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Abstract

It is the aim of this paper to investigate the micro-foundations for inflexible
aggregate investment in Diamond-type overlapping generations (OLG) mod-
els of involuntary unemployment. As is well-known, in Diamond’s (1965) se-
minal OLG model, aggregate investment is macro-founded in that aggregate
savings govern perfectly flexible aggregate investment. Perfect flexibility of ag-
gregate investment precludes, however, involuntary unemployment of the labor
force: any lack of aggregate demand in comparison to full-employment output
is instantaneously compensated by flexible aggregate investment. In contrast,
inflexible aggregate investment can cause involuntary unemployment through
aggregate demand remaining below full-employment output. However, to date,
there has been no attempt in the literature to micro-found inflexible aggre-
gate investment in Diamond-type OLG models of involuntary unemploy-
ment. After reviewing several approaches to micro-founding aggregate in-
vestment in intertemporal equilibrium models with both full and underem-
ployment, a deterministic OLG model with production and physical capital
accumulation a la Magill and Quinzii (2003) is set up in which optimally in-
determinate firm investment and Keynes (1936) like “animal spirits” of in-
vestors are compatible. Sufficient conditions for the existence and dynamic
stability of a Golden Rule steady state with involuntary unemployment are
then presented and the comparative dynamics of this steady state is investi-
gated. While an increase in investor optimism decreases unemployment in
the short and long run, a smaller savings rate does this only temporarily.
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Diamond-Type OLG Model, Existence, Dynamic Stability and Comparative
Dynamics of Steady States

1. Introduction

The concept of “under-employment equilibrium” with “involuntary unemploy-
ment” figures prominently in Keynes’ (1936) renowned “General Theory of Em-
ployment, Interest, and Money”. Here, as is common knowledge, a lack of ag-
gregate demand (aggregate demand failures) is the root cause of involuntary
unemployment. There is, however, despite decades of debate in this field, still no
agreement among macro-economists as to why aggregate demand in a perfectly
operating market economy continues to be below full-employment output. Cur-
rently, mainstream macro-economists adhere to the New Keynesian approach of
micro-founded, dynamic general equilibrium models. Here, prices and wages are
thought to adapt sluggishly to market imbalances due to price adjustment costs,
imperfect competition, and other forms of market failure (for a survey see Dixon
(2000)). The New Keynesian approach of dynamic stochastic general equili-
brium (DSGE) models, which originates with Smets and Wouters (2003) and
Woodford (2003), is now widely used by applied macro-economists in central
banks and public administrations.

A minority of macro-oriented general equilibrium modelers employ stylized,
dynamic, intertemporal general equilibrium with perfect competition in factor
and output markets in order to feature involuntary unemployment. Implicitly
based on Morishima’s (1977) seminal insight that involuntary unemployment
under perfect competition in output and factor markets ought to be related to the
existence of an aggregate investment function independent of aggregate savings,
Magnani (2015) modeled involuntary unemployment in a Solow (1956)-type
neo-classical growth model. Following the lead of Magnani (2015), Farmer and
Kuplen (2018), and more recently, Farmer (2022) modeled growth and involun-
tary unemployment in a Diamond (1965)-type overlapping generations (OLG)
economy, with production, physical and human capital accumulation, by simply
assuming the existence of an aggregate investment function. This is in line with
Magnani’s (2015) claim that there is no need to micro-found the independent
investment function since it is macro-founded as in Solow’s (1956) seminal
growth model.

In contrast, there is Lucas’s (1972) magisterial claim that all macro-economic
relationships should be micro- or general-equilibrium-founded. This is obvious-
ly not the case with an independent aggregate investment function which is,
however, decisive for the occurrence of involuntary unemployment in inter-
temporal equilibrium. As mentioned above, involuntary unemployment is traced
back to a lack of aggregate demand relative to full employment output. A gap

between full employment output and aggregate demand cannot occur, however,
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with perfectly flexible aggregate investment in Solow’s (1956) and Diamond’s
(1965) neo-classical growth models. Perfectly flexible aggregate investment
features as a buffer between aggregate full employment output and aggregate
demand such that aggregate output never turns out to be demand-constrained
and hence labor demand never falls short of labor supply. If, in contrast, ag-
gregate investment does not adapt passively to aggregate savings, a gap between
full-employment output and aggregate demand might pop up such that aggre-
gate output stays below full-employment output and labor demand then remains
below labor supply despite prices and wage rates being perfectly flexible.

Once Lucas’s (1972) claim is accepted, the research challenge then consists
in providing micro-foundations for an independent aggregate investment
function such that aggregate-output demand and not labor supply governs
employment. It is the objective of the present paper to meet this research chal-
lenge within the confines of intertemporal general equilibrium models, in par-
ticular Diamond-type OLG models. As will become clear from the review of the
literature on micro-foundations for aggregate investment in the following sec-
tion, the micro-foundations’ approaches thus far cannot be simply incorporated
in a Diamond-type OLG model of involuntary unemployment without further
modifications: either they presuppose full employment of the labor force (e.g.
Miyashita, 2000) or if involuntary unemployment is modeled investment is not
micro-founded (e.g. Farmer, 2020).

Against this research background, our first contribution to literature is to set
up a Diamond-type OLG model in which inflexible aggregate investment is mi-
cro-founded and involuntary unemployment occurs.! It turns out that Magill and
Quinzii’s (2003) modification of Diamond’s (1965) original OLG model with pro-
duction and capital accumulation contains investment micro-foundations which
are compatible with the investment-quantity determination by a belief function
a la Farmer (2020). To be able to model involuntary unemployment, the la-
bor-market clearing condition in Magill and Quinzii’s (2003) stock market OLG
model will be cancelled, and the unemployment rate will be made endogenous in
line with Magnani (2015).

Our second contribution to the literature is to show how the structure of the
intertemporal equilibrium dynamics derived from households’ and firms’ opti-
mization conditions, from government’s budget constraint and the intertempor-
al market clearing conditions changes when firms’ investment quantities are
both optimally indeterminate and determined by a degenerate belief function in
line with Farmer (2020). Moreover, the existence and the dynamic stability of a
Golden-Rule steady state of the intertemporal equilibrium will be shown.

Our third contribution to the literature consists in deriving analytically the
steady-state effects on the endogenous variables of main parameter changes.
This is completed by a numerical calculation of the intertemporal equilibrium

paths of the endogenous variables in response to small parameter changes.

'Our OLG model can be considered as complementary to Tanaka’s (2020) three-period OLG model
of involuntary unemployment without real capital and investment.
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The structure of the paper is as follows. The next section presents the review
of the literature on micro-foundations for aggregate investment. Then, our stock
market OLG model with involuntary unemployment is set-up. This is followed
by derivation of the intertemporal equilibrium dynamics and demonstration of
sufficient conditions for the existence and dynamic stability of steady states. We
then investigate analytically the comparative dynamics of the steady-state res-
ponses of the capital-output ratio, the equity price discount and the unemploy-
ment rate to the main parameter changes. A numerical specification of all model
parameters is then used to calculate numerically the intertemporal equilibrium
paths of these dynamic variables in response to small parameter changes. The

main conclusions are drawn in the final section of the paper.

2. The Challenge of Providing Micro-Foundations for
Aggregate Investment: A Literature Review

As mentioned above, Magnani (2015) rightly remarked that in Solow’s (1956)
famous neo-classical growth model, aggregate investment was not micro- but
macro-founded. He thus concluded that there was also no need to provide mi-
cro-foundations for the aggregate investment function which he introduced to
make the general equilibrium solution determinate. Following Magnani’s (2015)
lead Farmer and Kuplen (2018) and Farmer (2022) also made no effort to estab-
lish micro-foundations for the aggregate investment function in a modified Di-
amond-type OLG model.

However, since the new-classical revolution in macroeconomics initiated
by Lucas (1972), all mainstream macro-economists agree that macroeconomic
models ought to rest on firm general equilibrium foundations based on the fol-
lowing three assumptions: 1) All private agents maximize their objective functions
subject to their respective budget constraints; 2) All markets clear in each period
where market sessions are held; 3) All private agents form rational expectations
with respect to future prices, wage and interest rates, i.e., agents’ expectations of
future prices, wage and interest rates turn out to be equal to the prices, wage and
interest rates that actually occur in every conceivable state of nature.

