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symmetric spacetimes, the wave function factorizes into a reduced wave func-
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tion and an analytically determined normalization function. In spherical coor-

Received: November 13. 2025 dinates, the reduced wave function splits into a reduced angular wave function
Accepted: February 10, 2026 identically the same as in a flat Minkowski spacetime and a radial wave function
Published: February 13, 2026 which satisfies a second order non-homogeneous differential equation with

nonhomogeneous terms depending on the ratio of time to space curvatures.
Copyright © 2026 by author(s) and

Scientific Research Publishing Inc. K d
This work is licensed under the Creative eywords
Commons Attribution International

License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

Relativistic Quantum Equation, Curved Spacetime, Vierbein Fields

1. Introduction

Based on Spacetime Algebra (STA), we have demonstrated in a previous contri-
bution [1] that, in flat Minkowski spacetime (ST), a Dirac like equation [2] with
2nx2n gamma matrices, n=2s+1 accounts for free particles of any spin. STA
incorporates scalars, vectors and higher-grade multi-vectors into a single con-
sistent and compact approach to quantum mechanics. Particularly, a Dirac like
equation can be presented in a form which can be analysed and solved without
requiring the construction of an explicit matrix representation. Yet, in a formal-
ism where the particle wave function is written as a spinor, the order of a matrix
representation determines the spinor order and elucidates clearly what a specific
spin eigenstate it presents. Our main interest in the present note is to reformulate
the equation reported in [1] in a global curved ST. Our approach will be to define

connections and covariant derivatives which allow the notion of parallel transport

DOI: 10.4236/jmp.2026.172010 Feb. 13, 2026 148 Journal of Modern Physics


https://www.scirp.org/journal/jmp
https://doi.org/10.4236/jmp.2026.172010
https://www.scirp.org/
https://doi.org/10.4236/jmp.2026.172010
http://creativecommons.org/licenses/by/4.0/

A. Moalem

for multi-component spinor wave functions and provide relationships between
Dirac physical quantities in Minkowski ST across various curved ST’s. General
Relativity (GR) provides a unified description of gravity as a geometric property
of four dimensional spacetime (ST) (see for example Refs. [3]-[5]). The Minkow-
ski ST is flat, unchanging and uniform throughout, providing a framework for
particles and interaction other than gravitation. It serves merely as a static and
inactive background for whatever physical phenomena present. Worth mention-
ing though that Minkowski ST provides all essential concepts that are adapted and
generalized in GR to describe gravity in global curved ST. A global ST is dynamic,
non-uniform four-dimensional geometrical manifold which accounts for gravity.
In the presence of matter and energy a global ST is curved and interacts actively
with physical systems. Rather than a real force, Gravity is due to ST curvatures.
Thus, the impact of gravity on a given physical system depends on location and
ST geometry. To illustrate how ST curvatures influence particle dynamics, we con-
sider free particles in axially symmetric ST’s, namely, the Schwarzschild, Freed-
man-Le Maitre-Robertson-Walker (FLRW) and the stationary rotating Kerr ST.
All these ST’s are known to be exact axisymmetric solutions of the Einstein’s Field
Equations (EFE’s) [5] and serve as models of black holes. We demonstrate that in
these ST’s, the wave function separates into an analytically calculable normaliza-
tion function, a common angular wave function identically the same as for a Min-
kowski ST, and radial wave functions which satisfy nonhomogeneous second or-
der differential equations with nonhomogeneous terms, all depending on the ratio
of time to space curvatures. The article is organized as follows. In Section 2 we
consider a Dirac Like equation in flat Minkowski ST. In Section 3, this equation
is generalized to account for particles in a global ST. In Section 4 we analyse free
particles of any spin in stationary axially symmetric ST’s. We conclude in Section
5. Throughout, we use natural units: 1=c =1, N = diag(+l,—1,—1,—1) for the
Minkowski metric tensor, and g, (xo,xl,xz,x3) =e’e’n, for a global metric

u“
with ¢ denoting a vierbein field and E} its inverse [6].

