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Abstract

This paper investigates the generalized uncertainty principles of fractional Fourier transform
(FRFT) for concentrated data in limited supports. The continuous and discrete generalized uncer-
tainty relations, whose bounds are related to FRFT parameters and signal lengths, were derived in
theory. These uncertainty principles disclose that the data in FRFT domains may have much higher
concentration than that in traditional time-frequency domains, which will enrich the ensemble of
generalized uncertainty principles.
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1. Introduction

In information processing, the uncertainty principle plays an important role in elementary fields, and data con-
centration is often considered carefully via the uncertainty principle [1]-[8]. In continuous signals, the supports
are assumed to be infinite, based on which various uncertainty relations [1] [2] [9]-[21] [22] have been presented.
However, in practice, both the supports of time and frequency are often limited for N-point discrete signals. In
such case, the infinite support fails to hold true. In limited supports, some papers such as [23]-[26] have dis-
cussed the uncertainty principle in conventional time-frequency domains for continuous and discrete cases and
some conclusions are achieved that can be taken as our special cases in the following sections. However, none of
them has covered the FRFT in terms of Heisenberg uncertainty principles that have been widely used in various
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fields [4]-[6]. Therefore, there has a great need to discuss the uncertainty relations in FRFT domains. As the ro-
tation of the traditional FT [27], FRFT [5] [6] [28]-[30] has some special properties with its transform parameter

and sometimes yields the better results such as the detection of LFM signal [31]. Readers can see more details on
FRFT in [6] and [32] and so on.

In this paper, we extend the Heisenberg uncertainty principle in FRFT domain for both discrete and conti-
nuous cases for the e-concentrated signals or the signals with finite supports. It is shown that these bounds are
connected with lengths of the supports and FRFT parameters. In a word, there have been no reported papers
covering these results and conclusions, and most of them are new or novel.

2. Preliminaries
2.1. Definition of DFRFT

Here, we first briefly review the definition of FRFT. For given continuous signal x(t)eL'(R)NL*(R) and
[x(t)], =1. its FRFT [6] is defined as

X, ()= F, (x() = [ x(O)K, (ut)ot

(1-icota) eiuzcota Lt itfeota

2 esnee 2 x(t)dt a=nm
2n e (1)
= X(t) a=2nm
x(-t) a=(2n+l)xn

where neZ and i is the complex unit, « is the transform parameter defined as that in [6]. In addition,
F.F (x(t)): FM(x(t)). If a=-p, F,F,(x(t))=x(t), ie., the inverse FRFT
I X, (u,t)du.

However, unllke the discrete FT, there are a few definitions for the DFRFT [32], but not only one. In this pa-
per, we will employ the definition defined as follows [6] [32]:

N ik2cote  —ikn  in’cote N
(k)= J(1-icota)/N-e 2 eNsnag 8% g(n)= Zua(k n)-x(n), 1<nk<N. (2
n=1 n=!
Clearly, if a=m/2, (2) reduces to the traditional discrete FT [6] [32]. Also, we can rewrite definition (2) as
X, =UX,

where U, =[u, (k,n)] . X=[x(n)] ..
For DFRFT, we have the following property [5] [6] [32]:

More details on DFRFT can be found in [6] and [32].

2.2. Frequency-Limiting Operators
Definition 1: Let x(t) be a complex-valued signal with ||x(t)||L2(R) =1 and its FRFT X, (u), if there is a

function G, (u) vanishing outside W, (W, is a measurable set) such that ||Xa(u)—Ga(u)||L2(R) <eg, (e,

is a small value with 0<¢, <1),then X, (u) is &, -concentrated.
Specially, if « =0, then definition 1 reduces to the case in time domain [23] [24]. If « ==r/2, then defini-
tion 1 reduces to the case in traditional frequency domain [23] [24]. The ¢, can be calculated after the W _ is
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fixed because G, (u)< X, (u) and ||, ( ||L2 = |x(t || , =1. Therefore, |X., (u (U)”Lz(R)SE

a

Definition 2: Generalized frequency-limiting operator PWa is defined as

(R X)(0) =], X, (WK, (ut)du, X, (u)=F, (x(1)). (3)

If « =0, then definition 2 is the time-limiting operator [23] [24]. If « ==/2, then definition 2 is the tradi-
tional frequency-limiting operator [23] [24]. Definitions 1 and 2 disclose the relation between ¢, and W, . For
the discrete case, we have the following definitions.

