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Abstract 
This article introduces a hyper-exponential jump diffusion process based on the continuity cor-
rection for discrete barrier options under the standard B-S model, using measure transformation 
and stopping time theory to prove the correction, thus broadening the conditions of the continuity 
correction of Kou. 
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1. Introduction 
In 2003, S. G. Kou [1] generalized a double exponential jump diffusion model into the pricing of continuity sin-
gle barrier options. They analyzed the joint distribution of the final asset price by focusing on first passage time 
and combining it with the nonlinear renewal theory of the time series analysis. The Laplace transforms and the 
non-memory property of exponential distribution were also used during the analyzing process. In his article 
which was published in 1997, Kou [2]-[4] put forward a continuity correction of B-S model, which combined 
the pricing method of continuity barrier options with that of discrete barrier options. In 2013, D. Jun [5] genera-
lized the continuity correction formula into the double barrier options in view of Kou’s report. Also in 2013, C. 
D. Fuh [6] introduced the double exponential jump diffusion model to the pricing of discrete single barrier op-
tions and look-back options. His article widened the conditions of the continuity correction formula of Kou and 
obtained a correction formula of discrete barrier options based on the double exponential jump diffusion 
process. 

This article uses Kou’s theoretical derivation method for the first passage time and C. D. Fuh’s thought of 
proving the correction formula based on double exponential jump diffusion model for reference. In order to ge-
neralize the model into the pricing of both the discrete single and double barrier options on the basis of the hy-
per-exponential jump diffusion process, we combine the correction formula of discrete single barrier options 
raised by Kou with D. Jun’s correction of discrete double barrier options under the B-S model. Although for-
mally, the correction formula in this article seems to be same as Kou’s and D. Jun’s, there are no restrictions of 
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strike price K and barrier value H in the correction formula in this passage, which means that the scope of ap-
plication of Kou’s and D. Jun’s correction are widened. Additionally, compared with the double exponential 
jump diffusion model of C. D. Fuh, the hyper-exponential jump diffusion model in this article is more general. 

2. Pricing on Barrier Options 
2.1. Continuity Correction Model 
In 1997, Steven Kou put forward the concept of continuity correction in his paper, which combined the continu-
ity barrier options with the discrete barrier options through the continuity correction formula. Denote the stop-
ping time by τ , the definition goes as follows:  

( ) inf{ : } , ( ( ) inf{ : })t tH t R S H H t R S Hτ τ+ += ∈ ≥ = ∈ ≤               (2.1) 

or 

( ) inf{ : } , ( ( ) inf{ : })m n t n tmH n N S H H n N S Hτ τ+ ⋅∆ + ⋅∆= ∈ ≥ = ∈ ≤             (2.2) 

Here H stands for the barrier level and ,t T m m N∆ = ∈  is the frequency of monitoring. Formula (2.1) and 
(2.2) represent the situation of continuously monitored and discretely monitored, respectively. Apparently, an up 
model has tS H≥  and a down model has tS H≤ . For convenience, we assume the risk-neutral interest rate r 
is a constant in this case. Because of the existence of jump, the “market” here is not a complete market, which 
means that the risk neutrality measure is not unique (more details can be found in Kou [7]). As a matter of con-
venience, we assume the risk neutrality measure Q just needs to meet the premise of rational expected equili-
brium. 

Kou has pointed out in his article that when m is large enough, which means 0t∆ → , Formula (2.2) is 
weakly convergent to Formula (2.1). However, with the increasing of m, the convergence rate will become very 
slow and the error will also increase. To solve this problem, Kou implemented methods of time series analysis, 
which could provide limitations of K and H, and established correction formula as follow, based on the B-S 
model to fasten the convergence rate: 

1( ) ( ) ( )t
mV H V He

m
σβ ο±= +                             (2.3) 

If 0H S> , “+” will be applied, if 0H S< , “−” will be applied. 

Here, 1( ) 2 0.5826
2

β ζ π= − ≈ , with ( )ζ ⋅  standing for Riemann zeta function, which can be concretely 

written as 
1

1( ) s
n

s
n

ζ
∞

=

= ∑ .This method of adjustment is called continuity correction. 