2. Relativistic Quantum Equation for any Spin in Minkowski
ST

A Dirac like equation for any spin [1] [2] in stationary flat Minkowski ST is,

(i7"m,0" ~ pM )@ =0, (1)
where M is the particle rest mass, y* are 2nx2n diagonal block matrices
defined as,

7(()2n) — [2n;7£2n) = diag<i0'ﬂ,"',l'0# );/u =X,9,2, (2)

o, are Pauli matrices, f= diag([ "—1 ”) ,and I denotes mxn unit matrix,
n =2s+1. The matrices above are Hermitian anti-commuting and square to unity,

Le.,

(7”)!7”;(7”)2=—1;7°=1(2");u=1,2a3’ (32)
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{}/“,7/"}22705“1’;a,b:x,y,z, (3b)
[;/",7/"] =ic™y ;a,b,c=x,y,z. (3¢)

In a Clifford CI;(1,3) algebra, the matrices »°, 7', »*, 7’ represent 4-
unit vectors parallel to the coordinate axes, with ° which squares to 1 being
time-like, and y* ; u=1,2,3 which square to —1 are space-like. Like the Dirac
gamma matrices, the above matrices are isomorphic to the Cliford CI, (1,3) al-
gebra [7]. It is to be noted that for s=1/2 fermions the matrices (2) differ from
those known to be the Dirac matrices [2]. In fact, there are several choices of Dirac

matrices in use. Among these we name, the so-called standard Dirac matrices [2],

70:[1? _]()(2)]’}/[:[;)[ ‘:")i},-:Lz,z, @)
the Chiral basis,

A e o
the Chiral Weyl basis,

702[_22) I?],y‘{; f;j;iﬂ,z,a, ©

and the Majorana basis,

0_ o'o’ 0 | o' 0 , [0 -o'c’ 3 o 0 7
4 0 -o'c’ 7 0 o 7 o'c’ 0 7 0 o)

All above bases satisfy the rules (3). Based on the Pauli Fundamental Theorem,
any two sets of 4 x 4 anti-commuting matrices which square to *1 are related by
a similarity transformation and therefore, any of the above sets, forms 4 x 4 rep-
resentation of a Clifford algebra. This is correctly true for other representations of
order higher than 4. The matrices (2) form 2rnx2n representation of a Clifford
Cl;(1,3) algebra. In fact, the Dirac equation can be presented in a form in which
it can be analysed and solved without requiring an explicit matrix representation
[7]. Formally, apart from the gamma matrices being different, Equation (2) has
the form of the Dirac equation and subjected to the same Cl;(1,3) algebra rules.
The minimal order of matrix representation that satisfies the rules Equation (2) is
four [8]. Taking n=2s+1 is just right to satisfy this restriction and account for
the allowed spin eigenstates X" with components
m,=s,8s—1,5=2,---,—s+2,—s+1,—s . For s=1/2 fermions, Equation (1) with
the gamma matrices of Equation (2) yields two positive and two negative energy
states with spin up and spin down which are, as expected, the four familiar Dirac

Spinors. Likewise, for s=3/2 fermions one obtains four spin eigenstates which

1 1 3
correspond to m, = +E,+E,—E,—E without any redundant states. Below we

identify the gamma matrices with the spin components. Indeed, the commutative
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relations of the gamma matrices (3c) are reminiscent of the spin commutation

relations,

[S..8, ]=iS..[5..8,]=iS,.[ S,.8.] =i, . (8)

Furthermore, neither the orbital angular momentum components
L, =ie" x,0, , nor the spin components s, =¢’*y.0, commute with the free par-

ticle Hamiltonian H, of Equation (1),

[L.H,]=+"y.0,, 9)
and,

[s,.,HO]z—e"jkyjak. (10)

