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ABSTRACT 

The initial and boundary value problem in en- 
zyme reactions mechanism for inhabitation proc- 
ess is discussed. Approximate analytical expres- 
sions for the concentrations of substrate and 
product are presented. Approximate analytical 
solutions of non-linear reaction equations con- 
taining non-linear terms related to enzymatic re- 
action mechanism are solved using Homotopy 
perturbation method. The relevant analytical ex- 
pression for the substrate and product concen- 
tration profiles is discussed in terms of dimen- 
sionless reaction diffusion parameters α, β, γE, 
and γS. Numerical solution is also obtained us- 
ing Matlab program. Our analytical expression 
compared with numerical estimation and good 
agreement is noted. 
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1. INTRODUCTION 

Enzymes are catalysts and increase the speed of a 
chemical reaction without themselves undergoing any 
permanent chemical change [1-7]. They are neither used 
up in the reaction nor do they appear as reaction products. 
An enzyme enhances the rate of the reaction it influences. 
The catalysts is not consumed as a result of the reaction, 
nor does it alter the equilibrium constant [8,9]. In this 
two-step reaction, the enzyme combines with substrate to 
form the complex, which can either dissociate again into 
unchanged substrate and enzyme or go on to the second 
step and form the products and unchanged enzyme. The 
reverse of the second step would lead to the synthesis of 
ES from enzyme and products, but this process can gen- 

erally be ignored unless the products are allowed to ac- 
cumulate. Also that the total substrate and product con- 
centration in the enzyme kinetics in biochemical systems 
has been modeled by system of nonlinear ordinary dif- 
ferential equations. 

An enzyme inhibitor is a molecule, which binds to 
enzymes and decreases their activity. Since blocking an 
enzyme’s activity can kill a pathogen or correct a meta- 
bolic imbalance, many drugs are enzyme inhibitors. They 
are also used as herbicides and pesticides. Not all mole- 
cules that bind to enzymes are inhibitors; enzyme acti- 
vators bind to enzymes and increase their enzymatic ac- 
tivity, while enzyme substrates bind and are converted to 
products in the normal catalytic cycle of the enzyme. 

The binding of an inhibitor can stop a substrate from 
entering the enzyme’s active site. Inhibitor binding is ei- 
ther reversible or irreversible. Irreversible inhibitors usu- 
ally react with the enzyme and change it chemically. In 
contrast, reversible inhibitors bind non-covalently and dif-
ferent types of inhibition are produced depending on 
whether these inhibitors bind to the enzyme, the enzyme- 
substrate complex, or both. Many drug molecules are en- 
zyme inhibitors, so their discovery and improvement is 
an active area of research in biochemistry and pharma- 
cology. 

Mathematical modeling of enzyme kinetics is given in 
the books by Rubinow [10], Murray [11], Segel [12] and 
Roberts [13]. Recently Rajendran and his team also solved 
some non linear problems in enzyme reaction kinetics 
[14-19]. The purpose of this communication is to derive 
asymptotic approximate expressions for the concentra- 
tion of substrate and product in enzyme inhibition proc- 
ess. 

2. MATHEMATICAL FORMULATION AND 
ANALYSIS OF THE SUBSTRATE  
INHIBITION MODELS 

The substrate act as an inhibitor for enhancing the rate 
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of reaction. The scheme of the enzyme (E) catalysed con- 
version of the substrate (S) to the product (P) 

S P                  (1) 

is a simplified version of  

E S ES E P               (2) 

According to scheme (2), the substrate (S) combines 
reversibly with the enzyme (E) to form the enzyme-sub- 
strate complex (ES). The complex then dissociates into 
product (P) and the enzyme is regenerated. The simplest 
scheme of non-Michaelis-Menten kinetics may be, for 
example, described by adding the relationship of the in- 
teraction of the enzyme substrate complex (ES) with an- 
other substrate molecule (S) followed by the generation 
of the non-active complex (ESS) to the Michaelis-Men- 
ten scheme 

ES S ESS                 (3) 

