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Abstract

We have elaborated a new method to study international trade based on the
theory of economic equilibrium. Here we give developed algorithms to con-
struct equilibrium states. Within the framework of the theory of economic
equilibrium, we suggested a mechanism explaining the recession phenome-
non by the exchange mechanism breakdown. For this purpose, we introduced
the recession level parameter. The paper gives our study of goods exchange
nature between countries of the G20. It turned out that in each studied year,
the trade between the G20 countries was not in equilibrium. The equilibrium
state of trade between the G20 countries was highly degenerated and far from
ideal equilibrium. Also, we have calculated the recession level parameter for
each equilibrium state and it showed that the international currency was
strengthening during 2016-20109.

Keywords

Equilibrium State, Ideal Equilibrium, Recession Phenomenon, Generalized
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1. Introduction

This paper presents the study of international trade and its impact on the
economy. In the first section, we introduce basic concepts, formulate the model,
and state the problem. Also, we introduce the concept of the ideal state of equi-
librium in world trade. As a rule, the world trade is not being in an ideal state of
equilibrium, it deviates from it. The deviation can be due to both the state of
each of the economies and the tariff restrictions that each of the countries im-
plements to protect against the flow of goods from the outside. This state of
equilibrium is usually violated through a monopoly in the supply of a certain

type of goods, oligopoly and cartel agreements. The result of the so-called chao-
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tic tariff war could be a shift in the world economy towards a state of recession.
This paper contains the study of such a deviation from the ideal state of equili-
brium. In Section 2, we introduce a mathematical model for international trade
and formulate the problem. Section 3 contains our development of mathematical
algorithms to solve this problem. For this purpose, we have introduced the con-
cept of a polyhedral cone and suggested an algorithm for the vector to lie in a
polyhedral cone. We have proved the theorem describing all positive solutions
for a set of equations whose right-hand side is a vector lying in the interior of a
polyhedral cone and in the interior of a cone consisting of a subset of linearly
independent vectors whose number is equal to the dimension of the cone. To
describe all positive solutions of the system of equations with the vector of the
right-hand side in the interior of the cone without the above restrictions, we in-
troduced the concept of a generating set of vectors and proved their existence.
For a vector in the interior of a polyhedral cone, we obtained a representation in
terms of generating vectors. Relying on this, we have described all positive solu-
tions for the set of equations with an arbitrary right-hand side from the interior
of the polyhedral cone. In Definitions 7 and 8, we introduce the concept of strict
consistency for the supply structure with the demand structure. Lemmas 2 and 3
give sufficient conditions for the representation of the supply matrix in terms of
the demand matrix. Under the strict consistency of the supply structure and de-
mand structure, Theorem 4 contains the necessary and sufficient conditions for
the existence of the nonnegative solution to a nonlinear set of equations, which
are essential conditions for the existence of an equilibrium price vector at which
the markets are cleared. Theorem 6 gives an algorithm for constructing of equi-
librium price vector. The notion of economy equilibrium is contained in Defini-
tion 9. Theorem 5 sets the necessary and sufficient conditions for the existence
of economic equilibrium. In Definitions 10 and 11, we formulate the consistency
of the supply structure with the demand structure in weak sense. Under the
weak consistency of the supply structure and demand structure, Theorem 7 sets
the necessary and sufficient conditions for the existence of the nonnegative solu-
tion to a nonlinear set of equations, which are essential conditions for the exis-
tence of an equilibrium price vector at which the markets are cleared.

Theorem 8 presents an algorithm to construct supply vectors after demand
vectors for which the markets are cleared.

Section 4 contains the study of the equilibrium state quality. In Definition 12,
we introduce the notion of the degeneracy multiplicity for equilibrium state and
the notion of economy recession. Theorem 9 formulates sufficient conditions
under which a recession is possible in the world economy.

Section 5 contains the results concerning the problem of the ideal equilibrium
state existence. In Theorem 11, we formulate the necessary and sufficient condi-
tions under which the ideal equilibrium state exists. Theorem 12 contains an al-
gorithm to construct the set of supply vectors after the set of demand vectors

such that the ideal equilibrium price vector exists.
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Section 6 contains a study of international trade between G20 countries. We
have calculated the trade balance between countries. The excess demand in cur-
rent prices recorded the absence of equilibrium in trade between G20 countries.
Using Theorem 6, we have calculated the equilibrium price vector in each stu-
died year. It turned out to be highly degenerate for each year. Also, we have in-
troduced an important concept of a generalized equilibrium vector and, on its
basis, a recession level parameter.

Section 7 contains the partial analysis of G20 countries’ trading.

So, the paper developed a method for studying the exchange of goods between
states from the point of view of economic equilibrium. For this, a mathematical
model of the exchange of goods between states is proposed, formulated in terms
of supply and demand for exchanged goods. The main problem of the existence
of economic equilibrium for the proposed exchange model is solved and algo-
rithms for their construction are found. An important role in obtaining these
results was played by the concept of a polyhedral cone formed by demand vec-
tors. The problem of a complete description of strictly positive solutions of the
system of equations is solved, the matrix of the right part of which is composed
of demand column vectors and the right part is the total supply belonging to the
interior of the cone formed by the demand vectors. An important concept of the
consistency of the supply structure with the demand structure was introduced
and sufficient conditions for their implementation are presented.

Under the condition that the supply structure is consistent with the demand
structure, the necessary and sufficient conditions for the existence of an equili-
brium price vector at which the market is cleared are obtained. The necessary
and sufficient conditions for the existence of economic equilibrium are formu-
lated and an algorithm for searching of equilibrium states is proposed. A me-
chanism for describing the phenomenon of recession is proposed and a parame-
ter is introduced that determines its depth. The conditions for the existence of
an ideal equilibrium state are established. A detailed analysis of international
trade between the G20 countries is made. The state of equilibrium in the trade of
the G20 countries turned out to be highly degenerate and far from ideal equili-
brium. The dynamics of the recession parameter showed that the international

currency tended to strengthen.

2. Model Formulation and Statement of the Problem

This paper is an application of the economy description concept elaborated in
(Gonchar, 2008) to model the international trade between A countries. Every set
of goods we describe by a vector x=(x,---,x,), where X is a quantity of

units of the ith goods, ¢,

. is a unit of its measurement, X is the natural

quantity of the goods. If p, is a unit price for the goods e,i=1n, then
p=(p,---,p,) is the price vector corresponding to the vector of goods
(e,---,e,). The price of goods vector X =(x,--,X,) is (p,x>:zn: p,X; - The
set of possible goods in the considered period of the economy systeiﬁl1 operation

is denoted by S. We assume S'is a convex subset of the set R!. As for what fol-
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lows only the property of convexity is important, we assume, without loss of ge-
nerality, that S'is a certain n-dimensional parallelepiped that can coincide with
R!. Thus, we assume that in the economy system the set of possible goods S'is a
convex subset of the non-negative orthant R of n-dimensional arithmetic space
R", the set of possible prices is a certain cone K, containedin R} \{0}, and that
can coincide with R \{0} .

Definition 1

A set K <R is called a nonnegative cone if together with a point u e K
the point tu belongs to the set K for every real t>0. Here and further,
R’ \{0} is a cone formed from the nonnegative orthant R; by ejection of the
null vector {0} ={0,---,0}. Further, the cone R}\{0} isdenotedby R!.

Suppose M countries exchange by 21 types of goods. Let iy be the quantity of
import units for s-th goods from j-th country into &-th country and piy its
value, where p= { ps}::1 is a price vector. Also, let e be the quantity of ex-

port units for s-th goods from the -th country into the /-th one and pgey is its

M
value. Having these entities, let us introduce the demand |/l " e’ and supply
M sTLK=
matrices b} [
s=1,k=1
1 S is 1 < s 1n
csk:zlkjr bskzzekjl Szl, y kzl, y (1)
i1 =
1 n"
and the supply vector y~ = {1//5} o where
s=!
. M 1 M -
=2 by => e, s=1Ln (2)
k=L K.j=1

The income of the &th country from its export is

n M n
D, (P)=2. Pbs =D > e ps- 3)
s=1

j=1ls=1

The conditions for the economy equilibrium is

M D M _
$a 0P S 1 o in @

k=1 1 k,j=1
z Csk ps
s=1

As the statistical data are given in the cost form, it is convenient to rewrite the

set of inequalities (4) in the cost form too

M D,
z CSk n :
K= Z Csk

s=1

<y,, s=1n, (5)

M n
where ¢, =pch , w,=pwi, D, =D pe; . We call the vector
j=ls=1
n

C =1{Cq f,, K =1,M, the demand vector of the &-th country and the vector
b, = {by }::1 k=1LM , the supply vector of the ith country.

Definition 2.
We say the exchange by n types of goods in cost form between A countries is

at the equilibrium state if the set of inequalities (5) are true. The price vector
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p={p,-,p,} under which the set of inequalities (5) are true is called the

equilibrium price vector.
In what follows, we will use the denotations from (Gonchar, 2008). So, we put

M R -
Z pse,fj =b,,5=Lnk=1LM and introduce the property vector of the A-th
i1

" k=1n.In these denotations the equilibrium state is writ-

country b, ={by}

s=1"'
ten as
M D _
Dy ——<wy,, s=Ln, (6)
K Z Csk
s=1

M n
where y, =>b,, D, =) b,. As the set of inequalities (6) may be not satis-
k=1

s=1
fied by the price vector p={p,,---, p,}, we introduce the relative price vector

Py = { P, pr?} , to provide the equilibrium in the exchange model

M D _
chk@ws, s=1n, )
- z pgcsk

s=1

M n
where y, =>"b,, D, (p,)=2, poby . It is evident that if the relative equili-
P

s=1

brium price vector p, = { P, Py } , satisfying the set of inequalities (7) is such

that p°=1,i=1n, then the price vector p= {p,---, Py} is an equilibrium
price vector. Introduced relative equilibrium vector p, = { P, Py } characte-
rizes the deviation of the exchange model from the equilibrium state.

What means that the exchange of z types of goods in the cost form between A/
countries is in an equilibrium state and why it is important to investigate the
equilibrium states? First, let us mark that if for every country export-import
balance is equal zero, then the relative equilibrium vector p, = { pl, pe } is
such that p? =1,i=1,n, and the price vector p={p,,---, p,} is an equilibrium
price vector, moreover, the set of inequalities (7) becomes the set of equalities.
This case is ideal one in the reality. We describe the factors that can violate the
ideal equilibrium in the exchange model. In the exchange model, there exist
equilibrium states differing from this ideal case. As every country seeks to pro-
tect its economy from goods flow from outside, it establishes the customs-tariffs.
This leads to the violation of zero export-import balances between the countries.
Another factor influencing the violation of zero export-import balance is the
state under which the country needs more import than export due to the inter-
nal state of economy and vice versa when the country needs more export than
import. Such deviations in the export-import balance can lead to the equilibrium
states that are far from the ideal equilibrium state. The quality of such equili-
brium states can be very different. The main aim is to investigate these equili-
brium states. The deformation of the ideal equilibrium state in the exchange

model that can arise may also lead to the recession in the world economy. The
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above established arguments are very important to investigate these deformed

equilibrium states.