Yet as should be, the components of total angular momentum, j, =L +y,,
commutes with /, so that the total angular momentum taken to be
J=L+S=L+y isconserved. Furthermore, since H, is 2nx2n matrix, the
wave functions are two-component spinors ®") = (CDE") / o\ ) where either
CDE") or (D(Z") designates a spin eigenstates. This is just right to allow for a com-
plete set of 2(2s+1) orthonormal solutions, a set of (2s+1) positive energy
and a set of (2s+1) negative energy solutions, each with helicity Eigenvalues,
h=s,s—1,--,—s+1,—s . We prefer here to use the presentation (2) mostly because
it allows a clear relation to spin eigenstates. Again, for spin s=1/2 fermions, one
obtains four component Dirac spinors, corresponding to 2 positive energy solu-
tions, one with spin up and one with spin down and 2 negative energy solutions
one with spin up and one with spin down, identically the same as the four familiar
Dirac spinors. All be it; we may conclude that Equation (1) provides a unified

framework to deal with the dynamics of particles of any spin in Minkowski ST.

3. Relativistic Particle Equation in Global Spacetimes

Based on the Principle of Equivalence (POE), a ST is locally Minkowskian [9].
This means that the mathematical and physical rules which are valid in Minkow-
ski ST are applicable in infinitesimal region around any point of a global ST. Thus,
in a sufficiently small region around any point of a global ST Equation (1) is valid
and may well serve as a starting point to reformulate Equation (1) in a global ST.
To this aim we apply the tetrad formalism [6]. Tetrads (or vierbein fields) e
generalize a flat Minkowski ST to a curved ST by relating the curved space metric
g, to the flat metric through g, = ete)n,,- This allows defining local Min-
kowski coordinates system and using SR locally, while the vierbein fields taking
care for the curved geometry. Saying this, Equation (1) may serve as a good start-
ing point to extend its validity to global curved ST. To this aim, three modifica-
tions are to be introduced [10]: 1) Replace the Minkowski metric by a global tensor
metric, 7,, — g, =elen,,; 2) Transform the local matrices to global matrices,
7" — E¥y"; 3) Replace partial derivatives by covariant derivatives, V, -0, +Q, .
Here (), stands for the connection coefficient for a multi component spinor

wave function @ [9] to be determined below. Inserting these modifications in
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Equation (1) yields,
[ELY 2, (0, +Q,)—Ely* BM |®=0. (10)

To determine the connection €, , we recall that the rules for parallel

transport of a spinor wave function and its Hermitian conjugate are,
D(x > x+dx)=0(x)-D(x)Q,dx", (11a)
(i (x—>x+dx):d)H (x)—CDH (x)Qf (x)dxv. (11b)
Above, ®” is the Hermitian conjugate of @ defined as, the transposed of
the complex conjugate of ®, ®” = [(CD* )]T . To determine the connections

Q, and Q) (x) we may apply two conditions. First, the quantity
S(x)=®" (x)y"®(x)is a scalar and must transform as a scalar. To first order,
using (11),

S(x+dx)—S(x)=—<D” [70Q"+Q 4 ](D =0 (12)
thus,
Q, = —Qf. (13)

Secondly, V¢ (x) = (x)7®@(x) isavector and must transform as a vector,

Le,
Ve(x— x+dx)-V* (x):—a):be (x)dx", (14)
where @y, stands for the spin connection [6]. Again using (11) one finds,

" (x)[7.Q, |®(x)dx* = @V (x)dx* . (15)

Thus, the commutator above must be proportional to »” and the connection

is related to a product of two gammas via,

Q,=Cw,.7"7" . (16)

Above C is a constant which can be determined algebraically by using the

gamma matrices (2). One finds,
(7.9, ]=4Ca,,r (17)
Comparing the above with (15) gives C =1/4, so that,
Q, =0, 77 (18)

