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Abstract

This paper presents the mathematical models and calculation of states of mat-
ter dynamics (gasses, fluids, solids) and phase transitions from statistical view-
point, with new calculation methods and results. We introduce here a new
ansatz for the partition function, based on the generalized Landau theory, and
apply it to two intermolecular potentials: Lennard-Jones and dipole-dipole.
For these two potentials, we derive the basic thermodynamic variables, and
compare the results with experimental data for Lennard-Jones substance (fluid
argon) and for dipole substance (ethanol). This approach allows to derive the
thermodynamic properties solely from its intermolecular potential. The paper
introduces two novel methods. (1) Landau theory applied to solid-fluid-gas
(fgs) systems; (2) Analytic expression for the partition function. The paper is
structured as follows. Chapters 2 and 3 introduce the basics of phase transi-
tions, and partition function. Chapter 4 describes the generalized Landau the-
ory and its classical formulation for magnetic systems. Chapter 5 gives a de-
tailed description of the van-der-Waals theory. Chapters 6 and 7 present the
two representative substances with model and phase transitions: the Lennard-
Jones substance and the dipole substance. Chapters 8 and 9 introduce the an-
satz and the formulation of the partition function for fgs systems. Chapters 10
and 11 are the calculation of the radial distribution function and the partition
function for the two chosen substances. Chapters 12 and 13 present the results:
calculated pressure profiles, equation-of-state and characteristic points for the
two substances.

Keywords

Phase Transition, Partition Function, Equation-of-State, Radial Distribution
Function, Landau Theory, Intermolecular Potential, Van-der-Waals
Equation, Lennard-Jones Substance, Dipole Substance

1. Introduction

In statistical mechanics, the key entity is the partition function Z, from which all
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important entities of a thermal solid-fluid-gas (fgs) system can be derived: free
energy F, Gibbs energy G, entropy S, and pressure p in dependence of the thermal
basic variables NV, V, 7, where the pressure determines the equation-of-state (eos).

In magnetic systems, the magnetization M plays the role of pressure, and the
basic variables are NV, B, T, where Bis the magnetic field flux.

The phase transitions in fgs systems are described by saturation curves (e.g.
0
fluid-gas saturation curve) characterized by derivatives of pressure (§ =0) sig-
o’p
or?
solid-fluid-gas) ie. branching points. Here, phase transitions are first-order transi-

nificant points are critical point ( 0) and multiple points (e.g. triple point

oG
tions, Ze. first derivative of Gibbs energy, volume V = [— , is discontinuous
P Jr

at phase transitions.

The phase transitions in magnetic systems are characterized by derivatives of
o oM
magnetization (—=0).
OB
Here, phase transitions are second-order transitions, 7.e. second derivative of

2
free (or Gibbs) energy, susceptibility y, = (Z?Ijj , is discontinuous.
T

It is generally accepted that the behavior of a thermal fgs system is solely deter-
mined by its inter-molecular potential (e.g. Lennard-Jones potential in fluid ar-
gon, dipole-dipole OH-binding in ethanol), Z = J‘(pm,f dVexp(-Bu(7)).

The behavior of a thermal magnetic system is determined by its Landau func-

tion @ =M magnetization, and its Landau energy

Javi A(B
E(p.p8) =%¢2 +%¢4 ~PpB.

In generalized form, the partition function Zis described by the functional in-
tegral Z = -[D(o dVexp(—H(F,(p,/)’)), where H (7,p,[) is the thermodynamic
Hamiltonian H (7,9, 8)=E(p)+fu(F,p).

Do = Zg—wdcl. for Landau function with parameters ¢(c,)= Zg—gpdci (fgs

i Cl- i c,'
systems).

Z= IDgo dv exp(—ﬂu (F)) , approximately Z ~ _[(”m/f dv exp(—ﬁu (F)) .

Dp=dgp for simple Landau function without parameters (magnetic systems)

Z=[dedv exp(~E(9))

The goal in statistical mechanics is to calculate the phase transitions and their
significant points analytically from the partition function, and to express thermal
functions behavior at critical points 7. in asymptotic form

f(T-T.)=(T-T.)", where xis a critical exponent, e.g.
M~(T.-T)',T>T.~,B=0

p~(T.-T)Y T >T, -
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This is at present possible only for
e magnetic systems

with Landau energy E(¢,B)="——2¢" +——2¢"' - BpB

H(B) , A(P)
2 41

o vdWaals eos of a real gas

with eos p(v—vo)/i’ = [l —2# I |u(r)|d3rj , where v, = EO'S is the
(v -V, ) o 3
hard-core volume= vdWaals b-parameter, o is the hard-core radius.

In this paper, we formulate a general Landau theory for thermal systems, where
the original Landau ansatz for magnetic systems and an ansatz with rdf function
for fgs systems are special cases. The fgs ansatz is applied to two intermolecular
potentials: Lennard-Jones and dipole-dipole.

For these two potentials, we derive the basic thermodynamic variables: partition
function, free energy, pressure, then equation-of-state, saturation curve, charac-
teristic points, and compare the results with experimental data.

This approach allows to derive the thermodynamic properties solely from its
intermolecular potential, and it is carried out here in good agreement with mate-
rial data for Lennard-Jones substance (fluid argon) and for dipole substance (eth-
anol).

We introduce here two novel methods.

e Landau theory applied to solid-fluid-gas (fgs) systems

The Landau theory of magnetic systems is transferred to fgs systems, using the
representation of partition function Zas an integral over intermolecular potential
and radial-distribution function (rdf). This Landau ansatz yields the correct ideal-
gas equation-of-state (eos) and the vdWaals eos. Furthermore, the calculated par-
tition function gives the correct thermodynamic data (critical point, triple point,
saturation curve, melting curve, eos) for the two chosen substances.

In particular, we show that the vdWaals model follows in weak-binding approx-
Imation from the generalized Landau theory for fgs systems.

We also show that the generalized Landau theory for fgs systems yzelds the cor-
rect eos, saturation curve and critical/triple point for Lennard-Jones potential (e.g.
fluid argon) and for polar covalent binding (= dipole-dipole potential) (e.g. etha-
nol).

The calculation results are in good agreement with measured parameters for
fluid argon resp. for ethanol.
¢ Analytic expression for the partition function

We introduce here a symbolic-numeric calculation method for the integral in
the partition function Z.

In general, it is impossible to solve the integral in Zin closed form with sym-
bolic parameters.

Numerical calculation on lattice in parameter space with a fit yields a closed
expression, but is prohibitively costly in computing time for more than 2 param-

eters.
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An alternative half-analytic approach, used here, is to calculate the integral
symbolically as a weighted sum on lattice, using Clenshaw-Curtis quadrature.

This yields an analytic function as a closed expression with parameters, which
is large (up to 200,000 terms) and memory-consuming, but can be evaluated fast
point-wise. The function converges uniformly against the true integral with O(#?),

Le. quadratically in lattice unit size A.

2. Phase Transition Basics
2.1. Phase Transitions

In general, we distinguish two types of phase transitions: first-order and second-
order (Ehrenfest classification), first-order transitions are discontinuous in the
first derivative of free energy F, second-order are continuous in the first derivative
and discontinuous in the second derivative ([1] chap. 1.1).

The derivatives are in an order variable of the system, in solid-fluid-gas PT’s it

N
is usually volume Vor density p = A in magnetic PT’s it is the magnetization M.

e First-order phase transitions

These apply mostly to the solid-fluid-gas transitions, where the discontinuous

variable is the volume V' = E;—G , or equivalently the average distance A.
P

V
Here the average distance A, the density p, specific volume v =N and heat

capacity C,are discontinuous.

Transitions happen at the melting temperature 7, and at the boiling tempera-
ture 7}, there is a latent heat AC at the transition temperature.
e Second-order (continuous) phase transitions

These apply mostly to the phase transitions in magnetic materials (ferromag-

netic, antiferromagnetic) and in superconducting materials.

In magnetic materials, the magnetization M = (—) is continuous at Curie
T

temperature 7¢ in ferromagnetic phase transition at 7c spontaneous magneti-

zation M = (a—gj becomes 0, and there is no latent heat.
T

2
The magnetic susceptibility y, = [Z?Ij} is discontinuous at 7¢.
T

In superconducting materials, the density n, of superconducting electrons is
continuous at critical temperature 7, where it becomes zero. The coherence
length at small perturbations ¢& is the analogue of the susceptibility: it is discon-
tinuous at the critical temperature 7¢.