Definition 3: Let X(n)el?(R) (n=1---,N with) be a discrete sequence with ||X(n)||IZ(R) =1 and its
DFRFT  %(k) , if there is a sequence X, (k) satisfying [%. (k)| =N, (N, <N) such that
||>2a(k)—>2a(k)|||2(R)Sga (¢, isasmallvalue with 0<g, <1),then X(k) is &, -concentrated.

Here, ||||O is the 0-norm operator that counts the non-zero elements.
Definition 4: Generalized discrete frequency-limiting operator By is defined as

N
(PN; X)(n) = naX(K)u_, (k,n) with X(k) isthe DFRFT of %(n) and 4, is the character function
k=1
on N,(N,<N).
Clearly, definitions 3 and 4 are the discrete extensions of definitions 1 and 2. They have the similar physical

meaning. These definitions are introduced for the first time, the traditional cases [23] [24] are only their special
cases. Definition 3 and 4 disclose the relation between ¢, and N,.

2.3. The Continuous Heisenberg Uncertainty Principles

As shown in introduction, the existed continuous generalized uncertainty relations [9]-[21] are mainly for the in-
finite supports. Here, we discuss the case of finite support. First we introduce the following lemma.

A
ws\[sin (- B)|
Proof: From the definition of the operator R, PW/j in definition 2, we have

(Ru Ry X)(0= [, K ()] K () [, K ()X, (u)cu) v

Exchange the locations of the integral operators, we obtain

(Re, Ry, ) (1) = fi, Ko (v,t)(J'Wﬁ Koy (VU)X (u)du)dv ,

Lemma 1: ”Pwa Py, , where ||, denotes the Frobenius norm operator.

so that
(Pwa RupX)(0)= I, ([, Koo (WD) Ky (vau)v X, (u)du
K., u)dv, uew
Set q ut I ( ) ﬁ,we have
else

(Pwa Pwﬁx)(t):J'Wﬁq(u,t)xﬂ(u)du .
Now, we know that [see the proof of (3.1) in 25]

2
" P""a PWO HS

= '[Wﬁ J'i|q(u,t)|2dudt .
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Let g,(t)=q(u,t), then
F (9, (0) = [ K, ([, Koo (K, (vou)dv)dt
= [, Kaop (WU)( [ KL, (WK, (ut)tJav

- .[wa Ka-p (V,U)5(U _V)dv =Xw, Kap (V, U),

where x,_is the character function of the set W, . Therefore, via Parseval’s theorem [6] and the definition of
FRFT in (1) we have

L.

Hence, we obtain the final result

o, (0 at=[F, (0, ) a0 =] K.y (affou=r L

W, |
“PW WﬁHHS J.wﬂjlw|q (ut | dtdu = Iwﬂ sin ﬁ)|du |5|n ,B)|

Now we give the first theorem.

Theorem 1: Let W, (Wﬂ be a measurable set and suppose X, (u ) )) is the FRFT of x(t) for
transform parameter « (), such that X, (u) (Xﬂ(u)) is &, gw —concentrated on W, ﬂ)
Then

[\N ||V\/ﬁ| (1 Ew, ~ ) |Sin(a—ﬂ)|. ()
||PW x(t)
o POl

2
Proof: Since | A —— @

[R.

Meanwhile, via triangle inequality and the definitions of concentration we have
- [x(0) =R, x(0)+ Ry, (x(0)= Ry, x(1)) .

