Zhu et al. [18] considered the following Kirchhoff-Choquard type equation: 

 ( ) ( ) ( )2 2 2d Δ , ,N
p p r r Na b u x u u I u u u I u u u xθ θλ − −− + ∇ − = ∗ ∗+ ∈∫   
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−

. Zhu et al. established the existence of two normalized 

ground states in the mixed critical case where 
4

2
N N Nr p

N N N
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−
 

and the existence of ground states in the 2L  supercritical case where  
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4
2

N Nr p
N N
θ θ+ + +
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−

. Liang et al. [19] studied the following lower critical 

Kirchhoff-Choquard type equations: 
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where 3N ≥ , α  and β  are positive real parameters, * 22
2

N
Nµ

µ−
=

−
 and 

( )t Nk L∈   with 
*

*

2
2

t
r

=
−

 if *1 2r< <  and t = ∞  if *2r ≥ , and discussed 

the multiplicity of solutions by using concentration compactness principle and 
variational methods. 

Finally, this paper is compared with several recent publications. In [20], Liu et 
al. studied the fractional Kirchhoff problem with combined nonlinearities, and we 
changed the general nonlinearities to the convolution nonlinearities. Although the 
nonlinear term of the problem in [15] is a convolution term, it employs the upper 
critical exponent, and its operator also differs from that in this paper. In contrast 
to [18], we studied the Kirchhoff-Choquard equation with fractional fields. Thus, 
our problem presents considerable research worth. 

Motivated by the above works, in this paper, we intend to study the existence and 
asymptotic properties of the normalized ground states of problem (1.1). The en-
ergy functional associated with problem (1.1) is given by 
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 (1.6) 

We define the following constraint set 

 ( ){ }2 2: dN
s N

c u H u x c= ∈ =∫  

and focus on studying the following constraint minimization problem: 

 ( ) ( ): inf .
cu

e c E u
∈

=


 (1.7) 

Now, we state our main results. 
Theorem 1.1. The problem (1.7) possesses a ground state ,c cu µ ∈  and satis-

fies that 

 ( ) ( ) ( )

( )2

, ,
2

NN
N N

c
NE u e c S c

N

θθ

µ θθ

++
−

= < −
+

 

where Sθ  is given in (2.1). Moreover, we have the following asymptotic behaviors: 
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 ( ) ( ) ( )

( )2

,
0 0

lim lim ,
2

NN
N N

c
NE u e c S c

N

θθ

µ θ
µ µ θ+ +

++
−

→ →
= = −

+
 

 ( ) ( ),
0 0

lim lim 0.c
c c

E u e cµ+ +→ →
= =  

Corollary 1.2. The problem (1.1) possesses a ground state ,c cu µ ∈  and the 
corresponding Lagrange multiplier , 0c µλ < . 

In this paper, we don’t prove that the ground states ,cu µ  are positive, radially 
symmetric. We treat this as an open problem for readers. If the readers are inter-
ested in this problem, we refer them to [13] [18] [20] and the references therein 
for similar proofs. 

The rest of this paper is organized as follows. In Section 2, we recall some pre-
liminary facts that will be used in proving main results. In Section 3, we complete 
the proof of Theorem 1.1 and Corollary 1.2. 

Throughout this paper, we adopt the following notations. 
• ( ) { }: :N

rB y x x y r= ∈ − < . 

• C  denotes any positive constants that may be different in different places. 
• 

p⋅  is the standard norm in Lebesgue space ( )p NL   for [ )1,p∈ ∞ . 

• The symbol   denotes weak convergence and the symbol →  denotes strong 
convergence. 

• ( )1no  denotes a real sequence tending to 0 as n →∞ . 

• ( )s NH −   is the dual space of ( )s NH  . 

• * 22
2s

N
N s

=
−

 is the fractional critical Sobolev exponent. 

2. Preliminaries 

In this section, we summarize several preliminary results. First, let us recall the 
well-known Hardy-Littlewood-Sobolev inequality. 