The above substrate inhibition process can be repre- 
sented by the following system of nonlinear mass balance 
equations: 

 
2

max
2 1S

M S

V SS S
D

t K S Sx

 
 

   K
      (4) 

   
2

max
2

,  0, ,  0
1P

M S

V SP P
D S

t K S S Kx

 
  

  
d t   (5) 

where x  and  stand for space and time, respectively, t
 ,S x t  is the concentration of the substrate,  ,P x t  is 

the concentration of the reaction product, d is the thick- 
ness of the enzyme layer, PS  are the diffusion co- 
efficients, max  

is the maximal enzyme rate and 
DD ,

V MK  
and SK  are the Michaelis and the substrate inhibition 
constants, respectively. The governing Eq.4 together 
with the following initial and the boundary conditions 
form the initial boundary value problem   0t 

   ,0 0  and  ,0 0S x P x             (6) 

The boundary conditions are: 

   
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0 0

0
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x

S d S S d t S
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

       (7) 

 

At steady state the Eqs.4 and 5 becomes 

 
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d
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1dS
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V SS
D
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 
         (8) 

 
2

max
2

d
0

1dP
M S

V SP
D

K S S Kx
 

 
         (9) 

with the boundary conditions 

  d
0 0,  0

d

S
P x

x
               (10) 

    00,  P x d S x d S             (11) 

The density of the biosensor current is given by: 

0
e P

x

P
i n FD

x 





              (12) 

The following sets of dimensionless variables are in- 
troduced: 

2
2 max
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    (13) 

Thus dimensionless Eqs.8 and 9 becomes 

 
22

2 2

d
0

d 1
E SS
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
 

 
 

         (14) 

 
22

2 2

d
0

d 1
SP

X S S


 

 
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         (15) 

The dimensionless boundary conditions becomes 

d
0,  0,  0

d

S
X P

x
             (16) 

1,  0,  1X P S                (17) 

The dimensionless current is given by 

0 0

d

de P X

id P

n FD s X




              (18) 

3. ANALYTICAL EXPRESSION OF 
CONCENTRATIONS OF SUBSTRATE 
AND PRODUCT USING HPM 

After recently, many authors have applied the HPM to 
solve the non-linear problem in physics and engineering 
sciences [20-23]. Recently this method is also used to 
solve some of the non-linear problem in biological and 
physical sciences [24-27]. This method is a combination 
of homotopy in topology and classic perturbation tech- 
niques. Ji-Huan He used the HPM to solve the Lighthill 
equation [28], the Duffing equation [29] and the Blasius 
equation [30]. The HPM is unique in its applicability, 
accuracy and efficiency. The HPM uses the imbedding 
parameter p as a small parameter, and only a few itera- 
tions are needed to search for an asymptotic solution. 
Using this method (see Appendix A), we can obtain the 
concentrations of substrate and product which are the 
solution to Eqs.14 and 15 (see Appendix B) as follows: 
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(19) 
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where 
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The analytical expression of dimensionless current us- 
ing the Eq.17 is given by 
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4. NUMERICAL SIMULATION 

The nonlinear differential Eqs.19 and 20 are also solved 
by using numerical methods. The function ode45 in Mat- 
lab software which is a function of solving two-point 
boundary value problems (BVPs) for ordinary different- 
tial equations is used to solve those equations. Its nu- 
merical solution is compared with the solution obtained 
by using Homotopy perturbation method and it gives a 
satisfactory result. The Matlab program is also given in 
Appendix C. 

5. DISCUSSION 

Eqs.19 and 20 are the new and simple analytical ex- 
pressions of concentrations of the substrate and the prod- 
uct calculated using Homotopy perturbation method. The 
dimensionless analytical expressions of concentration 
substrate  S X  and product  P X  versus the di- 
mensionless distance  for various values of dimen- 
sionless reaction parameters are compared with numeri- 
cal solution in Figures 1 and 2. 