. +HPWa (x(t)— Py, X(t))“LZ(R) <&y, +éw,-

e "X(t)"LZ(R) _“Pwa R, X (V)]

, therefore we can find such x(t) that makes

C(R)

[x(1)-R,, R, x

<)~ Ry x(0),,

At the same time, we know “x(t)—PW Ry, X(t)

a T L2(R) L2(R)
so that
“Pwa R X0 >1—(ay, +4, )
R, Ry, x(0)
e, TR g .
ie., ||x " "L2 (Ewﬁ +5W,,)
“Pwa PWﬁX(t) L%(R)

Therefore, ” Ry, PWﬂ

) Z—HX " 21—(5Wﬂ +é&y, )

From [24] [27], we know that “P ”HS

WWﬂ

C(Rr)’
Use the above two results, we obtain
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il = gyl
@ 0 lks |sm(a—,3)| « s

lsin(a—p)| -

|5|n /3)|2(1—5Wa — &, )2 |sin(a— )| The special case o —g=nn is

2R’

e W, W] zHPWa R,

Hence, |\Na|| |>”P Al

trivial. Here, we find that When a— B =m/2+kn, (4) reduce to the traditional case in Theorem 2 [(3.1), 25].

Obviously, this bound is different from that [20] of infinite case. In [20], the main involved objects are the va-
riances of the signal in infinite supports. Here the measurable sets (W, , W,) are involved, which is instructive

for the discrete case in the next section. If ¢, = Ew, = 0, what will happen? Clearly, it is impossible. From the

LZ)

conclusion [33], if &, = 0, then u, * 0, otherwise W, =0, Which is in conflict with that w, is measura-

ble and limited. Therefore, in the continuous case, &, = &, = 0 cannot hold true. However, what about

the discrete case? The next section will answer.

3. The Discrete Heisenberg Uncertainty Principles
3.1. The Uncertainty Relation

First let us introduce a lemma.

Lemma 3: ”PNa Py

N, N _ _ .
| , where ||||F is the Frobenius matrix norm.

olle ™ N [sin (a - )
Proof: From the definition of the operator P, PNﬂ in definition 4, we have
~ N N ~
(PNQ PNﬁx)(n) =3 2, Ug (ki)Y 20, R(V)UL, (KV).
k=1 v=1
Exchange the locations of the sum operators, we obtain

(P, Py, %)(m) = ZlkaN U (Kim)X(v)u_, (k,v)
i, 2 KU, (00),

N
Hence, according to the definition of the Frobenius matrix norm [27] [34] and the definition of DFRFT, we
have

=

N N 5 1/2 Na ’Nﬂ
X(n)],
In the similar manner with the continuous case, we can obtain W>l_(8"+gﬂ)' Since
P, P = HPN‘”PNﬁX(n) 1*(R) h
=N N oy _X(ns):?(R)W,We ave
N,-N, HPNa PNﬂf((n) -
m _“Pwa Py, “F —W21—(8a +€ﬂ) , thus, we get

)
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N,-N,2N-(1-¢, —gﬁ)z lsin (e — 3)| . Therefore, we can obtain the following theorem 2.

Theorem 2: Let %, (k) (X,(k)) be the DFRFT of the time sequence %(n)el’(R) (n=1,-,N) for

transform parameter o (B), with %, (k) (X,(k)) &, (,)-concentrated on index set N (&, #0).

Let N, (Nﬂ) be the numbers of nonzero entriesin X/ (k) (Xj (k) respectively). Then

{Na.NﬂZN.(l—ga—gﬁ)2|sin(a—,3)|, a—-pf#nm )

N, N, =1, a-pf=nn

Here, we find that when « — 8 ==/2+kn , (5) reduce to the traditional case in Theorem 3 [(3.9), 25].

3.2. The Extensions

Set ¢, =&, =0 intheorem 2, we can obtain the following theorem 3 directly.
Theorem 3: Let %, (k) (X,(k)) be the DFRFT of the time sequence X(n)el’(R) (n=1--,N) with

length N. N, (Nﬂ) counts the numbers of nonzero entries in X, (k) (X, (k) respectively). Then

N N, >N-[si -G, -
{ . Ny sin(a-p), a-p=nm ©

N, N, >1, a-p=nn

Clearly, theorem 3 is a special case of theorem 2. Also, this theorem can be derived via theorem 1 in [26].
Differently, we obtain this result in a different way. Here we note that since ||>?(n)|||2(R) =1, there is at least one

non-zero element in every FRFT domain for o — g8 =nn. Therefore, N,-N,>1 for a—pg=nx.