Lemma 2.1. [21] Let ( ), 1, 0,r t Nθ> ∈  satisfy 1 1 N
r t N

θ+
+ = , ( )r Nf L∈   

and ( )t Ng L∈  . Then, there exists a sharp constant ( ), , , 0C N r tθ > , independ-
ent of f  and g , such that 

 ( ) ( ) ( )d d , , , .N N N r t

f x g y
x y C N r t f g

x y θ θ− ≤
−

∫ ∫ 
 

If 
2Nr t

N θ
= =

+
, then 

 ( ) ( ) ( )
2

Γ Γ
2 2, , , : , .

ΓΓ
2

N

N
N

C N r t C N
N N

θ

θ
θ

θ θ π
θ

−

−
    

        = =
+   

      

 

Owing to Lemma 2.1, we derive that 
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 ( )2 2
2: inf : , d 1 0.N

N N
N N NS u u L I u u x

θ θ

θ θ
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  

∫  (2.1) 

Equivalently, for any ( )s Nu H∈  , there holds 

 
( ) ( ) ( )2d d d .N N N

N N
NNN N

NN
N

u x u y
x y S u x

x y

θ θ
θθ

θθ

+ +
++

−

− ≤
−

∫ ∫ ∫  
 (2.2) 

Moreover, from [22], we find that, for some fixed 0C > , 0ε >  and Nz∈ , 
Sθ  is achieved if and only if 

 ( ) ( )
2

, 22
: ,

N

zu x U x C
x z

ε
ε

ε

 
 = =
 + − 

 

which means that 

 
( ) ( ) ( )2, ,

,d d d .N N N

N N
NNN N

z z NN
zN

U x U y
x y S U x

x y

θ θ
θθ

ε ε
θ εθ

+ +
++

−

− =
−

∫ ∫ ∫  
 (2.3) 

If ( )
2N

p NNf g u L θ+= = ∈   in Lemma 2.1, the following result is true by the 

Hölder inequality. 

Lemma 2.2. [23] Let ( )0, Nθ ∈ . Then, for any ( )
2Np

NNu L θ+∈  , there exists a 

constant ( ), 0C N θ >  such that 

 ( ) ( )
2

d , d .N N

N
Np Np p

NI u u x C N u x
θ

θθ θ

+

+
 ≤  
 

∗∫ ∫ 
 

Then, we introduce the fractional Gagliardo-Nirenberg inequality. 
Lemma 2.3. [24] Let 2N ≥  and ( )*2, 2sp∈ . Then, there exists a constant 
( ), , 0C N sθ >  such that 

 ( ) ( ) ( )
( ) ( )

( )
2

2
2

22
2

2

d , , Δ , .N

N p
N ps s pp s Nsu x x C N s u u u Hθ

−
−

−
≤ − ∀ ∈∫   

Lemma 2.4. [15] Let 2N >  and *
,2 :

2s
N Np

N N sθ
θ θ+ +
< < =

−
. Then, there exists 

a constant ( ), , , 0C N s pθ >  such that 

 
( )

( ) ( ) ( )
2 1

22
2

2

d

, , , Δ , .

N
p p

Np N Np Ns ps ps s N

I u u x

C N s p u u u H

θ

θ θ

θ

− −  − −
− 

 

∗

≤ − ∀ ∈

∫


 

Next, we give Brezis-Lieb lemma for the convolution term of the functional. 
Lemma 2.5. [12] Let 2N > , [ )1,p∈ ∞  and { }n n

u
∈  be a bounded sequence 

in ( )
2Np

NNL θ+  . If nu u→  a.e. on N  as n →∞ , then 
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( ) ( )( ) ( )lim d d d .N N N

p p p p p p
n n n nn

I u u x I u u u u x I u u xθ θ θ→∞
∗ − ∗ − − = ∗∫ ∫ ∫  

 

We also have classical Brezis-Lieb lemma for the nonlinear local term. 
Lemma 2.6. Let NΩ ⊆   be a domain, [ )1,p∈ ∞  and { }n n

u
∈  be a bounded 

sequence in ( )rL Ω . If nu u→  a.e. on Ω  as n →∞ , then for every  
[ ]1,p r∈ , 

 lim d 0.
r

p p p p
n nn

u u u u x
Ω→∞

− − − =∫  

Lemma 2.7. If { } ( )s N
nu H⊂   satisfies nu u  in ( )s NH   and  

( ) ( )nu x u x→  a.e. in N  for some ( )s Nu H∈   as n →∞ , there holds that 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )
2 2