While Farmer and Kuplen’s (2018) and Farmer’s (2022) OLG model, with the
exception of the aggregate investment function, clearly accord with the first as-
sumption, complying with the second assumption is more problematic since it
automatically precludes involuntary unemployment. In principle, there are two
ways of addressing this problem.

The first, is to make use of Keynesian search theory, as proposed by Farmer
(2012, 2013, 2020), whereby any attempt to derive labor supply from utili-
ty-maximizing labor-leisure choice is abandoned, and employment is instead de-
termined by labor demand and a search technology. The latter relates the number
of unemployed workers, and the resources firms allocate to the process of filling
vacancies, to the number of new employment relationships. Hereby, it is as-

sumed that matching unemployed workers to firm job openings is costly, and
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that the search technology cannot be decentralized via markets. In such a setting,
it is taken as given that due to the absence of market signals, workers and firms
are not led to the correct point on the so-called Beveridge curve. While domi-
nant search theory (Pissarides, 1990) deviates from the assumption of perfectly
competitive workers and firms, and lets both bargain over the wages, Keynesian
search theory retains the assumption of perfectly competitive firms and workers.
As a consequence, the general-equilibrium solution in steady state becomes in-
determinate, and it is this indeterminacy which provides the opportunity for the
existence of involuntary unemployment in general equilibrium.

In order to make this verbal description more precise, we now reproduce the
main equations of Farmer’s (2020: p. 21) Keynesian search theory.

The first equation represents GDP market clearing for a closed economy:

Y,=C +1,+G, (1)

where Y, denotes GDP in period t, C, is aggregate consumption in period £
1, denotes aggregate investment in period # and G, is government expendi-
tures in period ¢ For ease of exposition, we assume that G, is time-stationary
and equals the exogenous magnitude G .

The second equation features the aggregate production function:

Y =5 (K,) (x,)", )

t

whereby S, denotes a total productivity shock governed by an exogenous sto-

chastic process, K,

is the aggregate capital stock, and X, denotes aggregate
employment. 0<a <1 is the production elasticity of capital (=capital income
share in GDP).

Aggregate capital accumulation is well-known and is depicted by the third
equation:

K, =K,_(1-8)+1, (3)

t

where 0<J <1 denotes the depreciation rate of the capital stock.
The fourth equation represents the Euler equation for an intertemporal utili-
ty-maximizing, representative, infinite-lived consumer:
Y
L:ﬂEII:—I {1—5+aL‘H, 4)
Ct Ct+1 Kt
where 0< <1 denotes the exogenous time preference factor and E, is the
expectations operator.
Farmer (2020: p. 21) claims that Equations (1)-(4) exhibit four equations in five
endogenous variables, Y,,/,,K,,C, and X,. The system of Equations (1)-(4) be-

127t

comes determinate by adding the equation governing aggregate investment:
L=pl_ +(1-p) +¢, (5)

whereby the stochastic process ¢ exhibits zero mean, persistence is 0< p, <1,
and 7 is the unconditional mean of aggregate investment in line with full em-

ployment. As Equation (5) shows, aggregate investment is inter alia governed by
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the stochastic beliefs &' of investors, which eventually determine aggregate
employment. This is in stark contrast to real business cycle theory (Kydland &
Prescott, 1982) in which aggregate labor supply determines aggregate employ-
ment via labor market clearing.

In contrast to the above, another version of Keynesian search theory proposed
by Farmer (2012, 2013) comes closer to providing micro-foundations for aggre-
gate investment. Instead of aggregate investor beliefs, as in Equation (5), we now
have consumer beliefs about stock market value, denoted by the stochastic vari-

able Z”, which eventually determine aggregate employment:

' =p, 2 +(1-py)Z2° + &, (6)

t

whereby the belief shock &’ again exhibits zero mean, 0< p, <1 is the per-
sistence of Z” and Z” is its unconditional mean.
The value of the stocks is defined to be the discounted value of future returns

to capital:
Zt = Et |:(1/lt )(aYH] + Zt+] ):|’ (7)

where i, =1-6+Y,, /K, isthe real interest rate between periods rand ¢+ 1.

“Beliefs about the future value of the stock market are connected to realiza-
tions of the stock market by the rational expectations assumption” (Farmer,
2020: p. 22):

z'=E|[Z,] (8)

Based on Equation (6), expectations of stock market value are exogenous, but
they are also rational in the sense that beliefs are self-fulfilling (see Equation (8)).
This apparent contradiction disappears once one realizes that, in contrast to
dominant search theory, Keynesian search theory displays steady-state indeter-
minacy in which there is a continuum of labor-market equilibria and a conti-
nuum of steady-state unemployment rates.

The second way to address the problem of modeling involuntary unemploy-
ment in intertemporal equilibrium is that of Farmer and Kuplen (2018) and
Farmer (2022). Their model features are the same as those found in Farmer’s
(2020) Keynesian search theory where, first, the animal spirits of investors or
equity holders represent a fundamental element affecting aggregate demand, and
second, involuntary unemployment may still prevail in the short and in the long
run even when prices, wages and interest rates are assumed to be perfectly flexi-
ble. The main difference with respect to Farmer’s Keynesian search theory is that
in Farmer and Kuplen’s (2018) and Farmer’s (2022) OLG model there are no
search costs and matching frictions. While this is not tantamount to saying that
such frictions do not play an important role in explaining observed unemploy-
ment rates, it does make it clear that involuntary unemployment in general equi-
librium still arises in the absence of such frictions, as is shown by Magnani’s
(2015) relatively simple specification of equilibrium unemployment. Thus, the

challenge of establishing micro-foundations for the aggregate investment func-
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tion remains. While Farmer’s (2012, 2013) use of stock market foundations in
his Keynesian search theory represents an important step in this direction, it
remains open how investors make decisions concerning changes in physical
and/or intangible capital over time.

Here a third approach to micro-found aggregate investment comes to mind:
Magill and Quinzii’s (2003) stock market OLG model with affine price expecta-
tions and non-shiftable capital. In contrast to Farmer’s (2020) approach pre-
sented above, in Magill and Quinzii’s (2003) OLG model there is no uncertainty
regarding future prices, and firms, not households are investing in tangible cap-
ital, which is firm-specific and cannot be sold after use among firms. It is the
stock market which assumes the role of transferring ownership of the long-lived
firms to short-lived shareholders. The issuing of shares by firms enables the illi-
quid sum of past investments (=firm’s current capital stock) to be subdivided
into perfectly divisible amounts. In this way, the firm is kept intact over time and
capital can be accumulated as in Equation (3) above, even though households
(=shareholders) are short-lived.

For the formation of share prices in the stock market, Magill and Quinzii
(2003) propose a two-part pricing rule, according to which the equity price O/
of firm j=1,---,J is equal to its replacement costs (1_5)1{/' minus a dis-

count V/:
0/ ((1-6)K/)=(1-8)K] -V, ©)
and

Vi=Q+i, )V . (10)

t+1 T

Shares are freely traded in the stock market. Thus, perfect competition among
young shareholders, who are indifferent between holding shares or holding firm
bonds, drives the equity price of firm j to the point where the return on holding

shares is equal to the return on bonds, i

0/ ((1-8)k/)= ) ((1-8)K/ +1/) ~w.N]

t+17 e+l

——  max {(sz+1
1+ Ui {(’i’»er;l)}

_(1+iz+1)[zj +Qtj+l (1_5)sz+1}~

(11)

To ensure that // >0 in the optimal solution to Equation (11), Magill and
Quinzii (2003: p. 244) show that the following inequality and equations ought to

hold:
o<yl <(1-8) K/, (12)
e . K
Wi :(l_a)<kzl+1) 5 kzj+1 E#’ (13)
t+1
O+i,, = a(ktjﬂ )a—l . (14)

The inequalities and equations of Magill and Quinzii’s (2003) stock market

model presented here come rather close to providing micro-foundations for the

DOI: 10.4236/me.2023.144026 461 Modern Economy


https://doi.org/10.4236/me.2023.144026

K. Farmer

aggregate investment function in Farmer and Kuplen’s (2018) and Farmer’s
(2022) Diamond-type OLG model. On the other hand, the attentive reader has
probably noticed that the stock market model depicted by (9)-(14) describes a
position of full employment. Thus, for the full integration of these equations into
the following OLG model of involuntary unemployment, a belief function a la
Farmer (2020) seems to be needed.