3. Algorithms of the Equilibrium States Finding

Let us give a set of definitions useful for what follows.
Definition 3.
By a polyhedral non-negative cone created by a set of vectors {ai = ﬁ} of
n-dimensional space R", we understand the set of vectors
t
d=> aa,
i=1
where a ={¢, }:
Definition 4.

The dimension of a non-negative polyhedral cone created by a set of vectors

_, runsover the set R}.

{ai,i :ﬁ} in n-dimensional space R" is maximum number of linearly inde-
pendent vectors from the set of vectors {ai A= 1_t} .

Definition 5.

The vector b belongs to the interior of the non-negative polyhedral r~-dimensional
cone, r<n, created by the set of vectors {ai, at} in n-dimensional vector

. . . t .
space R" ifa strictly positive vector o = {ai }H €R! exists such that

where o, >0,s :ﬁ.

Let us give the necessary and sufficient conditions under which a certain vec-
tor belongs to the interior of the polyhedral cone.

Lemma 1.

Let {a,--,a,},1<m<n, be the set of linearly independent vectors in R].
The necessary and sufficient conditions for the vector b to belong to the interior

of the non-negative cone K created by vectors {ai, i :L_m} are the condi-
tions
(f,b)>0, i=Lm, (f,b)=0, i=m+1in, (8)
where f,,i=1n, is a set of vectors being biorthogonal to the set of linearly in-
dependent vectors &, i =1,n,and a=a,i =1m.
Proof.

It is obvious that the set of biorthogonal vector exists. Really, the vector

f i j= 1,_n , exists solving the set of equations
(a.1,)=5, i=1n ©)
due to linear independency of vectors &, i= in.

Necessity. If the vector b belongs to the interior of the non-negative cone

K7, then there exist such numbers «; >0,i= 1,m, that

b= iaiai.
i=1
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From here
o =(b,f)>0, i=Lm, (f,b)=0, i=m+Ln.
Sufficiency is obvious as ¢; is determined by the formula «; =(b, f;) un-
n
ambiguously from the representation b=>¢a .
i1
The next statement is obvious.
Proposition 1
Let {a,--,a,},1<m<n, be the set of linearly independent vectors in R].
The necessary and sufficient conditions for the vector b to belong to the
non-negative cone K; created by the set of vectors {ai, i= 1,_m} are the con-
ditions

(f.,b)20, i=Lm, (f,b)=0, i=m+1in, (10)

where f,,i=1n, is a set of vectors being biorthogonal to the set of linearly in-
dependent vectors &, i =1,n,and a=a,i =1m.

From Proposition 1 the representation for the vector b belonging to the cone
Ka

>0, i=1m, (11)

is valid.

Therefore, to check belonging of the vector b to the interior of the
non-negative cone K created by vectors {ai, i=1,m! one must enlarge the
set of m linearly independent vectors {ai, i :ZL,_m} up to the set of n linearly
independent vectors in R", then build the biorthogonal set of vectors
{fi, i :1,_n} for the enlarged set of vectors, and check the conditions of the
Proposition 1.

Describe now an algorithm to construct strictly positive solutions to the set of

equations

|
w=>Cy, ¥ >0 i=11, (12)

i=1

. | . . .
with respect to the vector y = {yi }i or the same set of equations in coordinate

-1
form

|
chiyi =y, k=1n, (13)
i1

for the vector w ={y,,---,p,} belonging to the interior of the polyhedral cone

k=1"

created by vectors {Ci ={csh . i= L_I} .

Theorem 1. If a certain vector y belonging to the interior of a non-negative
n - pry .
g | =1,I} , is such

that there exists a subset of r linearly independent vectors of the set of vectors

r-dimensional polyhedral cone created by vectors {Ci ={cg}

{Ci, i=11 } , such that the vector y belongs to the interior of the cone created
by this subset of vectors, then there exist |-r+1 linearly independent
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non-negative solutions z; to the set of Equation (13) such that the set of strictly

positive solutions to the set of Equation (13) is given by the formula
y- i ", (14)
where
7, ={{w, )= (Co f)yi (v £ )=(Ciu )y, 00 ¥, 0,0}, i =T+,

z, :{<,/,, f1>,...'<y,, fr>’0’...,0},

. K ={s.(C, f,)>0},

7 s

1, (C, f,)<0,vs=Lr,

17 7s

[
and the components of the vector {}/i }i:r satisfy the set of inequalities

I _
Z)/i =1, >0, i=r+1],

Z <Ci’fk>yi*7i<<l//' fk>’ k:]?- (15)

i=r+1

Proof. The vector y belongs to the interior of r-dimensional polyhedral
cone, r<n, and there exist rlinearly independent vectors from the set of vec-
tors C,,---,C;, 12n, such that y is interior for this set of rlinearly indepen-
dent vectors. Without loss of generality, suppose these vectors are C,,---,C,. If
it is not the case, then one can get it by renumbering vectors C, and compo-
nents of the vector y={y,,---,y,}, respectively. Therefore, the vector y has

the representation

r J—
v=> aC, & >0, i=1r. (16)
i=1

Consider the set of equations
|
2.CYi=vy (17)
i1

for the vector y={y,,---,y,}.
Build the set of vectors f,,---, f, being the set of vectors biorthogonal to the

set of linearly independent vectors C,,---,C, and satisfying the conditions
<f|ycj>=§ua iajzﬂy <f|1CJ>=O! jzﬂy I=r+1ln!

where <x, y) is the scalar product of the vectors x,y in R". The set of Equa-

tions (17) is equivalent to the set of equations

IZ <Cnfj>yi+y,-=<l//, f,->, i=1r, (18)

)>0,i= 1r.
This equivalence holds due to the next equalities <fi ,C i > =0, j=1li=r+1n,
(y/, f; ) =0,i=r+1,n. The last equalities are the consequence of the representa-

where (y, f
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tion (16) for the vector y . Note that the general solution to the set of equations
(18) is

y={<‘/’1 f1>__ZI: <Ci, f1>yi:"':<'//vf >_ ZI: <Ci' fr>yi'yr+1"“’yl}' (19)

i=r+1 i=r+l

{Yrs1+ Yy} runs over theset R'™".

where the vector
,i=r,l, defined in the Theorem solve the set of Equation (18),

The vectors z;,i=
their components are non-negative, and they themselves are linearly indepen-

dent. Build after vectors z; the vector
where

Then

i=1+r

7:{@/’ f1>_ zll <Ci' f1>7/iyi*,"',
I (20)

<V/’ f >_ Z <Ci' fr>7iy:a7r+1y:+11"’a7|yl*}

i=r+1

satisfies the conditions of the Theorem. Show that there is reciprocal one-to-one
correspondence between vectors ¥ and § determined by formulae (20) and
(19), respectively. To prove this, it is sufficient to prove that every vector
¥ = {yf”' ~+,¥,} € R has one and only one corresponding set y;,i= 1,1, such
7, it

that "y =1. Really, from the linear independence of vectors z,,z

r freln”

follows that the set of equations
Vit tnh =y
is equivalent to the set of equations
7r+1(zr+1_zr)+"'+7l (Z| _Zr): y—z,.

The vectors z,,,—2,,---,Z, —1, are linearly independent, therefore we can

re’ r

determine y,,, -,y for every vector §={y,,,---,y,} unambiguously. From

!
the equality )’ =1 we determine the number y, unambiguously too. It is

easy to see that y, =y ,i= r+11. The solution ¥ is strictly positive if
7., =r,1, satisfy the set of inequalities defined in the Theorem 1.

Definition 6. We call a subset of vectors {b,---,b} from the set of vectors
{a),---,a,} the generating set of vectors of the r~dimensional cone created by
the vectors {a,,---,a} ifit satisfies the conditions:

1) every vector by, i=1,m, from the set of vectors {b,---,b,} does not be-
long to the cone created by the set of vectors {b,---,b }\{b};

2) the cone created by the set of vectors {a,,---,a} coincides with the cone
created by the vectors {b,---,b, }.
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Proposition 2.

The generating set of vectors of 7~dimensional cone created by a set of vectors
{a),---,a} exists and contains no less than rvectors.

Proof.

The proof we carry out by induction on the number of vectors. Denote
{b,,--,b,} the generating set of vectors for the cone created by the set of vec-
tors {a,---,a . Let K . and K; . be the cones created by the set of
vectors {a;,---,a} and {b,---,b,}, respectively. In accordance with the Defi-
. =K, ., holds.
The equality

nition 6, for the generating set of vectors the equality K, .

Let &, be a certain vector out of the cone K,
+ et

Kal - Kbl:"‘vbmvak+l

K, created by the set of vectors {a,,,}U{b, b, }\{b}. Two

cases are possible: the vector b, belongs to the cone K, , . .

Lag C

v takes place. For the vector b, i= 1. m, consider the cone

B B b A
or it
does not. If b belongs to this cone, then we throw out it from the set of vectors
{b,---.b, }u{a,,,} - Itis obvious that K =K, . Further we

v+ bm Ak onbig bigg e b agg

act analogously. If the vector b; belongs to the cone K,

RV I FUREEEH TR SR RN AT VOt

then we throw out it from the set of vectors {a,,,} U{b,,---,b, }\{b} . Then the

>

following equalities

K+ +

— + —
byt — Rby iy b = by iy i by 1.Bjit. o e

hold. Having carried out the finite number of steps, we come to the set of vectors

{8} u{bll,-u,brlnl} that does not contain none vector bj, j =1,m, , belonging

to the corresponding cone K
+ Wt

Kttt e ~

the basis of induction we can choose any set of r linearly independent vectors

. It is obvious that the equality

.
b bjg b bl B
takes place. To finish the proof, one has to note that as

v"'vbmvak+1
from the set of vectors {ai, i= L_t} .
Proposition 3. A certain vector d belongs to the interior of r~dimensional cone

created by vectors {ai =1t } , if and only if for the vector d'the representation
d=>ab, (21)

holds, where {b,,---,b,} is the generating set of vectors of the considered cone,
@, >0, and among coefficients ¢, i =1,m, there are no less than rstrictly posi-
tive numbers.

Proof. Necessity. The cone created by vectors {ai, i=1t} is the union of the
cones created by all r linearly independent subsets of vectors {bil,-u,blr} be-
longing to the set {by,---,b }. Therefore, there exists a maximum number of
subsets bils TS birs }, S = 1,_W , of r linearly independent vectors such that Lhe
vector dbelongs to every cone created by subset of vectors {bils ,---,birS }, s=1w.

According to the Proposition 1, for the vector dbelonging to the cone created by
vectors {ai, i= ﬁ} there holds the representation

r R
d=>ab,, a, 20 k=Lr, s=Lw
o &k I

From here, the representation
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follows. In this representation, the number of different generating vectors enter-
ing with strictly positive coefficients is not less than r Because, if it is not the
case, the vector d does not belong to the interior of the cone created by vectors
{ai, i :1_t} :

Sufficiency. If conditions of the Proposition 3 hold, then the vector dis the
sum of two vectors, namely, a certain vector x that gets into the interior of the
cone created by a subset of rlinearly independent vectors of the generating set of
vectors and a vector yfrom the cone created by vectors {ai, i= ﬁ} . Let us apply
the Theorem 1 to the vector x getting into the interior of the cone created by the
subset of rlinearly independent vectors from the generating set of vectors, tak-
ing for the vector set C;, the vector set & for |=t. Therefore, the vector x

has the representation
t
X=2 7.8
s=1

where y,>0,s= 1,t. From here it immediately follows that the vector dhas the

representation
: 1
d= Z 7585,
s=1

where 7 >0,s =1t.

