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Abstract

This article introduces a hyper-exponential jump diffusion process based on the continuity cor-
rection for discrete barrier options under the standard B-S model, using measure transformation
and stopping time theory to prove the correction, thus broadening the conditions of the continuity
correction of Kou.
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1. Introduction

In 2003, S. G. Kou [1] generalized a double exponential jump diffusion model into the pricing of continuity sin-
gle barrier options. They analyzed the joint distribution of the final asset price by focusing on first passage time
and combining it with the nonlinear renewal theory of the time series analysis. The Laplace transforms and the
non-memory property of exponential distribution were also used during the analyzing process. In his article
which was published in 1997, Kou [2]-[4] put forward a continuity correction of B-S model, which combined
the pricing method of continuity barrier options with that of discrete barrier options. In 2013, D. Jun [5] genera-
lized the continuity correction formula into the double barrier options in view of Kou’s report. Also in 2013, C.
D. Fuh [6] introduced the double exponential jump diffusion model to the pricing of discrete single barrier op-
tions and look-back options. His article widened the conditions of the continuity correction formula of Kou and
obtained a correction formula of discrete barrier options based on the double exponential jump diffusion
process.

This article uses Kou’s theoretical derivation method for the first passage time and C. D. Fuh’s thought of
proving the correction formula based on double exponential jump diffusion model for reference. In order to ge-
neralize the model into the pricing of both the discrete single and double barrier options on the basis of the hy-
per-exponential jump diffusion process, we combine the correction formula of discrete single barrier options
raised by Kou with D. Jun’s correction of discrete double barrier options under the B-S model. Although for-
mally, the correction formula in this article seems to be same as Kou’s and D. Jun’s, there are no restrictions of
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strike price K and barrier value H in the correction formula in this passage, which means that the scope of ap-
plication of Kou’s and D. Jun’s correction are widened. Additionally, compared with the double exponential
jump diffusion model of C. D. Fuh, the hyper-exponential jump diffusion model in this article is more general.

2. Pricing on Barrier Options
2.1. Continuity Correction Model

In 1997, Steven Kou put forward the concept of continuity correction in his paper, which combined the continu-
ity barrier options with the discrete barrier options through the continuity correction formula. Denote the stop-
ping time by 7, the definition goes as follows:

r(H)=inf{teR, :S, > H}, (z(H)=inf{teR, :S, <H}) (2.1)
or
m(H)=inf{neN,:S,, >H}, (z,(H)=inf{neN,:S,, <H} (2.2)

Here H stands for the barrier level and At=T/m,me N is the frequency of monitoring. Formula (2.1) and
(2.2) represent the situation of continuously monitored and discretely monitored, respectively. Apparently, an up
model has S, >H and a down model has S, <H . For convenience, we assume the risk-neutral interest rate r
is a constant in this case. Because of the existence of jump, the “market” here is not a complete market, which
means that the risk neutrality measure is not unique (more details can be found in Kou [7]). As a matter of con-
venience, we assume the risk neutrality measure Q just needs to meet the premise of rational expected equili-
brium.

Kou has pointed out in his article that when m is large enough, which means At — 0, Formula (2.2) is
weakly convergent to Formula (2.1). However, with the increasing of m, the convergence rate will become very
slow and the error will also increase. To solve this problem, Kou implemented methods of time series analysis,
which could provide limitations of K and H, and established correction formula as follow, based on the B-S
model to fasten the convergence rate:

V. (H) =V (He*" )+o(%) 2.3)

If H>S,,“+” will be applied, if H <S,, “—" will be applied.
Here, S = —cj(%)/\/br ~ 0.5826, with ¢'(-) standing for Riemann zeta function, which can be concretely

. 21 . . . - .
written as £(s) = Z—s .This method of adjustment is called continuity correction.
n=1 n

According to the correction formula, we could find that the barrier-crossing probability will be lower after the
adjustment of discretely monitored barrier. The amount of the adjustmentis S, —H =H (e —1y.