2 2

2 2

Δ Δ 1 .
2

s s

n n n n
bE u E u E u u u u u o= + − + − − − +  

Proof. Since nu u  as n →∞  in ( )s NH  , in view of Lemma 2.6, it implies 
that 

 ( )2 2 2 1n n nu u u u o= − + +  (2.4) 

and 

 ( )2 2 2d d d 1 .N N Nn n nu x u u x u x o= − + +∫ ∫ ∫  
 (2.5) 

Combining (2.4) with (2.5), we have 

 ( ) ( ) ( ) ( ) ( )
2 2 2

2 2 2

2 2 2

Δ Δ Δ 1 .
s s s

n n nu u u u o− = − − + − +  

Hence, we can get that 

 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2 2 2

2 2 2

2 2 2
4 4 4

2 2 2

2 2 2
2 2

2 2

2 2

Δ Δ Δ 1
2 2 2

Δ Δ Δ
4 4 4

Δ Δ 1 .
2

s s s

n n n

s s s

n n

s s

n n

a a au u u u o

b b bu u u u

b u u u o

− = − − + − +

− = − − + −

+ − − − +

 (2.6) 

It follows Lemma 2.5 and (2.6) that 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )
2 2

2 2

2 2

Δ Δ 1 .
2

s s

n n n n
bE u E u E u u u u u o= + − + − − − +  

Hence, the proof is complete.  □ 
Lemma 2.8. [25] Let 0R >  and )*2, 2sp ∈  . If { }nu  is bounded in  
( )s NH   and 

 ( )( )
lim sup d 0,

RN

p
nB yn y

u x x
→∞ ∈

=∫


 

then 0nu →  in ( )t NL   as n →∞  for any ( )*2, 2st∈ . 

Note that for 2,N N sq
N N
θ θ+ + + ∈ 

 
, we have ( )0,2Nq N sθ− − ∈ . 

Lemma 2.9. Let ( ]2, 4N ∈ . Then, ( )E u  is bounded from below and coercive 
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on c  and ( ) ( )

( )2

2

NN
N NNe c S c

N

θθ

θθ

++
−

< −
+

. 

Proof. Note from (2.2), Lemma 2.2 and Lemma 2.3 that 
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−
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−
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+
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 (2.7) 

Since ( )0,2Nq N sθ− − ∈ , we obtain that ( )0,2Nq N
s

θ− −
∈ . Then, (2.7) is 

obvious to obtain that ( )E u > −∞ . Thus, we prove that ( )E u  is bounded from 
below and coercive on c . 

For cu∈  and t∈ , we define 

 ( )( ) ( )2
,

, 2

: and : for .
N t t N

z
z

c U t x e e x x
U ε

ε

ϕ ϕ ϕ= = ∈  

Obviously, we observe that cϕ ∈  and ct ϕ ∈  . 
In view of (2.3), we derive that 
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N N

s s
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 (2.8) 
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Since ( )0,2Nq N sθ− − ∈ , we have ( ) ( )0,2Nq N t stθ− − ∈ . Due to the con-
dition of 1t − , the dominant term of (2.8) is  

( ) ( ) ( )
d d

2 N N

q q
Nq N t

N

x y
e x y

q x y
θ

θ

ϕ ϕµ − −
−−

−
∫ ∫ 

, which means that 
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Therefore, we can easily get that ( ) ( )

( )2

2

NN
N NNe c S c

N

θθ

θθ

++
−

< −
+

. □ 

Lemma 2.10. For 1 20 c c< < , there holds ( ) ( )2 2
1 2 2 1c e c c e c< . 