As mentioned above, such a belief function is present in Plotnikov’s (2019)
intertemporal general equilibrium, which employs a Keynesian search technol-
ogy and physical capital accumulation within the household sector. Here, as in
Farmer’s (2020) models, households are not on their labor supply curve. More-
over, households are not two-periods, but infinitely lived.

The intertemporal equilibrium in Plotnikov (2019) is represented by the equa-
tions (1)-(4) of Farmer’s (2020) model and the following closing equations:

C =y, >0, (15)
v? (yh Y (r\™”
’_=( "J (—’] exp(gtp), g’ ~N(0,G,2,),O<;(<1, (16)
Wt WI*] W[
Y
w, =(1—a)7’. (17)

t

In Equation (15), Y” is expected real permanent income and 1—y meas-
ures the speed of adjustment of expected permanent income to new information.
The term & represents an independent shock to households’ beliefs about
expected permanent income. y >0 is the marginal propensity of consumption
out of permanent income. To ensure rational expectations, y stands in a spe-
cific functional relationship to the other model parameters (see Plotnikov 2019,
equation (27)).

Disregarding the need for a belief function in micro-founding inflexible ag-
gregate investment brings us to Miyashita’s (2000) adjustment-cost modification
of Diamond’s (1965) OLG model. Assuming a log-linear intertemporal utility
function, Miyashita (2000: p. 60) derives the following saving function s, :

s =P M ocpa, (18)
1+ ¢,

where [ is the utility discount factor, w,

, is the real wage rate and ¢, is the

real market price of equity shares bought by the younger household.
Assuming a Cobb-Douglas production function KN,“,0<a <1, the rep-
resentative firm maximizes dividends by choosing N, and I, as follows:

. K
(1-a)k? =w, k ===, (19)

t

1+(271,/K,)=q,, 7 >0. (20)

From Equation (20), there follows a sort of Tobin’s (1969) ¢ investment func-

tion:

DOI: 10.4236/me.2023.144026

462 Modern Economy


https://doi.org/10.4236/me.2023.144026

K. Farmer

(21)

t

;@) (a.-1)K, >0, if g, >1,
0, otherwise.

Equation (21) represents the micro-founded aggregate investment function in
the adjustment cost version of Diamond’s (1965) seminal OLG model. Although
the investment quantity is determined, no over-determinacy occurs in Miyashi-
ta’s (2000) OLG model since the other dynamic variable present, ¢,, is deter-
mined in intertemporal equilibrium. Miyashita (2000: p. 63) shows that the in-
tertemporal equilibrium dynamics then read as follows:

ko = (27) (g, -1)+1 ]k, (22)
P gyker
q,_Hﬁ(l a)kfk). (23)

Obviously, there are no further primitives in addition to preference, technol-
ogy and adjustment costs in the equilibrium dynamics (22) and (23). Moreover,
(22) and (23) represent full-employment intertemporal dynamics despite a de-
terminate and micro-founded investment function. Finally, the convex adjust-
ment cost function which ensures determinate optimal investment presupposes
full employment, at least in parts of the economy, which clearly contradicts the
formation of widespread underemployment (see more extensively Ebel, 1978).
Thus, it is questionable whether Miyashita’s (2000) approach to micro-found
determinate (inflexible) aggregate investment is useful in an OLG model of in-

voluntary unemployment.

3. The Set-Up of the Stock Market OLG Model with
Involuntary Unemployment

As in Magill and Quinzii (2003), we consider an economy of infinite horizon which
is composed of infinitely lived firms and finitely lived households. In addition to
Magill and Quinzii (2003), we also assume an infinitely lived government with a
balanced budget from period to period. In each period ¢=0,1,2,--- a new gener-
ation, called generation ¢ enters the economy. A continuum of L, >0 units of
identical agents comprises generation &

As in Diamond’s (1965) seminal OLG model, and in line with Magill and
Quinzii (2003), we assume exogenous growth of the population g* >—1 which
implies the following dynamics of population L : L  =G'L, G'=1+g",
L, =L >0.1In addition to Magill and Quinzii (2003), we also assume exogenous
growth of labor productivity denoted by g“ >—1 which implies the following
dynamics of labor productivity a,: a,, =G%,, G*=1+g", a,=a>0.

Each household consists of one agent and the agent is intergenerationally
egoistic: The old agent has no concern for the young agent and the young agent
has no concern for the old agent. They live two periods long, namely youth
(adult) and old age. In contradistinction to the original Diamond (1965) OLG
model and to Magill and Quinzii’s (2003) full-employment, stock-market model,

in our model economy there are also employed and (involuntarily) unemployed
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households. All households are endowed with one unit of labor but only the em-
ployed households are able to sell it inelastically to firms. In exchange for the la-
bor supply each employed household of generation ¢ obtains the real wage rate w,,
which denotes the units of the produced good per unit of labor. Thus, the labor
supply in period #is not equal to L,, but only to (1—u,)L,, where 0<u, <1 de-
notes the unemployment rate. The number of unemployed households (=people) is
thus u,L, . Since the unemployed are unable to obtain any labor income from the
market, they are supported by the government through the unemployment ben-
efit ¢, (per household) in each period.

In order to finance the unemployment benefit, the government collects taxes
on wages, quoted as a fixed proportion of wage income, 7,w,A,0<7, <1. The
unemployed do not pay any taxes. Young, employed agents, denoted by super-
script E, split the net wage income (1-7,)w, each period between current
consumption c¢* and savings s”. Savings of the employed are invested in the
shares of firms, where a share 6/ of firm j=1,---,J in period ¢is bought in
the stock market at price O/ by the younger households from the older
households. Moreover, the younger households also invest their savings in
bonds emitted by firms j(=1,--,J), denoted by &/, , with a rate of return
Iy -

In old age, the employed household sells the shares at the price Q/;/ to the then

younger household in period 7+1. The revenues from asset sales and the returns

J
from holding assets one period long, (1+it+1)2b/ £ +Z€/ E( - +QM) , are

t+1

used to finance retirement consumption ¢/, where D/ denotes the dividend

paid by firm ;jin period ¢« In old age, the previously young employed households

consume their gross return on assets: ¢, =(1+1,,, )Zb{HE + Zé’f £ ( / +0, ) )

This is also true for the unemployed households who ﬁnance their retirement
consumption through the returns on equity purchases and firm bonds in youth
financed by unemployment benefits:

ey (1+1t+,)2b,’+?+29’l/( L+ ,ﬂ]), where ¢V, represents consump-

tion of the unemployed in old age. To keep it all as simple as possible, we assume
that the revenues from equity sales and dividends are not taxed.

The typical younger, employed household maximizes the following intertem-
poral utility function subject to the budget constraints of the active period (i)

and of the retirement period (ii):

LE
Max —> ¢lnc” + BInc)t

subject to:

1) ctlE z 41 +ZQt HrjE t(l_Tt)’

[

J
2) ct+1 = (1+it+l )th]+i] +ZHJ v ( t+1 + Qt+1)

Jj=1 Jj=1
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Here, 0 <& <1 depicts the utility elasticity of employed household’s con-
sumption in youth and 0< £ <1 denotes the subjective future utility discount
factor. Needless to say, the intertemporally additive utility function involves the
natural logarithm of employed household’s consumption in youth weighted by
&, and the natural logarithm of employed household’s consumption in old age
weighted by 0< g <1.