The algorithm to check whether the vector d belongs to the interior of the
cone created by the vectors {ai, i=1t} consists of building the generating set
of vectors {bi, i= L_m} ; for every subset of rlinearly independent vectors from
the generating set of vectors one must use the Theorem 1 to choose only those
subsets of rlinearly independent vectors {biE k= 1_r} from the generating set

of vectors for which the representations

dzg%%,%sz:ﬁ, (22)
are valid.

Two cases are possible:

1) There not exists a subset of rlinearly independent vectors from the gene-
rating set of vectors such that the representation (22) is valid.

2) There exists a certain set of subsets of rlinearly independent vectors from the
generating set of vectors such that for every subset rlinearly independent vectors
belonging to this set all coefficients of the expansion (22) are non-negative.

In the first case, the vector d does not belong to the interior of the cone
created by the vectors {ai, i= ﬁ} . In the second one, if the number of different
generating vectors appeared in expansions (22) for the vector d with positive
coefficients in expansions is not less than z then the vector dbelongs to the inte-
rior of the cone created by the set of vectors {ai, i :1_t} . In the opposite case

the vector d does not belong to the interior of the cone created by the vectors
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{ai, i =1_t} .

In the next Theorem, we solve the problem to construct the strictly positive
solutions to the set of Equation (13) without additional assumption figuring in
the Theorem 1. The rank of the set of the vectors {Ci ={C4}, i :Jj} we de-

note r.

n
k=1’

Theorem 2. Let a vector of final consumption y belongs to the interior of

the cone created by the set of vectors {Ci ={c, }::1, i=11 } . Then there exists a
set of vectors y, = {t//ks}:_l, S =ﬁ , and a real number 0<a <1 satisfying

conditions:

1) every vector y, = {l,z/ks }:_1 ,S= 1_2 , belongs to the interior of a cone created

i i
2) there holds the representation y = ay, +(1-a)y,.

by a set of rlinearly independent vectors {C,s o, Cy } .

A strictly positive solution to the set of Equation (13) can be written as
s |
y=ay+(1-a)y, y.={¥}
where Y, is a strictly positive solution to the set of equations

|
dceys =ws, k=1n, s=12, (23)
i=1

constructed in the Theorem 1.
Proof. Without loss of generality, denote the generating set of vectors for the
+
cone Kcl,»»»,q
vectors C,,---,C;. As the cone K . has dimension r let us consider all

by C,,---,C,,, if it is not the case, we can renumber the set of

subsets of vectors {CiS Gty s =1,w, from the set C,,---,C, , being linearly
1 r
independent. It is evident that

w
+ _ +
Kcl,---,C| - U KC.S,---,C.S !
s=1 b Ir

where K¢ ...c, Isanonnegative cone created by the vectors Cis ""'Cis . Con-
XA i 1 r
sider two subcones K: . and K . from the cone K¢ . such
oG & 2 105G
that

.
N K =

..,,cisl Cisz '..4yci52
T 1 T

and

+ +
KC. Cog a Kcisz x'“vcisz
I h r

and is internal vector for the cone K¢ _ ., then there exist two internal vectors
v, and y, belonging to cones Kgq’,__,CSl and Kgsz Cay respectively, and
i i

Ir

such a real number 0< ¢« <1 that
y =ay, +(1-a)y,

. +
due to convexity of the cone K¢ . .
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Definition 7. Let C; ={c S,} eRli=1 11, be a set of demand vectors and let
b —{bs,} €R",i=11, be a set of supply vectors. We say the structure of
supply is agreed with the structure of demand in the strict sense if for the matrix
Bthe representation B =CB, is true, where the matrix B consists of the vectors
b, eR",i=11, as columns, and the matrix C is composed from the vectors
C,eR",i=11I, as columns. and B, is a square nonnegative indecomposable
matrix.

Definition 8. Let C, ={c s,} eR",i=11, be a set of demand vectors and let
b, —{bSI} eRli =11, be a set of supply vectors. We say the structure of
supply is agreed with the structure of demand in the strict sense of the rank |l|
if there exists a subset | = N such that for the matrix B' the representation
B' =C'B is true, where the matrix B' consists of the vectors b' e R!"i =11,
as columns, and the matrix C' is composed from the vectors C' eR",i=1L1,
bl |
where b :{bki}ka , C {Ck,} ., and, moreover, the inequalities

|
chiyi'<2bki, keN\I, yil_zbllsl’
i=1 i=1

s=1

as columns, and B/ =

is a square nonnegative indecomposable matrix,

are valid.
Lemma 2. Suppose the set of supply vectors b, = {by; }::1 eR!,i=11, belongs
to the polyhedral cone created by the set of demand vectors

{Ci ={C4},_, R =1,_I; Then, for the matrix B =|by " created by the
b

|k:1,i:l

columns of vectors b, = {b,; }E:l eR!,i=11, the representation

B =CB, (24)

is true, where the matrix C = |Ckl is created by the columns of vectors

C :{Cki}E:l eRl,i=1 11, and the |rkn;tr11x B, = |b | ia is nonnegative. If, in
addition, the set of supply vectors b, e R}, i =11, belongs to the interior of the
polyhedral cone created by the demand vectors {Ci ={c, }::1 eR],i= ]j} , the

matrix B, can be chosen strictly positive.
Proof. The first part of Lemma 2 follows from the second one. If every vector
b, i—l_l belongs to the interior of the polyhedral cone created by vectors
1,1, then due to Theorem 2 there exists such a strictly positive vector

{ ., that

=Y CeYs, k=1n.

s=1

Let us denote 'y, =bf;, then we obtain

si 2

| J—
=Y ceby, k=Ln, i=1l
s=1

This proves Lemma 2.

Lemma 3. Let b e R",i=11, be a set of supply vectors and let
{Ci ={c, }::1 eR],i= ]j} , be a set of demand vectors. If for every vector
b,i=11, there exists a subset of vectors GG such that the rank of the set

Ik
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of vectors C,..-.C and the set of vectors b,C. ,---,C. is the same, then for the

[ i [ iy

matrix B = |bki ) created by the columns of vectors by = {by; }E:l eRli= Ll,

| |
k=Li=1
the representation

B =CB, (25)
is true, where the matrix C = |Ck,|k iy 1s created by the columns of vectors
C = {Cki}E:l €R",i=11, and the matrix B, = |b | is a square one. If the

=1i=1

vector of supply of goods Zb belongs to the polyhedral cone created by the

i=1

demand vectors {C {Citi, €RMi=1 I} then only those matrices

|
B, :|b§“| ~ in the representation (25) for the matrix B are important for
1,i=1

which z bi >0,i=11.In such a case the representation
s=1

| | |
Yb=YYbiC 26)
i=1 i=1 s=1
is true.

Proof. To prove Lemma 3 we need to show the existence of the solutions to

the set of equations

bi=iyici, i=11. (27)

But for the every fixed vector b, the set of Equation (27) has a solution due
to the Lemma 3 conditions. This proves the first part of Lemma 3. Let us con-

sider the case as n>1 and the vectors C,,i=11 are linearly independent. If

|
the vector of supply of goods >'by belongs to the polyhedral cone created by

i=1

the demand vectors {Ci ={c},, eRl,i= ]j} , then

M_

>h -]

i=1

y|C| ' yi 2 01 (28)

Il
JiN

! !
but from the representation (25) > b =) yiC,, where y/ =>"b;, therefore
s=1

i1 i-1
Zb,s, i=11. due to linear independence of the vectors C,,i= 11. As

Yy, 2 O, then in this case Lemma 3 is proved.
If the case n<| is true, then we can come to the case of the demand matrix

constructed by vectors-column C/ = {Cki (5)}L:1 eR., where ¢ (¢)=c, ,
k=Ln, i<n, c,(s)=0, k=n+Ll, i<n, and C’ :{Cki(g)}:(:1 where
Co(£)=C» k=1n, i>n, c,(s)=546, k=n+Ll, 1>i>n. Denote the
matrix C* =|c, (5)|LI=1,i=1 for the sufficiently small & > 0. Then, the rank of the

matrix C° is equal | for every sufficiently small ¢ >0. Let us put B° =C*B,.
Suppose that
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zbigzzyicigi inO, =1l (29)

|
i=1 i=1

but, due to the representation B = C?B,, from (29) we have

|
ciby =D vicq, k=1n,
1 i=1

i=1l s=

| [
ey, =X b, i=n+Ll. (30)
=1

!
From (30) we obtain y, => by >0. The last proves Lemma 3.
s=1

Let us consider the linear set of equations
CX =b, (31)

where a matrix C has the dimension nxl, a vector b has the dimension n,
I >n. Without loss of generality, we assume that the rank of the matrix C is
equal n, since we consider only those set of equations that are consistent. If it is
not so, due to the compatibility of the system of equations, some of the equa-
tions can be discarded, leaving only the system of equations in which the rank of
the remaining matrix will coincide with the number of equations. Therefore,
of the matrix C with n
1<m <1, i:ﬁ , such that

# 0. The general solution of the set of Equation (31) can be given as
X=1f, f(m)=Xx"""(k), k=1n,
f(j)=d,, je{l2-,3\{m,---,m }, (32)

there is at least one non degenerate minor |le""’m"

columns having indices m <m, <:--<m

detlcm

n >

where

(33)

s

My _ ey -1 _ ey -1
Xm [cmm T SE{l,z,...,.}Z\{:nh,...,mn;[cml | cd

-1 .

and [C"‘l"‘”m" ] is an inverse matrix to the matrix C™"™, d; is a real
number, C; isa s-th column of matrix G X™"™ (k) isa &kth component of
vector X™™  f(m,) isa m,-th component of vector £ Below we give suf-

ficient conditions for the existence of decomposition
B=CB,. (34)

For this purpose, it needs to solve /set of equations

Ch=b, i=1l. (35)

Theorem 3. Suppose the matrix C has the dimensions nxI| and its rank
|

equals to i, 1>n, the vector y =) b belongs to the interior of the cone gen-
i1

erated by the column vectors C, of the matrix C. Moreover, there exists sub

cone generated by linearly independent vectors C, ,---,C,,  such that the vec-

|
tor y =>"b belongs to the interior of the cone generated by the column vec-
i=1
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tors Crni ,1=1,n. Then for the matrix B the representation (34) is true such that
|

> b >0, where B =|bll,--~,b,1| .

i=1

Proof. The set of Equation (35) has a solution

bf = f,, fi(m)=X™""(k), k=1n,

f(i)=d}, je{L2I}\{m,--m]}, (36)
where
xpomferm]ho > [eremTlod 67
sefL.2, ol \{my - my }
Then,

dbi =1 ,.Z [c"‘lf"vmn]lcs(mk)[id;j, k=Ln,  (38)

i=1

Due to supposition of Theorem 3,
a(d —
[cmom ] l(Zbij(kpo, k=1n. (39)
i=1

Since the real numbers d; are arbitrary, then for every

je{t2,--.1}\{m,---,m } choose d} such that the inequalities

>0, jefl2 e\ mm),

(B 3 [ TamEe)

se{l,2,- \{my, -+ my } ]