Proof. Choose { }
1n cu ⊂   as a minimizing sequence of ( )1e c . Now, we prove 

there are 0C >  and 0n ∈  such that 
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Assume by contradiction that ( ) d 0
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∫  as n →∞ , up to a subsequence if 

necessary. Since 
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we have ( )1 0e c ≥  by letting n →∞ , which contradicts with Lemma 2.9. Set 
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, where 2
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2n cv ∈ . So, in view of (2.9), we obtain 

that 
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Let n →∞ , we obtain that ( ) ( )
2

2 2
2 1 1 Ne c t e c t t C

θ 
≤ + −  

 
. As a consequence, 

we can easily get ( ) ( )2 2
1 2 2 1c e c c e c< .  □ 

According to [12] and [20], we have a proof similar to the fractional Pohozaev 
identity. 

Lemma 2.11. Let ( )s Nu H∈   be a weak solution of problem (1.1), then u 
satisfies the following Pohozaev identity 

 
( ) ( )

( ) ( )

2 2
2

2 2
2 Δ d Δ d d

2 2

d d .
2 2

N N N

N N

s s

N N q q
N N

N s Na b u x u x u x

NN I u u x I u u x
q

θ θ

θ θ

λ

µ θ+ +

 −
+ − − −  

 
+ = ∗ + ∗ 

 

∫ ∫ ∫

∫ ∫

  

 

 

In the end, we consider the Pohozaev manifold 

 ( ){ }: : 0c cu u P uµ∈ = ∈ =   
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Lemma 2.12. Let ( )s Nu H∈   be a weak solution of problem (1.1), then cu∈ . 
Proof. Note that all nontrivial critical points belong to the corresponding Nehari 

manifold, i.e. 
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Together Lemma 2.11 with above identity, we can easily compute that any non-
trivial solution satisfies ( ) 0P uµ = .  □ 

Therefore, we have completed the important proofs in the preliminary part. 

3. Proof of Theorem 1.1 

In this section, we prove the existence of minimizers of problem (1.1) and analyze 
its asymptotic behaviors as 0µ +→  or 0c +→  through the following three 
lemmas. 

Lemma 3.1. For any , 0cµ > , ( )e c  has at least one minimizer. 
Proof. According to Lemma 2.9, we have ( )E u  is bounded from below. Thus, 

we can choose a minimizer sequence that { }n cu ⊂   such that 

 ( ) ( ) as .nE u e c n→ →∞  (3.1) 

It follows from ( )0,2Nq N sθ− − ∈  and (2.7) that ( )
2

2

2

Δ
s

u−  is bounded. 

Hence, { }nu  is bounded in ( )s NH  . Thus, we can assume that for some 

( )s Nu H∈   and up to a subsequence as n →∞ , 
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→

 





 

In what follows, we distinguish the proof into two cases. 
Case (1): 0u = . Then, 0nu   in ( )s NH   as n →∞ . We show that there 

exist , 0R δ >  and N
ny ∈  such that 
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u x nδ≥ ∀ ∈∫   (3.2) 

Otherwise, in view of Lemma 2.8, we have 0nu →  in ( )p NL   for any  

( )*2, 2sp∈  as n →∞ , which together with Lemma 2.2, implies that 
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Then, combining with (2.2), (3.1) and (3.3), we observe that 
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 (3.4) 
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Let n →∞ , we obtain that ( ) ( )

( )2

2

NN
N NNe c S c

N

θθ

θθ

++
−

≥ −
+

, which contradicts 

to Lemma 2.9. Therefore, from (3.2), we define a sequence ( ) ( ).ˆ :n n nu x u x y= +  

Obviously, { }ˆn cu ⊂   and 

 ( ) ( ) sˆ a .nE u e c n→ →∞  (3.5) 

Thus, up to a subsequence, if necessary, we obtain that as n →∞  
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1) 2 2 2
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2
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2 2 2c l d= + . Therefore, in view of (3.5), Lemma 2.7 and Lemma 2.10, we observe 
that 
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Letting n →∞  and using again Lemma 2.10, we obtain that 

 ( ) ( ) ( ) ( ) ( ) ( )
2 2 2

2 2 2 ,d l de c e l e c e c e c e c
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≥ + > + =  

which is impossible. 
2) 2 2

2û c= . Then, ˆ ˆnu u→  in ( )2 NL   as n →∞ . Therefore, in view of 
Gagliardo-Nirenberg inequality, we know that ˆ ˆnu u→  in ( )p NL   for any  

