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Abstract 
Recently, pixelated source optimization (SO) for EUV lithography has been 
posed as a convex quadratic program (QP) whose decision variables are pupil 
pixel intensities. The result of this QP generated an almost binary illuminator 
(~95%), where optimal solutions are composed of pixels lying almost exclu-
sively at the set boundaries (0 or 1), while a small subset remains strictly inte-
rior. Although these pixels are few, they complicate hardware realization and 
raise the question of whether they reflect intrinsic properties of the lithogra-
phy system or are simply numerical artifacts. In this paper, we studied the sta-
bility of non-binary pixels in convex QP source optimization by systematically 
varying three parameters that directly affect the optimization scheme: the total 
source power constraint W, the placement of measurement point pairs used 
to form the objective function, and the numerical precision used to build and 
solve the QP. Using a primal-dual interior-point method (PDIPM) and high-
fidelity aerial image simulation, we quantified non-binary intensities and ex-
amined how this metric changed under controlled perturbations of the prob-
lem statement. Across multiple test patterns and both circular and annular 
pixelated pupils, we observed that increasing W yields a noisy reduction in the 
number of non-binary pixels, consistent with increased constraint activity un-
der a sum equality constraint. In contrast, varying measurement pairs led to 
non-monotonic changes in non-binary pixels without an underlying trend. 
We also showed that an equal number (p = 100) of point pairs placed ran-
domly across trials yielded noticeably different optimal sources and aerial im-
ages, while preserving the same exact number of non-binary pixels. Finally, 
repeating identical optimization trials in 64-bit and 128-bit arithmetic yielded 
systematically fewer non-binary pixels in 128-bit while preserving identical il-
luminator shapes and aerial image metrics (NILS, line intensity) in both cir-
cular and annular illuminators. We also showed that manually rounding these 
intensities to the nearest integer value does not affect the aerial image in a 

How to cite this paper: Batgidis, A., Ba-
rouch, E. and Yeung, M. (2026) Eliminat-
ing Residual Non-Binary Intensities in Pix-
elated EUV Source Optimization. Modeling 
and Numerical Simulation of Material Sci-
ence, 16, 15-44. 
https://doi.org/10.4236/mnsms.2026.162002 
 
Received: April 4, 2026 
Accepted: April 27, 2026 
Published: April 30, 2026 
 
Copyright © 2026 by author(s) and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/   

  
Open Access

https://www.scirp.org/journal/mnsms
https://doi.org/10.4236/mnsms.2026.162002
https://www.scirp.org/
https://doi.org/10.4236/mnsms.2026.162002
http://creativecommons.org/licenses/by/4.0/


A. Batgidis et al. 
 

 

DOI: 10.4236/mnsms.2026.162002 16 Modeling and Numerical Simulation of Material Science 
 

significant manner. These results indicate that non-binary pixels are the result 
of a numerically sensitive QP, and that higher-precision arithmetic primarily 
reduces active-set ambiguity rather than altering the physical optimum. 
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1. Introduction 

Extreme Ultraviolet (EUV) lithography has been the state-of-the-art solution for 
advanced semiconductor manufacturing, offering sub-7 nm patterning capability. 
A central challenge in EUV lithography is the design of an optimal illumination 
source that ensures pattern fidelity, high image log slope (ILS), and minimal edge 
placement error (EPE). Pixelated source-mask optimization (SMO) offers a high 
degree of control over illumination profiles.  

The earliest and most widely adopted approach to pixelated SO relaxes pupil 
pixel intensities from {0, 1} to the continuous interval [0, 1] and minimizes a 
smooth cost function, typically measuring the difference between the simulated 
and target aerial or resist image, using methods such as steepest descent, conjugate 
gradient [1]. More recent work has extended this framework to EUV and high-
NA EUV systems, incorporating M3D effects. To recover a physically realizable 
pupil, these methods typically add a binary penalty term to the objective, which 
pushes pixel values toward 0 or 1 but trades off against imaging fidelity and intro-
duces a user-selected weight parameter. As a result, the final source is rarely binary 
at convergence and must still be rounded, meaning binarity is imposed by the cost 
function rather than guaranteed by the optimization itself. 

A second family of methods treats source optimization as a combinatorial search 
problem and applies genetic algorithms (GAs) or particle swarm optimization (PSO) 
to explore the space of pupil configurations without using gradient information [2]. 
Binary-coded GAs are particularly appealing for SO because each pixel is encoded as 
a single bit, so the feasible set is exactly the binary set; as such, non-binary intensities 
cannot arise by construction. More recent hybrids have been proposed mainly to es-
cape local minima and accelerate convergence. However, these methods sacrifice re-
producibility, since different random seeds produce meaningfully different sources, 
and they scale poorly as the number of pupil pixels grows. 