Now, combining the above with the well-known expression for the spin con-

nection [6] [9], w;, =€ E;T,, +e0,E, , one obtains,
1
ElY'gnQ, = Y[ Ejo,ne+d,Ef |, (19)

where, e=,/-g and g= det( gﬂv) . Substituting the above in (1) gives,

(I q>) Efy“ﬁM@}:—%ybaaEfQD. (20)

e

Several comments are to be made concerning the above expression. First, for
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the Minkowski ST all terms on the r.A.svanish, and the equation above reduces to
(1). Secondly, in the limit M — 0 Equation (20) converges to the equation re-
ported in Ref. [11] for massless particles of any spin. Thirdly, Equation (20) can
be derived from the Lagrangian,

1
L=o" {Eﬁ‘;f” «/E@)—EB;/“/)’MQ):—E;/’@JEZQ)] (21)

1
—0
ad
Clearly, a variation with respect to ®" yields Equation (20), while a variation

with respectto @ yields the Hermitian conjugate of (20), ie,
1 . x 1 x
Haa _— _ 0,4 - b o
Ely" =0, (Vea™)-Ely  pm o> SV E (22)

Furthermore, using the Noether’s theorem, the conserved current density sat-

isfies the continuity equation,
oL oD
=T b QI EM D, (23)
/ 5(0,0,) a Jo =T Bl

with j*=®/y’®" =®,®" being the probability density. Note that j* does
not depend on the spin connection. Following Ref. [11], we quote without details
that field quantization can be accomplished by using a complete set of 2n or-
thonormal positive energy solutions, n particleand # anti-particle wave func-
tions. Saying this we conclude that, Equation (20) is a generic relativistic quantum

equation for particles of any spin in a ST with a global tensor metric g, .

4. Free Particles in Axially Symmetric Spacetimes

Consider now Equation (20) for axially symmetric STS. Symmetry is encoded in
the vierbeins and spin connection. Specifically, the vierbeins are functions of
x',x* only and the axially symmetric solutions of the Einstein’s Fields Equations

restrict the form of the vierbeins to be [3],

E)] 0 0 E
0 E 0 0
0 0 E 0

E; 0 0 E

E, (xl,xz) = (24)

The fields in (24) are listed below in Table 1 for the ST’s to be considered. In
what follows we assume that the wave function factorizes as,

CD(tO,r,S,(p):y/(to,r,S,(p)f(r,g), (25)
and y satisfies the equation,
(Ey'0,~Ejy' M )y =0. (26)

Wereferto y (to,r, 9, gp) as the reduced wave functionand to f(r,9) asthe

normalization function. Substituting Equation (25) in Equation (20) gives,

El'y'a,in(Ves)= —% 1%8.¢5. (27)
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Note that due to the wave function factorization, all complexities due to the
spin connection are restricted in the expression above. The reduced wave function
and likewise its solutions do not depend on the spin connection. For stationary
axially symmetric spacetimes the normalization function f(r,9) does not de-
pend either on time or on the spherical angles,

0,In [\/;f(r, 9)} =0,In |:\/;f(}", 3)} =0 so that (27) simplifies to,
0,In[ef(r,9)]= —%e;a,E; . (28)

The expression above is numerically integrable, and the function f resumes

simple analytic form as listed in Table 1.

Table 1. The normalization function.

Spacetime E* E)/E] N(r,9)
. . . 1 1 i
Minkowski diag 1’1’;’rsin.9 1 rsin’? 9
FLRW? diag(l,ﬁ,i, ! j 4 A sin'? 9
a ar arsing F
Schwartzchild? diag| VF ,L,l, ! s F"*rsin’? 9
\/f r rsind F
[+ NA 11
dlag \/— 5T 9T s N 19
_— PNA  p  p orsin e AV o1 sin'2 9
A g(r,S) Q)
B=— ,Eozﬂrsin.f}
CopdaTT p

NN (r,H): f (r,.9) is the normalization function for the Minkowski, Schwarzschild,
FLRW ST’s. For the Kerr ST the normalization functionis N(r,8)= f(r,9)g(r.9).

Y F=+l1-k*, k=%1, a universe size, » dimensionless parameter.

» F=(1-2GM/r), G gravitation constant, M mass.

Y A=r+4° -2M,,r, ,02 =r’+a%*cos’9; a= J/Mbh ; J —angular momentum, M,,
—BH mass.