Maxwell’s equal-area rule in first-order transitions

When F(4,8) hasamaximum in J, then pressure

1 OF(4,
p (/1, B ) = _—zM has negative-zero-positive transition, and a region
4n A oA
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of negative pressure is unstable, therefore there is a “jump” in A over this area, 7.e.
a phase transition. The transition is determined by Maxwell’s equal-area rule
V2
p(v.T)=p(v,,T) and Ip(v,T)dv:O (equivalently
Vi
F(»,T)=F(v,,T))
So we have the following behavior for phase transitions:
fluid-->gas at saturation curve:
A4 =2,(T)>2,=2,(T) determined by Maxwell’s equal-area rule

oF (v,T
F(v,T)=F(v,,T), p(v,T)=p(v,,T) where p(v,T)=—%

fluid-->solid at fluid-solid line,
A=A (T)—>2,=2,(T) determined by Maxwell’s equal-area rule
OF (v,T

F(v,T)=F(v,,T), p(v,T)=p(v,,T) where p(v,T) =—¥.

v
Heat capacity behavior in continuous magnetic phase transitions
Heat capacity C, often diverges in the neighborhood of 7:as
C~|T—TC|"Z ,with 0<a <1 mostly a <1

T
sometimes C~log( < J

=

T-T,

in general C(T)~ i(
a

- IJ , Cfinite, dC/ dT need not be finite.

c

2.2. Binding Potential

e Jonic bonding: Coulomb potential
k
U(r)==10% (1)
r
k=2.31x 102 J-m, ¢;in e;units.
¢ Jonic bonding with free electron: screened Coulomb potential

For screened Coulomb potential
U(r)=Aexp(-r/l,)/r (2)

where /p=Debye length.
¢ Covalent bonding

London potential between spheres with radii R, R

2 2
U(Z;R],Rz)z—é( 2R R, + 2R R, 2+log{j (R +R) D (3)

6{z2~(R+R) z*~(R-R,) > (R-R,)
z=R+R,+r,A=107..107"]

Lennard-Jones potential

U, (r, 0,6)248[(%)12 —[ij @
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for argon GU(Ar):3.4A, e(Ar)=0.0123¢V, pO(Ar):i}:689MPa
o

U, (r,0,¢)= 6{(1—exp(—%j)2 —1J (5)

e Dipole potential

Morse potential

For arbitrarily positioned dipoles, with angle & resp. € to center connection
line,

U(r):—ezrliz#(—cos(ﬁl—02)+3cos(¢91)cos(¢92)) (6)

when both dipoles perpendicular to connection line, inverse direction:

2
6 =TC/2, 6, =_75/2’ V(r):—e ”1”23%‘]2
r

with thermal screening

Z(ezrrqq )2 1

1721112 .

U(V)Z—Tk—T 1n cgs.
B

2.3. Phase Transition Solid-fluid-gas

These are the typical first-order phase transitions found in nature ([2]-[5]).
e p-T-phase diagram

The corresponding pressure-temperature phase diagram p(7) consists of three
regions: solid, liquid, gas (Figure 1). The saturation curve between liquid and gas
region starts with the branching triple point, and ends at the critical point, where

the separation of fluid and gas ceases to exist.

X

solid

Pressure

supercritical fluid

critical pressure

Per critical point
I
|
: ; aseous
Pyp  triple point g
_________ I
l |
[ , critical
[ ) temperature
 Ttp "Ter
Temperature

Figure 1. A typical p-T-phase diagram. The solid green line applies to most substances; the
dashed green line gives the anomalous behavior of water [6].
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e p-V-phase diagram

The corresponding pressure-volume (isotherm) phase diagram p(7) describes
the two-phase transition liquid-gas along the saturation curve (Figure 2).

In the two-phase region the volume “jumps” from the liquid to the gas phase
at constant pressure. The isotherm part between the minimum and the following
maximum is forbidden, since the compressibility there is negative.

The transition pressure is defined by the Maxwell-area-rule, as depicted sche-
matically below.

In the Maxwell-area-rule, the area above and below the pressure is equal, 7.e.
p(v.T)=p(v,.T), F(v,T)=F(v,,T): pressure and free energy at transition

points are equal.

L

| /B

F\/ v
A

»
I

Figure 2. Isotherms of a gas. The red line is the critical isotherm, with critical point K. The
dashed lines represent parts of isotherms which are forbidden since the gradient would be
positive, giving the gas in this region a negative compressibility [6]. Maxwell’s equal-area
rule: the area above and below the transition pressure is equal.

2.4. Triple Point, Critical Point

2.4.1. Triple Point
At the triple point [6], the saturation curve ends, fluid-->gas and fluid-->solid

curves meet,
Le. p(vg,T) = p(v/,T) = p(vS,T)

The triple point can be found as the branching point of saturation curve in the
p(4,B) diagram.

2.4.2. Critical Point
At the critical point [6], only one phase exists, the isotherm has a turning point

there.

2
P_yg, TPy
ov ov
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At liquid-gas critical point:

1
compressibility diverges x, = _Lon . |T -T

V op

-7

T

B

specific volume jump goes to zero v = % s VeV~ |T—TC

o 0°F
Heat capacity diverges C, =-T el

—a

~|T_T::

Vv
. : s : . S5
pressure derivative is discontinuous |p— p,

~-v.

The critical exponents «,f,7,0 obey the interdependence laws like in the

magnetic phase transitions.

2.5. Definitions of Critical Exponents in Fluid, Magnetic Systems

Critical exponents describe the thermal behavior at characteristic points in form
of power law with universal (=substance-independent) exponent.

The power law has the summary form |Afd| ~ |Aff|£ ,T—>T,, where f, isa
fundamental variable temperature 7'(resp. S ) or volume V (resp. A),and f,
is a dependent variable like pressure p, density p, compressibility x7 heat capacity

Cy, considered at a characteristic point with temperature 7.
In case of second-ordered derivatives like heat capacity

2
C = (8_Uj =k, ML%Z , the power law can be divergent i.e. £<0.
or ), op° ),

The universal character of critical exponents results from the fact, that the par-
tition function can always be formulated in substance-independent and dimen-
sionless way, using as units the fundamental energy ¢, and the molecular (hard-
core) radius o, from the intermolecular potential. Examples are the Lennard-
Jones fluid and the vdWaals fluid.

We distinguish 6 critical exponents in fluid/magnetic systems, which charac-
terize the behavior of thermodynamic variables near critical temperature 7, cor-
relation length & volume V'resp. magnetic field flux B, pressure p resp. magneti-
zation M.

They are defined as follows in Table 1 ([1] chap.5).

Table 1. Definition of critical exponents.

exponent

definition value

C,~a’ ((\T—TC\/TC)’“ —1),T%TC,B=O

a, heat capacity Cp, Cv . 2—-vd
C, ~a’ ((\T_TC\/TC) —1),T—>TC
M~(T.-T), T >T.-,B=0
5 magnetl.zatlonAM(T), - o7l (d+n-2)v/2
density p(7) PP (L1 T T,
Pe Te
w4
y, susceptibility yr, 2 ~[T=Te[", T > T, B=0 (2-n)v
compressibility xr Ky ~ ‘T -T. "7 ,T—>T,
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Continued
4, magnetization M(B), MNBI/‘S’T%TC’B:O d+2-n
ey e feoaf e
P Pc
1, correlation function G® G? (r)~ 1/ri2 T =T,
v, correlation length ¢ E~T-T. "

Values of 6 critical exponents are shown in the following Table 2.

Table 2. Values of critical exponents.

vdWaals  LenJones Xe binary fluid [S-brass ‘He Fe Ni
d dim. 3 3 1 1 1 2 3 3
a 0.11 <0.2 0.113 0.05 -0.014 -0.03 0.04
0.5
s 0.328 0.35 0.322 0.305 0.34 0.37 0.358
exp 0.325
1.
Y 1.24 1.3 1.239 1.25 1.33 1.33 1.33
1.24
3
4.8 4.2+0.6 4.58 3.95 4.3 4.29
exp 4.8
n 0.034 0.1+0.1 0.017+0.015 0.08+0.07 0.021 +£0.05 0.07 +£0.04 0.041 +0.01
14 0.63 =0.57 0.625 0.65 0.672 0.69 0.64

3. Partition Function, Radial Distribution Function

3.1. Radial Distribution Function

Correlation function or radial distribution function (rdf) g(r) is a measure of the
probability that a particle will be located a distance rfrom another particle ([7]-
[9]), it obeys the normalization condition

© © V
4njdrr2g(r):N—1:N, Idrrzg(r):4—n (7)
0 0

Given a potential U (7,7, ), we obtain the Hamiltonian

1= () ®)

The corresponding partition function reads

Z(N,V,T)= th3N jd”pdwrexp[ ﬁzp’ ]exp( BU(%.--7))
o ©)
z
Nlh3N v i edry exp(=BU (7, )= e

Ao | B _ 8K
with thermal wavelength ¢ =+/2nfc > = )
me 2mm

example:
m(0,)=16GeV, B(T=300K)=1/0.026¢V, £=014A

For the ideal gas U =0
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(v (2em ) (7Y
Z(NV.T)=—| | T2 | === (10)
NP B NS
The pressure becomes p = 1 dlogZz >
B oV

logZ=(N(logV—3log§)—logN!)
z(N(logV—310g§)—N(10gN—1))

_l8Z_ 9 (y(10g¥ -3logs)~log V)

Z ov oV

N
because of the Stirling formula N!=+«/2nN [ﬁj
e

logN!= N(logN—l)+%logN+%log(2n) ~N(logN-1),

ologZ N 1
= =—=—= N or Vv = 1 5 = 11
ph=— ==y ==p,0r pf pB=p (11)
where v= Y. A= 1 is the specific volume, and A is the average distance.
P
We obtain for the energy of ideal gas
__Olgz 3N (12b)
o 2p
so the specific energy (= per particle) becomes
E 3
=== 12a
Pe N 28 (12a)
Average energy with potential
With the configurational partition function
ZN=J.d3r1---d3rN exp(—BU (7., 7)) (13a)
we obtain
logZ =logZ, —3log{ —log N! (13b)
So the energy becomes
_OlogZ
op
3INOS 1 L .
:?ﬁ_z-{dﬁ ---drN U(rl,---,rN)eXp(—,BU(rl,---,rN)) (14)
- §E+<U>
2p
N’ 7% 2 .
where (U > =S5 I dr4mr’u(r)g(r) (grand canonical ensemble)
0
2
E= %%+ 2nN7j: drriu (r)g(r)
E 3 ° E 31 o
0 pp=s :ﬁ+2npj‘0 drr*u(r)g(r), —~ EE+2TE,OJ-O drr*u, (r)g(r, e, p) (15)
DOI: 10.4236/jmp.2025.1610073 1500 Journal of Modern Physics
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where ¢1is the characteristic energy, and the dimensionless potential is
u(r)
uy(r)=
()=
Partition function Zin terms of g(z)
logZ(N,V,p)

v = ——jdﬁo =—[ap, (3/(2ﬁ0)+2n%j:drr2uo (r)g(r,p,ﬁo)j (16)

with the dimensionless variable S, = f¢ , reformulated it becomes

logZ (o, B, 3 1 © g2
wz—glogﬂo—zn;J‘dﬁOJ}) drriu, (r)g(r.p. B,)-

In general, the temperature dependence of the rdf is weak

1
g(r.p.B,)=g(r,p) and the average density is constant p, =— :% , SO We
v

obtain with

1 )
ogZ(p.fe) ~2tog o~ L2[av u,(r) g (r) p, = ~S1og o - L [avu, (1) (7)