Over the past few years, machine learning has been applied to SO and SMO, either 
by training a network to map target layouts directly to optimized sources or by em-
bedding lithographic physics into a trainable architecture [3]. These methods almost 
universally produce continuous-valued pupil intensities in [0, 1] and rely on a fixed 
threshold (typically 0.5) as a post-processing step to recover a binary source, so 
the binarization problem is deferred rather than solved.  
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Recent approaches, such as the one proposed by Yeung and Barouch, use con-
vex quadratic programming to derive a majority of binary illuminator points (pix-
els) [4]. Their method frequently produces a solution in which about 95% of pixel 
intensities are binary (normalized to 0 or 1), with the remaining few pixels show-
ing intermediate values. This partial binarization is advantageous for system sim-
plicity, thermal uniformity, and optical longevity, but the residual non-binary pix-
els raise both practical and theoretical concerns. In real-world hardware like DMD 
arrays or micromirror-based projection systems, truly binary outputs are strongly 
preferred for both simplicity of the system, but also reliability. Additionally, the 
presence of non-binary values might be symptomatic of numerical artifacts or in-
sufficient solution convergence. Across all three families described above, binarity 
is either enforced by a penalty, encoded discretely at the cost of tractability, or de-
ferred to a rounding step; the convex QP formulation studied here is unusual in that 
near-binary solutions emerge naturally from the optimum, which is what makes 
the residual non-binary pixels worth examining. Our methodology is focused on 
proving the existence of numerical imprecision, its effect on the pixelated pupil, 
and finally, the resultant aerial image. 

2. Problem Formulation and Methodology 

The source optimization will follow Barouch and Yeung’s model, namely, a con-
vex quadratic programming problem. We will briefly restate its formulation be-
low: 

Let iρ  equal the intensity of pixel i in the illuminator. Let T0 equal the thresh-
old intensity. Then, the solution vector is defined as 

 [ ]1 2 0, , , , .N Tρ ρ ρ ′=q    (1) 

We also define a pattern fidelity term 
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W is the total source intensity, and I is the intensity per incoherent pixel i  at 
measurement point x . Pairs of measurement points are placed along the pattern 
edge, with x+  just inside, and x−  just outside, for a total of 2P points, and 
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We now define an Ĥ  matrix, where 
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Finally, the complete QP is stated as follows: 

 ( )ˆmin 1 ,
2
F F′ ′+ −q Hq c q   (8) 

1
s.t. ,

N

i
i

Wρ
=

=∑  

0 1,iρ≤ ≤  

0 0,T ≥  

where F is a weight parameter, and c is a linear image log slope term, which will 
not be used in this investigation. Figure 1 shows two aerial images generated with 
optimized illuminators; we can see how the edge-placement error (EPE) term not 
only does its job reducing EPE, but also evens out the intensities within the pat-
tern, reducing sharp peaks that lead to accelerated degradation of the mask and 
other components.  
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(b) 

Figure 1. (a) Pre- and post-optimization of the small arbitrary pattern, showing the aerial 
image, intensity along y = 225, and a 3-dimensional surface plot. Circular illuminator, W 
= 300, Isource,uniform = 0.1262; (b) Pre- and post-optimization of the large arbitrary pattern, 
showing the aerial image, intensity along y = 200, and a 3-dimensional surface plot. Circu-
lar illuminator, W = 300, Isource,uniform = 0.1262. 

 
To evaluate the presence of numerical instability in the solutions, we will first 

examine how the number of non-binary pixels varies as the optimization param-
eters are changed. Namely, we will vary the W parameter, the number of meas-
urement points, and the number of features for a given pattern. Then, we will 
conduct a direct comparison between 64- and 128-bit precision on the following 
patterns: 4 symmetric contact holes, an asymmetric L shape, a small arbitrary pat-
tern, and a large arbitrary pattern (Figure 2). The CD in all these patterns is 12.5 
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nm. These patterns were optimized for both a circular and annular illuminator 
(Figure 3). The combination of all these parameters equates to 8 different possible 
programs, which all were executed in 64- and 128-bit precision, for a total of 16 
trials. We will define a pixel to be non-binary if 0.05 0.95iρ≤ ≤ . 
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Figure 2. The 4 test patterns plotted. 