In order to obtain the first-order conditions for a maximum of the intertem-
poral utility function subject to the constraints (i) and (ii), we form the following

Lagrangian:
E 1LE 2,E E LE J i, E J i nJ.E
Ly =elne® + BIncy =47 | ¢;f + D000 +D.0/6 —w,(1-1,)
j=1 Jj=1
E 2,E z i E 4 i, E j j
- ﬂ’nl Co — (1 + it+l )th/ﬂ _Z Htj’ (Dtj+1 + Qtj+1 ) .
j=1 j=1

Differentiating the Lagrangian with respect to ¢'*,c’:7 b/ ,0/F, j=1,---,J

ST+l 2T+l 2Tt

yields the following first-order conditions for an intertemporal utility maximum:

&
c}’E=g+'B(l—Tt)w,, (24)
Dj J
DatOuyyi, j=tom, (25)
0,
, B .
iy =g+ﬂ(1+l,+1)(1—r,)w,, (26)
=L o2, sE =SS 050 @7)
e+ p = =)

The typical younger, unemployed household maximizes the following inter-
temporal utility function subject to the budget constraints of the active period (i)
and the retirement period (ii):

2,U

LU
Max = gln¢,” + Bln, ¢

subject to:

J J
(1) ctl’U + th]‘f’ij + ZQtjetj’U = gt 4
Jj=1 j=1

(11) ctzflj = (1 + it+l )th];ij + Z ez‘j’U (Dtjﬂ + Qtj+1 ) *
j=1 j=1

Again, 0<¢& <1 denotes the utility elasticity of consumption in unemployed
youth, while 0< <1 depicts the subjective future utility discount factor and
g, denotes the unemployment benefit per capita unemployed.

Performing similar intermediate steps as above with respect to the younger,
employed household yields the following first-order conditions for a constrained

intertemporal utility maximum:

S (28)
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D[j‘.Fl + EtQtj+1 (S)

o =1+i,, j=1-J, (29)
, )i} -
ey = - ﬂ(lwl)g, (30)
B J . J U
sV i s E;bﬁ’ +§9/”QJ. (31)

All firms are endowed with an identical (linear-homogeneous) Cobb-Douglas

production function which reads as follows:
. \1-a \a
Y/ =M(a,N/) " (K/), j=1J,0<a<1,M >0 (32)

Here, Y’/ denotes production output of firm j=1,---,J, M >0 stands for
total factor productivity (equal for all firms), N/ represents the number of em-
ployed laborers with firm j, with productivity of a, each, while K; denotes
the input of capital services of firm j all in period £ and 1-a (o ) depicts the
production elasticity (=production share) of labor (capital) services, also equal
for all firms. In line with the seminal paper of Magill and Quinzii (2003), we as-
sume that (physical) capital is durable, depreciates at the rate 0 <& <1, and
needs to be installed one period before it is used. Thus capital K,/ used by firm
jis the capital stock that has been carried over from the period before, i.e. period
t—1. Moreover, we assume “that capital once installed in a firm cannot be ‘un-
bolted’ and transformed back into the homogeneous current output or trans-
ferred to another firm, without incurring significant adjustment costs, which for
simplicity we take to be infinite” (Magill & Quinzii 2003: p. 242). As a conse-
quence, such firm-specific capital has limited value in a resale market. In the ex-
treme, it is completely firm-specific, so that no part of it has a positive value in
the second-hand market.

“In such an economy capital accumulation will only take place if the market
structure permits firms to be infinitely lived. Invested capital has ... value only if
the firm retains its identity as income generating unit in the economy. The nat-
ural market structure which permits short-lived agents to transfer ownership of
long-lived firms from one generation to the next is an equity market for owner-
ship shares of firms” (Magill & Quinzii 2003: p. 243). Consistent with the firm
specificity of capital is that each firm is a corporation with an infinite life where
ownership shares are transmitted from one generation to the next through the
stock market. As already introduced above, O/ denotes the equity price of firm
jat date ¢

Firms are owned by the equity holders and are managed so as to maximize the
payoft of their current owners. These are the younger households who buy the
shares of firm jendowed with a capital of (1-&)K/, from the older households
for the price Q/, and decide on the investment // >0 to be made. Magill and
Quinzii (2003: pp. 244-245) show that an investment quantity larger than zero is

chosen such that the net present value of the investment is maximized:
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%}{—1/ (L) ¥ttt s 2l (1= ) |

{ 1/ N/ 1+1

t+1

1+1

t+1
t+1

< max {_Iij + 1 |:<(1_6)Ki/ +1] )‘1 <az+1Nij+1 )1—0’ ~ W N (33)
}

{1,/,N/
+(1-8) K/ +(1-6)1/ —V,{l]}

Here, the equivalence between the first and the second line comes from Magill
and Quinzii’s (2003: p. 244) insight that in an intertemporal equilibrium share-
holders expect an affine (linear) relationship between the expected equity price
of non-depreciated capital in period #+1, Q/, ((1 -6)K/, ) ,and
non-depreciated capital stock at that time, i.e.:

>0, (34)

t+1

0L ((1-0)K/,)=(1=06) K] +(1=8)1/ =V, j=1+.J, V]

where 7/

t+1°

j=1---,J denotes the discount on the equity price of firm ;at time
t+1 due to the non-shiftability of firm /s capital stock.
Maximization of the net present value in the second line of Equation (33) im-

plies the following first-order conditions:

aM[(1-8)K/ +1/ ] (a N, ) “ = 6+i

t+1°

(35)

M[(l _5) K] +1] j|a <at+1Nt{rl )-a Ay = Wi (36)

Since all firms have the same production function (see Equation (32)) and the
capital depreciation rate is the same with all firms, the optimal capital labor ratio

K/ K/ K
L=t =—L %/ =1,-,J. Moreover,
aN/ aN] aN,

ot t

will be the same for all firms:

J s

since the number of employed workers is N, =Y N/ =L(l1-u,), we can re-
Jj=1

write the profit maximization conditions (35) and (36) as follows:

a-1
CIM |:Kt+l/(at+1L(l_ut+l)):| = 5+it+l’ (37)
(1 - a)M |:Kt+1/<at+1L(l Uy ))]a Ay = Wi (38)
Finally, the GDP function can be rewritten as follows:
J a "
=Xy =M(aL(1-4,)) " (K,)". (39)

Jj=1
As in Diamond (1965), the government does not optimize, but is subject to
the following budget constraint period by period:
Lug, =7, (1-u,)wL,, (40)

where, for the sake of simplicity, it is assumed that the government does not
have any other expenditures than the unemployment benefits and that there is
no government debt.

As Magnani (2015: pp. 13-14) rightly states, aggregate investment in Solow’s
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(1956) neoclassical growth model is not micro-, but macro-founded since it is
determined by aggregate savings. The same holds true in Diamond’s (1965) OLG
model of neoclassical growth where perfectly flexible aggregate investment is al-
so determined by aggregate savings of households. As already mentioned in the
literature review above, and as the first-order conditions for optimal investment
of younger shareholders (35) and (36) show, optimal investment is indetermi-
nate and thus also perfectly flexible in the stock market model of Magill and

Quinzii (2003). This is most easily seen if we rewrite Equations (37) and (38) as

follows:
a-1
K + l-a .
aM[aﬁllL;H j (1 i ) - 5+l’+" (41)
K., Y v
l-a)M| ——| (1-u =w, . 42
(1-a) (L]( = @)

Equations (41) and (42) do not allow for determination of the optimal firm
investment quantity.

Morishima (1977), and more recently Magnani (2015), both deviate from
neoclassical growth models in maintaining that an independent investment
function is needed to determine the level of investment in intertemporal equili-
brium models of involuntary unemployment. The big question, however, is
where does this function come from in a general equilibrium model with an ac-
tive stock market and an explicit firm maximization calculus to determine in-

vestment quantities?
In order to provide an answer to this question we recall the no-arbitrage con-
dition between shares and corporation bonds (29)

(Dtj;rl +ij‘;’] )/Qtj :1+it+l’j =L-J, with

DL =M (KL ) (auNiy) = wuNiy ~(14i, )1/, j=1++,J . Respecting the
t+1 t+17 T+l t+1 t> > > .