According to the correction formula, we could find that the barrier-crossing probability will be lower after the 
adjustment of discretely monitored barrier. The amount of the adjustment is (e 1)

m

tS H H σ β
τ

±− = − . 

2.2. Hyper-Exponential Jump Diffusion Model 
We assume that under the risk neutrality measure Q, the asset price tS  will obey the following hyper-expo- 
nential jump diffusion geometric Brownian motion model: 

( )
1

1
tN

J
t t t t t

l
dS r d S dt S dW S d eλδ σ −

=

 
= − − + + − 

 
∑                    (2.4) 

{ } { }0 0
1 1

( ) 1 1ji
u d

JJ
i i j jJ J

i j
f J p e q eεηη ε−

≥ <
= =

= ⋅ + ⋅∑ ∑                       (2.5) 

Here { }: 0tW t ≥  is a standard Brownian motion, { }: 0tN t ≥  is a Poisson process with intensity λ , tS −  
stands for the underlying asset price at previous moment, and constant , ,r d σ  represent the risk-free interest  
rate, dividend rate and risk volatility, respectively. { }: 1, 2,iJ i =   is a sequence of independent identically 
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distributed random variables, 0, 1, 1,..., ; 0, 0, 1, ,i i j jp i u q j dη ε≥ > = ≥ > =  , 

1 1
1

u d

i j
i j

p q
= =

+ =∑ ∑ . 

1 i
i=1 1( 1) 1

1 1
u d j jJQ i

j
i j

qp
E e

εη
δ

η ε=
= − = + −

− +∑ ∑                          (2.6) 

Using Ito lemma and theories of calculation of stochastic partial differential equations, the solution of model 
(2.4) under continuously monitored situation is: 

t t tX W t Mσ µ= + +                                   (2.7) 

where { }0 expt tS S X= ⋅ , 21
2

r dµ σ λδ= − − −  and 01 , 0tN
t llM J M

=
= =∑ . 

It’s obvious that, when we assume the discretely monitored time interval is t∆ , the discretely monitored asset 
price is n 0 nexp( )m m

n tS S S X∆= ⋅ , 0 0mX =  at the nth time of monitoring. As a result, 

1
( ), 1

n
m m
n j j

j
X t Z t M nσ µ

=

= ∆ + ∆ + ≥∑                            (2.8) 

where 
. .
~ (0,1)

i i d

jZ N , 
. . . .

11 , ~ ( ) , ~
m
j

i i d i i dNm j m
j l j llM J N P t J Jλ

=
= ∆∑ . All random variables here are independent. 

Now we suppose { }
1

~ m
n k k n

F S
≤ ≤

 is the -σ algebra, consequently, { },r t m
n ne S F− ∆  will still be a Q-martingale. 

Take the continuous up-in-put options for example, the option return is { } 0( )
( ) 1 ,T H T
K S H S

τ
+

≤
>- , and the cor-

responding discrete situation is { }( )
( ) 1

mT H T
K S

τ
+

≤
- . We use tX  to replace tS  for more explicit expression. 

Therefore, equations (2.1), (2.2) could be written as: 
( ) inf( : ) ( , );
( ) inf( : ) ( , )

t
m

m m m

H t R X b b X
H n Z X b b X

τ τ
τ τ

+ ∞

+

= ∈ ≥ ≡
 = ∈ ≥ ≡

                        (2.9) 

where 0log ( )b H S= . 
Now we try to find the relationship between this two joint distribution densities, ( , )m

n mX tτ ∆  and ( , )TX τ∞ . 
For (2.7) and (2.8), define 1i = − , θ ∈ . According to the Lévy-Khintchine formula, the characteristic 
function can be expressed as 

( ) ( ) ,t ti X
t E e eψ θθθ θ Φ = = ∈    

( ) ( ) , n 0,1,2,...,
m
n nti X

n E e eψ θθθ θ⋅ Φ = = = ∈                      (2.10) 

Let ( )JΦ ⋅  be the corresponding characteristic function of jump size J, and the cumulative generating func-

tion is ( ) ( )G iθ ψ θ= −  (namely ( ) ( )tXG E e tθθ = ). Therefore, 

2 2

1 1

1( ) [ ( ) 1]
2

( )
1 1

J

u d j ji i
J i j

i j

G i

qp
i

θ σ θ µθ λ θ

εη
θ

η ε= =

 = + + Φ − −

 Φ − = +
 − +

∑ ∑
                      (2.11) 