Through setting special value for g =0 intheorem 3, we have
Corollary 1:

{Na~N02N~|sina| a#nn @)

N, -N,>1 a=nn

Proof: Now we prove corollary 1 in the sense of sampling and mathematical solution for better understanding
these relations. Without loss of generality, we often assume that the continuous signal x(t) (the continuous
version of %(n)) is band-limited, then X(n) is obtained through sampling x(t). From the sequence length N
in the definition of DFRFT in (2), we know the sampling period defined as T,: T, =1 (X(n): )?(nTS) im-

plies this result). We assume there is no aliasing after sampling in the FRFT domain, then from the sampling

- - o N [si N [si
Theorem, we know that all the energy of xa(k) are limited within the scope {— |§|Tna|, |§|Tnaq [32] [35],

ie., all the energy of X, (k) must be within [m+1,m+[N|sina|ﬂ (03m,m+[N|sinaHs N). Without
loss of generality, we assume m=0 based on the shifting property of FRFT [6] [32], i.e., all the energy of
%, (k) must be within [1,(N|sina|ﬂ. Let ny,n,,---,n, be the sites where %(n) is nonzero, and X(n,)

(I=1---,N,) be the corresponding nonzero elements of %(n). Accordingly, from the definition of DFRFT
[6] [32], we have

: o,
Ny ik?cote  —ikn,  inf cota

%, (k)= \(1-icota)/N-e 2 eNsnze 28* g(n), k=12,-,[N|sina|| and %(n,)=0.(8)

1=1

We rewrite (8) in terms of matrices and vectors. Define the matrix Z,, =/(1-icota)/N -D,(n,k), where

) L2
ik?cote  —ikn  inf cota

D, (n,k)=e 2 eNsnzg 2N* then we obtain

)
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=Zb,

a

where %, =%, (1 ([N|sma|])} =(z k')(ms.nanxwt and b:[i(nl)""'i(nNz)]T'

. . L Nisina . T
Clearly, Z isa [N|smaﬂ>< N, matrix, which includes M matrixes with dimensions of N, x N,
0

so that we can rewrite matrix Z as
[N |S|n aH

0

z=[2,2,,,2,,-] and Xy =[Zons Ko ] where s=1,2,-

a,l? a,2’ “ as’

ik?cote  —ikn  infcota

From the definition of DFRFT, we know that the bases ,/(1—icota)/N .e 2 eNsnag 2N*  (for different
ks and n;s) are mutually orthogonal [6] [32]. Therefore, the different rows are not correlated so that Z

mmm. | | N |
s=12, is nonsingular and %, =2Z.b can be rewritten as (Z,) X, =b. Since every ele-
0

ment in b is not zero and Z, is nonsingular, then there must be a non-zero element in X . at least. Other

s

_ S o _ [Nising|] _
wise, b =0, which is in conflict with b= 0. Therefore, in every X, . |s :1,2,---,N— there is at

0

N |sina
least one non-zero element. Therefore, there are at least N_ ZM non-zero elements in the DFRFT
0

domain in total. Thus, theorem 3 is verified.
Furthermore, we can obtain the following more general uncertainty relation associated with DFRFT.

Clearly, if |sin a| <1 and |sin(a —,B)| <1, then the generalized uncertainty bounds are lower than the tradi-
tional cases. Therefore, the generalized uncertainty principles show that the resolution will be higher.
Theorem 4: Let X, (k) (I=1,2,-,L) be the DFRFT of the time sequence %(n)el*(R) (n=1---,N

and N >L) with length N and ||>~<(n)|||2(R) =1. N, counts the number of nonzero elements in X, (k). Then
N, +N, +---+N, -
) 2|_ ~> /N -[sin&|, where §—1<I|n:f<L{ogI1 —a, } 9)
1712

Proof: From the assumption and the definition of DFRFT [6] [32], we know
N
X(n) = Zu*al (n’kl))zal (kl) = Z U,az (nykz))zaz (kz) for n :1,2,---, N .
k=1 ko =1
ikPcotey _ikin_ —in® cotey

where u_, (nk)=./(1-icotey)/N-e 2 eM"e N (1=12,L).