1+1 t+17 V41
first-order conditions for net present value maximization (35) and (36), and as-
suming that affine equity price expectations are rational, i.e. equation (34) holds,
then we can show, following Magill and Quinzii (2003: p. 247), that

Dtj+1 + Qtj+l Ktj+1 (§+ir+1 )_(1+it+l )Itj +(1_5)Kr{r] B Vril

o = (1 - 5)Kj —; , if and only if

j _ .
Vt+1 - (1 + L

Wi, j=1ye,VE20. (43)

In line with Farmer (2013), and in addition to Magill and Quinzii’s (2003) af-
fine equity price expectations (34), we may now suggest that shareholders form
beliefs with respect to the expected equity price divided by the real wage at pe-
riod r+1 over time. Thus: ®’ =Q’ /w,,,j=1,--,J, whereby ®’ depicts
the beliefs of investors with respect to the rationally expected equity price of
corporation j(=1,---,J) in period 7+1 relative to the common wage rate
(Farmer, 2013: p. 328). The beliefs are determined by the function
o/ = (CD{;I )Z (Q[j /w, )l_l exp(stb) , s~ N(O, o, ) Unfortunately, however, and
contrary to initial thinking, this specification of the belief function is not com-
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patible with the intertemporal equilibrium equations presented thus far. This led
us to attempt an adaptation of Plotnikov’s (2019) proposal for closure (in his in-
determinate intertemporal equilibrium model) to our model above. Since the net
value maximizing investment quantity of firm ; is indeterminate, it appears rea-
sonable to relate firm investment to permanent production (similar to consump-
tion being proportional to permanent income as in Plotnikov (2019)). Thus,
I/ =®’y"/, ® >0 with ¥/ denoting permanent production of firm ; in
period ¢ and the belief function Y/ /w, = ()’,f;'"/w,_1 )Z (Y/ /w, )H{ exp(s,”) ,
st ~N (0, o, ) However, even this specification turned out to be incompatible
with the intertemporal equilibrium equations presented above. As a conse-
quence, the only specification of a belief function which turned out to be consis-
tent with the other intertemporal equilibrium equations was that of Farmer and
Kuplen (2018: p. 9) which stated that firm ;s investment quantity is equal to an
exogenous, time-stationary constant ®’, j=1,---,J, and reflects “Keynesian

investors’ animal spirits” (Magnani, 2015: p. 14):
I =@/, j=1,,J. (44)

In addition to the restrictions imposed by household and firm optimizations
and by the government budget constraint, markets for labor, firm bonds, and
equity, ought to clear in all periods (the market for the output of production is

cleared by means of Walras’ law?).

J
L(1-u)=> N/=N,Vt. (45)
j=1
J
L(1=u, )b’ +Lub ., => b/, V. (46)
j=1

The demand of the younger employed and the unemployed households for firm
bonds (left-hand side of Equation (46)) balances with their supply (right-hand side

of Equation (46)). Firms finance their investments by the sales of bonds:

J N
21
Jj=1

J
Db, vt (47)
j=1

The shares of employed and unemployed younger households sum to unity:
L(1-u,)6/" + Lu,0/" =1, j=1,---,J, V1. (48)
The sales of equity shares by employed and unemployed older households are
equal to the share purchases of employed and unemployed younger households:
L (1-u_)0 =L (1-u,)6/, j=1,-,J, V1, (49)
L (1= )0 =1, (1,0, j =10, ¥, (50)

Using the definition of savings for younger employed households in (27) and
younger unemployed households in (31), together with the bond market clearing
condition (46), the investment financing constraint (47) and condition (48),

leads us to the following aggregate savings/investment equality:

2The proof of Walras’ law can be obtained upon request from the author.
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J
Lt(l—ut)stE+LtutS,U =Z[/+ZQ/. (51)

Jj=1 Jj=1
On respecting Equation (44) and firm-specific accumulation equation

K, =(1=8)K/ +1/, j=1,-,J, (52)

+1
the following equilibrium equation results:
I =0’ =K/, -(1-6)K/, j=1,---,J, Vt. (53)

Equation (53) does not appear in Magill and Quinzii’s (2003) stock market
model, since they assume full employment of the labor force, which is equivalent
to u, =0,V¢ in our model. For u, >0 and u, being endogenous, equation
(53) features as the equilibrium condition which makes the whole set of inter-
temporal equilibrium equations determinate. In contrast to Morishima (1977:
pp. 117-119) and Magnani (2015: p. 14), inflexible firm-specific and aggregate
investment is not simply assumed to be macro-founded but turns out to be con-
sistent with an indeterminate, market-value maximizing investment quantity of
firm /. In this restricted sense, we are entitled to claim that inflexible investment
is micro-founded in our modified stock market model of involuntary unem-

ployment.

4. Intertemporal Equilibrium

To start with, assume in line with Magill and Quinzii (2003: p. 249) a ba-
lanced-growth intertemporal equilibrium in which firms exhibit at all times the

same relative sizes and stock market values. Then, consider initial conditions

J
(K({,Vof ) =v,(K,.V,) with v, >0 and ) v, =1.If, for the sequence of (real)

J=l
wage and interest rates (w,.,i,, )tzo , aggregate discounts (¥,)>0 and employ-
ment-investment decisions (N 1 )QO satisfy the Equations (34)-(36), (43), (52)

t27t
and (53), then (V/,N" I"'): v, (V,,N,,1,) also satisfy Equations (34)-(36), (52)

t 27t 127t

and (53), such that for each firm (Ntf ,Itj ) is market-value maximizing, its

market value is larger than zero, and the return on equity equals i ,,. Hence, the

t+1
optimal choices of individual firms can be depicted by the market-value max-
imizing choice of aggregate employment and capital.

Acknowledging the linear-homogeneity of firm production functions (32) and
the underemployment equilibrium condition (45), we can switch to aggregate
capital per efficient labor &, = K, / (a,L,) quantities, and rewrite the first-order

conditions (41) and (42) as follows:

aM (k)" (1=u,,) “ =6+i (54)

t+12
a

(l_a)MaHl (kHl )a (l_utﬂ )7 = Wt+1' (55)

As a next step, the aggregate version of equation (52) is solved for I, and in-
serted into the savings/investment equality (51). Assuming that affine equity

price expectations (34) also prevailed in period ¢ the savings/investment equality
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can be rewritten as follows:
L(1-u)s’ +Lus, =K, —(1-6)K,+(1-8)K, -V, =K, -V,.  (56)
Next, insert into Equation (56) the optimal savings functions (27) and (31)
and the government balanced budget condition (40):
L (1-u,)ow, (1-7,)+ Lu,0q,
=L (1-u,)ow,(1-7,)+ L (1-u,)owz, (57)
=1 (l—ut)awt =K, -V, ,o E,B/(8+,B).
Inserting into Equation (57) the first-order condition (55) for # and dividing

the resulting equation on both sides by a,L, , we obtain:

(£, (1~ oa, (1-a) M (K )" (1=, “ = K., =7, )=

atLt
o o K L V
o (1—a)oM (k)" (1-u,) ™ =— Gzt T (58)
at+1Lt+1 arLt atLt
L V
— kl+|Gn Gn = aH—] 1+1 , Vz = t .
ath atLt

By using the capital-output ratio
K =K, =K, f[ MaL, (1=) " (k)" ] = (k) [ M (1=u)" ] or
k, = M0 '(x, )1/ t-a) (1-u,), Equation (58) can be transformed into Equation
(59):

(1=a) oM ) (/)

f Q)

’ (59)

)1/(1-11)

11
="M (k,,, o, —v, o =1-u, Vit

Equation (59) represents the first difference equation of the intertemporal
equilibrium in our stock-market model of involuntary unemployment.
The second dynamic equation results from summing Equation (53) over all

firms and dividing the resulting equation on both sides by a,L,

20’

J=1 n

A _4=Gk
oL ¢ .