)*2, 2sp ∈   as n →∞ . In view of Lemma 2.4, we can see that 
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Thus, by using (3.5), (3.7) and the weak semicontinuity of norm, we derive that 

 ( ) ( ) ( ) ( )ˆ ˆlim ,nn
e c E u E u e c

→∞
= ≥ ≥  

which leads to ( ) ( )ˆe c E u= . Hence, û  is a minimizer of ( )e c  for any 0c > . 
Case (2): 0u ≠ . Thus, up to a subsequence, if necessary, we obtain that as 

n →∞  
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Letting n →∞  and using again Lemma 2.10, we observe that 

 ( ) ( ) ( ) ( ) ( ) ( )
2 2 2

2 2 2 ,d l de c e l e c e c e c e c
c c c
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which is impossible. 
2) 2 2

2u c= . We have nu u→  in ( )2 NL   as n →∞ . Therefore, by  

Gagliardo-Nirenberg inequality, we know that nu u→  in ( )p NL   for any 

)*2, 2sp ∈   as n →∞ . In view of Lemma 2.4, we can see that 
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Then, by (3.8) and Lemma 2.5, we have as n →∞  
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 (3.9) 

Thus, in light of (3.1), (3.9) and the weak semicontinuity of norm, we derive 
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that 

 ( ) ( ) ( ) ( )lim ,nn
e c E u E u e c

→∞
= ≥ ≥  

which leads to ( ) ( )e c E u= . Hence, u  is a minimizer of ( )e c  for any 0c > . 
□ 

Lemma 3.2. For any 0c > , the corresponding Lagrange multiplier , 0c µλ < . 
Proof. In view of Lemma 3.1, there exists ,c cu µ ∈  such that ( ) ( ),cE u e cµ = . 

According to the Lagrange multiplier theorem, there exists ,c µλ ∈  to satisfy 

 ( ) ( ) ( ), , , in ,s N
c c cE u u Hγ µ µ µλ −′ = Ψ′   (3.10) 

where ( ): s NHΨ →   is given by 
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2 N

s Nu u x u HΨ = ∈∫   

It follows from (3.10), we obtain that ,cu µ  satisfies problem (1.1) for ,c µλ λ= . 
Then, due to definition of ( )P uµ  and ( )0,2Nq N sθ− − ∈ , we deduce that 
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> , we have 1 1
q
< . Hence, it is obvious to obtain that , 0c µλ < . 

□ 
Lemma 3.3. Let ,c cu µ ∈  is the minimizer of ( )e c , then we have the follow-

ing asymptotic behaviors which 
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and 
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c c
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= =  

Proof. According to the Lemma 2.12, we have ,c cu µ ∈ . Thus, by (2.2), Lemma 
2.2 and ( )0,2Nq N sθ− − ∈ , we obtain that 
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Hence, we have 
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Letting use again ( )0,2Nq N sθ− − ∈ , the above inequality brings that 
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 (3.11) 

Case (1): 0µ +→ . In this case, for any given 0c > , in light of (3.11), letting 

0µ +→ , we have ( )
2
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2

lim Δ 0
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− = . Hence, it is obvious to obtain that 
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Finally, in view of ( ), 0cP uµ µ = , we infer that 
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Therefore, according to (2.2), Lemma 2.9 and (3.12), we infer that 
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which gives that 
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Case (2): 0c +→ . Since µ  is fixed, in light of (3.11), letting 0c +→ , we have 
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Finally, in view of ( ), 0cP uµ µ = , we deduce that 
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Consequently, in view of (2.2), Lemma 2.9 and (3.13), we have 
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which signifies that 

 ( ) ( ),
0 0

lim lim 0.c
c c

E u e cµ+ +→ →
= =  

□ 

Finally, we conduct the principal contributions of this paper as follows: By es-
tablishing minimizing sequence to ( )e c  and fractional Pohozaev identity, we 
prove the existence of minimizers of problem (1.1) and analyze its asymptotic be-
haviors as 0µ +→  or 0c +→  
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