2.2. Hyper-Exponential Jump Diffusion Model

We assume that under the risk neutrality measure Q, the asset price S, will obey the following hyper-expo-
nential jump diffusion geometric Brownian motion model:

Ny
ds, =(r-d-15)S,dt+oS,dw, +S, d (ZeJ —1J (24)
1=1
U —n d £jd
f(J)=iZ:1:pi-77ie mJl{Jzo}"'jZ:;qj S 1{J<°} (25)

Here {W,:t>0} is a standard Brownian motion, {N, :t>0} is a Poisson process with intensity A, S_
stands for the underlying asset price at previous moment, and constant r,d,o represent the risk-free interest
rate, dividend rate and risk volatility, respectively. {J;:i=1,2,---} is a sequence of independent identically
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distributed random variables, p; >0,7 >1i=1,..,u;q; 20,¢; >0,j=1---,d,

u d

zpi+ij =1.
i1 =1
. D q.c
S=E@ —) =" P s %y 26
( ) ZIZIUi_1+ZJ:18j+1 ( )

Using Ito lemma and theories of calculation of stochastic partial differential equations, the solution of model
(2.4) under continuously monitored situation is:

X, = oW, + ut + M, 2.7)

where S, =S;-exp{X,}, y:r—d—%az—/w‘ and Mt:lez‘lJl,MO:O.

It’s obvious that, when we assume the discretely monitored time interval is At, the discretely monitored asset
priceis S =S, £S,-exp(Xy), Xg =0 atthe nth time of monitoring. As a result,

n
XM=Y (oVAtZ, + uAt+MT),n 21 (2.8)
j=1

m
]

iid i ii.d ii.d
where Z; ~ N(0,1), M7 =Z|N J' NI ~ P(1At), J, ~ J;. All random variables here are independent.

=1
Now we suppose F, ~{S }1<k< is the o-algebra, consequently, {e"A‘Sm F } will still be a Q-martingale.

n’n

Take the continuous up-in-put options for example, the option return is (K-S, )"1

{r(H)=<T}’ H>S,, and the cor-

responding discrete situation is (K-S; )*1{; =T}

Therefore, equations (2.1), (2.2) could be written as:
T(H)=infteR, : X, 2b) =7, (b, X);
7,(H)=inf(ne Z, : X3 >b) =17, (b, X)

. We use X, to replace S, for more explicit expression.

(2.9)

where b=1log(H/S,).

Now we try to find the relationship between this two joint distribution densities, (X.',z,At) and (X;,7,).
For (2.7) and (2.8), define i=+-1, #eR. According to the Lévy-Khintchine formula, the characteristic
function can be expressed as

@ (0)=E[e™]=e""" 0eR
®,(0)=E [e‘”x"m } —e"?M n-012,..0eR (2.10)
Let @, () be the corresponding characteristic function of jump size J, and the cumulative generating func-

tionis G(@) =w(-i@) (namely G(O)=E(e”")/t). Therefore,

G(0) =%0202 +uf+ [, (-i0)-1]
(2.11)

: u P ¢ Gj¢;
D, (-i0) = E ) + E )
1(19) = -1 ‘:18j +1

For convenience, we use y, and B, toreplace y,,i=12..,u and B, j=12,..,d, respectively. De-
note 7 (b, X) =7, , and now we provide the corresponding Laplace transform.