5) g(r,.9)=exp ia Wcos3+\/ zm/ tan! (V—Mhh)

2
a -M,, a -M,,

Following the factorization (25) the reduced wave equation, for the Kerr ST

(unlike for the other spacetimes considered), involves two non-diagonal vierbeins,
(Egy°0,+Ely'0, + Ey°0,+ Ey’0, + Ejy°, + ESy°8,) p— Egy" fM ¢ =0. (29)

Note that the diagonal vierbeins E; and E, forall casesin Table 1 are math-
ematically the same as for the Minkowski ST (the p variable for the Kerr ST
cancels out). This ascertains that by eliminating the non-diagonal terms in Equa-
tion (29) the reduced angular wave functions for all ST’s considered are com-

monly the same as that of the Minkowski ST. Below we demonstrate that E, and
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E] can be eliminated by a second factorization of the reduced function ¢ as,

o(t.r.%.0)=v(t,r.%,0)g(r.9), (30)
where y satisfies an equation which involves diagonal fields only, Ze,
[ E0y°0,+Ely'0, + E3y°0, + Ejy*0, — Egy* M Jw =0. (31)
—it+im ;p

Assume ¢~¢ /% and substitute Equation (30) in Equation (29) one ob-

tains,
Ely'0.Ing+E;y*0,Ing—E)y°BM = —iijS;/O +iwE)y . (32)

With the vierbeins listed in Table 1 for the Kerr ST and, by taking the square

of both sides of the expression above and then their traces one obtains,
2
[JK@, (lng)J2 +|:69 (In g)j2 = —{mj %} —[asin 3]2 (az)2 +M2) . (33)

The above is analytically integrable. One obtains (For more details see Ref. [11]),

; -M
g(r,9)=exp|ia (a)2+MZ)cosg+ ™ tan™! (r—M,) . (34)
az_Mbh az_Mbh

With this accomplished, the reduced Equation (31) for the stationary rotating
Kerr ST involves diagonal vierbein fields only, essentially, with the same E, and
E; vierbeins as for the other spacetimes. Consequently, the reduced angular
wave functions are all the same as for the Minkowski ST. The E, and E|
vierbeins are characteristics of ST but these affect the reduced radial wave func-
tions and normalization functions only. Note though that in the limit /=0 (no
rotation) g(r,g) goes to 1 and, the normalization function and the ratio
E) / E| reduce to those of the Schwarzschild ST.

Following Ref. [1], the reduced wave function and free particle Hamiltonian in

spherical coordinates are set to be,
w(t,r,9,0)=R(t,r)®(%,¢), (35)

and,
H, :iEgyoﬁM:iElldiag(al,---,al)[ar+£—K}, (36)
r

Above, R(t,r) and CD(S,;D) are the reduced radial and reduced angular
wave functions and, K is an angular operator defined as,

Kzl(zs.LJrs), (37)
r

with § and L denoting the particle spin and angular momentum. It is straight
forward to show that the Hamiltonian H, total angular momentum squared J~,
z component of the total angular momentum J_, parity P and the angular op-
erator K form a complete set of commuting variables. The reduced angular

wave function is readily written as spherical harmonic spinors,

i (0.0)= > C(Ls, jimy —mm,m ) )Y (9,0) X (38)
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Above C is a Clebsch-Gordon coefficient for combining orbital angular mo-
mentum / and spin s to a total angular momentum ; and magnetic num-
bers m,—m_, mg, m,, respectively. The Y™ (9,p) are spherical harmonics
eigenfunctions of L, L,, X stands for Eigen functions of S*> and S,.