N 2
1 dlogZ
The pressure becomes p=— 8] chap. 9
p p 5 ov ([8] chap. 9)
1—810gZN =E+ﬁ Zf}ﬁ;
zZ, oV Voo3r\5

ou -
with pair potential force F, =" —u'(|r1 -7 )
12

lows

The pressure becomes

4 _P : _
kT_p 6kT dr4nru() (r,kT), g g(r,p,kT),

g(r;p,kT) =3 p'g, (r;kT)
=0

reformulated
p2ﬂg3° 3.7
pﬂ:p—Tjdr4nr uy(r)g(r,Be, p) (17)
0
p__p ap ' )
Compare: vdWaals eos reads —=—"—— , v=—=—, b=2n0 /3,
kT 1-bp kT N p

resp. pfi= 1—/2,0 —ap’p,

from which follows for a-parameter a( 2, kT .[ dr4nru ( ) (r, p,kT )

0 . 1 @« ,
p,b’:,()+Z:B/,+2(T)p’+2 , with Bj+2(T)=—%jdr4nr3u (r)gj (rkT)
0

Jj=0
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3.2. Ornstein-Zernike Equation

The Ornstein-Zernike equation calculates the direct correlation function 1),
which describes the pure correlation of a molecule with a neighboring molecule
at distance 7,, whereas the total correlation function g(r) (= radial distribution
function) takes into account also the correlation of the neighboring molecule with
a third molecule at 7, and all following molecules in the correlation chain.

The Ornstein-Zernike equation is an integral equation of the form [10]
h(ny)=c(ny)+ pfdre(n;)h(r, ), where h(n,)=g(r,)-1  (18)

with direct correlation function () and total correlation function (=radial distri-
bution function) g(r) and with Fourier-transforms
Lo ek L h(k
h(k) =—( )q , é(k):—A)q
1 1+ ph(k)
Hypernetted-chain equation
Hypernetted-chain equation (HC equation) is a closure relation to solve the
Ornstein-Zernike equation (HCOZ equation) which relates the direct correlation

function to the total correlation function.
logg(’_’{z)"'ﬂ”(?lz) = pj(h(?n)—logg(FB)—ﬁu(ﬁ3))h(1723)d31723 (192)

where p = N/V is the number density of molecules, /(r)=g(r)—-1, g(1) is the
radial distribution function, u(z) is the direct interaction potential between pairs,
p=1/ksT, and under the integral 7, =7, +7;.

HC equation yields the correlation function g (r, p ) , from the interaction po-

tential u(r).

with 7 = |i{2 , K= |;723|, R= |1713| , and from cosine theorem
2 2 2 2
R =1y +17 cos” @+2rr cosfcosg,

R* =r7sin® @+ R} =1y +17 +21,5,cosfcos¢ (Figure 3).

Figure 3. Distance in the HC equation.

We reformulate HC equation
log g(r, )+ Bu(r,)
= ,o(l—g(ro)).[((l—g(R))—logg(R)—ﬂu(R))rl2 drsin@dodg

concisely logg(ro)+ﬁu(r0)—p(l—g(ro))l(g,ﬂu) =0 (19b)
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(g, pu)=[((1-g(R))-log g (R) - Bu(R))’ dr sin0d6 dg

where p =%, for ideal gas p, = p(T =273K,p=1 at) =2.69x10” m™, or in
angstrom A=10""m, p,=2.69x10" A <1 and mean distance

Ay =A(T=273K,p=1at)=33A in the limit of small p<1
g(ro)zexp(—ﬁu(ro)) zl—ﬂu(ro).

3.3. Radial Distribution Function Lennard-Jones Potential

Lennard-Jones potential reads [11]

weed<{(7] (]

ois the van der Waals radius = distance at which u =0, o =7, where r, = half
molecule diameter, ris the distance between particles.

The correlation function (=radial distribution function rdf) is here a decaying
harmonics (Figure 4), with a sharp first maximum at 7 = o, and an amplitude of

~4x the second maximum amplitude.

3

2.5¢

0 2 4 6 8 10
q(A™)

Figure 4. The plot of a typical radial distribution function for the monatomic Lennard-
Jones liquid. (here with o= 3.73A and € = 0.294 kcal/mol at a temperature of 111.06 K).

3.4. Radial Distribution Function and the vdWaals Equation

3.4.1. Virial Equation
The virial equation ([8] [12] chap. 1.2) is a generalization of the vdWaals equation,

where the ideal gas law is expanded in a power series in specific volume v; or in

1
particle density p=—.
%

The ideal gas law pfv= ﬁ
P

=1 can be formulated as an approximate invari-
ant E, (v, p ) = pfv.Now we expand E.in a power series in specific volume v; or

. . . 1
in particle density p=—.
v
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rB

Ec(v,ﬁ)=1+Bl(ﬂ)+M

2
\4 \4

resp. E, (p,B)=1+B(B)p+B,(B)p° +

The virial equation in integral reads

+...

pp= p(l—%}d%g(?)?Vu(?)J virial equation (20a)

In comparison with vdWaals equation pf = 0 P >
-p
the virial expansion truncated at first order, and with a volume correction.
We can reformulate the virial equation

—ap’f we see that it is

2
pB= ﬁ —%I d’rg (17) 7-Vu (;7) virial with vdWaals-correction b= 2710'3/3 (20b)
—p

2o
= P _rh Idr 4mr*u'(r)g(r) spherical symmetry, with vdWaals-correction (20c)
1-p (2750'3 / 3) 6

3.4.2. Van-der-Waals Equation

The vdWaals equation can be derived from the hard-sphere potential

0 r>o 1 r>o .
uy(r) = o <o’ g (r)= 0 reo’ with excluded volume per particle

b==no’.
3

The partition function is

1 . . Z
Z(N,V,T):WIdr] --dry, exp(—ﬂU(r],---,rN)):rgw

with 0-order including own-volume correction Z S)) =(V- Nb)N ,
logZ = (N(logV—3logg)—logN!)
~ (N(logV—3logg)—N(logN—l))

a
V
and specific free energy (per particle) with specific volume vand density p

f(V’T):F(N,v,T)z_ 1 10g[N(v—b)N]_%

N Np N

=_%(log(V;bj—(logN—l)]—%

The pressure results as

F_F¥__ 1 __ap__p

v —Nb)" :
The free energy becomes F(N, V,T) ~ —ilog [(N'—}N)] ~al
49

o o p=b) v pli—pp) PP 2D

which is the vdWaals equation.

DOI: 10.4236/jmp.2025.1610073

1504 Journal of Modern Physics


https://doi.org/10.4236/jmp.2025.1610073

J. Helm

3.4.3. Derivation of the Rdf Function g(r)

2 0
The modified virial eq. reads pf =ﬁ— P6ﬁ J.dr 4Trr3u'(r)g(r) , vdWaals eq.
—p el
is pp= lfpb —ap’f thus !dr}ﬁu’(r)g(r):;—i, lim,_,, g(r)=1,

lim, ,_, g(r) =0
A possible ansatz for g(1) is

()=, (r-a) X[ e[ 227 @

™ O

or explicitly adapted for Lennard-Jones potential

gL (r,o,dr,al,k,ex)

1 exr 1 2k r-o
=l-————F || l+exp| — || l -————F = || @, cos| —
r—aj o r—aj T o

1+exp P 1+exp P
ro ro

Where step-up-function @, (r,0,dr)=|1- with the step ra-

dr o

|~

r—O'J
1+exp

dius g, relative exponential width dr.

4. Landau Theory
4.1. Basics of Landau Theory

In the Landau theory of phase transitions, the free energy is expressed in terms of
a complex order parameter field ¢, where the quantity |(p(r)|2 is a measure of
the local particle density in analogy to a quantum mechanical wave function.
The generalized Landau ansatz for the partition function is a functional integral
(1]
Z=ID(pdVexp(—H(7,go,ﬂ)) (23)

where H (F ,0,0 ) is the thermodynamic Hamiltonian.,

H(F,(p,ﬂ) =E(p)+ pu (?) , where E((p) is the g-induced Landau energy,
Bu(7) isthe thermal intermolecular potential.

The functional integration D¢ has here a precise mathematical meaning:
Dy = Zg—wdci and is perfectly well-defined.

The function variable ¢is a function of location 7 and molecular distribution
parameters ¢ (like molecular diameter o, average distance A, correlation length Z,
local distribution periods L) ¢ =¢(r;c;).

The volume-integration runs over the location differential 7*sin@drd@dg .

The actual function ¢, which yields the valid partition function of a

thermodynamic system, is found by minimization of the free energy
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F= —ilogZ in the parameters ¢in a value range Q, which yield optimal

parameters c;and the corresponding function ¢, = ¢(r;c,)
F(o(cy))= rnin(F(¢7(cl.));cl. € Q) :

Landau function and the rdf function: a heuristic derivation

We start with the configurational partition function
Z, :J‘d3r1 edry eXp(—ﬁU(ﬁ,"’»FN)) ,

and reformulate it for one particle with spherical symmetry
(2,)" =2(B)=[d’r g(r)exp(-Bu(r))
where z(f) is the specific (per particle) partition function, u(r)=eu,(r) is
the relative intermolecular potential with characteristic energy & g(r) is the rdf
function.