7t

A= (1-9)k, (60)

="M (,)" ) 0, - (1-8) M) (1))

t+1

The third equilibrium-dynamics equation pops up when Equation (43) is di-
vided on both sides by q,L, , and when the definition of v, and the first-order

1t

condition (54) are used:

Gy =[1=8 @M (k)7 (1-,) ],

t+1

(61)
=(1-8+a/k,)v,, with 0<v

t+1

<(1-8)k,

The three-dimensional dynamic system (59)-(61) can be reduced to two di-

mensions by solving equation (59) for G"M"" (k)" o

.1 » inserting the

result into Equation (60) and solving the resulting equation for «,:
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¢_%

. (62)
M9 (1-a)o () - (1-8) () |

w =1-u, =

Reinserting (62) for £ and ¢+ 1 into Equation (60), generates the following

two-dimensional dynamic system:

6" (k,.)" (p=v,.,)
(1-a)o (k)" = (1-6)(x,.,)""

t+1

(1-8)(x)"" (p-v)
(I-a)o(x, )a/(l’“) ~(1-6)(x, )1/(1*a) ’

(63)

=¢+

G"v,, = (1= +afx,)v,, with 0<v,, <(1=5) M) ()" (1-4,), (64)

whereby x, =x>0 and v,=v>0, k¥ and v exogenously given.

5. Existence of Steady States

The steady states of the equilibrium dynamics depicted by the difference Equa-
tions (63) and (64) are defined as limv, =v and limk, = x . Due to the rela-
tive simplicity of the dynamic systen;_zg3) and (64) e;(_p))oiicit steady-state solutions
are possible. As in Magill and Quinzii (2003), there are two different steady-state
solutions of the equilibrium dynamics (63) and (65): 1) The zero-discount, or
so-called Diamond-solution x, >0 and v,=v=0,V¢, and 2), the posi-
tive-discount steady statex >0 and v,=v>0, v,>0,V¢, and v>0. Here
we focus on solution (2). This leads us to the following proposition 1:

Proposition 1. Suppose that G”/[G" —(l—é)J >(1-a)o/a and

1 1 -a
p<Mi-agl- [G" -(1-6 )]E . Then, the following steady solution for

(x,v)>0 and O<u<l exists:

o
T -(-ey (©)
_ ¢ (l-a)o
v_¢{c"—(1—5) a } (66
u=1 o (67)

V) ) [6"—(1-6)]

Remark: Rearranging the steady-state solution (65) brings forth:
1-5+a/k=1+i=G". This means that the positive-discount steady state fea-
tures the so-called Golden Rule intertemporal consumption allocation which is

long-run efficient.

6. Dynamic Stability of the Positive-Discount Steady State

The next step is to investigate the local dynamic stability of the unique, posi-
tive-discount, steady-state solution. To this end, the intertemporal equilibrium
Equations (63) and (64) are totally differentiated with respect to «,,,,v

t+1° t+1’Kz’vt :
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Then, the Jacobian matrix J(x,v) of all partial differentials with respect to &,

and v, isformed as follows:

aKH—l Kt+1
oK, (%) o, ()
J(K’V)E ov ow ’ (68)
t+1 1+1
oK (%) o, (%)
with

8Kt+1 — 7 a

Ok, —Jn (1—(2)0"

aKt+l _ _ a’

ov, 2 (1—0{)0‘G"¢’

o, 6" -(-0)]plo[c" ~(1-5)]-a[G" +o 6" ~(1-0)]}
aKt _J21 a aZGn 5
aVHl _l
o,

t

Due to the simplicity of the elements of the Jacobian (68), its eigenvalues ¢,

and @, can be directly calculated as follows:

1-5

o (69)

b

G"—(1-9) a
G" _(1—6()0'.

@, =1+ (70)
Proposition 2. Suppose the assumptions of Proposition 1 and additionally
(1 - a) o G"
>
a 2G" —(1-6)
bian (68) at the steady-state solution (65)-67) are strictly larger than zero and
smaller than unity (0<¢, <1, 0<¢, <1) which implies that the equilibrium

hold. Then, the eigenvalues ¢, and ¢, of the Jaco-

dynamics in the neighborhood of the steady state is (locally) asymptotically sta-

ble.
Proof. Since 0<&<1 and G">1, 0<¢@, <1 isobvious.
2G" -(1-9 1- "
4 >0 ( ) > 2 o (1-a)o > G on account of
G" (I-a)o a 2G" -(1-6)
the additional assumption in Proposition 2.
G —(1-0 1- "
) <l ( )— g <O<:>( a)0'< G on account of
G" (I-a)o a G"-(1-9)

the assumption in Proposition 1. Q.E.D.

In other words: the dynamics with initial values x, =x>0 and v,=v>0
in the neighborhood of the positive-discount, steady-state solution in our stock
market model with involuntary unemployment is non-oscillating and converges

towards the steady state as time approaches infinity.
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7. Comparative Dynamics of the Steady-State Solution and
the Intertemporal Equilibrium Dynamics

Before concluding it is apt to investigate firstly the comparative dynamics of the
positive-discount steady state. The effects of infinitesimal, isolated parameter
changes on the positive-discount steady-state solution (65)-(67) are summarized
in the following Proposition 3.

Proposition 3. Suppose that the assumptions of Propositions 1 and 2 hold.
Then, the effects of infinitesimal, isolated changes of main model parameters on

the positive-discount steady-state solution (65)-(67) read as follows:

oK 1 oK a
- = - > 0, - = — 3 < 0,
oa G —(1—5) oG |:G”—(1—5):|
oK a 1)
=<0,
0 [ ~(1-0)]
Q:{ : Gn _(1—(2)0’}>0’ avn _ —(1_5)¢ 2<0’
o |G"—(1-9) a oG [Gn_(l_g)}
. (72)
inz<0,ﬂ=¢—f>0,ﬁ=ﬂ<0.
0o [G” _(1_5)] da « oo a
u = m <0
op MICINITG-(1-5)]
@) e
aun __—oax M i/ <o,
oG" (1-a)[G"-(1-5)]
_auc @D Ve (73)
ou aK M 1/ <0,

o5 (1-a)[G"~(1-6)]
6_14 ~ K(Z—a)/(a—l)¢M71/(l—a) [1 —a+ a(logK+ 10gM):| o

Ot (1-a)'[G"-(1-6)]

2

Considering the results of the comparative-dynamics experiment in (71)-(73)
one encounters well-known and not so familiar findings. It is well-known from
the theory of exogenous growth that a higher capital income share (da >0), a
lower natural growth rate d (G" —1) <0 and a lower capital depreciation rate
(d&<0) increase the capital-output ratio ( dx >0 ). Moreover, marginal
changes of the saving rate (o ) do not impact the steady-state capital-output ra-
tio. New are the findings with respect to the effects of all parameters on the
steady-state discount (see the partial derivatives in (72)). More investors’ optimism
(d¢>0) and a higher capital income share (da >0) increase the steady-state
discount (dv >0 ), while a higher natural growth rate d (G” —1) >0, a larger
capital depreciation rate (d& >0) and a higher saving rate (do >0) decrease
the discount (dv <0 ). Also new and most important for the topic of this paper
are the effects of marginal parameter changes on the unemployment rate. Here,

the partial derivatives in (73) show that only a larger capital income share
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(da > 0) increases the unemployment rate ( du > 0 ), while more investor’s op-
timism (d¢ >0), a larger natural growth rate (d(G” —1) >0) and a larger de-
preciation rate (d5 >0) decrease the steady-state unemployment rate. Notice
this typical “Keynesian” result in our neo-classical growth model: more optimis-
tic investors reduce the steady-state unemployment rate. Notice also that an al-
tered saving rate does not change the steady-state unemployment rate.

Thus, it remains to see whether and if yes how the saving rate impacts the
unemployment rate along the intertemporal equilibrium path towards the new
steady state. In order to be able to answer these questions we switch to a numer-
ical specification of our stock market model of involuntary unemployment. The
main model parameters are chosen such that the assumptions of Propositions 1
and 2 hold. Moreover, we choose the following “typical™ parameter set which
accords rather well with medium-term stylized facts regarding the growth rate of
gross domestic product, the interest rate, the savings ratio, the investment ratio
and the unemployment rate of the global economy averaged over the time pe-
riod between 1990 and 2020 (see IMF, 2008; 2014; 2020): G" =2.1, f=0.5,
6=07, £€=09, M =10, ¢=2.622. Inserting into the steady-state equations
(65)-(67) these parameter values, these equations generate the following
steady-state solution: x=0.1389, v=0.2497, u=0.06.