X

From these figures, it is inferred that the value of the 
concentration of substrate increases gradually when  
increases. Also the concentration of substrate increases 
when 

X

E  decreases and   decreases. The concentra- 
tion of substrate is uniform when 0.1E  . From the 
Figure 2, it is inferred that the product have minimum 
value at 0X   and 1X  . Also it is maximum at X = 
0.5. Concentration of product increases when the pa- 
rameter E  increases. Dimensionless current   ver- 
sus dimensionless parameters , ,  and  E S     is plot- 
ted in Figure 3. From these figure it is inferred that the 
current increases when and    decreases or γE and γS 
increases. 

6. CONCLUSION 

The analytical expressions for the concentration of 
substrate and product in substrate inhibition process are 
derived using new Homotopy perturbation method. We 
have also presented an analytical expression for the steady- 
state current. The extension of procedure to various inhi- 
bition models for steady-state and non-steady state con- 
ditions seems possible. These analytical results will be 
useful for the optimization and the design of enzyme 
inhibition process. 
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Figure 1. Plots of dimensionless concentration of substrate S(X) versus dimensionless distance X 
for various values of parameter γE using Eq.19. The key to the plot: (•••) represents Eq.19 and (—) 
represents numerical simulation. 

 

 

Figure 2. Plots of dimensionless concentration of product P(X) versus dimensionless distance X 
for various values of parameters γS using Eq.20. The key to the plot: (•••) represents Eq.20 and 
(—) represents numerical simulation. 
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Figure 3. Plots of dimensionless current ψ versus dimensionless parameters α, β, γE and γS for 
some fixed values other parameter using the Eq.22. 
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APPENDIX A: BASIC IDEA OF  
HOMOTOPY PERTURBATION METHOD 

In this appendix we outline the basic idea of Homo- 
topy perturbation method. This method has eliminated 
the limitations of the traditional perturbation methods. 
On the other hand it can take full advantage of the tradi- 
tional perturbation techniques, so there has been a con- 
siderable deal of research in applying homotopy tech- 
nique for solving various strongly nonlinear equations. 
To explain Homotopy perturbation method, let us con- 
sider the following function 

    0,   A u f r r            (A1) 

with the boundary conditions, 

 , 0,    B u u n r             (A2) 

where A, B,  f r  and   denote a general differential 
operator, a boundary operator, a known analytical func- 
tion and the boundary of the domain , respectively. 
Generally speaking, the operator A can be divided into a 
linear part L and a nonlinear part N. Eq.A1 can therefore, 
be written as 



      0L u N u f r              (A3) 

By Homotopy technique, we construct a Homotopy 
   , : 0,1v r p R   which satisfies 
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    

 

   (A4) 

or 

       
   

0,

0. 

0H v p L v L u pL u

p N v f r

  

    
       (A5) 

where  0,1  p

  0f r 

 is an embedding parameter, and μ0 is 
an initial approximation of Eq.A1, which satisfies the 
boundary conditions. When  Eqs.A4 and A5 be- 
come a linear equation; when  it become a non- 
linear equation. So the changing process of p from zero 
to unity is just that of changing  to 

. We can first use the embedding pa- 
rameter p as a small parameter. Obviously, from Eqs.A4 
and A5, we will have 

0p 
p 1

   0 0L v L u 
 A v

     0,0 0H v L v L u         (A6) 

     ,1 0 H v A v f r         (A7) 

Assume that the solutions of Eqs.A4 and A5 can be 
written as a power series in p 

2
0 1 2v v pv p v            (A8) 

Setting  results in the approximate solution of 

Eq.A1: 

1p 

0 1 2
1

lim
p

u v v v v


            (A9) 

The combination of the perturbation method and the 
Homotopy method is called the HPM. 