We reformulate it z(fe) = IdV g(r) exp(—ﬂg u, (r)) .

Now we introduce the finite-range factor f, =exp(—r/4) with the average

v
distance A, where the specific volume is vzﬁz A’. The finite-range factor is

approximately f, =1 for small distances and large A in weakly bound systems
like gases. f, represents the exponentially decaying local influence within the
range A of an individual particle.

Furthermore, we must take into account the restricted volume with radius o
around the particle, where there are no particles, so we introduce the step function
©,(r,0) into the integral.

Taking all together, we obtain the general Landau form for one particle

Z =ID(0 dVexp(—ﬁu(F)) ~ Igo(r,o-,ﬂ;ck) dVexp(—,Bu(F)) (24a)

where the Landau function has the form

o(r,o,4;:¢,)=0, (r,a)exp(—%jg(r;ck ) with parameters ¢, (24b)

We know from measurements that the rdf function can be described as a expo-

nentially damped harmonic function, so we make the general ansatz

g(ric)= [l +exp(—r/l, ){zk: a, cos(Zn FZ_UJD (24¢)

a,k

Forms of Landau function
For first-order transitions, we make the generalized Landau ansatz for the par-
tition function as a functional integral,

The Landau function depends on parameters (c, )= (l(,,ak,la’k,ao,() , the
differential is D¢ = 22_(0 de, .
Cr

Also, the Boltzmann-exponential contains only the intermolecular potential u,

the partition function is

Z=ID§0 dVexp(—ﬁu(F))
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The ansatz for the Landau function for solid-fluid-gas transition is the A-damped

rdf function

o(r,o,A;¢,)= exp(—%) D (r,o5¢,)

ak

(24d)
Drar (I’, ;¢ ) =0, (r,O'){l * exp(—i’/lc )[;ak COS(2TE rl_ GJ]]

with the soft-step-up function

v
1+ex r-o
P Ar o

Calculation with this ansatz yields results, which are successfully verified for

0, (r.o,Ar)=]1-

Lennard-Jones-substances and dipole-substances in chap.10.

Here, we have the typical behavior of first-order phase transitions: there is la-
tent heat, the first derivative of free energy is discontinuous, different phases (e.g.
liquid-gas) coexist at transition point.

For second-order transitions, like in magnetic systems, the Landau function
has no parameters (ck) = { } , so the differential is Dp=dgp .

Also, the partition function contains a ¢-generated kinetic energy in the expo-

nential.
Z =ID§0dVexp(—E((p)) (25a)
E(p) isthe energy generated by ¢ ,and is a generalization of the kinetic energy

%(02 , in Landau’s original ansatz

E(p,B)="——%¢"+ @ (25b)

M
For magnetic systems, @ =M, Y specific magnetization, and the thermal

potential is —/3Bg , with interaction E(¢, )= MQZ +M¢)4 - BpB

2 4!
Without interaction, the free energy is

A
F(T,V,N)z—%logZ z%E((p,ﬂF%(@wz . E‘/!’)(pzl}

In this way, we obtain the original Landau ansatz

“_ﬁ), b(T):_M

F(T,p)=F,~a(T)¢’ +@¢4, a(T):% /

At critical temperature 7: | f=f. = ! =0, u(B)=u, l—ﬂ" ,
kyT, B
1
ﬁc - kBT;
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A(B.)
128

With the assumptions b(T)=b,,T > 7T, and a(T)~a,(T-T,),T —>7T, near
the critical temperature 7, minimizing the free energy with respectto ¢ requires

Z—I;:—Za(T)¢+2b(T)(o3 =0

a(T)=a,(T-T.),T>T,, ay=—p'(B.) ks (T-T.), b(T)=-

The solutions either ¢ =0, or

2a
T-T),
¢bb(

12

This yields for free energy the typical second-order transition:

2
S(r-T) T<T,

F—Fy=12b, free energy, and its first derivative are continu-
0 T>T,
a2
O°F _|5-T  T<T, . R
ous, ¢, =-T P b, specific heat (second derivative) is discon-
T>T,

tinuous.

4.2. The Landau-Ising Model

The dimensionless Landau-Ginzburg Hamiltonian density in d dimensions reads
([1] chap.7)

RN R S R
: 2\gf +—2%|g|' (26a)
where ¢ = magnetization in the Ising model, with external field Bit becomes

H; = 2|V 7 it S H gl o /12 o' - BB ¢ (26b)

with parameters:

C

- . . L .
characteristic length a, dimensionless " oc whose temperature varia-

¢

tion drives phase transition, (positive) d-volume A > 0.

The partition functionis Z,; = J. Dy exp(— I d'rH (go)) (functional integral),
the simplest approximationis Z,, =4 exp(—_[d ‘rH ((po )) , with A constant, @,

minimizing the integral I d’rH(g,) the simplified integral becomes

_[ddr H(p)) = V(const+%,u2 |(/30|2 +%/12 |(ZJO|4 —ﬁé-@oj , where V= d-volume of

the system.
The free energy density becomes
const 1
f :_Wl gZ 5 Zﬂ wor+ 4'ﬂ 2y - Bg, , free energy
const 1 1
F:V[ ﬂ +ﬁﬂ2(o§+mﬁz¢g—B¢oj (26C)
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Near T = T, critical temperature, g oc (T —Tc) , for B= 0 minimization solu-

tion Ao _ 0 gives ¢, +%Az¢g =0, from this follows
10 !
0 =0
= 2 oc |T -T|”
Po=1 6u 12 <0 ) c
A
{ 0 T>T,
The free energy density becomes ['=—/ const+3 3,* and the in-
-——— T<T,
22
ternal energy density becomes
d(B1) 0 T>T,
U= - 2 5 2 4 ,
ap |- dm 3w di

L T<T,
A dp 227 dp

is continuous at 7. ( 4° =0 ), so there is no latent heat.
The specific heat is discontinuous at 7

0 T=T +

- 2 22
P E/-N T Ry A
A\ dp

_pgr

ap

kBCV

u?=0

1
With field B, minimization condition reads ,uz(po +§/12¢)§ — B =0, which is

2
a reduced cubic ¢; +%¢0 —%B =0, Cardano form x’+3px+2¢=0,

u=3-q+\g’+p* ., v=3-q-¢’ +p’

2 6 2 6
LI TRV (VI T
A A A A A A

with solution ¢, =u+v.

6
For T=T, =0, ¢, = TﬁB , so critical exponent = 1/3, and for sus-

ceptibility y, = % we obtain (,uz +A9; /2);(T =/, s0
Z 1,
Y7
Xty = B
7

At the critical temperature 7, the susceptibility has a singularity.

5. Van-der-Waals Theory
5.1. Basic vdWaals Theory

The van der Waals equation for real gasses reads ([7]-[9])
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RT a RTp ) 1 N/N, n
= -, :—m—a > v:l > m= - =1 4 __m (27a
P T P, P /P> P PN Y )

where p, is the molar particle density, pis pressure, 7'is temperature, and v,, =
VN4/N is molar volume, N, is the Avogadro constant, V'is the volume, and Nis
the number of molecules, R = Ny/k is the universal gas constant, & is the Boltz-
mann constant, and a and b are substance-specific constants.
Another form of the vdWaals equation is
Nk,T N’
p= —a—
V-bN ¥V

In specific form (per particle) the vdWaals eos becomes
1 a
= 27b
P=5 (=) ¥ (27b)
The constant a expresses the strength of the molecular interactions, it has di-
mension [p V], or [E V]. The constant b denotes the excluded self-volume of a
particle.

Ideal gas law is the limit a=0, 5=0

p= E (283)
vm
Another form ideal gas
pV =Nk, T (28b)

specific per particle pv=k,T =1/, or pvf=1 in terms of mean distance
2 =v" and inverse thermal energy S we obtain
1 1

== 28¢
G v (28¢)
The isothermal compressibility becomes
v ( v, — b)2

K. =
i RTv, —2a(v, —b)2

and coefficient of thermal expansion,
RV: (v —b
a= m ( m ) -
RTv, —2a(v, —b)

1 v
in the limit v, > 0: a=—, k, =—.
T RT
The vdWaals parameters can be calculated from molecular parameters o =
molecule diameter, & = characteristic energy of the inter-molecular potential.

2
e p-parameter bz?nf

e a-parameter generally a =/b¢ , I= dimensionless factor, depends on the form

of u/ & -cut-off Lennard-Jones potential:
o 12 o 6

u, (r,0,£)=4g£[—) —(—j }
r r
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a =L80'3 =23.4¢0° [13]
3(3e-8)

min (u,,, (r,1,1),7)=u,, (1, =1.22)=-0.58 , min. energy u,=0.585, Morse

2
potential u,, (r,0,¢)= 5((1—exp(—ﬂn —1]
o

a :&503 =76.8¢0” [13]
8(3e—8)
Derivation of van der Waals equation
From the first-order partition function [14]

y BN® s . ,
Z(N,V,T)=W 1+ W Iu(r)d r+---|, where u(r) is the inter-mo-

lecular potential, { thermal wavelength, we obtain for pressure

_OF _10logZ Nk,T
ov. g ov 14

OF 10logZ 1 1 1 0Z(2.B)

p= (H—];[_{/B.[ u(r)d3rj ,in variables A,/

p(/l,ﬂ) =T = 2
fV Y] 1 oV pani”Z oA (292)
zﬁ(l-’-ﬁj Z/l(l")dS}’)
The equation-of-state (eos) reads
g =
p(v—vo)ﬁ=(l—mrjg|u(r)|d3rJ (29b)

2
where v, = En03 is the own volume of the molecule, and u (r) is the attractive

(negative) energy density of the intermolecular potential,

o0

3 . .
j |u(r)|d r =V, , with z,= mean inter-molecular energy.
r=oc

1
We obtain the vdWaals eos in the form p = N (29¢)

B(v-b) (v—b)2

where b:v0:§7w'3, a= T|u(r)|d3r=%.

r=o

5.2. Mean Distance in Ideal Gas

The probability to find a particle at the distance from the origin between rand r

4’ v 3(rY Y 1 "
P, (r)dr:4nr2dr 1- :—(—] dr 1—(—) —
k14 a\a a) N

1 3
where we substituted 7 = TN and ais the mean distance.