Consider now a small positive and unexpected shock on & from 0.9 towards
0.91 implying a small decrease of the saving rate. Then, the following Table 1
exhibits the intertemporal equilibrium path of main endogenous variables to-
wards the new steady state: x=0.1389, v=0.2688, u=0.06.

A glance on Table 1 reveals that a small reduction of the saving rate temporarily
reduces the capital-output ratio and the unemployment rate, while the equity price
discount increases. After theoretically infinite periods (practically after 80 periods)
the capital-output ratio and the unemployment rate return towards the
pre-shock values, while the equity price increases. That the unemployment rate
temporarily (in the short-term) decreases with a lower saving rate sounds again
“Keynesian” in our neo-classical growth model with involuntary unemplyoment.

Starting again from the same steady-state solution as before the saving-rate

shock, we increase now the “animal spirits” parameter from ¢ =2.622 towards

Table 1. Intertemporal equilibrium path of (x,,v,,u,) _ after a small negative saving-rate
shock.

t 0 1 2 3 4 5 6 40
K, 0.1389 0.1380 0.1379  0.1380 0.1381  0.1382  0.1382 0.1389
v, 0.2497  0.2497 0.2510  0.2524  0.2538  0.2545  0.2561 0.2688
u, 0.06 0.0520  0.0516  0.0523  0.0529  0.0534  0.0539 0.06

Source: Author’s own calculation.

*Why the chosen parameter set might be called ,typical® is discussed more extensively in Farmer
(2022).
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¢ =2.65: all other parameters remain on their pre-saving-rate-shock values. The
effects of this small, positive investment shock on the capital-output ratio, the
equity price discount and on the unemployment rate along the intertemporal
equilibrium path are depicted in Table 2.

As Table 2 reveals, the positive shock on investment temporarily decreases
the capital-output ratio and (rather starkly) the unemployment rate, while the
equity price discount increases in the short- and long-term. While the
unemployment rate increases again along the intertemporal equilibrium path, it
turns out to be lower in the new steady state: A Keynes-like result even in the
long run.

Our last shock experiment concerns the natural growth rate (the qualitative
impacts of a higher depreciation rate are similar). Starting once more from the
steady state before the saving-rate shock and the parameters implying it, we
increase the natural growth factor from G" =2.1 to G" =2.15. The impacts
on the capital-output ratio, the equity price discount and on the unemployment
rate along the intertemporal equilibrium path are depicted in Table 3.

A marginally higher natural growth rate decreases temporarily and permanently
the capital-output ratio, the equity price discount and the unemployment rate. A

similar effect results from a higher depreciation rate.

8. Conclusion

This paper aimed at investigating micro-foundations for inflexible aggregate in-
vestment in Diamond-type OLG models with involuntary unemployment. After
reviewing some recent attempts to micro-found aggregate investment and invo-

luntary unemployment in intertemporal equilibrium models, it turned out that a

Table 2. Intertemporal equilibrium path of («,,v,,u, )D] after a small positive “ani-

mal-spirits” shock.

t 0 1 2 3 4 5 6 40
K, 0.1389  0.1388 0.1387 0.1387 0.1387 0.1388  0.1388 0.1389
v, 0.2497  0.2497 0.2498 0.2501  0.2502  0.2504  0.2506 0.2524
u, 0.06 0.0488  0.0488 0.0489 0.0490 0.0491  0.0491 0.0499

Source: Author’s own calculation.

Table 3. Intertemporal equilibrium path of (K v, u, )t>1 after a small positive natu-

1271

ral-growth shock.

t 0 1 2 3 4 5 6 40

K, 0.1389  0.1358 0.1354 0.1353  0.1353  0.1353  0.1353 0.1351
2 0.2497  0.2439  0.2428 0.2423  0.2419 0.2416  0.2414 0.2379
u 0.06 0.0546  0.0536  0.0534 0.0532  0.0531 0.0529 0.0514

t

Source: Author’s own calculation.
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modification of Magill and Quinzii’s (2003) stock market OLG model with full
employment seems to be best suited to attribute involuntary unemployment to
inflexible aggregate investment. While at first sight promising, Farmer’s (2012,
2013) approach to micro-found the empirical correlation between stock market
values and the unemployment rate through investor’s beliefs about future equity
price proved to be inconsistent with the intertemporal equilibrium in Magill and
Quinzii’s (2003) stock market model. Also, Plotnikov’s (2019) use of Friedman’s
(1957) permanent income hypothesis to close his indeterminate intertemporal
equilibrium model could not be applied to investment in the modified Magill
and Quinzii (2003) stock-market model. And finally, Miyashita’s adjustment-
cost micro-foundation of aggregate investment must not be applied to a wide-
spread unemployment situation since convex adjustment costs presume full em-
ployment (Ebel, 1978). Thus, the only specification of inflexible investment
which is consistent with the intertemporal equilibrium in Magill and Quinzii’s
(2003) stock market model is that of Farmer and Kuplen (2018) who assume that
aggregate investment per efficiency capita is determined by exogenously given
“animal spirits”. The corresponding model parameter can be seen as a degene-
rate belief function & la Farmer (2020). Moreover, this belief’s determined in-
vestment quantity is consistent with optimally indeterminate firm-level invest-
ment. In that sense, inflexible aggregate investment is micro-founded in our
stock market model with involuntary unemployment.

In contradistinction to Magill and Quinzii’s (2003) full employment model, in
our model the unemployment rate appears as additional dynamic variable with
the consequence that the intertemporal equilibrium dynamics is in principle
three- instead of two-dimensional as in Magill and Quinzii (2003). The step-by-
step derivation of the intertemporal-equilibrium equations from the first-order
conditions for intertemporal utility and market value maxima, the government
budget constraint, the degenerate belief function of investors and the mar-
ket-clearing conditions brings forth that the unemployment rate is not a slowly
moving dynamic variable but a sort of a jump variable. Slowly moving or truly
dynamic variables are the capital-output ratio and the equity price discount as in
Magill and Quinzii (2003), making our intertemporal equilibrium dynamics also
two-dimensional. Knowing the intertemporal equilibrium path of these truly
dynamic variables, the unemployment rate in each period can in principle be
calculated from a combination of the savings/investment and the capital-accu-
mulation equation.

We then investigate the existence of steady-state solutions whereby the capi-
tal-output ratio and the equity price discount does not change over time any
longer. As in Magill and Quinzii (2003), there are two steady-state solutions: 1)
the zero-discount or Diamond steady state and 2) the positive-discount steady
state whereby the capital-output ratio accords to the Golden rule of intertem-
poral consumption allocation: one plus the interest rate equals the natural

growth rate. We focus on the second steady state and find in Proposition 1 that a
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positive-discount steady state exists if the natural growth factor divided by the
sum of the natural growth rate plus the depreciation rate is larger than the ag-
gregate saving rate (=wage share times saving rate of younger households) over
the capital income share, and the animal-spirits parameter is not too large, made
precise in Proposition 1.

In order to be able to perform comparative dynamics of the effects of parame-
ter shocks on main variables we then check the dynamic stability of the equili-
brium dynamics in the neighborhood of the positive-discount steady state. We
find that local asymptotic stability of the equilibrium dynamics is ensured when
the existence condition holds, and the natural growth factor divided by the sum
of 2 times the natural growth and the depreciation rate is smaller than the ag-
gregate savings rate over the capital income share. Both eigenvalues are then
larger than zero and smaller than unity.

Having proven in Propositions 1 and 2 the existence and dynamic stability of
the positive-discount steady state, we are entitled to perform local comparative
dynamic experiments whereby we investigate the impacts of infinitesimal changes
of the main model parameters on the steady-state capital-output ratio, the equity
price discount and on the unemployment rate. We find that a higher capital in-
come share increases the capital-output ratio, while both a higher natural growth
rate and a higher depreciation rate decrease the capital-output ratio. In compar-
ison to these well-known responses of the capital-output ratio, the reactions of
the equity price discount are more interesting while new: more investor’s optim-
ism and a higher capital income share increase the equity price discount, a high-
er natural growth rate, a larger depreciation rate and a higher saving rate de-
crease the equity price discount. Most interesting are the responses of the
steady-state unemployment rate which increases with a larger capital income
share and decreases with higher natural growth, a larger depreciation rate and
more investor’s optimism. This last result accords well with short-term Keyne-
sian insights, and it turns out to be valid even in the long run.