Proposition 2.1. [8] For hyper-exponential jump diffusion model (2.4) and (2.5), when G(8)=«a >0, for
Ve >0, the Laplace operator of stopping time 7z, (b eR,) can be written as follows:
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1, Xx>b+e¢
o (a)=E(™*™)=5 0 , xe[b,b+¢&] (2.12)
u+l
> weh, x<b
1=1

where = (a,®,,..0,,,)" is uniquely determined by linear equations ABw=1J, A = (Llﬂ) ,
1= Pj
i=2-u, j=L-u+l. A, =1.
B = Diag{e”",e””,...,e*}. What’s more, J, = (0,e™",e *,...,e )" . In view of proposition 2.1, we can
obtain the probability distribution of z, is

(2.13)

(e <t)= Ly L el (W)= (W)

2 27z°° iy

2.3. Pricing on Discrete Single Barrier Options

In this section, based on the discrete model (2.8), firstly, we make an adjustment on the discrete model X',
denote X™ = o/At-W™, then "W," =0,n >1. As a result,

j=1

w" ;[z +#\/—t+6\/7J SV and 1, (b,X )=z, (b, W),

where b, =—=—_Sowecanhave X[ —b=oAt(W, -b,)=ocVAR,.

et

The preparation has been done, however, two preparatory lemmas will be introduced before finally exhibit the
main conclusion.

Lemma 2.2. For continuously monitored stopping time 7, discretely monitored stopping time 7, (Formula
(2.9)), maturity T and monitoring time interval At=T/m, when m — o, the following equation is satisfied
for arbitrary constant b>0:

Pz (b, X)AL<T) = P(c(b+ fo/AL, X) <T)+0(—2) 2.14)
Jm
Proof: Assume (2.14) is a true statement, in view of (2.12) and (2.13), when m — oo,
u+l
E[e—arm (b)At] — Za)le—ﬂ| (b+po/At) +0(L) (215)
= Jm
From proposition 2.1, the equation above will be true if the following equation is proved:
u+l
E[e “n®]= Y e AtV 4 oL (2.16)
= Jm

where f; = ;.. To prove this formula, for an arbitrary constant b > 0 and constant h > 0, define a function

u+l

u(), satisfy Za), =1, which can be written as :
1=1

1 ,X >b+h

(X )={us 2.17
(X4)= Soette o) X <b+h 210

In order to obtain Equation (2.15), here, we solve this problem by adjusting Kou’s method of the first passage

O,
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time under the double exponential jump diffusion process. Noticing that
—au(x)+Lu(x)=0,¥x<b+n (2.18)

where L stands for the infinitesimal generator
1 " ' +00
Lu(x) = Eazu (X)+ pu (X) + ALO [u(x+y)—u()lf,,,dy (2.19).

Here, u(x) is supposed to be twice continuously differentiable. For {e’mu(Xt):t 20}, we use formula

Ito to construct a series of function {u,(x),n=12,...}, As a result, for vxeR, there are u,(x) —>u(x).
Then combining (2.18) and (2.19), forall x<b+h,

L, (0 =2 00 00+ a0, (0+ 4 [, 0+ ) =0, 0011, (1)

=au(x)+ A, (x+y) —ux+ Y)IE (y)dy

As |u,-u|<1,forall x<b+h,

|-au, +Lun(x)|s%—>0(n —>o0) (2.20)

u+l

where M =" p7, . And because U is a constant, we can obtain that
i=1

—au, + Lu, (x) > 0(n — ) (2.21)

—at

Focusing on {e un(XI):tzo} , we implement formula Ito and combine (2.21), for vt=0,
M® = ey (X, )= [P e (—au, (X,) + Lu, (X,))ds (2.22)

is the local martingale and M{™ =u, (0) = u(0) . According to the definition, there are a series of stopping time
{T;;leN} and p(!LrQT' =oo)=1 as well. Therefore, for every I, {M[(;‘%I :t>0} is a martingale. And ac-
cording to Lebesgue’s dominated convergence theorem,
Efe ™, (X,,,,) = [, (e, (X,) + Lu, (X,))ds]
=EM® =limEM, = limEM{ =u(0)
more precisely,
lim E[e—a(tArb)un (xt/\rb )] — E[e—af(t/\rb)u(XMTb )] ,

and in view of (2.21)
lim E“‘“" e (—au, (X,)+Lu, (XS))ds} =0.