[
are true. This is possible to do if to choose > d} >0, je{1,2,---,I}\{m,---,m },

sufficiently small. Really, denoting =

A= max [C"‘l""'m" T C,(m)

1<k<n,se{l,2, - I\ {my ,---,mp }

B:min[C"‘l’“"m" ]_l(gbij(mk), £=  max Zdi,

1<k<n jefl 2, I\ my e my } 47

we have 0<A<w,0<B<w, >0, and if to put O<e< for I>n,

B
(I-n)A

|
then > b' > 0. Theorem 3 is proved.

i=1

Theorem 4. Let the structure of supply agree with structure of demand in the

strict sense with the supply vectors b, = {bki}E:l eR",i=11l, and the demand
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o _
vectors {Ciz{cki} eRli=1 } and let Zc >0,i=11, Y c;>0,s=1n.
i=1

The necessary and sufficient conditions for the solution existence of the set of
equations

o (P S o
c, —L b., k=1n, (40)
izl ki <Ci’ p> ; ki
relative to the vector p is belonging of the vector D = {di }::1 to the polyhedral
cone created by vectors C {Ck,}I L k=1n, where B=CB,, B, = |b§i |L - is
a nonnegative indecomposable matrix, the vector D ={d, }::1 isa strictlyy posi-

tive solution to the set of equations
Zbild _yl i yl Zbllk’ 1 (41)

Proof. Two cases are possible: 1) n>1 and2) n<|. Consider the first case.

The necessity. First, we assume the vectors C,, i =11, are linearly indepen-
dent. Let there exist strictly positive solution p, € R! to the set of Equation
(40). As for the matrix B the representation B =CB, is true, where the matrix

B, is strictly positive, from the equalities

bo ) Sy s "

“(c. p0> i=1

we have the equalities

ch[< Po) Izlk} k=1n. (43)

<C| ’ p0> k=1
As the vectors C,,i= 11, are linearly independent, we obtain
<bi ’ p0> l 1 . e
——r=>b, =0, i=1l, (44)
(Ciipo) kZ; “
or
<bi1p0>_yi<ci1p0>:01 i=1l. (45)
But
I
<bi ) po> = Z(Cs' po>bsli- (46)
s=1
Substituting (46) into (45), we obtain
| _
2{Ceipo)b5 = Vi (Ciipo), =11 (47)
s=1

Let us put D= {(CS, p0>}3:l then d, =(C,,p,)>0,s =1,1. From this it fol-
lows that the vector D belongs to the interior of the polyhedral cone created by
vectors C, = {Cki}::l, k=1n.

Now, suppose the vectors C, e R}, i =1,1, are linearly dependent.

In this case we come to the case 2) n<|, at the beginning of the proof. In-

troduce |—n fictitious goods and let us consider the demand matrix con-
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structed by the vectors-columns C/ = {c, (g)}L:l eR], where c,(&)=c,

k=1n, i<n, ¢,()=0, k=n+11, isn, and G/ ={c,(e)} _

where

Gi(€)=cq» k=1n, i>n, ¢i(e)=04¢, k=n+L1, I>i>n. Denote the
matrix C¢ = |cki (g)||k|:1 o for the sufficiently small ¢ > 0. Then, the rank of the

matrix C° is equal | for every sufﬁciently small £>0. Let us to put

= C*B, . Suppose the vector p, = { p; } L€ solves the problem

ZI: < > I bkl’ ﬁ

“(c. p0> i=
Then the vector p; e R! is a solution to the problem
' b, p ' —
PANC )< 0> =2bi, k=11,
i=1 < . Py > i=1

for every sufficiently small ¢ >0, where p; = { p }

i 1
p¥ =0, i=n+]1 n+11l. The equalities (49) can be written in the form

I <b.‘g > I _In
2.% “Ter ) =2b;, k=1n,

<<'_‘;°>>_g;b,s, )

On such a vector p; we have

<bf, p§> _ (b py) i=11.

RS

Therefore, the equalities (50), (51) for &> 0 are written in the form

and equalities (54), we obtain
. <biv p0> L } —
Ci| —=——+—-) b, |=0, k=1n.
iz:l: k [<Ci’ Po) SZ;

As the vectors C,,i = 1n are linearly independent, we obtain

égi’]‘;fj))_'zbl —0, i=1n,

~—
»
Il
iN
7

| J—
Due to the equalities (b, p,)=>(C;, py)b5, i =11, the equalities

Si?
s=1

plog pi >

(48)

(49)

(50)

(51)

(52)

(53)

(54)

(56)

(57)
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i@ym%=m@m&i=u, (58)

s=1

| _ n
are true, where > by =y, i=1L1, (C,p,)=2 c;p;. The last means the

s=1
needed.

Let us consider the problem

stl.ds—y. L=, (59)

relative to the vector D= {di}i=1' Due to the matrix B, is a strictly positive

one, the conjugate problem to the problem (59)

z b5| i = YV, i=1l, (60)

I —
has strictly positive solution v={v,}. , with v, =1 s=11. If to consider the
|

1

matrix B, =|—-

. . 1
and introduce the norm of matrix A= |aij | o
i,j=

S ls,i=1

Al= max a , then ||B,||=1. From this it follows that the problem (59) has
ij

1<i<l
strictly posmve solution, due to Perron-Frobenius Theorem.

Sufficiency. From the fact that the strictly positive vector D ={d, }::1 solves
the problem (41) and it belongs to the polyhedral cone created by vectors
C, = {Cki}::l, k=1,n, then there exists nonnegative vector p° ={p§}::l such
that

Se,p’=d;, i=1l. 61)
=
Substituting d,, i =11, into (41) we obtain
I b ics ykZCskps, i=11, (62)
il sa =1
or
Z:bskp?wkilcskp?, i=11, (63)
where vy, = Zl:b;i . But
i=1
_IZlcki Yi = _IZlbki. k=1n. (64)

The equalities (63), (64) give

Ichi <<2_,’F;U>>:_Izbki’ k=1n, (65)

i=1

where (b, p,)=>"b;p,(C;, py) = ch.ps- =1l.
s=1

Theorem 4 is proved.

Definition 9. We say the economy system with the set of property vectors
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b ={bs},  eR.i =11, and the demand vectors {Ci ={C},, €Rl,i =1,_I}, is
being in the state of equilibrium if there exists such a nonnegative vector

P, € R! that the inequalities

( p) _< k=in.
<i,> ébk,, = (66)

'M-

I
=N

are true.

Theorem 5. Suppose the inequalities ch. >0,i=11, Zbkl >0,k =

k=1

chi >0,k =1,n, are true. The necessary and sufficient conditions for the exis-
i1

tence of equilibrium state in the economy system with the set of supply vectors

b, ={by }E:l eRli= 1,1, and the set of demand vectors
{Ci = {Cki }::1 eRli= ]j} , are the existence of the nonnegative vector

yz{yi}:=1 and nonempty subset | <N, N={123:--,n}, such that the

equalities and inequalities
! !
2.Ca¥i =2 b kel
i1 i1

ch.y,<2bk., keN\I, (67)

=1
are valid and there exists nonnegative vector p, solving the set of equations

<bi’p0>_ N1
—<Ci,p0>_yi' i=11. (68)

| JR—
Proof. Necessity. The first supposition of Theorem »'c, >0, k =1,n, means
i=1

that all goods in the economy system are consumed and the second one

n J—
D ¢q >0,i=11, means that the /-th consumer consumes just even if one goods.
k=1

| P
The third condition »’b, >0, k =1,n, means that the supply of every goods is

i=1
non zero. If the economy system is at the state of equilibrium, then there exists

nonzero vector p, € R} such that

>, (B, po) <3b,, k (69)

i-1 “ <Ci, p0> i-1

Let us prove that there exists a nonempty set | = N such that

io(b"p"):ibki, kel. (70)

=i <Ci, p0> i-1

On the contrary. Suppose that the strict inequalities

chl< Py) Izbki' k=1n, (71)

(Cipy) =

are true. Multiplying the 4-th inequality by p} and summing over all X we ob-

DOI: 10.4236/me.2022.136049

920 Modern Economy


https://doi.org/10.4236/me.2022.136049

N.S. Gonchar et al.

tain the inequality

i(bwpo><2|:<bnpo)v (72)

i=1 i=1

which is impossible. So, there exists a nonempty set / such that the equalities

(67) are true. Denoting

b, Py o
<<CI Z>>:yi, i=11, (73)

we obtain the needed. The proof of sufficiency is obvious. Really, if the condi-

tions of Theorem 5 are true, then there exists a nonnegative vector Yy = {yi }:=1
and nonempty subset | <N, N ={1,2,3,.--,n}, such that the equalities and
inequalities (67) are true and the set of equations (68) has a nonnegative solution
P, - Substituting ;i =11, from (68) into (67) we obtain the needed. Theorem
5 is proved.
The next Theorem is a consequence of Theorem 3.1.3 from (Gonchar, 2008).
Theorem 6. Let C, e R",i =11, be a set of demand vectors and let
b eR],i =11, be a set oflsupply vectors. If the vectors C, e R!,i =11, are
strictly positive and y, =Y b; >0,k =1n, then there exists an equilibrium
price vector p, such that thé inequalities

Zl‘, {8.p) Zl‘,bk,, k=1n, (74)

<Cw p0> i=1

are true.
Proof. Here we give an independent from the proof of Theorem 3.1.3
(Gonchar, 2008) the proof of Theorem 6. Let us introduce on the set

P:{p:{pl,...’pn}eRf,Zpi:1} an auxiliary map G‘g(p):{Glf(p)}::l
i=1

transforming the set Pinto itself, where

I kaI+8
f.? E b,p), k=Ln. 75
¥ (p) v, ia <C,, p>+ng< p> (75)

It is evident that f/(p), k = 1,n, is a continuous map on the set P due to the

conditions of Theorem 6, since

S (p)> ), M

> > >0. (76)
i=1 maxy,  maxy,

Due to Brouwer Theorem, there exists the fixed point p0 (8) such that
£7(p°(e —
GG BT,
& 0
2 f; (p (e ))

i=1

>

(77)

Multiplying the left and right hand sides of (77) by y, and summing over &
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we obtain

x
11}
T
I
=
-
<
S
i)
~o
—_
N—
~
Il
‘!A
)

But

éwkka(pO(g))zgwkpg(g), k=1n,

therefore Z:: f,? ( p° (3)) =1. The equalities (77) give the equalities

18 pi(e)e+e
v i <Ci, p°(s)>+ng

(b p°(e))=pP(e), k=1n
From the equalities (80) it follows that

0 (8)2——— _miny, >0, k=1n.
Wi (”}’J!XCH +ng)

The equalities (80) lead to the inequalities

|
Cyi PR

e (o) P e koIn

(78)

(80)

(81)

(82)

Using the compactness arguments relative to the sequence of vectors p°(¢),

belonging to the set P, when ¢ tends to zero, we obtain the existence of the

vector P, € P such that

ZI:Cki<bi,—po>S‘//kl k=1n.
i=1

(Ci po)

Theorem 6 is proved.