+ dris

Finally, taking the N — oo limit we obtain
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The distribution peaks at r = i/%a =0.874a.

5.3. Liquid-gas Transition

T
The vdWaals eosis p= e v= r

v—b V'’ N
The critical temperature 7:in the liquid-gas transition results from

dp d’p 3
—=0, =0, follows p. (v—-v.) =0
dv v’ pC(V VC)
8a a
kT =——, v . =3b, =—
< T Pe =075

r >

c vC pL‘
vdWaals equation becomes universal

T
With reduced variables 7, =—, v, = A p, = L

r

P=3y 037

r

8 1 3 (29d)

and also and the compressibility ratio is universal Bl _ é =0.375 (Figure 5).
B¢

A"
—

Figure 5. [14] Below are shown four isotherms of the universal vdWaals equation in relative coordinates with the spinodal

curve Z—p =0 (black dash-dot curve) and the saturation curve (red dash-dot curve). The critical point lies at the turning
v

2
point 6—5 =0 on the orange isotherm. The saturation curve (left wing=fluid, right wing=gas) left (low volume) wing ends
v

at the triple point, its points are determined by Maxwell’s equal-area rule F(v,,T)=F(v,,T), p(v,T)=p(v,,T), where

oF (v,T )
vI)=-",
r(T)=-—5,
Saturation curve
Extended principle of corresponding states has been suggested in which
pr = p(vr’]:” )’
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PV,
kT,

c

where ¢ is a substance-dependent dimensionless parameter, ¢ =

better candidate is @ =-log,, (p,, (.= 0.7))

The approximate saturation curve is [15] (Figure 6)

log(pm):5.37[1—%}4—0)(7.49—11.187;3 +3.697 +17.93log T, )

¥

with @ =-log,, (p, (T = 0.7))

r

1 T T T T T
—
A
,'e"
A
0.1 .
/eﬁ
I
//
0.01 o ®=-0.4
e ® =-0.302 vdW
| 4 =0
Prsar /,"4 =0 14 H(
=1 y = 0.9 i
./"
f g
wlk / E
’ﬁ

10‘5 4 I I 3 I I I

0.4 0.5 0.6 0.7 0.8 0.9 1

T
Figure 6. The family of saturation curves, showing the vdW curve as a member (blue
curve). The blue dots are calculated from Lekner’s solution [16].
6. Lennard-Jones Substance

6.1. Lennard-Jones Fluid

The Lennard-Jones Potential is given by the following equation [17] [18]:

weea<{(7] ()

ois the van der Waals radjus = distance at which u=0, o =r,, where r, = mole-
cule diameter, ris the distance between particles.

Cut-off Lennard-Jones function

Infinite potential at r = 0 is unrealistic, much better is the corresponding cut-

off potential.

1

3 1
12 6
T
2 \o o

the form [13] min (u,,, (r,11),7)=u,, (7,

u,, (r.o,e)=4¢ , normalized u,,(r,oc=1,6=1) has

=1.22)=-0.58 (Figures 7-9).

in
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Lennard-Jones(o=1,e=1)

= N W

"2 3 4 5

Figure 7. Normalized Lennard-Jones potential [13].

2-5 1 1 1 T
20F supercritical
_ 15¢
o _ _
£ ey~
= ey N, liquid
19 / gas+liquid °
0.5r
gas + solid
0.0 1 1 1 1
00 02 04 06 08
plo?

Figure 9. Phase diagram of the Lennard-Jones substance [19], star = critical point, circle
indicates the vapor-liquid-solid triple point, triangle indicates the vapor-solid (fcc)-solid
(hcp) triple point, solid lines indicate coexistence lines of two phases, dashed lines indicate
the vapor-liquid spinodal.
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The most important characteristic points of the Lennard-Jones potential are the
critical point and the vapor-liquid-solid triple point.
The critical point parameters are

B, =1/1321=0.755, v, =1/0.3165° =3.160°, 4, =(v,)" =1475,

P, =0.129 p, =647 MPa, p,(4r)= i3 =50.1MPa,
O
The triple point parameters are

T, =83.8K, density fluid, solid p, , =0.845 o, p,,=096lc"

&8, =1/0.69=145, v, =0°/0.845=1.180°, 4, =(v,)" =1.065,

12

P, =0.0012 p, =0.060 MPa, p, (Ar)=—=—=50.1MPa,
O

gas (300K, lbar): p=2.7x10"cm™, v=1/p=3.7x10""cm’,
A=v"=33x10"cm =334,
mean free path /[, =52 A
Comparison with measured values in L]-Argon (see below)
triple point 7,=83.7K, p, =0.68 bar =0.068 MPa=1.36x10""p,
Be(T,)=1.67
critical point 7, =150.8K, p, =48.3 bar =4.83 MPa =0.0964p,
Be(T.)=0.938
Measured values for argon are as follows [20]-[22].
ox(Ar)=3.72A, o, (Ar)=34A, £(4r)=0.0123eV,
Py (Ar) =2 =689 MPa
o

10 bar =1 MPa =10° J/m® =10°x 6.242x10" eV/m* = 6.242x10° eV/A®

o (Ar)=—-=0.312x10"eV/A® =0.501x10> MPa = 50.1 MPa

O
ky x1K =0.026 €V/300 = 0.000086 eV,
£(Ar)=142.095x0.000086 =0.0123 eV, o,,(4r)=0.3361m=3.36 A

T,(p=1bar)=83.8K, B=1/(0.026x83.8/300)=1/0.00726 =137.7¢V",
Be(T,)=1.69

T,(p=1bar)=873K, £=1/(0.026x87.3/300)=1/0.00757 =132.2eV"",
Be(T,)=1.62

triple point 7, =83.7K, p, =0.68 bar = 0.068 MPa =1.36x10" p,

pe(T,)=1.67

critical point 7. =150.8K, p, =48.3 bar =4.83 MPa =0.097 p,
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Be(T)=0.978

6.2. Lennard-Jones Radial Distribution Function

The measured and calculated rdf functions of argon L]-substance is shown in Fig-

ure 10, Figure 11.

‘8 — caleulated for liquid argon from
v neutron diffraction.
o v calculated from Scott's random model
Nov © calculated from Bernal's random miocs
4mr* &

Ngy 15 Overcge no of spheres in intervais
of 2 o sphere dometer

i X

@

12 16 2 2-4 28
r— (dist. from centre in units of sphere diam)

Figure 10. [23] The first comparison between the rdf of a real liquid from neutron scatter-
ing and the rdfs obtained independently by Scott and Bernal from RCPs of about 1000 equal

spheres; period 7, =0.75 , distribution weight g(r=1)=2.35,where g(r=w)=1, cor-
relation length /. =0.68.

I ™0 = 0 ° — 1 T ]

B n —_— quu_id _

B — solid 1

ST —— gas |
= 4r ]
=

2r

1_

0

o
o
&
'_\

15 2 25 3
r/o

Figure 11. [24] The radial distribution functions of solid (7= 50 K), liquid (7'= 80 K), and
gaseous argon (7'= 300 K). The radii are given in reduced units of the molecular diameter
(0=3.8224).

Approximate parameters of radial distribution function

Loy (r0,05¢,) = ®(F,0)[1+6XP(_r/lc)[Zk:ak cos(zn rl_UDJfo (6,2,,)

a,k

gas: a =0.5, extinction factor extfactor (r=0.75/8) = 1.37,
1,=0.75/8/0.318=0.29, [, =0.75
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fluid: o =2, period [, =0.75, extfactor(r= L/2) = 4.54, correlation length
I,=1,/1.49=0.50

solid fcc: r=1:a,+a, =53, r=1.37:-a,-0.83, =0.25, period [, =0.75,
l,, =0.63, extfactor(r= 1) = 2.08, I =1, /log(2.08)=1.361,=1.02,
o,=147, o, =3.83=2.6c,

solid fcc theory: a=547A=16lo,,, 1, =a/2=0.800,,,

L, =a/(2\/§)=0.57au oy =n(1)[2=3, ay=n(n)/2=2

solid bec theory: a =547 A=16lc,,, L, =a\3/2=0.86a=139,,,
a,=n(r)/2=4.