 

 

 
Figure 3. Circular and annular pixelated illuminators used; 
upper Npixel = 2377, lower Npixel = 1784. 
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As shown in the original paper’s results, the quadratic term is responsible for 
the presence of non-binary pixels; setting F = 0 guarantees binary pixels, as the 
problem becomes a convex LP. Since our investigation is solely focused on non-
binary pixels, the F parameter will be set to 1. Moreover, the W parameter will be 
set to 300, and all possible measurement points will be selected around the pattern, 
with the exclusion of the specific examination of each respective parameter.  

For the lithography system, we assumed an EUV system with λ = 13.5 nm, NA 
= 0.55, a 4X uniform reduction factor, and a pixel resolution of 0.02 rad, leading 
to Npixel = 2377 pixels inside the pupil. Additionally, we used a σ of 0.6, and an 
inner radius of 0.3 for the annular illuminator, for a total of Npixel = 1784. We 
assumed a 2-dimensional, non-phase shifting mask. 

To compute the aerial images, we used FAIM as the main simulation tool for 
our EUV system. The optimization program was written in C, largely based on 
the PETSc library [5]. We chose this path due to the easy switch between 64- and 
128-bit precision, while also taking advantage of the TAO optimization library 
within PETSc. We used the primal-dual interior-point method (PDIPM) algo-
rithm offered by TAO to perform the optimization. We also utilized some math 
routines from MPLAPACK since it supports a direct LU decomposition for a 
dense matrix, with multi-threaded calculations for both 64- and 128-bit precisions 
[6]. Python and MATLAB were used for data analysis. 

Although PDIPM does not track an active set directly, whether the bound con-
straints are clearly identified at convergence still depends on strict complementa-
rity between each primal variable and its bound multipliers. When the objective 
is ill-conditioned or rank-deficient, strict complementarity is no longer well-de-
fined; the primal optimum is not unique on that face, and PDIPM converges to 
an interior point of the optimal face rather than to a vertex, leaving some coordi-
nates at intermediate values. We refer to this condition as active-set ambiguity, 
and the experiments above are designed to test whether residual non-binary pixels 
are its numerical signature rather than a physical feature of the source optimiza-
tion problem. 

3. Results 

For all trials, the optimization was left to run the maximum number of iterations 
until either no improvement to the solution gradient residual error, or an im-
provement of less than 5% to the solution gradient was achieved. In multiple trials, 
cyclical behavior was observed at the optimal point with no numerical change to 
the cost function down to 32 digits (in the 128-bit case). In most cases, this behav-
ior occurred for either exactly 1 or 2 iterations. As such, we configured the opti-
mization to stop at 3 consecutive iterations where the above condition was met. 
This led to a minimum of ~10−15 residual error for 64-bit runs, and ~10−32 residual 
error for 128-bit runs. 

We will now discuss the effect of the different problem parameters on the num-
ber of non-binary pixels. Starting with the total source power W (Figure 4), we 
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can see an obvious downward trend as W → Npixel, eventually reaching 0. This is 
to be expected, as increasing W tightens the equality constraint of the convex set, 
forcing interior solution to the boundary. As such, lower W values allow for more 
degrees of freedom. However, between W = 500 and W = 1500, we see that there 
is a large variation in the number of non-binary pixels, ranging from 28 to 7, with 
large jumps noticed between sequential optimizations.  

 

 
Figure 4. Change in non-binary pixels as source power varies; ΔW = 12, large arbitrary 
pattern, circular illuminator. 

 

 
Figure 5. Change in non-binary pixels as the number of measurement pairs varies (equally 
spaced); ΔP = 100, large arbitrary pattern, circular illuminator. 

 
Figure 5 shows the effect of varying the number of evenly spaced measurement 

pairs across the edge of the pattern. Namely, varying this parameter produced 
non-monotonic changes in the number of non-binary pixels, with noticeable se-
quential jumps. Looking at the formulation of the QP, and any aerial image, we 
can see that intensities vary significantly across the edge of a pattern, specifically 
close to junctions or corners. As such, the variation of the solution is to be ex-
pected with a non-negligible change to the cost function. Moreover, in Figure 6 
we show the effect of the same number (p = 100) but differently placed measure-
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ment pairs across the pattern; namely, the selection of pairs vastly changes the 
shape of the optimized source, which results in measurable changes to the aerial 
image and NILS. However: if we randomize the location of all points while keep-
ing the number the same, the optimized source will contain the same number of 
non-binary points. This decoupling is a key observation: the two runs correspond 
to genuinely different optimization problems and yield different illuminators 
(Figure 6), yet the residual non-binary count is identical. If these pixels encoded 
something physical about the imaging problem, their number should track the 
changes in the fidelity objective and the resulting aerial image. The fact that it does 
not, while every other feature of the solution does, indicates that the residual count 
is not set by the lithography process and is consistent with a numerical origin.  In 
addition, we show in Figure 7 that the non-binary intensities do not contribute to 
the aerial image in a measurable manner. By rounding-off intensities to the near-
est integer, we can see that the mean and variation in EPE and NILS across the 
aerial image are effectively unchanged. These observations point to the presence 
of some sort of numerical instability.  
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Figure 6. Effect of optimized source solution of random placement of p = 100 points. The 
number of non-binary points was n = 22 in both simulations. 
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Figure 7. Upper: optimal solution to the large arbitrary pattern with a circular illuminator. 
Lower: rounded non-binary intensities. The variation of the aerial image, average EPE, and 
NILS are insignificant. 