(83)

Definition 10. Let C, eR",i=11, be a set of demand vectors and let

b e R",i=11, be a set of supply vectors. We say the structure of supply agrees

with the structure of demand in the weak sense if for the matrix B the representa-

tion B=CB, is true, where the matrix B consists of the vectors b,

GRf,i:]j,

as columns, and the matrix Cis composed from the vectors C, e R},i=11, as

columns, and B, is a square matrix satisfying the conditions

|
bt >0, i=11, B =|b
s=1

L

is

i,s:l'

(84)

Definition 11. Let C, eR",i=11, be a set of demand vectors and let

b e R",i=11, be a set of supply vectors. We say the structure of supply agrees

with the structure of demand in the weak sense of the rank |I| if there exists a

subset | = N such that for the matrix B' the representation B' =C'B/ is

true, where the matrix B' consists of the vectors b' € Rl i=11T, as columns,

and the matrix C' is composed from the vectors Ci' eRli= 11, as columns,

and B isa square matrix, satisfying the conditions
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Zb,ls' >0, i=11, B =|o

is

(85)

i,s:l’

where b/ ={b;} , C' ={c,},_, and, moreover, the inequalities

| |
chiyil<zbki’ keN\I, vy = Zbllsl'

i=1 i=1 s=1

are valid.
Theorem 7. Let the structure of supply agree with structure of demand in the

weak sense with the supply vectors b, = {b-}n_ eRl,i =11, and the demand
—d _
vectors {Ci :{cki} eRli=1 } and let Zc >0,i=11, Y c;>0,s=1n.
i=1

The necessary and sufficient conditions for the solution existence to the set of
equations

ZCm( > Zl:bki’ k=1n, (86)

CI’ p> i=1

is belonging of the vector D = {di }:=1 to the polyhedral cone created by vectors
CT {CkI }| a0 k=1n, where B=CB,, B, = |b§||:( - is a square matrix, the

!
vector D= {di }i:1 is a strictly positive solution to the set of equations

—~

by >0, i=1l (87)

Proof. The proof of Theorem 7 is the same as Theorem 4.

Next Theorem 8 is a reformulation of Theorem 7 which gives the possibility to
construct the set of supply vectors b, = {bki}::l eR",i=11, after the demand
vectors {Ci ={C4},_, €Rli= L_I} under which there exists the equilibrium
price vector clearing the market.

Theorem 8. Let the matrix F = || fg ||s i
vector D= {d }I_l belonging to the polyhedral cone created by vectors
C/ ={cq }::1 , k =1,n, satisfies the set of equations

be such that the strictly positive

ka.d =yd, ¥ = Zf.k, =1l (88)

Suppose the inequalities

|
by=ad) C,(f;—-05y;)+C; 20, i=11, aeR', a=0, (89)

s=1
are true for a certain ac R'. Then for the supply vectors b eR",i=11, and

the demand vectors {Ci :{cki}:::1 eR],i =ﬂ} , the necessary and sufficient
conditions for the existence of an equilibrium price vector p, = { p,o}n . satis-
i

fying the set of equations

lZ (B po) IZbk., =1 (90)

=1 <C|7p0> i=1

are the fulfillment of the equalities (88) relative to the vector D.
Proof. The sufficiency. Suppose the vector D belongs to the polyhedral cone
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I
=1’
From the representation (89) for the vectors b, i =11, it follows that B = CB,,
where B, =a(F-yE)+E,or bj = a( fi =05 V; )+é‘ij . Therefore,

created by vectors Cy{ ={c.}_ .k =1,n, and satisfies the set of equations (88).

| _
Zbﬁ =1,i=11. Further, the equalities
i

| J—
> bgd, =d;, i=1l, (91)
k=1
are true, since the equalities (88) take place. As d, =(p,,C;) we obtain

(o) =(po ZCB )= (po). =T o)

The last means that (90) takes place.
The necessity. Let there exists nonnegative solution p, to the set of equa-

tions (90). From the equality

'Z(bi—0i>=asZI_;Cs(i'Zl fsi—gésiyij=o (93)

i=1

and the equalities

as in the proof of Theorem 4, we obtain

(b, py) =11

——=4=1 i=1l

(Ci po)

From here we have

o {b=CuPo) 3 (puC) 1 -a0) =

a s=1

M_

S

d fsi—diyijzo, i=11, (96)

Il
[iN

S

where d, :(pO,Ci>,i:1,_I. So, the vector D:{di}

|
| T Wifia
k =1,n, and satisfies the set of equa-

belongs to the polyhe-
dral cone created by vectors C; ={c, }i:1 ,
tions (88). Theorem 8 is proved.

Note 1. If the vectors C,,i= 11, are strictly positive, then for every matrix F
there exists a real number ae R',a =0, such that the inequalities (89) are valid.
The last means that having the set of demand vectors C,,i=11, we can con-
struct the set of supply vectors b, i =11, under which the equilibrium price

vector exists in correspondence with Theorem 8.

4. Recession Phenomenon Description

In this section, we present the fresh look on the description of recession pheno-
menon proposed by one of the authors in (Gonchar, 2013; Gonchar, 2019; Gon-
char, 2020).

Definition 12. Suppose the economy system is described by demand vectors
C, eR",i=11, and supply vectors b, e R",i=11. We say the state of econo-
my equilibrium has multiplicity of degeneracy |N|-|l|, if the equilibrium price

vector p, € R] satisfies the set of equalities and inequalities
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chl < >> zl‘;bkl’

<C| ’ po i=1
L {Bpo)
' b.,, keN\I, 97
Z ki <C|,p0> ; ki ( )
and the solution of these set of equalities and inequalities has multiplicity of de-
generacy |N|—|I|. We say the economy system is in the state of recession if the
multiplicity of degeneracy |N|—[1| of the equilibrium state is sufficiently high to

violate the stability of the national currency (Gonchar, 2015a; Gonchar, 2015b).

Theorem 9. Suppose C, eR!,i =11, is a set of demand vectors and let
b eR",i =11, be a set of supply vectors in the considered economy system. Let
the structure of demand agree with the structure of supply in the weak sens of
the rank |I| in correspondence with the Definition 11, where | < N. If the
vectors b',C' e Rl i=11, satisfy the conditions of Theorems 5, 7 with n = I
then the multiplicity of degeneracy of the equilibrium state for the vectors of
demand C, eR!,i=11, vectos of supply b= {b,?,} L be =b;, kel,
be = ViG> ke N\I.isnotlessthan |N|-|[I].

Proof. Since the conditions of Theorems 5, 7 with n= |I| are true, then there
exists the vector p, e Rl such that

. B
i=1 <Cil ) p0> i=1
| |
Z WY <D b, keN\I, (98)
=1 i=1
where y, = | |kl & and B' =C'B'. The columns of matrix
B' are the Vectors b' and the columns of matrix C' are the vectors C/.But
b', p _
< | 0>:yi, i=11, (99)
(c!'po)

due to Theorem 7. This means that the inequalities

L (e )
> o o) =20, kel

zil: <<C' p>> Zl_llbkl, keN\I, (100)

are true. From the equalities (99) we obtain

<bil’ po>: ;bki Py <Ci| , po>: ;Cki Py

Zbki pEZYiZCki Pe- (101)

kel kel

bty 3 cupl =y, [zcm Y ¢, pﬁ] (102)
kel keN\I

kel keN\I
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where p; >0,k e N\I and are arbitrary ones. Let us introduce p={ pi}in:1

n
putting p, =p’iel , p=pLieN\l , b° ={bﬁ}k:l , by=bg.kel ,
b = yC,;, k € N\ 1 . Then the equalities (102) are written in the form
<bi°,p>:yi (C.p), i=1L (103)

The last means that the set of equalities and inequalities

| <|’p> |
Done gy~ kel

i=1 i=

0
icki<b‘—p> Zbk,, keN\I, (104)
i-1 <C.' p>
are true. The multiplicity of degeneracy of the equilibrium state is not less than
IN|=[1] . Theorem 9 is proved.

Below we give the necessary and sufficient conditions for the existence of
equilibrium state. Due to Theorem 10, we clarify the sense of multiplicity of de-
generacy and recession phenomenon.

Theorem 10. Suppose C, e R!, i=11, is a set of demand vectors and let
b eR",i=11, be a set of supply vectors in the considered economy system. Let
Zn:ck, >0, chi > 0. The necessary and sufficient conditions for the existence
k=1 i1

of the equilibrium price vector p, such that

o, 2P Sy iy (105)

i=1 “ <Ci, po> i1

| .
is an existence of nonzero vector Yy = {yi }i:l Y, 20,i=11, such that

| |
vy, ‘/7:{'/7k}k:1: '//:{'//k}k:l: szzcki)ﬁa V/k:Zbki’

i=1

<l/7: po>:<l//v po>- <Ci1p0>>ol i=1l, (106)

and for the vectors b,,i= 11, the representation

b =b +d, 5i=yi<ci’p°>l//, {(po.d;)=0, =11,

d, =0, (107)

is true.

Proof. Necessity. Let p, be an equilibrium price vector, then denoting

i=11, (108)

we have

<p0’di>:<bi' po>_<5i: p0>:<bi’ po> Yi <<_I, p0>><‘//: p0>. (109)
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But
7 p°>:§y‘<c"p°>:§<bivpo>=(v/, Po). (110)
Therefore, (py,d;)=0,i=11.Atlast,
L <_leini,po>
éd‘ng‘_l?ﬁ—po)‘/’ﬂ' vy (111)

Sufficiency. Let there exist nonzero nonnegative vectors
|

y= {yi}:zp Y, 20,i =11, and P, € Ry such that =) y,C, satisfies the
i=1

conditions
V<, <‘/7vpo>:<‘//-po>v <Ci’po>>0 i=1l, (112)
and for b, the representation
_ o -
bi:bi+di:yi<_' p°>«//+di, i=11, (113)
<|//, po>

d, =0. Then (b, p,)=Y;(C;,p,)> i=LI, or

is true, where (d;,p,)=0,

-

Il
JiN

IOy

; .But y<y,or
(Civpo)

<. (114)

Theorem 10 is proved.

If the inequalities (105) are true, then there exists a nonempty subset 1 < N,
where N ={1,2,---,n}, such that for the index kel the inequalities (105)
become the equalities. If 1 =N we say the complete clearing of markets takes
place. If 1 = N we say about partial clearing of markets. We call the vector
the vector of real consumption. In case of partial clearing of markets, the vector
of real consumption  does not coincide with the vector of supply . As a

n

result, the /-th owner of supply vector b ={b,;} _, gets income <bi0, p> , where

k
b’ = {b‘?‘}k:l’ be =by,kel, b =yc, keN\I,and vector p solves the set of

equations
' <bi01 p> —
Cy =, k=Ln, (115)
; k <C|,p> Wk
| —
Ve =2 YiCi, k=1n, (116)
i-1

. | . i
the nonzero nonnegative vector Yy = {yi }i:l solves the set of inequalities

|
>caYi=w,, kel, (117)
=

|
>y <wi, keN\L (118)
i=1
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The price vector p solving the set of equations (115) has the following struc-
ture pz{pi}in:l, p=pliel, p,=pieN\l, where p},ieN\I are ar-
bitrary nonnegative real numbers due to Theorem 9.