6.3. Lennard-Jones Phase Transition Points and Parameters Argon

The used parameters are:

£=00123eV, 0=34A, p,(4r)=—5-=50.1MPa, b:23_n03’

3 =
Oy

a=—2 6" =5.59¢0°
n(3e-8)
Ar tr vapor-liquid-solid triple point
T=837K, fe=1.67,A=1.050, p=1.36x10"p,,

1 1
=—=—=0.870"
» v oA
fluid 80K: e =2, [, =0.75, 1, =0.50.
Ar cr critical point

T=1508K, Bc=0978,1=1.47c, p=0.0964p,, p=l=%—0.317<7_3
A4

=
=05, =029, 1, =0.75

Ar gas 300 K, 1 bar
v=1/p=37x10"cm’, A1=v"=26x10"cm=26A, I

free =52 A

Ar phase transitions

fluid-->gas at saturation curve:

A=A, (v,T)={0.65..09}c - A= A (v,,T) determined by Maxwell’s equal-
area rule

F(v.,T)=F(v,,T), p(v.,T)=p(v,,T) where p(v,T) =—%
fluid-->solid at fluid-solid line:

A=A, (v,T7)={0.65..09}c > A=A (v,,T) determined by Maxwell’s equal-
area rule

oF (v,T
F(v,T)=F(v,T), p(v.T)=p(v,,T) where p(nT)=- érv/ 2

7. Dipole Substance
7.1. Dipole-dipole Interaction

e Parallel dipoles [25]
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V(r):2,u+,uz in cgs, where ¢’ =143x10"eV-m=143eV-A dipole mo-
r

ment u, =enq,, (=12
e Arbitrarily positioned dipoles [25] with angle &, resp. & to center connection

line,

2
V(r)= —%(—cos(é’1 —6?2)+3cos(6?l)cos(6’2)) ,

7

when both dipoles perpendicular to connection line, inverse direction:

2
91=TC/2, 922—7'[/2) V(r)z_erirquqz
r

with thermal screening

2(e2rrqq )2 1

112442 .

e i
B

The singularity-free cutoff-dipole potential is

Veon (1,0, Ar,60) = VO[G)L (F,U,Ar)—w

cos(@)}

_r
1+exp(r_o-]

Ar o
1

1+exp(r_0j
Ar o

7.2. Dipole Substance Ethanol

where ©,, (r,0,Ar)=|1- is the soft-step-up-function,

and O, (r,0,Ar)= is the soft-step-down-function.

The following Table 3 contains the relevant data for ethanol.

Table 3. Phase data ethanol [26].

Critical pressure 6.25 MPa = MN/m?
Critical temperature 513.9 K
Critical volume 169 cm?®/mol
Triple point pressure 4.3 x 1071 MPa = MN/m?
Triple point temperature 150 K
Spec. volume (liquid) 58.7 cm’/mol
Solid ethanol

Ethanol’s crystal structure can involve different conformations of the ethanol
molecules, including gauche and trans. The molecules are held together by hy-
drogen bonds.

The crystal structure of ethanol at 87 K. C,HsOH, monoclinic mP, a = 5.377
(4), b=6.882 (5), c=8.255 (8) A,
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B=102.2(1)°, V=298.6 A’at 87 K, Z= 4, Dx=1.025 g cm™.
o(Eth)=2.6A, 1,=537TA~20(Eth)=52A, 1,=6884=1281,,
l,=825A=1541,

o =a,=0,=6

The phase diagram of ethanol is shown in Figure 12.

nﬂi 4
= i | SR ———
E solid :
0.1 NSRS Lesem— vapiour
683 240.85
(a) 7/°C

Figure 12. [27] A schematic phase diagram of ethanol. TP, BP, and CP are the triple point,
the boiling point, and the critical point, respectively. The gray region above CP represents
supercritical ethanol SCE. The broken line within SCE is the ridge of density fluctuations.

The rdf function of ethanol is shown in the following Figure 13.

2.5
2.0

1.5

g(r)

0.5

0.0 - T — - :
0 2 4 6 8

r, A
Figure 13. rdf function for ethanol = ethanol and water-ethanol interactions at three etha-
nol concentrations x.r = 0.2, 0.22, 0.5 at 7'= 300K [28].
7.3. Dipole Substance Ethanol Transition Points

Maximum energy OH hydrogen bonding potential is V;, = 0.216 eV ([26] [29]),
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hydrogen bonding dipole interaction potential is V' (r,0)=— d + with the

r

o

non-singular cutoff-dipole potential

Voo (ri0,Ar) =V, [@L (r,a,Ar)—%}

where ©,, (r,0,Ar)= 1—; is the soft-step-up-function, and
r—o
I+ex
p( Ar o }
1
0, (r,o,Ar)= is the soft-step-down-function and the &-parame-
1+exp ( r- Gj
ro

ter, in analogy to L]-potential &=V, /4
&, (Eth)=V,/4=0.0542 eV =4.4¢(Ar)

The used parameters are:
o(Eth)=v"=2.6A,
_ & (Eth) _0.0542¢eV
o(Eth) — 52A°
&, (Eth)=V,/4=0.0542 eV

=3.85x10*eV-A~ =61.75MPa,

0

Critical point
T=513K, f=1/0.0445eV"" Be, (Eth)=0.0542/0.0445=1.218

1MPa=6242x10"eV-A~>, eV-A~ =1.602x10° MPa

6.25
=6.25MPa=——-p,=0.101
pcr 61.75 pO pO

24
v,, =169 cm’ /mol = 2.80x10 ™ cm® = 16900°_ 33 _280.6 A7,

6.022x10%
4, =(v,)=655A=250, p,=1/2.5=0.064

Triple point
T=150K, f=1/0.013eV" Be, (Eth)=0.0542/0.013=4.17

4.3x107"°
61.75

24
v, =58.7 cm’ /mol = %N =9.75 A =(2.13A)
A 032x

A, =213A=048c,

p, =43x107"" MPa = P, =0.696x107"" p,

3
>

587x10%
6.022x10%

py=1/0.11=9.

v, =587 cm’ /mol = A*=975A=(4.6A), 2,=46A=1.050
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melting (p=1bar) T, =159K, B¢, (Eth)=3.93.

8. Landau Theory for Solid-Fluid-Gas: Ansatz and Basic
Properties

8.1. Ansatz

We start with a generalized Landau ansatz for the partition function as a func-

tional integral [1]
Z= J.D(p dVexp(—ﬁu(F))
where u (F ) is the intermolecular potential, and ¢ is a test function from a pa-

rameterized function family ¢=¢(7,4;¢,) with parameters c,, the average

distance A=1v"*, and the inverse thermal energy /3 = kLT .
The functional integral is expanded with differentials: volume

dV =2mnr’sin@ df dr (assuming cylindrical symmetry) and functional

Do = ZST(/) dc, , and integrated accordingly.
k

The test function family must encompass radial distribution functions (rdf)
Jra (7;¢,)» since they describe the distribution of available states, we have the
ansatz @ =g(7;c,) = f,(4 Bic, )frdf (F5¢,)
where f;(7;4,8;¢,) is a function of the average distance A=»"" (resp. aver-
age volume per particle v), the inverse thermal energy f , and the parameters
I

The potential has the form u (17 ,O',uo) , where o is the particle radius, resp.
the repulsive hardcore-radius, and u, =4¢ isthe maximum potential energy, &
is the characteristic energy in the Lennard-Jones potential.

The simplest form for f;(7;4,;c,) is exponential damping with 1 (states
outside the average distance are of no importance) : f, (F;/i, 5; ck) = exp(—r/ /1) R
it is shown to be correct, since it yields the ideal gas law in the limit of zero inter-
action u=0.

The form of the rdf function is based on the known form for the three aggre-
gates (gas, fluid, solid)

Jog (r,60,05¢,)=0,, (r,a)(1+exp(—r/1c)[zak cos(Zn rl_o-B]fa(H,%k), k=1,---,n, (30a)

ak
where [ is the correlation length, [, are the lattice constants of the underly-

ing solid (n, =1,2,3 or more, depending on the molecule symmetry), ¢, are

the corresponding amplitudes, ©,, (r,0) is step-up function,
o(r,0,4,05¢,) = exp(—%jfrd/ (r,0,0:¢,)

The angular factor f,(6,a,,) is the axial part, which is introduced for a non-
radial (axially symmetric) potential, e.g. for the dipole potential, where & is the

polar angle, and the angle factor becomes simply f, (0, ) = (@, + &, cos 6) .
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The idealized form of the rdf function for the three aggregates is then (radial
part)
e gas [ =0,
oy (ri03¢,)=0(r,0) (30b)

pure unitstep-up function ®, no correlation
o fluid 0</ ~0o,

Fr (rio3¢,) = G)(r,o-)[l +exp(—r/lc)[;ak cos[2n r]_O-D] (30¢)

a,k

e crystalline solid /, =,

S (1 050,) = ®(r,a)[l +[Zk: o cos(Zn FZ_GDJ (30d)

a,k

pure harmonic (periodic with lattice constants /,, ).

With this ansatz we obtain the general Landau function

0, (r.0.0.0.1.a,.1,,.2,)

=0, (r,a)exp(—r//i)[l +exp(—r/l, )(;ak cos(Zn rl_ GJD_}% (6,ay,) (309)

a,k

with parameters ¢, = (lc,ak] oLog s Ao, )
We can skip the step-function in the general Landau function, if we limit the

range of rto r >0, so the general Landau function becomes

o(r.0.0. 4.1, 0,.1,,, 0, )

= exp(—r//l)[l + exp(—r/lc)[; a, cos(Zn rl_ GDJ]‘& (6,2y,) (300

a,k

The partition function becomes then

Z(A,B.0,6:¢,)
0T ; 31
:J'(J' I2751’2Sin9d¢9drzweXp(—ﬂu(’”’e’U’g))Jdckdl (31)
r=c =0 k Cr

Wecanset o =1,¢=1, and measure radius in unit(r) =0, and energy in
unit(u)=¢,and skip o,¢ in the following.

We obtain the minimal parameters c, = (lc,alkl oo Qo ) by minimization of
1
free energy F = —Elog Z or equivalently by maximization of Z.

The minimal parameters ¢, determine the rdf f, (r,0,0;¢,) in the parti-
tion function.

The other method of fixing the parameters is to solve the Hypernetted-Chain-
Ornstein-Zernicke equation in order to find the rdf (see B.3).

The rdf function is uniquely determined by the intermolecular potential
u (r, 0, 0',8) , and the same is valid for the rdf function frd/- (r, 0,0, ck) in Zre-
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sulting from the maximization of Z, therefore the two resulting parameter sets ¢,
should be identical. This is indeed the case for the two intermolecular potentials
considered here: Lennard-Jones potential and dipole potential, as shown in chap.
12 and chap. 13.