Completely in accordance with the insights from neo-classical growth theory,
variations of the saving rate do neither impact the steady-state capital-output ra-
tio nor the steady-state unemployment rate. Thus, we finally investigate the ef-
fects of saving-rate changes on the intertemporal equilibrium path of the capi-
tal-output ratio, the equity price discount, and the unemployment rate. Due to
the analytical complexity of the algebra of the partial derivatives of these dy-
namic variables with respect to marginal parameter variations, we resort to a
numerical specification of main model parameters which are in line with the as-
sumptions of Propositions 1 and 2 and are representative for “typical” numerical
parameter values within this sort of stylized intertemporal equilibrium models.
We find that a marginally smaller saving rate temporarily reduces the capi-
tal-output ratio and the unemployment rate, while the equity price discount in-
creases. After about 80 periods (theoretically after an infinite number of time

periods) the capital-output ratio and the unemployment rate return to their
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pre-shock values, while the equity price discount permanently increases.

Moreover, we also investigate the intertemporal-equilibrium effects of more
investor’s optimism and a larger natural growth rate. We find that the former
temporarily decreases the capital-output ratio and rather strongly the unem-
ployment rate, while the equity price discount increases in the short and long
run. Moreover, the positive investment shock reduces the unemployment rate
also in the long run. Finally, a marginally higher natural growth rate decreases
temporarily and permanently the capital-output ratio, the equity price discount
and the unemployment rate. A similar effect results from a higher depreciation
rate.

Obviously, there is ample space for future research. Highest on the agenda in
this respect is the search for a non-degenerate belief function which is consistent
with intertemporal equilibrium in our modified stock-market model of

involuntary unemployment.

Acknowledgements

I am very grateful for the excellent English editing by Laurie Conway and the
helpful comments by an anonymous referee to improve the exposition of the

paper.
Conflicts of Interest

The author declares no conflicts of interest regarding the publication of this

paper.

References

Diamond, P. (1965). National Debt in a Neoclassical Growth Model. American Economic
Review, 55,1126-1150.

Dixon, H. (2000). New Keynesian Economics: Theory and Evidence. In R. Backhouse, &
A. Salanti (Eds.), Theory and Evidence in Macroeconomics (pp. 74-106). Oxford
University Press.

Ebel, J. (1978) Problems of a Keynesian Investment Function. Journal of Institutional
Economics, 134,261-285.

Farmer, K. (2022). Limits to Public Debt in a Diamond-Type OLG Model of Involuntary
Unemployment under Inflexible Aggregate Investment. Modern Economy;, 13, 1488-1507.
https://doi.org/10.4236/me.2022.1311080

Farmer, K., & Kuplen, St. (2018). Involuntary Unemployment in an OLG Growth Model
with Public Debt and Human Capital. Studia Universitatis Babes-Bolyai Oeconomica,
63, 3-34. https://doi.org/10.2478/subboec-2018-0006

Farmer, R. E. A. (2012). Confidence, Crashes, and Animal Spirits. The Economic Journal,
122,155-172. https://doi.org/10.1111/j.1468-0297.2011.02474.x

Farmer, R. E. A. (2013). Animal Spirits, Financial Crises and Persistent Unemployment.
The Economic Journal, 123, 317-340. https://doi.org/10.1111/ec0j.12028

Farmer, R. E. A. (2020). The Importance of Beliefs in Shaping Macroeconomic Outcomes.
NBER Working Paper 26557. https://doi.org/10.1093/oxrep/graa041

Friedman, M. (1957). A Theory of the Consumption Function. Princeton University

DOI: 10.4236/me.2023.144026

479 Modern Economy


https://doi.org/10.4236/me.2023.144026
https://doi.org/10.4236/me.2022.1311080
https://doi.org/10.2478/subboec-2018-0006
https://doi.org/10.1111/j.1468-0297.2011.02474.x
https://doi.org/10.1111/ecoj.12028
https://doi.org/10.1093/oxrep/graa041

K. Farmer

Press. https://doi.org/10.1515/9780691188485
IMF (2008, 2014, 2020). World Economic Outlook. Washington DC.
Keynes, J. M. (1936). The General Theory of Employment, Interest, and Money. Macmillan.

Kydland, F. E., & Prescott, E. C. (1982). Time to Build and Aggregate Fluctuations.
Econometrica, 50, 1345-1370. https://doi.org/10.2307/1913386

Lucas, R. E. (1972). Expectations and the Neutrality of Money. Journal of Economic
Theory, 4, 103-124. https://doi.org/10.1016/0022-0531(72)90142-1

Magill, M., & Quinzii, M. (2003). Non-Shiftable Capital, Affine Price Expectations and
Convergence to the Golden Rule. Journal of Mathematical Economics, 39, 239-272.
https://doi.org/10.1016/S0304-4068(03)00050-8

Magnani, R. (2015). The Solow Growth Model Revisited. Introducing Keynesian Involuntary
Unemployment. https://hal.archives-ouvertes.fr/hal-01203393

Miyashita, T. (2000). Adjustment Costs and an Overlapping Generations Model. Economic
Journal of Hokkaido University, 29, 57-65.

Morishima, M. (1977). Walras’ Economics: A Pure Theory of Capital and Money. Cambridge
University Press.

Pissarides, C. (1990). Equilibrium Unemployment Theory. Basil Blackwell.

Plotnikov, D. (2019). Hysteresis in Unemployment: A Confidence Channel. International
Journal of Economic Theory, 15,109-127. https://doi.org/10.1111/ijet.12207

Smets, F., & Wouters, R. (2003). An Estimated Dynamic Stochastic General Equilibrium
Model of the Euro Area. Journal of the European Economic Association, 1, 1123-1175.
https://doi.org/10.1162/154247603770383415

Solow, R. M. (1956). A Contribution to the Theory of Economic Growth. The Quartely
Journal of Economics, 70, 65-94. https://doi.org/10.2307/1884513

Tanaka, Y. (2020). Involuntary Unemployment and Fiscal Policy for Full-Employment.
Theoretical Economics Letters, 10, 745-757. https://doi.org/10.4236/tel.2020.104046

Tobin, J. (1969). A General Equilibrium Approach to Monetary Theory. Journal of Money,
Credit and Banking, 1, 25-29. https://doi.org/10.2307/1991374

Woodford, M. (2003). Interest and Prices: Foundations of a Theory of Monetary Policy.
Princeton University Press. https://doi.org/10.1515/9781400830169

DOI: 10.4236/me.2023.144026

480 Modern Economy


https://doi.org/10.4236/me.2023.144026
https://doi.org/10.1515/9780691188485
https://doi.org/10.2307/1913386
https://doi.org/10.1016/0022-0531(72)90142-1
https://doi.org/10.1016/S0304-4068(03)00050-8
https://hal.archives-ouvertes.fr/hal-01203393
https://doi.org/10.1111/ijet.12207
https://doi.org/10.1162/154247603770383415
https://doi.org/10.2307/1884513
https://doi.org/10.4236/tel.2020.104046
https://doi.org/10.2307/1991374
https://doi.org/10.1515/9781400830169

	Involuntary Unemployment and Micro-Foundations for Inflexible Aggregate Investment in Diamond-Type Overlapping Generations Models
	Abstract
	Keywords
	1. Introduction
	2. The Challenge of Providing Micro-Foundations for Aggregate Investment: A Literature Review
	3. The Set-Up of the Stock Market OLG Model with Involuntary Unemployment
	4. Intertemporal Equilibrium
	5. Existence of Steady States
	6. Dynamic Stability of the Positive-Discount Steady State
	7. Comparative Dynamics of the Steady-State Solution and the Intertemporal Equilibrium Dynamics
	8. Conclusion
	Acknowledgements
	Conflicts of Interest
	References