So, any vector p having the above structure clears the market with the demand
vectors C, € R",i=11, and suply vectors b’ e R",i=11. But, the set of Equa-
tion (115) does not determine uniquely the prices of goods that belong to the set
N\1I in spite of that the demand for these goods is non zero. The cause is that
the consumer needs are completely satisfied on these goods. To determine the
prices for goods from the set N\ it needs to remove the degeneracy in the set
of Equation (115). For this, it is need to add the infinitely small term removing
the degeneracy. This term should take into account the technologies of these
goods production and fiscal policy. For example, if the map
T () ={t4( p)};::l t;(p)=0,kel,i=11 takes into account the technologies
of production of goods from the set N\ and fiscal policy, then the set of eq-

uations

I <bi0—'p>__ k:]ﬁ, (119)

;Cki (C+eT(p).p)

|
V=2 Y¥iCi, k=1n, (120)
i=1

determines the prices for goods from the set N \| under condition that set of

equations

(T.(p).p)=0, i=1l, (121)
determines the vector p, ={p/}_y, > solving the set of Equation (121). Here
&>0 and it is very small. Tending & >0 to zero, we obtain needed solution.
It may happen that the specified procedure is not applicable. In this case, the
prices for these goods will be determined by agreements.

In the case, as | < N, the price vector p solving the set of Equation (115) and
taking into account the procedure for determining the ambiguous part of the
vector components, stated above, will be called the generalized equilibrium price
vector. So, real degeneracy of solutions has the set of Equation (115) and the ge-
neralized equilibrium price vector solves the set of Equation (115).The quantity
of goods w, —,, ke N\, does not find a consumer. To characterize this we

introduce the parameter of recession level

where p is a generalized equilibrium price vector solving the set of Equation

(115).

5. Existence of the Ideal Equilibrium State in the
International Trade

In this section, we give an application of the result obtained in the previous sec-
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tions to the problem of existence of the ideal equilibrium state. The model of in-
ternational trade is characterized by the supply vectors b = {bki }::1 eR! and

demand vectors C; ={c, }E=1 e R! satisfying the conditions

U
b—-C =f, i=1l, > f =0 (122)

i1
Definition 13. We say the international trade is in the ideal equilibrium state

n
if there exists nonnegative price vector p, = { p; }k_l e R such that

{py.b—=C)=0, (p,,C,)>0, =1L (123)
In the next Theorem we give the necessary and sufficient conditions under
which in the international trade there exists the ideal equilibrium state.
Theorem 11. Suppose the supply vectors b ={b, }E=1 € R and the demand
vectors C; = {Cki}E:l €R] satisfy the conditions (122). If for the matrix B the
representation
B=CB, (124)

is true, where B =||b [l > C =l llitiics> By =lbg llizyizy » then the neces-

sary and sufficient conditions for the existence of the ideal equilibrium state is

the existence of strictly positive solution D ={d,}_, to the set of equations

|
Sdhbt =d, i=1T, (125)
k=1

which belongs to the cone created by vectors C, = {Cq }::1 k=1n.

Proof. Necessity. Let the ideal equilibrium state exists, then from the repre-
| |
sentation (124) we have by =) Cby or (py,b)=>"(p,,C,)bj . Substituting
s=1 s=1

(py.by) into the equalities

<p0’bi>:<p0’ci>l <p0,Ci>>0, i=11, (126)

we have

| _
> (P, Co)b; =(ps.C;), (P,C;)>0, i=1L (127)
s=1
Denoting d; =(p,,C;),i= 1,1, we prove the necessity.
Sufficiency. If the conditions of Theorem 11 are true, then from (125) and the
fact that vector D ={d, }::1
C, = {Cki}::l, k=1n, we obtain the existence of nonnegative vector p, such

that d, =(p,.C,), i =11, and

belongs to the cone created by vectors

|
> (P, C )bk =(py.C;), i=Ll, (128)
s=1
or
(po.b)=(py.C)), =1L (129)
It is evident that

' (biv po> ! —
(o =>b., k=1n. 130
; ki <Ci, p> ; ki ( )
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Theorem 11 is proved.
Below we give one method to construct the set of supply vectors having the set
of demand vector under which the ideal equilibrium exists.

Theorem 12. Let C; = {Cki }E:l eRli= 11, be a set of demand vectors and let

strictly positive vector D = {di }::1 €R! belongs to the nonnegative cone created
by vectors C, = {Cki }::l, k =1,n. If the set of vectors fl= { f*}li ,i=11, satis-

fies conditions

(d, £1)=0, if@:O, i=11, (131)

| J— J—
and the set of vectors f; = ZCS fsli, i=11,is such that f, +C, >0,i=11, then
s=1
for the set of supply vectors b, = f, +C;,i =11, and demand vectors C,,i=11,
there exists an ideal equilibrium.
Proof. Due to conditions of the Theorem, the vector D = {di}::1 eR! satis-

fies the set of equations

|
3 fid, +d, =d;, i=11, (132)
=1

sl s

n
As d; =>c;p; wehave
k=1

n

| n n
<bi' po>:zbki Pe =Z fslikZ;Cks Pe +kZ;Cki P

N e (133)
:chipl?:<ciypo>y i::l.,l.
k=1

Theorem 12 is proved.

6. International Trade of the G20 Countries.

Below we give an algorithm to study the above stated problem based on Theo-
rems proved above. For the data given we must to verify:

1) whether the price vector in the considered economy model is equilibrium
one, that is, whether the set of inequalities (5) are valid;

2) if it is so, then it needs to establish the degeneracy degree of the equilibrium
state. For this it is necessary to find the set /from the Definition 11.

If the considered economy system is not at the equilibrium state, then:

|
1) to verify whether the vector Y b' belongs to the polyhedral cone created

i=1

by the demand vectors {Ci' ={c},, €Rl,i= Zﬁ} , of the rank £

2) find out whether there is a consistency of the supply structure with the
structure of the choice of rank || in correspondence with the Definition 11.

If it is so, to find an equilibrium price vector in correspondence with Theo-
rems 5, 7, 9 and then establish the degeneracy degree of the equilibrium state.

The construction of the matrix B! should be carried out in accordance with
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Lemma 3.

In this chapter, we investigate the trade of 19 countries of G20 between them-
selves. It is convenient to number them as: 1. Argentina, 2. Australia, 3. Brazil, 4.
Canada, 5. China, 6. Germany, 7. France, 8. the United Kingdom, 9. Indonesia,
10. India, 11. Italy, 12. Japan, 13. Republic of Korea, 14. Mexico, 15. Russia, 16.
Saudi Arabia, 17. Turkey, 18. The United States, 19. South Africa.

These countries trade goods among themselves: 1. Animal, 2. Vegetable, 3
FoodProd, 4. Minerals, 5. Fuels, 6. Chemicals, 7. PlastiRub, 8. HidesSkin, 9
Wood, 10. TextCloth, 11. Footwear, 12. StoneGlas, 13. Metals, 14. MachElec, 15.
Transport, 16. Miscellan.

We study the dynamics of the exchange by these goods from 2016 to 2019
(http://wits.worldbank.org, https://data.oecd.org). The first question that arises

is whether the international trade between these countries was in the state of
equilibrium. Is the equilibrium state ideal or not. As the statistical data are given
in the cost form, we introduce the relative price vector p, = { P, pﬁ} , to pro-

vide the equilibrium in the exchange model in the form

chk _ D (P, )<y/5, s=1n, (134)

= Z ps sk
s=1

M n
where y, =>"by, D (p,)=D.pby> M is the number of countries trading
k=1

s=1
among themselves.

The equilibrium state is such that the complete clearing of market takes place
in the set of goods 7, where the set / consists of three goods: 2016: | = {4,5,14} ;
2017: | ={4,514} ; 2018: |={4,514} ; 2019: |={56,14} . The vector
y= {yi }:\11 satisfies the set of inequalities

M M
zckiyi =Zbkiv kel,
i1 i1

ch,y,<2bk,, keN\I, (135)

i=1

Due to Theorem 10, the vector y = ZCi Y, ={w, }i., is a vector of real con-
sumption. Equilibrium price vector clea'rqllng the market satisfies the set of equa-

tions

z << 0>> ib kel. (136)

The same vector p, also solves the set of equations

wo (b, p _
ch.< 0> =y, k=1n, (137)
(Civpo)
where b’ = {bf,} > bi=bgkel, bi=c,y, keN\I. But the set of equa-
tions (137) is degenerate whose degeneracy multiplicity is [N \1|=|N|-[I|. The

general solution to the set of equations (137) is given by the vector p, ={p;}1_,,

where p, =pl,kel, p;=p.,keN\Il. The components p, are arbitrary
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ones. To remove the arbitrariness of components, it needs to use the procedure
after Theorem 10. It is reasonable to put them equal to p, =1, ke N\I that
corresponds to the existing current prices in the real trade. As the vector p,,
solving the set of Equation (136), is determined up to the nonnegative factor

7 >0, it is natural to choose it from the equality z’Zl//k p; :Zl//k, where
0 kel kel
> pp =1.

kel
If 1 =N, the price vector p, solving the set of Equation (137) and taking
into account the procedure for determining the ambiguous part of the vector
components stated above, will be called the generalized relative equilibrium
price vector.
Then the generalized relative equilibrium price vector p, takes the form
Zl//k

plz{pﬁ}::l, Pe=——p;, kel, pi=1 keN\l.  (138)

Z‘//k Py

kel

We introduce the parameter of recession level in the state of generalized rela-
tive equilibrium describing by the vector p,
_ Y~V
) -frpy) 2P

<‘//’ p1> z Vi

keN\I

(139)

Parameter R is the part of goods in the cost form belonging to the set N\
that did not find a consumer.

1. The trade balance of countries in the current prices of 2016,
(http://wits.worldbank.org, http://data.oecd.org):

t = {~12506555.819, ~4247750.693999994,13954511.70100001,
— 20348178.44799999, 234632443.4900001,187353444.641,
— 42234244.03300001, ~134066213.167,1038379.406000004,
— 75864607.22499998, 26710247.28899999, -5650267.683999983,
17618008.95899998,14093415.271, 445449,7089999858,
— 75740653.295, ~63314714.982, ~848068112.3409998,
~14699378.194}.

2. The excess demand in the current prices of 2016 is given by the vector:
d ={-3452090.64224796,5053384.830972463, —13865582.33848479,
37104759.43572,103686636.7895926, 29267436.70237225,
3408096.954677969,-110646.2769374326,-5134521.860014513,
—41371405.52652189,-7211189.757797152,9070580.610088348,
—11867420.01411062,127649684.1481535, —~194106045.5154499,
—38121677.54001272}.