For convenience, we use iγ  and jβ  to replace , , 1, 2,...,i i uαγ =  and , , 1, 2,...,j j dαβ = , respectively. De-

note ( , ) bb Xτ τ∞  , and now we provide the corresponding Laplace transform. 
Proposition 2.1. [8] For hyper-exponential jump diffusion model (2.4) and (2.5), when ( ) 0G θ α= > , for 

0ε∀ > , the Laplace operator of stopping time ( )b b Rτ +∈  can be written as follows: 

http://dict.cnki.net/dict_result.aspx?searchword=%e9%9a%8f%e6%9c%ba%e5%81%8f%e5%be%ae%e5%88%86%e6%96%b9%e7%a8%8b&tjType=sentence&style=&t=stochastic+partial+differential+equation
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1
-

1

1 ,
( ) ( ) 0 , [ , ]

,

b

l
u

l
l

x b
E e x b b

e x b

ατ
τ

β

ε
ϕ α ε

ω

−

+

=


 > +
≡ = ∈ +

 <

∑

                 (2.12) 

where 1 2 1: ( , ,... )T
mω ω ω ω +=  is uniquely determined by linear equations AB Jθω =  1

1

( )i
ij

i j

A
η

η β
−

−

=
−

, 

2, ,i u= 
, 1, , 1j u= + . 1 1jA = . 

11 2{ , ,..., }u bb bB Diag e e eββ β += . What’s more, 1 2(0, , ,..., )u TJ e e e η εη ε η ε
θ

−− −= . In view of proposition 2.1, we can 
obtain the probability distribution of bτ  is 

( ) ( ) ( )1 1
2 2

iyt iyt

b o

e iy e iy
p t dy

iy
τ τϕ ϕ

τ
π

−
+∞ − −

≤ = + ∫                    (2.13) 

2.3. Pricing on Discrete Single Barrier Options 

In this section, based on the discrete model (2.8), firstly, we make an adjustment on the discrete model m
nX , 

denote m m
n nX t Wσ= ∆ ⋅ , then ` 0 0, 1mW n= ≥ . As a result, 

1 1

mn n
jm m

n j j
j j

M
W Z t V

t
µ
σ σ= =

 
= + ∆ + =  ∆ 
∑ ∑  and ( ) ( ), ,m m mb X b Wτ τ= , 

where m
bb

tσ
=

∆
. So we can have ( )m m

m
m mX b t W b tRτ τσ σ− = ∆ − ≡ ∆ . 

The preparation has been done, however, two preparatory lemmas will be introduced before finally exhibit the 
main conclusion. 

Lemma 2.2. For continuously monitored stopping time τ , discretely monitored stopping time mτ  (Formula 
(2.9)), maturity T and monitoring time interval t T m∆ = , when m →∞ , the following equation is satisfied 
for arbitrary constant 0b > : 

m
1( ( , ) ) ( ( , ) ) ( )P b X t T P b t X T o
m

τ τ βσ∆ ≤ = + ∆ ≤ +                   (2.14) 

Proof: Assume (2.14) is a true statement, in view of (2.12) and (2.13), when m →∞ , 
1

( ) ( )

1

1[ ] ( )m l
u

b t b t
l

l
E e e o

m
ατ β βσω

+
− ∆ − + ∆

=

= +∑                         (2.15) 

From proposition 2.1, the equation above will be true if the following equation is proved: 
1

( ) ( )

1

1[ ] ( )m l
u

b t b t
l

l
E e e o

m
ατ β βσω

+
− ∆ − + ∆

=

= +∑                        (2.16) 

where ,:j j αβ β= . To prove this formula, for an arbitrary constant b > 0 and constant h > 0, define a function 

( )u ⋅ , satisfy 
1

1
1

u

l
l
ω

+

=

=∑ , which can be written as : 

( ) ( )1

1 ,

,

b

lb bl
b

u X bh
l

l

X b h
u X

e e X b hτ

τ

βτ β
τϖ

+ − −−

≥ +
= 

< +

∑

                      (2.17) 

In order to obtain Equation (2.15), here, we solve this problem by adjusting Kou’s method of the first passage 
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time under the double exponential jump diffusion process. Noticing that 

( ) ( ) 0,u x Lu x x b nα− + = ∀ < +                              (2.18) 

where L stands for the infinitesimal generator 

2 '' '
( )

1( ) ( ) ( ) [ ( ) ( )]
2 Y yLu x u x u x u x y u x f dyσ µ λ

+∞

−∞
= + + + −∫                   (2.19). 