 
Finally, we compared the effect of higher numerical precision on the optimiza-

tion algorithm. After the intensities were calculated with 64-bit precision, the op-
timizer was run in both 64- and 128-bit precision for all 8 cases. Figures 8-15 
definitively show that higher numerical precision consistently yields fewer non-
binary pixels in the optimized source. This behavior is consistent with numerical 
sensitivity of constrained QP optimization. Looking deeper into the formulation, 
the fidelity objective constructed from infinitely close measurement points can 
lead to near singular matrices, and consequently to near degeneracy in the KKT 
system. This fact is further confirmed by the insignificant contribution of these 
non-binary points, as discussed earlier. Increasing arithmetic precision to 128 bits 
decreases roundoff error during assembly of H and p, decreasing the effect of near 
cancelling terms. 

This effect is further confirmed when comparing solutions of the same pattern 
with a circular and annular illuminator, specifically where the pixels removed 
were not present in the circular source. Looking at Figure 8 and Figure 9, we can 
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see that although the optimized source has the same shape and no pixels were 
removed from the solution, the number of non-binary pixels is different (decreased 
from 3 to 0 in the 64-bit case). If the problem had a unique optimum with a stable 
active set, then removing pixels that are exactly zero at the optimum would not 
change the optimal solution on the remaining coordinates. The fact that the re-
duced problem yields an almost identical pattern, but a slightly different number 
of non-binary pixels indicates the solution is not strictly unique/not strongly sta-
ble: there are weakly determined degrees of freedom, and the active set is sensitive. 
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Figure 8. Symmetric contact holes/circular illuminator; aerial image, NILS histogram, line 
intensity, and illuminator plots in 64- and 128-bit precision. 
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Figure 9. Symmetric contact holes/annular illuminator; aerial image, NILS histogram, line 
intensity, and illuminator plots in 64- and 128-bit precision.  
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Figure 10. Asymmetric L shape/circular illuminator; aerial image, NILS histogram, line 
intensity, and illuminator plots in 64- and 128-bit precision. 
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Figure 11. Asymmetric L shape/annular illuminator; aerial image, NILS histogram, line 
intensity, and illuminator plots in 64- and 128-bit precision. 
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Figure 12. Small arbitrary pattern/circular illuminator; aerial image, NILS histogram, line 
intensity, and illuminator plots in 64- and 128-bit precision. 
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Figure 13. Small arbitrary pattern/circular illuminator aerial image, NILS histogram, line 
intensity, and illuminator plots in 64- and 128-bit precision. 
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Figure 14. Large arbitrary pattern/circular illuminator; aerial image, NILS histogram, line 
intensity, and illuminator plots in 64- and 128-bit precision. 
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Figure 15. Large arbitrary pattern/circular illuminator; aerial image, NILS histogram, line 
intensity, and illuminator plots in 64- and 128-bit precision. 

4. Conclusion 

This study examined why convex QP formulations of pixelated source optimiza-
tion for EUV lithography routinely produce almost-binary illuminators for most 
pupil pixels, with only a small subset taking non-binary values. Increasing the total 
power constraint W systematically reduces the number of non-binary pixels and 
pushes solutions toward fully binary sources (Figure 4). In contrast, changing the 
measurement pairs can produce abrupt, non-monotonic changes in the non-bi-
nary count and quantitatively different illuminator geometries (Figure 5, Figure 
6). Finally, increasing arithmetic precision from 64-bit to 128-bit reduces the non-
binary set while leaving the aerial image effectively unchanged (Figure 7), indi-
cating that non-binary pixels reflect weakly identified degrees of freedom in the 
objective rather than meaningful physical structure. Practically, these results im-
ply that residual non-binary pixels should be treated as a numerical symptom of 
near degeneracy in the QP, not as a requirement for imaging performance. When 
the objective landscape is nearly flat over a face of the feasible set, multiple illumi-
nators can be essentially equivalent in optimality and ultimately leave the aerial 
image unaffected. 
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