3. The equilibrium price vector of 2016:
P, ={0,0,0,0.1044610760732605,0.6941595181930178,
0,0,0,0,0,0,0,0,0.2013794057337217,0,0}

4. The excess demand under the equilibrium price vector py is given by the

DOI: 10.4236/me.2022.136049 932 Modern Economy


https://doi.org/10.4236/me.2022.136049
http://wits.worldbank.org/
http://data.oecd.org/

N. S. Gonchar et al.

vector

d, = {~17338056.49249968, —20987586.54164383, ~16522435.43125352, 0,
0,-34360377.43914306,-21086981.48146927,-7270801.552513503,
—22669600.82384092, -68045593.27854195,-11011121.39014155,
—12525583.08531252, -58669348.23877645,0,
—236527533.3221221, —89362799.10312033} .

5. The vector y of satisfactions of consumer needs in the equilibrium state:
y = {0.2222900803965602 ,1.852564387617036,0.6951781545307275,

1.569904525752839, 0.9042890505700601, 0.854855714309132,
0.4903516652339595,0.7280072977426086,1.72562923938914,
0.2315487084638758,0.7424012606143664,0.4959765599064544,
0.7371461292845501,0.8980955171434071,4.053300246539547,
0.007744822486138806,0.1589930101036914,0.4102487133061255,
0.568621570219266}.

6. The generalized relative equilibrium price vector:
p, ={1,1,1,0.3739226981788888, 2.484772412522871,1,1,
1,1,1,1,1,1,0.7208458267920281,1,1}.

7. Parameter of recession level
R =0.1154218242887561.

1. The trade balance of countries in the current prices of 2017,
(http://wits.worldbank.org, http://data.oecd.org).

t ={-20955418.066,17548868.49200001, 29779980.45400002,
—17191807.28199998,197522723.5610001,193794019.425,
3410608.513000003,-57884058.41400002, -123443674.423,
—103719934.015, 28451792.65899998, —9783178.784999998,
22622141.578,18078439.77100002, 4190013.062999986,
—73534434.508,-70775689.76800001, -897520360.7180001,
—14067155.156} .

2. The excess demand in the current prices of 2017 is given by the vector:
d = {-4669571.905598968, 5938682.461838603, ~12829058.6085822,
47555994.54584152,130380790.441524,35283593.25050235,
—4503508.195131928,660865.7041778564, —630431.624398760, 5,
—40146735.08512312,-6788807.834025413,13700316.57170004,
—15574324.71828502,117612184.4527521,-201369888.3900037,
—64620101.06718785}.

3. The equilibrium price vector of 2017:
P, ={0,0,0,0.2080298367573019, 0.5805482232484332,
0,0,0,0,0,0,0,0,0.2114219399942648,0, 0} .

4. The excess demand under the equilibrium price vector p is given by the vec-
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tor:

d, = {-18946830.99392197,-20704190.8298308, -13036491.80862296, 0,
0,-25711581.8240062, —22420132.4656997,-6497898.935088903,
—21191683.87103112,-61743940.53373307,-8385017.411344729,
—9173198.185643882,-61524718.76785821,
0,-199861118.9025204, -102038218.8353313} .

5. The vector yof satisfactions of consumer needs in the equilibrium state:

y ={0.1971674346613074,2.31143911016814,0.9624626235227182,
1.664488142616343,0.8186320744288279,0.8825263191432133,
0.4625738594930592,0.7376086699759342,1.54298423732524,
0.2177926319599547,0.7719377951394272,0.4991483320000634,
0.7244317108572671,0.8871842719084082,3.470531875785658,
0.01497017829432475,0.1826267000617652,0.4562457482720676,
0.7725004624585035} .

6. The generalized relative equilibrium price vector:

p, ={1,1,1,0.7287563457413587, 2.033738084382344,1,1,
1,1,1,1,1,1,0.7406393371327837,1,1}.

7. Parameter of recession level:
R =0.0964662047894453.

1. The trade balance of countries in the current prices of 2018,
(http://wits.worldbank.org, http://data.oecd.org):

t = {-16619022.138,33702375.20799999, 25476930.67700002,
—15534246.11,183021043.2599999,194451460.7840001,
—53541585.22699998, -115126675.217,-10330596.57900002,
—166023583.307,13228352.22499998, —28850239.952,
4182609.991999995,15788055.026,5732354.11399999,
—65674732.445,-62924030.961,-975304847.018, -15796221.222}

says that the ideal equilibrium price vector does not exists, since it exists when
the trade balance of all countries equals zero.

2. The excess demand in the current prices of 2018 is given by the vector:

d= {—5108373.236691177 ,6640493.985885441,-12372715.70704013,
45915848.29644319,177134202.1886947,41909216.3684094,
390269.0902559757,-1942678.578911416,-5130596.317575723,
—38150309.19288424, -5560369.386887923,6332338.063659102,
—13219120.68747276,95712059.52110744,-202539445.4070083,
—90010818.9999833} .

that is, the international trade is not in equilibrium state.

3. The equilibrium price vector of 2018:
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P, ={0,0,0,0.03468980236543773,0.7011743250347967,
0,0,0,0,0,0,0,0,0.2641358725997656,0, 0} .

4. The excess demand under the equilibrium price vector py is given by the
vector:

d, = {—20803932.02869892,-9372710.878992409, -9572446.548494428, 0,
0,-6798007.772230029,-12819527.43796217,-6667385.993533991,
—22942138.36813404,-53288233.10304466, -3022305.8901780999,
—20776706.39643601,-52938784.16174531,0,

—186648289.6868939, -129391141.8017966} .

5. The vector yof satisfactions of consumer needs in the equilibrium state:
y = {0.3085288036658665,1.625160256186186,0.9256721379500972,

1.606202190267202,0.8170690865270578,0.8701427304152256,
0.4769101654177353,0.6947864155990097,1.304124130905562,
0.1733728345636354,0.6841503531281805, 0.4864315635378446,
0.7233233925484885,0.8066275354942358,5.79862373855207,
0.006619545109541444,0.16927622820105,0.4925811635185561,
0.4014539385350591} .

6. The generalized relative equilibrium price vector:
p, ={1,1,1,0.09850243179294567,1.990999412424391,1,1,
1,1,1,1,1,1,0.7406393371327837,1,1} .

7. Parameter of recession level:
R =0.08312669207435437.

1. The trade balance of countries in the current prices of 2019,
(http://wits.worldbank.org, http://data.oecd.org):

t= {—1885469.061999998,55585244.53699998, 20106245.682,
—10279496.70399998,187185674.973,181699392.9570001,
—50332793.06499998,-139286309.793,-10784050.41600002,
—96819395.65700001, 26402146.86099998,—-32535350.34099999,
—15612723.72100003, 24595848.95100003, 45860719.60200001,
—74381901.15899999,-50654960.609,—-928349383.317,
—13046523.298}

says that the ideal equilibrium price vector does not exists, since it exists when
the trade balance of all countries equals zero.
2. The excess demand in the current prices of 2019 is given by the vector:

d = {-6141735.428897157,6063797.88103047,-13255275.47280359,
52251710.58643463,186548372.3736179,45306709.17129183,
1369662.094842792,-2720038.084881201, —6618186.654009625,
—39113706.13981226,-6366938.219191968,-8778776.358987004,
—9391342.416060746,93239906.79603934,
—196064032.3814814,-96330127.74713147},

DOI: 10.4236/me.2022.136049 935 Modern Economy


https://doi.org/10.4236/me.2022.136049
http://wits.worldbank.org/
http://data.oecd.org/

N. S. Gonchar et al.

that is, the international trade is not in equilibrium state.
3. The equilibrium price vector of 2019:
P, ={0,0,0,0,0.6048113803874631,0.2459536581698094, 0,0,
0,0,0,0,0,0.1492349614427275,0,0} .

4. The excess demand under the equilibrium price vector py is given by the

vector:

d, = {—24543524.88224329,-16112896.08740601, -5305083.896452188,
—23305120.01721276,0,0,-16612659.20681533,
—6997221.787718497,-22035234.51953426,-46699015.99563199,
—1412543.337677635,-24560412.55325073,-44736959.8803457, 0,
—143445383.5869827, -115120438.4564396 .

5. The vector y of satisfactions of consumer needs in the equilibrium state:

y ={0.3292038600385361,1.400681305151232,0.7792293707347417,
1.738892732048001,0.6448647099381927,0.988660992070331,
0.6493940665028836, 0.8014038750911935,1.209334709999378,
0.2866659176874876,0.6741639849448267,0.4683230951205403,
0.6340003424659207,0.5098110072373863,5.227627294922074,
0.444474001854552,0.1806457674373209, 0.6128523042643617,
0.3712547326919547}.

6. The generalized relative equilibrium price vector:
p, ={1,1,1,1,2.383266705764021,0.9691834242627001,1,1,
1,1,1,1,1,0.5880622066247785,1,1} .

7. Parameter of recession level:
R =0.07844142458650168.

During 2016-2019, trade relations between 19 countries of the G 20 were in
non equilibrium states. The equilibrium state existed in each of the studied
years. Each of these equilibrium states was far from ideal equilibrium. Each of
the equilibrium states turned out to be highly degenerate. The degeneracy mul-
tiplicity was equal 13. An important concept of a generalized equilibrium price
vector is introduced defined as a solution to a degenerate system of equations
with real consumption. Using the concept of a generalized equilibrium vector, a
recession level parameter is introduced. This parameter is a characteristic of the
stability for the international exchange currency. The greater its value is, the
weaker the international exchange currency is. Between 2016 and 2019, the in-
ternational currency became more stable from 11.5 percent in 2016 to 7.8 per-
cent in 2019.

7. Partial Analysis of the International Trade of G20 Countries

Below we present an analysis in the form of diagrams of the parts of the demand

and supply of the k-th country for the goods exchanged by the G20 countries.
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The same analysis is given in the form of diagrams of the supply and demand
parts of G20 countries for the k-th type of goods.

The first four diagrams (see Figures 1-4) represent parts of the k-th country’s
demand for the exchanged goods.

We present, in descending order, the parts of demand only for those countries
in which these parts are significant. Below each diagram, the parts of the k-th
country’s demand are given in numerical form. For example, the significant
parts of demand for the exchanged goods in 2016-2019 was, in descending order,
in countries: USA, China, Germany, Japan, Canada, UK, France, Mexico, Re-
public of Korea.

The following four diagrams (see Figures 5-8) represent the part of supply by
the k-th country of G20 countries.

The last eight diagrams (see Figures 9-16) present the part of demand and
supply of the k-th goods type by all G20 countries.The following countries have
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(http://wits.worldbank.org, https://data.oecd.org): 1. Argentina: 0.007, 2. Australia: 0.02, 3. Brazil: 0.016, 4. Canada:
0.056, 5. China: 0.138, 6. Germany: 0.074, 7. France: 0.048, 8. The United Kingdom: 0.056, 9. Indonesia: 0.013, 10.
India: 0.030, 11. Italy: 0.033, 12. Japan: 0.066, 13. Republic of Korea: 0.045, 14. Mexico: 0.053, 15. Russia: 0.021, 16.
Saudi Arabia: 0.014, 17. Turkey: 0.019, 18. The United States: 0.275, 19. South Africa: 0.007.