Here, ( )u x  is supposed to be twice continuously differentiable. For { }( ) : 0t
te u X tα− ≥ , we use formula 

Ito  to construct a series of function { }( ), 1, 2,...nu x n = , As a result, for x R∀ ∈ , there are ( ) ( )nu x u x→ . 
Then combining (2.18) and (2.19), for all x b h< + , 

2 '' '

1

1( ) ( ) ( ) [ ( ) ( )] ( )
2

( ) [ ( ) ( )] ( )

n n n n n Y

b h x
n

n Yb h x

Lu x u x u x u x y u x f y dy

u x u x y u x y f y dy

σ µ λ

α λ

+∞

−∞

+ − +

+ −

= + + + −

= + + − +

∫

∫
 

As 1nu u− ≤ , for all x b h< + , 

( ) ( )0n n
Mu Lu x n
n

λα− + ≤ → →∞                            (2.20) 

where 
1

1

u

i i
i

M pη
+

=

= ∑ . And because u  is a constant, we can obtain that  

( ) 0( )n nu Lu x nα− + → →∞                                (2.21) 

Focusing on ( ){ }: 0at
n te u X t− ≥ , we implement formula Ito  and combine (2.21), for 0t∀ ≥ , 

( )( )
t 0

: ( ) ( ( ) ( ))bb
b

ttn s
n t n s n sM e u X e u X Lu X ds

τα τ α
τ α

∧− ∧ −
∧= − − +∫                 (2.22) 

is the local martingale and ( )
0 (0) (0)n

nM u u= = . According to the definition, there are a series of stopping time 

{ ; }lT l∈  and ( )lim 1ll
p T

→∞
= ∞ =  as well. Therefore, for every l , ( ){ : 0}

l

n
t TM t∧ ≥  is a martingale. And ac-

cording to Lebesgue’s dominated convergence theorem,  
( )

0
( ) ( ) ( )

0

[ ( ) ( ( ) ( )) ]

lim lim (0)

bb
b

l l

tt s
n t n s n s

n n n
t t T Tl l

E e u X e u X Lu X ds

EM EM EM u

τα τ α
τ α

∧− ∧ −
∧

∧ ∧→∞ →∞

− − +

= = = =

∫  

more precisely, 
( ) ( )lim [ ( )] [ ( )]b b

b b

t t
n t tn

E e u X E e u Xα τ α τ
τ τ

− ∧ − ∧
∧ ∧→∞

= , 

and in view of (2.21) 

( ) ( )( )0
lim 0bt s

n s n sn
E e u X Lu X ds

τ α α
∧ −

→∞
 − + =  ∫ . 

If we integrate the three formulas above, for all 0t ≥ , 
( )

( ) ( )
{ } { }

(0) [ ( )]

[ ( ) 1 ] [ ( ) 1 ]

b
b

b b
b b b b

t
t

t t
t t

u E e u X

E e u X E e u X

α τ
τ

α τ α τ
τ τ τ τ

− ∧
∧

− ∧ − ∧
∧ <∞ ∧ =∞

=

= ⋅ + ⋅
, 

Now for convenience, kX  is used to replace m
kX . Based on Kubilius [9], let 1.5,l t k t= = ∆ , when m →∞ , 

k →∞  

{ }
1 1(0) [ ( )1 ] ( ) ( )m

m m

tu E e u X o I II o
m m

ατ
τ τ

− ∆
<∞= + + +  
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As /m mτ  and 
m bXτ −  are asymptotically independent, when m →∞ , 

1 ( )

1

1( ) [ ] [ ] [ ] ( )l bm l m m
u Xt h t

l
l

E I E e e E e E e o
m

τβατ β ατω −
+

− − −

=

= = +∑                (2.23) 

which obeys Taylor expansion of the first order and 2
mE R  < ∞  . Here we use Kou’s treatment of mR  for ref-

erence and define random walk  

( )
. .