Therefore, let X =[%(1) X(2) - X(N)]T,we have [26]

u’,, (1) X, (1)
xw{%m%@m%mﬂwyﬁﬁuwhﬂﬁmwmﬂX%a'
T, (N.5) Ky (N)

where ufah(n,:):[ufah(n,l) ay (,2) wh(n,N)J and
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u_alz(n,:):[u_% (n1) u, (n2) - u_%(n,N)JT with n=1,2,---,N and I,l,=22,---,L with | =1,.

Hence, we obtain

Using the triangle inequality, we have

2
X (s
< () 2 , hence

Xy (81)| %, (52)

1 2
=My | 22—

=M

)| 2 ZT +i iT

From ||>~((n)||2 =1 and Parseval’s principle [6], we obtain

Hence

Therefore, we obtain
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Adding all the above inequalities, we have

~t o~ L-1)-(N N ...+ N . _
r2. XX < sup {M(,ly,z)}( ) 1+2 2t N rﬁz%l)_
et <

Similarly, from ||>~<(n)||2 =1 and Parseval’s principle [6], we obtain X "X =1, hence

(L—1)-(N1+N2+--~+NL)2 r} '
2

Kiffz";{'\"(h,b)}

L #ly
From the definition and property of DFRFT [6] [32] we have

sup {M(Il,lz)} = sup (‘K_%W|2 (sl,sz)) sup ‘ ‘ - 1_
e | YN Jsin(e, e, || N Tsing]
with & _1<|I|1n:zf<L( o —a, )
h 712

Hence, we finally obtain the proof

N, +N,+--+N -
L ZL L > N-|sing| with §—1<|r}f<L(

I1=s|2

o -, )
4. The Simulation

In this section we give an example to show that the data in FRFT domains may have much higher concentration
than that in traditional time-frequency domains.

Now considering the chirp signal f (n) with ne [1,1000] s and sampling period T, =1s
f(n)= cos(0.00l(n +3n2)) (see Figure 1(a)).

Clearly, we can obtain from Figure 1 that N, =1000, N_, =300, N_,...,=1. Therefore, we have
N,N_, ~300,000 > N,N__ .., =1000. This verifies that the data in FRFT domains may have much higher
concentratlon than that in traditional time-frequency domains. (Note here that if the transformed coefficient is
less than 0.1, then we take it as zero value. See Figure 1(b) and Figure 1(c)).

5. Conclusion

In practice, we often process the data with limited lengths for both the continuous (e-concentrated) and discrete
signals. Especially for the discrete data, not only the supports are limited, but also they are sequences of data

1 4
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-0.5
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05 1 5

R " " " " " " " " " 0
- 0 100 200 300 400 500 600 700 800 900 1000 100 200 300 400 500 600 700 800 900 1000 100 200 300 400 500 600 700 800 900 1000

(@) (b) (©)

Figure 1. The simulation of a signal with its FRFT and FT. (a) The original signal in time domain; (b) The FT of the signal
(i.e., the traditional frequency domain); (c) The FRFT of the signal (i.e., the FRFT domain).

)
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points whose number of non-zero elements is countable accurately. This paper discussed the generalized uncer-
tainty relations on FRFT in term of data concentration. We show that the uncertainty bounds are related to the
FRFT parameters and the support lengths. These uncertainty relations will enrich the ensemble of FRFT. More-
over, these uncertainty relations will help find the optimal filtering parameters [31] such as [6] [34] [36]. Our
simulation also shows that the data in FRFT domains may have much higher concentration than that in tradition-
al time-frequency domains.
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