Figure 1. The part of demand of the k-th country for goods of G20 countries, 2016.
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(http://wits.worldbank.org, https://data.oecd.org). 1. Argentina: 0.007,2. Australia: 0.021, 3. Brazil: 0.015, 4. Canada:
0.054, 5. China: 0.147, 6. Germany: 0.073, 7. France: 0.048, 8. The United Kingdom: 0.051, 9. Indonesia: 0.013, 10.
India: 0.034, 11. Italy: 0.033, 12. Japan: 0.066, 13. Republic of Korea: 0.047, 14. Mexico: 0.052, 15. Russia: 0.023, 16.
Saudi Arabia: 0.013, 17. Turkey: 0.019, 18. The United States: 0.266, 19. South Africa: 0.007.

Figure 2. The part of demand of the k-th country for goods of G20 countries, 2017.
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(http://wits.worldbank.org, https://data.oecd.org): 1. Argentina: 0.001, 2. Australia: 0.020, 3. Brazil: 0.016, 4. Canada:
0.053, 5. China: 0.153, 6. Germany: 0.073, 7. France: 0.046, 8. The United Kingdom: 0.049, 9. Indonesia: 0.015, 10.
India: 0.041, 11. Italy: 0.034, 12. Japan: 0.067, 13. Republic of Korea: 0.048, 14. Mexico: 0.053, 15. Russia: 0.019, 16.
Saudi Arabia: 0.011, 17. Turkey: 0.017, 18. The United States: 0.262, 19. South Africa: 0.007.

Figure 3. The part of demand of the k-th country for goods of G20 countries, 2018.
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(http://wits.worldbank.org, https://data.oecd.org): 1.Argentina: 0.005, 2.Australia: 0.020, 3.Brazil: 0.017, 4.Canada:
0.054, 5. China: 0.153, 6. Germany: 0.073, 7. France: 0.047, 8. The United Kingdom: 0.053, 9. Indonesia: 0.015, 10.
India: 0.033, 11. Italy: 0.033, 12. Japan: 0.067, 13. Republic of Korea: 0.048, 14. Mexico: 0.053, 15. Russia: 0.021, 16.
Saudi Arabia: 0.013, 17. Turkey: 0.017, 18. The United States: 0.263, 19. South Africa: 0.007.

Figure 4. The part of demand of the k-th country for goods of G20 countries, 2019.
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(http://wits.worldbank.org, https://data.oecd.org): 1. Argentina: 0.005, 2. Australia: 0.022, 3. Brazil: 0.021, 4. Canada:
0.061, 5. China: 0.20, 6. Germany: 0.120, 7. France: 0.048, 8. the United Kingdom: 0.040, 9. Indonesia: 0.015, 10. In-
dia: 0.020, 11. Italy: 0.043, 12. Japan: 0.075, 13. Republic of Korea: 0.055, 14. Mexico: 0.064, 15. Russia: 0.024, 16.
Saudi Arabia: 0.002, 17. Turkey: 0.010, 18. The United States: 0.157, 19. South Africa: 0.006.

Figure 5. The part of goods supply by the k-th country in general supply of G20 countries, 2016.
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(http://wits.worldbank.org, https://data.oecd.org): 1. Argentina: 0.005, 2. Australia: 0.027, 3. Brazil: 0.020, 4. Canada:
0.060, 5. China: 0.200, 6. Germany: 0.116, 7. France: 0.045, 8. The United Kingdom: 0.038, 9. Indonesia: 0.016, 10.
India: 0.021, 11. Italy: 0.043, 12. Japan: 0.074, 13. Republic of Korea: 0.058, 14. Mexico: 0.063, 15. Russia: 0.027, 16.
Saudi Arabia: 0.002, 17. Turkey: 0.010, 18. The United States: 0.153, 19. South Africa: 0.006.

Figure 6. The part of goods supply by the k-th country in general supply of G20 countries, 2017.
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(http://wits.worldbank.org, https://data.oecd.org): 1. Argentina: 0.004, 2. Australia: 0.028, 3. Brazil: 0.023, 4. Canada:
0.059, 5. China: 0.205, 6. Germany: 0.114, 7. France: 0.045, 8. the United Kingdom: 0.039, 9. Indonesia: 0.016, 10. In-
dia: 0.022, 11. Italy: 0.041, 12. Japan: 0.073, 13. Republic of Korea: 0.056, 14. Mexico: 0.063, 15. Russia: 0.031, 16.
Saudi Arabia: 0.003, 17. Turkey: 0.010, 18. The United States: 0.151, 19. South Africa: 0.006.

Figure 7. The part of goods supply by the k-th country in general supply of G20 countries, 2018.
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(http://wits.worldbank.org, https://data.oecd.org): 1. Argentina: 0.005, 2. Australia: 0.032, 3. Brazil: 0.023, 4. Canada:
0.060, 5. China: 0.200, 6. Germany: 0.110, 7. France: 0.045, 8. The United Kingdom: 0.039, 9. Indonesia: 0.015, 10.
India: 0.023, 11. Italy: 0.042, 12. Japan: 0.071, 13. Republic of Korea: 0.052, 14. Mexico: 0.065, 15. Russia: 0.031, 16.
Saudi Arabia: 0.003, 17. Turkey: 0.011, 18. The United States: 0.150, 19. South Africa: 0.006.

Figure 8. The part of goods supply by the k-th country in general supply of G20 countries, 2019.
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(http://wits.worldbank.org, https://data.oecd.org): 1. Animal: 0.014, 2. Vegetable: 0.029, 3. FoodProd: 0.026, 4. Min-
erals: 0.018, 5. Fuels: 0.074, 6. Chemicals: 0.089, 7. PlastiRub: 0.044, 8. HidesSkin: 0.007, 9. Wood: 0.023, 10.
TextCloth: 0.039, 11. Footwear: 0.009, 12. StoneGlas: 0.035, 13. Metals: 0.062, 14. MachElec: 0.290, 15. Transport:
0.142, 16. Miscellan: 0.091.

Figure 9.The part of demand for the k-th type of goods by all G20 countries, 2016.
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erals: 0.021, 5. Fuels: 0.091, 6. Chemicals: 0.087, 7. PlastiRub: 0.044, 8. HidesSkin: 0.007, 9. Wood: 0.022, 10.
TextCloth: 0.036, 11. Footwear: 0.009, 12. StoneGlas: 0.033, 13. Metals: 0.065, 14. MachElec: 0.288, 15. Transport:
0.134, 16. Miscellan: 0.088.

Figure 10. The part of demand for the k-th type of goods by all G20 countries, 2017.
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erals: 0.021, 5. Fuels: 0.111, 6. Chemicals: 0.090, 7. PlastiRub: 0.044, 8. HidesSkin: 0.006, 9. Wood: 0.022, 10.
TextCloth: 0.035, 11. Footwear: 0.008, 12. StoneGlas: 0.032, 13. Metals: 0.066, 14. MachElec: 0.282, 15. Transport:
0.125, 16. Miscellan: 0.086.

Figure 11. The part of demand for the k-th type of goods by all G20 countries, 2018.
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(http://wits.worldbank.org, https://data.oecd.org): 1. Animal: 0.015, 2. Vegetable: 0.027, 3. FoodProd: 0.025, 4. Min-
erals: 0.024, 5. Fuels: 0.108, 6. Chemicals: 0.093, 7. PlastiRub: 0.043, 8. HidesSkin: 0.006, 9. Wood: 0.021, 10.
TextCloth: 0.035, 11. Footwear: 0.009, 12. StoneGlas: 0.036, 13. Metals: 0.062, 14. MachElec: 0.278, 15. Transport:
0.126, 16. Miscellan: 0.086.

Figure 12. The part of demand for the k-th type of goods by all G20 countries, 2019.
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(http://wits.worldbank.org, https://data.oecd.org): 1. Animal: 0.016, 2. Vegetable: 0.031, 3. FoodProd: 0.028, 4. Min-
erals: 0.017, 5. Fuels: 0.057, 6. Chemicals: 0.087, 7. PlastiRub: 0.046, 8. HidesSkin: 0.007, 9. Wood: 0.024, 10.
TextCloth: 0.046, 11. Footwear: 0.010, 12. StoneGlas: 0.031, 13. Metals: 0.066, 14. MachElec: 0.265, 15. Transport:
0.169, 16. Miscellan: 0.093.

Figure 13. The part of supply of the k-th goods type by all G20 countries, 2016.
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(http://wits.worldbank.org, https://data.oecd.org): 1. Animal: 0.015, 2. Vegetable: 0.030, 3. FoodProd: 0.026, 4. Min-
erals: 0.019, 5. Fuels: 0.071, 6. Chemicals: 0.086, 7. PlastiRub: 0.046, 8. HidesSkin: 0.007, 9. Wood: 0.023, 10.
TextCloth: 0.042, 11. Footwear: 0.009, 12. StoneGlas: 0.029, 13. Metals: 0.068, 14. MachElec: 0.266, 15. Transport:
0.161, 16. Miscellan: 0.093.

Figure 14. The part of supply of the k-th goods type by all G20 countries, 2017.
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(http://wits.worldbank.org, https://data.oecd.org): 1. Animal: 0.015, 2. Vegetable: 0.027, 3. FoodProd: 0.026, 4. Min-
erals: 0.018, 5. Fuels: 0.084, 6. Chemicals: 0.088, 7. PlastiRub: 0.045, 8. HidesSkin: 0.007, 9. Wood: 0.023, 10.
TextCloth: 0.040, 11. Footwear: 0.009, 12. StoneGlas: 0.030, 13. Metals: 0.068, 14. MachElec: 0.267, 15. Transport:
0.151, 16. Miscellan: 0.094.

Figure 15. The part of supply of the k-th goods type by all G20 countries, 2018.
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Figure 16. The part of supply of the k-th goods type by all G20 countries, 2019.

a significant part of the supply of goods, in descending order: China, USA,
Germany, Japan, Mexico, Canada, Republic of Korea.The following goods are in
great demand in G20 countries: MachElec, Transport, Chemicals, Miscellan,
Fuels. The growth in demand for fuels was characteristic. The following goods
had the largest shares of supply: MachElec, Transport, Miscellan, Chemicals,

Fuels, Metals. There has been an increase in fuels supply.

8. Conclusion

We have elaborated a new method to investigate international trade. It is based
on the theory of economy equilibrium. We formulated a model of international
trade containing an ideal equilibrium state of the exchange of goods when the
balance of every country is zero. The deviation from this ideal state of equili-
brium characterizes the real equilibrium states. In Theorems proved, we give the

algorithms to construct equilibrium states. For this purpose, we use the notion
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of consistency for the structure of supply with the structure of demand early in-
troduced in a more general case (Gonchar, 2008). To construct equilibrium price
vectors, we created a new method based on the representation of the supply ma-
trix after the demand matrix. The conditions for a recession state to occur are
formulated, under which in the economy system the equilibrium price vector
has a high degree of degeneracy. In such a case, the destabilization of the mone-
tary system occurs. This is a state in which money is not able to activate the
economy without appropriate changes in the structure of supply and demand.
We introduced an important concept of a generalized equilibrium price vector
defined as a solution to a degenerate system of equations with real consumption.
Using the concept of a generalized equilibrium vector, we defined a recession
level parameter. It is a characteristic of the stability for the international ex-
change currency. As we have shown, the international currency became more
stable during 2016-2019.
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