Note that the spherical harmonics are orthonormal,
H
J‘dQ( lm (Q)) /m ( ) 5 5 5mm (39)

Also note that the reduced angular wave function is an eigen function of J?,

J;, K and parity satisfying,

7o) =i (40)
S, =m (41)

A / J

24 _ 2 j
K ¢rr/1j,xj _(K/') ¢W/1j,1</‘ (42)

The eigenvalues of K’ are (K'j)z :[S(Zl-i-l)]z and &, =+s(2/+1). Then
all values &, =—s(2/+1),"--,+s(2/+1) are allowed for both j=/+s and
Jj=1-s. Thus, there exist two solutions R (r)¢"(3,¢) and R,(r)¢ (9,¢),
corresponding to positive and negative «, values,

R (r)K¢* (0,0)=R (r)x,¢" (% 0), (43)
R,(r) K¢ (6:0) =R, (r) 1,6 (.0), (44)

With the free particle Hamiltonian (36) one obtains /2 identical pairs of

non-autonomous equations,

B (- M)R,(r)¢" E{;‘r St’(f}ez(r)qs-(g,go), (45)
iE) (0+M)R,(r)¢ E{di+s_r’(f}Rl(r)¢+(l9,(p). (46)

These we may rearrange as a pair of autonomous equations, namely,

d 2sd K;
{F-‘-TSE_Sr [1 s+1<} ( 2)}
dinC|s+x; d @
:((,)2_1\/[2)[1—@}131 o {r d_}R"
2 —K.
{%Jr%%—sr—f’[l—sﬂ(j}r(af—MQ)}RZ
(48)

r dr

z(a,z_Mz)[l_cz]Rﬁcﬂ;l_rcr—_mi}&_

In the above C = (E(? / El1 ) , is the ratio of time to space curvatures. All nonho-

mogeneous terms depend on C, representing the impact of gravity and coupling
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of gravity to all other interactions. The first of these accounts for gravity effects on
mass and energy. As expected, gravity affects both mass and energy the same way.
The second term represents a spin dependent potential, with strength propor-

tional to the logarithmic derivative of C,

S—K.

J
dinC| » |_dInC1(2s(/+1) ' (49)
dr S+K, dr r 2sl
r

The fourth term refers to a particular Eigenstate with a strength proportional
to the wave function gradient at a point. For a flat Minkowski ST all these terms
vanish, C =1, leading to the homogeneous radial equations as reported in Ref.
[1]. In the limit of M — 0 Equations (47) and Equation (48) reduce to those
reported for massless particles [11].

To summarize, Equation (20) promises a unified relativistic quantum dynamic
formalism for particles of any spin in global spacetime. It is fully consistent with
quantum mechanics and general relativity. In the private case of axially symmetric
spacetimes the particle wave function factorizes into analytically determined nor-
malization function N(r,$), a common angular wave function identically the
same as in Minkowski ST and radial wave functions which satisfy nonhomogene-
ous second order differential equations with nonhomogeneous terms all depend-

ing on the ratio of time to space curvatures.

5. Concluding Remarks

A Dirac like equation for any spin is reformulated to account for free particles in
a global ST. The generalization from stationary flat Minkowski ST to dynamic and
curved ST is accomplished by using the tetrad formalism, where the flat ST deriv-
ative is replaced with covariant derivatives and particles living on a curved ST
manifold interact with gravity via the metric. Such a procedure is well justified by
the claim that in an infinitesimal region around any point, ST is local.

The equation derived is fully consistent with quantum mechanics and general
relativity with a conserved current satisfying the density equation. Though formi-
dable, the equation is soluble in axially symmetric spacetimes, candidates of black
hole models and may serve to study various cosmological physical phenomena in
the vicinity of black holes. It is demonstrated that the wavefunction factorizes into
a normalization function depending on the spin connection and a reduced wave
function which splits into a common angular wave function identically the same
as for a Minkowski ST and radial wave functions which are solutions of second
order non-homogeneous differential equations. These non-homogeneous terms
are explicit functions of the ratio of time to space curvatures and represent the
impact of gravity. Asymptotically, in the limit of vanishing black hole parameters,
all these terms vanish, and the radial equations converge to the homogeneous
equations of a Minkowski ST as reported in Ref [1]. In the limit M — 0 the
equation converges to those reported for massless particles [11].
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