1
, 0,1

n i i d

n j j
j

B Z Z N
=

= ∑   and 2 1[ ] [ ] 2 [ ] ( )mE R E B E B o
mτ τβ

+ +
= = +  

When h tσβ= ∆ ,  
1 1 1(0) { [ ] ( )} (X b ) { [ ] ( )} (X b ) ( )

1[ ] ( )

m m
m m

m

t t

t

u E e o P n E e o P n o
m m m

E e o
m

ατ ατ
τ τ

ατ

− ∆ − ∆

− ∆

= + < + + + ≥ + +

= +
      (2.24) 

Lemma 2.2 can be proved by substituting (2.24) and (2.16) into (2.15). 
Lemma 2.3. For discrete barrier options with m  times of monitoring and value of barrier H, there are stop-

ping time m bτ（ ）, Bτ  (for convenience, denote m ( ) ( , ), ( , )
m Bm Bb b X B Xτ ττ τ τ τ≡ ≡ ), and their corresponding 

logarithm underlying asset prices 
m

Xτ , 
B

Xτ  (Formula (2.8)). For 10,α θ η∀ > <  (Formula (2.11)), the joint 
distribution ( )( , )

mm bXττ  and ( , )
BB Xττ  meet the following equation: 

( )
1( , ( ) ) ( , ) ( )

m Bb m BP X x b t t P X x t o
mτ ττ τ≤ ∆ ≤ = ≤ ≤ +                  (2.25) 

where 0, log( )B b t b H Sβσ= + ∆ = . 
Proof:  

( ) ( )
( ){ }

( ) ( )
( ){ }

( ) ( )
( ){ }

( )

, ,
1 1 1

 

m m mb b bm m m

m m mb b

b X b X b X

b X b b X b b

b

E e E e E e

e

τ τ τ

τ τ

ατ θ ατ θ ατ θ

τ τ τ

θ

− + − + − +

<∞ = <∞ > <∞

∆

    ⋅ = ⋅ + ⋅          

= +Ⅰ Ⅱ

 

On the basis of proposition 2.1 in Kou [1] and Zhang [10], ( )m bτ  and (b)X
m

bτ −  are asymptotically inde-

pendent, denote , , /m m my b x b b b tυ σ= + = = ∆ . 
When m →∞ , mc →∞ , 

( )
{ }

( )( ) ( )
{ }

( )
{ }

1
10

1[e 1 ] [e ] [e 1 ]

1e 1

bmm m

b bb b

m m

bb

X bb t b tt
X X

c b t t
X

I E E e E
m

E e e e d
m

τ

τ τ

τ

θατ ατθβσ

ατ η υθβσ θυ

ο

η υ ο

= =

=

−− ∆ − ∆∆

− ∆ −∆

 = ⋅ ⋅ = ⋅ +  
 

  = ⋅ ⋅ ⋅ +      
∫

 

Therefore, 

( )( ) 1
{ ( ) } { } { }

1

1[ 1 ] [ 1 ] [ 1 ] ( )m bm B B
m b b

b X B B
b X B X BE e e E e e E e o

m
τ

τ τ

ατ θ ατ ατθ θ
τ

η
η θ

− + − −
<∞ = >⋅ = + ⋅ +

−
      (2.26) 

Then lemma 2.3 can be proved by using corollary 3.3 in Kou [4]. 
Theorem 2.1. Let ( )V H  denote the price of continuously monitored options with barrier value H, accor-

dingly, ( )mV H  is the price of discretely monitored options with the monitoring frequency m . Consequently, 
for an arbitrary discrete barrier option with maturity T, t T m∆ = , and when m →∞ , we obtain the following 
correction formula:  

1( ) ( ) ( )t
mV H V He o

m
βσ± ∆= +                              (2.27) 
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where 1( ) 2 0.5826
2

β ζ π= − ≈ , with ( )ζ ⋅  the Riemann zeta function. 

The proof of the theorem can be derived directly from Lemma 2.2 and 2.3. What we need to illustrate is that 
although the conclusion here seems to be similar to Kou [2]’s, there are no restriction of K H≤  (upward) and 
K H≥  (downward) for the striking price K and barrier H. 
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