nN—oo 0
If we integrate the three formulas above, forall t>0,
u(0) = E[e ““*®u(X,, )]
_ E[e_a(t/\rb)u(xtATb ) ,1{Tb<w}]+ E[e—a(tArb)u(xth ) .1{%:30}] '

Now for convenience, X, isused toreplace X;'.Based on Kubilius [9], let | =1.5,t =kAt, when m—> o,
k— o

)él+ll+o(i)

T, <ao}] + 0(i
" Jm Jm

O,

u(0) = E[e™™"u(X, )i
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As 7, /m and X, areasymptotically independent, when m— oo,

u+l
E(1) = E[e ™1} me AP E[" "] = E[e’“’”‘“]+o(i

E Jm

which obeys Taylor expansion of the first order and E[Rrﬂ <oo. Here we use Kou’s treatment of R, for ref-

) (2.23)

erence and define random walk
n ii.d
B, =ZZJ.,ZJ. ~ N (0,1) and S=E[R 1= E[Bf+]/2E[BT+]+o(%)
m

i1

When h=gp+/At,

—arpAt i —aTAt L i
u(0) ={E[e ]+O(\/E)}P(Xfm <b+n)+{E[e ]+°(ﬁ)}P(er > b+ n)+0(\/a) 024
= E[e™ ™" ]+ o(%)

Lemma 2.2 can be proved by substituting (2.24) and (2.16) into (2.15).

Lemma 2.3. For discrete barrier options with m times of monitoring and value of barrier H, there are stop-
ping time z,(b), 7, (for convenience, denote 7, (b)=7,(b,X, ),z =7(B, X, )), and their corresponding
logarithm underlying asset prices X, , X_ (Formula (2.8)). For Va >0,0 <n, (Formula (2.11)), the joint
distribution (z,,, X, ,)) and (zg, X, ) meet the following equation:

P(Xfm(b) <X 7,(0)At<t) = P(XTB <X, 7g <) +O(i) (2.25)
m

N

where B =b+ fo/At,b=log(H/S,).
Proof:

,arm(b)Jré’X,m(b) . _ 7arm(b)+HXTm(b> .
E [e 1{Tm(b)<°°} :| =E [e :I'{x,b =, (b)<e]

A
=e” (I +1I)
On the basis of proposition 2.1 in Kou [1] and Zhang [10], z,(b) and X

—arm(b)+axrm(b) )
:|+ El:e l{Xrb>b,rm(b)<oo}:|

D are asymptotically inde-

pendent, denote y=b_+uv,x=h,,b =b/o+/At.
When m—>w, ¢, —>w,

| = E[e’“rm(b)m 1 ] . E[eg(xrm(b)’b)] _ e&ﬁo‘x/Zt E[eﬂzrm(b)At 1 ] o i
{th:b} m

{Xrb:b}

_ J‘Cm E [e—arm(b)m 1

{Xrb:b}

1
} ¥V ey + o (—J

Jm

Therefore,

~ary (b)+0X,, -ar o L
E[e oX m () .1{Tm(b)<w}]: eHBE[e Bl{xzb:B}]JregB ! 7719 E[e Bl{Xrb>B}]+o(ﬁ) (226)

’71

Then lemma 2.3 can be proved by using corollary 3.3 in Kou [4].

Theorem 2.1. Let V(H) denote the price of continuously monitored options with barrier value H, accor-
dingly, V,,(H) is the price of discretely monitored options with the monitoring frequency m. Consequently,
for an arbitrary discrete barrier option with maturity T, At=T/m, and when m — o, we obtain the following
correction formula:

V_ (H) =V (He*#¥) +o(%) (2.27)

O,
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where g = —((%)/\/271 ~ 0.5826, with £'() the Riemann zeta function.

The proof of the theorem can be derived directly from Lemma 2.2 and 2.3. What we need to illustrate is that
although the conclusion here seems to be similar to Kou [2]’s, there are no restriction of K <H (upward) and
K >H (downward) for the striking price K and barrier H.
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