APPENDIX B: SOLUTION OF EQS.14 
AND 15 USING HPM  

To find the solution of Eq.13, the homotopy is con- 
structed as follows: 

 
2 2 2

2
2 2 2

2 2 2
2 2

2 2 2

d d d
1

d d d

d d d
0  

d d d

E

E

S S S
B S

X X X

S S S
B S S S

X X X

  

  

 
    

 
 

     
 

   (B1) 

The approximate solution of e Eq.B1 is: 
2

0 1 2S S BS B S            (B2) 

Substituting Eqs.B2 in B1 results: 

     

   

   

     

 

2 2
0 1 0 1

2 2

2
0 1 2

0 12

2
0 1

0 12

2 2
20 1 0 1

0 12 2

2
0 1

d d
1

d d

d

d

d

d

d d

d d

0

E

E
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B

X X
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X

S BS
B S BS

X

S BS S BS
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X X
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

 







    
 


 

    


  
   


   

   

   

 







 



 (B3) 

Comparing the coefficients of the powers of B 
2 2 2

0 20 0 0
02 2 2

d d d
: 0

d d d E

S S S
B S

X X X
         (B4) 

2 2 2
1 21 1 1

12 2 2

2 2 2 2
20 0 0 0

0 02 2 2 2

d d d
:

d d d
d d d d

0
d d d d

E

S S S
B S

X X X
S S S S

S S
X X X X

  

   

  

    
  (B5) 

The initial approximations are as follows: 

0 1d d
0, 0, 0

d d

S S
X

x X
              (B6) 

0 11, 1, 0X S S               (B7) 

Solving (B4) and (B5) with boundary conditions (B6) 
and (B7) gives 

0 sech coshS M MX            (B8) 

and 
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2 2
1

1 2 2 2

32
2 2

6 7
2 2

sech sech cosh

sinh cosh 3

cosh 2

S S

k N N
S M M

N

kk
X MX MX

N N
k k

MX
N N

 
 

 
   
 

 

 

MX

 (B9) 

  0 1  gives the Eq.19. To find the solu- 
tion of Eq.15, the homotopy is constructed as follows: 

 S X S S 

 
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  (B10) 

The approximate solution of Eq.B10 is: 
2

0 1 2P P BP B P           (B11) 

Substituting (B11) in (B9) results: 
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Comparing the coefficients of the powers of B 
2 2 2

0 0 0 0
02 2 2

d d d
:

d d d S

P P P
B

X X X
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The initial approximations are as follows 

0 1At 0, 0, 0X P P            (B15) 

0 1At 1, 0, 1X P P            (B16) 

Solving (B13) and (B14) with boundary conditions 
(B15) and (B16) gives 
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(B18) 

  0P X P P1   gives the Eq.20. 

APPENDIX C: MATLAB PROGRAM TO 
FIND THE NUMERICAL SOLUTION OF 
EQS.14 AND 15 

function pdex3 
m = 0; 
x = linspace(0,1); 
t = linspace(0,100000000);  
sol = pdepe(m,@pdex4pde,@pdex4ic,@pdex4bc,x,t); 
u1 = sol(:,:,1); 
u2 = sol(:,:,2);  
%------------------------------------------------------ 
figure 
plot(x,u1(end,:)) 
title(“u1(x,t)”) 
xlabel(“Distance x”) 
ylabel(“u1(x,2)”) 
%--------------------------------------------------------------- 
figure 
plot(x,u2(end,:)) 
title(“u2(x, t)”) 
xlabel(“Distance x”) 
ylabel(“u2(x,2)”) 
% --------------------------------------------------------- 
function [c,f,s] = pdex4pde(x,t,u,DuDx) 
c = [1;1];  
f = [1;1].* DuDx;  
a=0.1; b=0.1; r1=0.1; r2=10; 
F1 = -r1^2 * u(1)/(1 + a*u(1) + b*u(1)^2); 
F2 = r2^2 * u(1)/(1 + a*u(1) + b*u(1)^2); 

M  

(B17) 

s = [F1; F2];  
% --------------------------------------------------------- 
function u0 = pdex4ic(x) 
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u0 = [1;1];  
% -------------------------------------------------------- 
function [pl,ql,pr,qr] = pdex4bc(xl,ul,xr,ur,t) 
pl = [0; ul(2)-0]; 

ql = [1; 0];  
pr = [ur(1)-1; ur(2)-0];  

qr = [0; 0]; 

 