8.2. Calculation

Calculation methods

In thermodynamics, the main task is the evaluation of multiple indefinite inte-
grals with parameters.

Such integrals are in most cases not solvable in closed form, i.e. as expressions
in parameters and variables using elementary functions (e.g. sin, exp) and special
functions (e.g. Bessel functions, Gamma function).

The usual ansatz with a cut-off power series expansion (for exp) does not work,
because the Boltzmann exponent Su(r,6) is not necessarily small.

Basically, two calculation methods are applicable here.

o Numerical evaluation on parameter lattice

Here, the integral is evaluated pointwise on a multidimensional lattice for pa-
rameters ¢, and variables (7,0, 4, ) and then interpolated or fitted (in polyno-
mials or trigonometric functions) to obtain a closed expression. The calculation
time grows as N, where Nis the number of lattice points in one dimension,
nyand n, is the number of variables (here n, =4) and the number of parameters
(here n, =5, ..., 8). In practice, one needs lattices with V=400 - 1000 points in
order to obtain reliable results. This is viable only with massive parallel processing
on supercomputers.

e Numeric-symbolic evaluation on parameter lattice

Here, one replaces the parametric indefinite integral by a symbolic quadrature
sum on a linear equidistant lattice, using some quadrature formula, e.g. Clenshaw-
Curtis quadrature with weights wz. An indefinite integral is represented by multi-
plying each summand by a stepup-function © (X —x), where xis the integration
variable and Xis the upper limit variable.

In this way, the summation is variable, the lattice points x, > X do not con-
tribute.

The transformation scheme is for the simplest quadrature rule:

X j=N-1 —
| Fxp)dis'y, WjG(X—xf)f(x"””’;pk]x’” -
J=1

X=Xx0

We obtain a closed symbolic expression in parameters p; and integration limit
X, which is easy to handle, but needs a large memory.

The expression value converges with the simplest Clenshaw-Curtis quadrature
. . n’ . . .
against the true value with an error Al = > m (| f '|) , where Ais the lattice stepsize

and m (| f '|) is the average value of the integrand derivative.
On a 3.5 GHz workstation with 12 parallel processes, the calculation time for
Peop (4, 8) with a DD-potential is 100s, the calculation of p,,,(4,8) ona N
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= 80 lattice takes about 10 h, and needs about 30GB memory per process, total
memory needed is about 400 GB.

Numerical discretization error

The numerical discretization error in A and fBis approximately equal to the step-
size of the lattice.

An estimated erroris AA~0.05, Af=0.1 forthe valuerange 1<A<2
1< B <5, where the characteristic points lie, which yields average relative errors

A 003, A 1003,
A )

The relative error of p can be estimated from the ideal gas eos p= # ,
namely p_ 3 AL + AB 0.12, which is roughly in agreement with the observed
p

numerical error.

9. Partition Function for Ideal Gas and vdWaals-Gas

For the ideal gas, the potential is zero, and the rdf is the unitstep function.
In the following, we set o =1, =1, and measure radius in unit(r) =0, and
energy in unit(u) =¢.

The Landau function for the ideal gas becomes simply
Do (7 A)=exp (—%J , where we set for the volume (per particle) v=A4' and

the partition function is

Zy (4)= jl(rra%dz—y#l)4nr2drjdﬂ (32a)

r=1

It can be evaluated analytically with the result

A

zidg(,z):(_“_“,f +4exp(—%)nﬂ(l+2ﬂ+2ﬁz)j (32b)
e
1
For the pressure we obtain
1 0dlogZ,, (1)
(2. 8)= idg
Pu(RP) =357 )
a
1 (6e—16exp(1/2))+Ae(1/A+3+64)
B2 (6e-16exp(1/4))+A7e(3+61)
and the limit 4 — o,
1 I e 1 1
(A, B)= 1+ ~ = 33b
plc( ﬂ) ﬂﬂ}[ 13 6e—16j ﬂ(ﬂu}— e j ﬂ(V—VO) ( )
6e—16
which is the ideal gas law with a van-der-Waals self-volume v, = =8.78.

6e—16
The naive expectation value for the self-volume is a cube with side length

20 =2, and self-volume v,, =2’ =8, so the naive assessment is quite good.
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9.1. vdWaals Gas with Lennard-Jones Potential

A vdWaals gas is ideal gas with a (weak) potential correction.
The pressure obeys the vdWaals eos

- e
p= ﬂ(v—b) Vv

In case of the Lennard-Jones potential we have the partition function

o(ri2)=exp( -2

Z, (/11) = _f (TAWMVZ exp(—ﬂucu(r,l,l))drjd/l (34)
A=1\ r=1
and the pressure
0Z,, (A
P (2. 8) ! (%) (35)

T3, (A B) 04

which can calculated numerically on a A-S-lattice [13].
The ideal gas invariant E, (p,4,8)=pBA° is equal 1, for the vdWaals gas it
reads

E, g (P2, B) =ﬁ—i—/j (36)

For the vdWaals-L] gas-fluid it has the form (Figure 14).

\SZZL7 527,

\ A AT

. TR

2.0¢ 0 "’/2"‘/’,”4‘
E=pBA*31.5 5057 I'/ '7'/"07"/0 LS ‘f
= . ® LE A7 L@y, 3
pB TR

1.0

Figure 14. State equation of vdWaals-Lennard-Jones gas-fluid.

We fit £ with the vdWaals eos E,,;, (p,4,) and obtain the result for the
vdWaals parameters

a=15.6, b=29.

9.2. vdWaals Gas with Dipole Potential

In case of the dipole potential we have the partition function

A (O=rr—
ZDD(}Q):J'(HI J}%ZmﬂsinHexp(—ﬁucDD(r,l,l,@))drd@}dﬂ, (37)

A=1\0=0 r=1

DOI: 10.4236/jmp.2025.1610073

1525 Journal of Modern Physics


https://doi.org/10.4236/jmp.2025.1610073

J. Helm

and the pressure

~ 1 0Zpp (A)
32 Z, (A B) 04

Pon (4. ) (38)

which can calculated numerically on a A-f-lattice [13].
For the vdWaals-dipole gas-fluid the invariant £has the form [13] (Figure 15).

\ 22>
\\ ST
\ AR T
\ R

IR 7R

LA
ETRL A I/,/ "Il'
CAZAZTATH

o %L

Figure 15. State equation of vdWaals-dipole gas-fluid.

Fitting Ewith E,,, (p,4,5) vyields the result for the vdWaals parameters
a=48.6, b=92.7.

10. Calculation of the Radial Distribution Function from
Hypernetted-Chain-Ornstein-Zernicke Equation

10.1. Potentials

The general potential function has the form u (r, 0',8) , where o is the hard-core
radius, and ¢is the characteristic energy, and u, =4¢ is the maximal energy.
The hard-core part of the potential is made non-singular and step-like by a cut-
off.
We have the following typical intermolecular potentials
o cut-off Lennard-Jones potential (L])

[P 6
1 r r
—+| — 1+ —
2 (Gj (G)

uy, (r,o,6)=4¢ (Figure 16),

Figure 16. Plot u,,, (r,1,1).
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e dipole potential (DD)
U.pp (r, o, 8,9) = 48(®L (r, O',O.l) —(1 -0, (r, O',O.l))uDD (r,O', (9,0.1))

1
with the soft-stepdown function @, (r,0,Ar)= , and the pure
1+exp ( = j
ro
. . cos @ .
cut-off dipole potential u,,(r,0,0,Ar)=————— (Figure 17)

Ar+(r
o

1\/""3 4 5

Figure 17. Plot u,,, (r,1,1,7/3).

e Coulomb potential

U,cp (r,a, g) = 4€(®L (r,U,O.l) - (1 -0, (r, 0',0.1))uCB (r,O',O.l))

with the pure cut-off Coulomb potential u,, (r, o, Ar) = (Figure 18)

7

Ar+—
c

Figure 18. Plot u,, (r,1,1).

In analogy to the Lennard-Jones potential, we distinguish te maximum energy
Vs and the characteristic energy € = V,/4.

The intermolecular potential determines the physical properties (like phase
transitions) and the structure (crystal form) of a substance.

We deal here mainly with three potentials and corresponding substances: Len-

nard-Jones (L]), dipole (D), and ionic (C).
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e LJ-substance with L]-potential

A typical L]-substance is argon, or more generally noble gases. Here we use ar-
gon as the standard representative of a L]-substance.
e D-substance with dipole potential

Many organic fluids are dipole substances, a typical example are alcohols, the
best known being methanol and ethanol with a hydrogen bond OH-dipole poten-
tial (OH-bond energy V;, =~ 0.26eV) [27] [29].

Water is a special case, since it has two potentials: OH-dipole potential and
covalent L]-potential; accordingly, water consists of two liquids: high-density co-
valent-bound phase and low-density OH-dipole-bound phase with tetraedric
structure (this phase is dominant in water ice) [30].

Here we use ethanol and methanol as the standard representatives of a dipole-
substance.

For solid methanol we have the crystal structure:

-solid orthorombic: different xyz-lattice constants [,/ ,,
B =m/2

For solid ethanol, the z-axis is slightly skewed, we have the crystal structure

[ 5, all angles

-solid monoclinic: different xyz-lattice constants [,/ ,,[,, B, =102

Since the solid ethanol structure is approximately orthorombic, we assume for
the solid dipole-substance the orthorombic crystalline structure.
e ionic substance with Coulomb potential

Typical ionic substances are salts, e.g. sodium chloride NaCl. They have much
higher melting points, because the Coulomb potentiall is much stronger than the
dipole potential.

10.2. Phase Transitions

For the three potentials represented by three substances

e Lennard-Jones substance argon

dipole substance ethanol
e jonic substance sodium chloride NaCl

we obtain the following phase transition data.

Lennard-Jones substance Argon

£=00123eV, o=34A, p,(4r)=—=50.1MPa

LJ
Triple point
T=837K, PBe=1.67,4=1.050, p=1.36x10"p,,

11 _3
=—=—=0.870
r v A*

Critical point

T=1508K, Be=0978, A=147c,p=0.0964p,, p:l:%=0.317a*3
\%

¢ Dipole substance ethanol
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_ & (Eth) _0.065¢V

o(Eth)=V"=2.6A, p,= 4 ——=3.7x10"eV-A~ =591 MPa,
o(Eh) 176A

&,(Eth)=V,[4=0.065¢V, V,=0.26eV=V(OH)
Critical point
T=513K, f¢,(Eth)=0.0542/0.0445=1.46

p., =6.25MPa = % £,=0.0105p,

v, =280.6 A%, 4 =(v,)  =655A=25c
Triple point
T=150K, fe&,(Eth)=0.065/0.013=5.0

43x107"
p, =43x10"° MPa = % Py =0.73x10™ p,

v, =975A%, 1,=213A=0850, 4, ~25A~lo
¢ Tonic substance sodium chloride
V,(NaCl)=4.27¢eV, &(NaCl)=V,/4=1.067¢eV, o(NaCl)=2.8A
Triple point
T, ~T,=1074K, B=1/0.00721eV, Be=1.067/0.00721=148

Critical point
T,~T,=1738K, B=1/0.1726eV, Pe=1.067/0.1726=6.18

10.3. Calculation of the Radial Distribution Function for
Lennard-Jones Fluid
The Hypernetted-Chain-Ornstein-Zernicke equation (HCOZ) reads
log g (7, )+ Bu (1, )
=p(1-g(%))[((1-g(R))~log g (R) - Bu(R))r dr;sin0dO dg
where R® =77sin’@+R’ =71; +1 + 21, cosOcos ¢
concisely log.g(1,)+ A1)~ p(1-(r)) 1 (g. fu) =0
1(g.pu)=[((1-g(R))~logg(R)~Bu(R))r’ dr;sin0d0dg
We make the general ansatz for the radial distribution function (rdf)

g(r.o.lc,a;,la)=0,(r, O',Ar)(1+ Ag(r,o,lc,a, la, ))

Ag(r,o,lc,ak,lak) = exp(_li)[iak cos(zn rl—gj]
C)\ &

a;

_
1+ex r-o
P Ar o
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Ar<o.
Here /cis the damping length and ¢,,/, ~describe the amplitudes and the pe-

riods of the harmonics involved in the rdf.
The harmonics are determined by the crystalline geometry of the solid.
Theoretical values are (lattice unit a, normally a=0)

solid fee: 1, =a/2, 1,= a/(Z\/E), a,=n(r)/2=3, a,=n(n)/2=2

solid bec: 1, =av3/2=0.86a, o, =n(r)/2=4

solid hdp (hexagonal dense pack): [, =a, neighbors n(r)=6,

a,=n(n) / 2=3

solid pc (primitive cubic):): [, =a, [, =a~2, neighbors n(r)=6

n(rz):4 , o= n(rl)/2 =3, a, :n(rz)/Z =2
For Lennard-Jones, we choose the fcc-ansatz, e. n = 2 harmonics, o, ,lak
k=12

The integral becomes

1(r,0,lc,a,,1a,) = [((1-g(R))~log g (R) - Bu(R)) 7 dr; sin0d0 dp

we can set 0= 1, £= 1, and unit(z) = g; unit(energy) = & then we reformulate HC-

equation

0=E(r,,B.p.lc,a;,la,)

=log g (rp.le,ay lay )+ Buy (ry) - p(1- g (ry.le, e 1ay ) VI (1, Bule, ay ay)
as a minimization problem on lattice Z(z)

> |E(r0i,,3, ple,a,,la, )| =min(lc,a,,la, )

Toi eL(r)

where uo(ro)zu(ro,a=1,8=1)withafunctionsolution gL(r,p,ﬁ;ck) with co-

efficients, which are functions of the parameters (lc,c;,la;)
G (ﬂ’p):(lc(ﬁ’p)’“k (B.p).1a, (ﬁ,p))
In the limit 7, o we have
E()=Ag(ry)+Buq(ry) - pig (1) (282 (ry) + Buy (1)) 1o (1)
0=Ag (n)(1=pBuy (1) 1o (1)) + Buy (1)~ 2008 (1) 1 (1)

B Buy (1)
1_pﬂ”o(ro)lo(’?))

follows Ag(r))=~ , which is an extended limit for small

p<l.

With the above ansatz for the Lennard-Jones radial distribution function with
o=le=1.

g(r,o.lc,a;,la, ), and error minimization of the HCOZ equation we obtain
the numerical solution

g, (r.B,p), equivalently &, (r,5,4) with p=1/2".

The results for rdf function are the following [13].

The dependence on Sis weak, the dependence on p is negligible (the sporadic

bumps are numerical artefacts) (Figure 19):
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Figure 19. rdf function for L]-substance in dependence of £ and p for r=1.4, HCOZ
equation.

A typical r-profile is (here fluid near the critical point =1, p=04,
A =1.35) (Figure 20).

{B=1 o p=04}

0.8

0.6

0.4

0.2- }
- r

0 2 4 6 8 10

Figure 20. rdf function r-profile for f=1, p=04,1=1.35.

As in other calculations, there is a sharp minimum at r=1.5¢ .

10.4. Calculation of the Radial Distribution Function for Dipole
Fluid

The Hypernetted-Chain-Ornstein-Zernicke equation (HCOZ) reads

log g (7. 6,)+ Bu(1,,6,)

=p(1-2(7.6,))[((1-2(R.6,))-log g (R.6,)~ Bu(R,6,) )i’ dr; sin 6, d6, dg
where R’ =77sin* 6, +R’ =1; +1 + 21, cos 6, cos ¢

concisely log g(7,.6,)+ Bu(r.6,)—p(1-g(r.6,))1(g. Bu)=0

(g, u)=[((1-2(R.,0))~logg(R,0)~ Bu(R,0))r dr;sin6, d6, d¢
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We make the general ansatz for the radial distribution function (rdf)

g(r.o.lc,a;,la,,0,a,)=0, (r,O',Ar)(l+Ag(r,G,lc,ak,lak,ﬁ,ao))

Ag(r,o,lc,a;,la,,0,0,) = exp(—lij(z a, cos[Zn rl_ GD(COSH +a,)
c k

a;

1

1+exp[r_o-j
Ar o

where ©,, (r,0,Ar)=|1- is the soft-step-up-function with

Ar<o.

Here /cis the damping length and ¢,/

ag
riods of the harmonics involved in the rdf, #is the polar angle variable, a is the

describe the amplitudes and the pe-

amplitude of the spherically symmetric part of rdf.

We have here two-dimensional positional space with two variables r,6 .

The harmonics are determined by the crystalline geometry of the solid.

For the dipole potential, we make the rdf ansatz for orthorombic (see above),
ie n=3harmonics, ./, k=1,2,3.

With the above ansatz for the dipole radial distribution function with
o=lLe=1 g (r, o,lc,a,,la,,0, ao) , and error minimization of the HCOZ equa-
tion we obtain the numerical solution g, (7,6, p, B;c, ), equivalently
g (r, 0, ﬂ,/l;ck) with p= 1//13 [13], with coefficients
e (B.p)=(lc(B.p).a,(B.p).la,(B.p).0(B.p).a,(B,p)) » which are func-
tions of the parameters (lc, a,la,,0, ao) .

The results for rdf function are as follows [13] (Figures 21-23).

The dependence on S is significant for small values only, there is practically

no dependence on p,resp. A.

r=1.26=0.785398

Figure 21. rdf function for D-substance in dependence of f and f for r=12, 8=0.78,
HCOZ equation.
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We show calculated specific rdf profiles for D-substance (average distance 1
in g; inverse thermal energy £ in 1/¢).

e at critical pointin 7,6

g(r,6),A=2.5,=1.5

Figure 22. rdf function r-@-profile for f=1.5, A=2.5.

e atypical rdf profile near critical pointis (#=1.1, p=0.6, A=1.18)

{B=1.1, p=0.6, 6=0.785398}
g(r)

14 -
1.2

1.0
0.8
0.6
04 -
0.2-

L : r
0 2 4 6 8 10

Figure 23. rdf function r-profile for f=1.1,A=1.18, 8=0.78.
10.5. Minimization of Free Energy for Lennard-Jones Fluid

We obtain the minimal parameters ¢, = (lc, sl ) by minimization of free en-

1
ergy F= —Elog Z pointwiseon (4,p) latticeandfitting ¢, (2,4) intheform

¢, (2.8) = (le(2. B)., (4 B).la, (2. 3))

1
Here / is the average distance and f = P is the Boltzmann factor.
B

The minimization on lattice is very time-consuming, so it was made with low
relative precision (only 0.01) in order to reduce calculation time. The calculation
time for a 81 x 81 point lattice with 12 parallel processes was #= 8 h, with memory
12 x 7 + 30 GB.
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The results for the parameters ¢, (2,4) are in the same range as from the
HCOZ calculation, but differ somewhat in the (2. 8) -dependence [13] (Figure
24, Figure 25).

Figure 24. rdf function for LJ-substance in dependence of f and 4 for r= 1., free energy

minimization.

However, the rdf function near the saturation curve and the critical point are
very similar, as well as the results for the free energy F.

A typical r-profile is (here fluid near the critical point f=1, p=04,
A =1.35), compare the HCOZ profile in chap. 10.3.

{B=1., A=1.35}
g(r)
1.5
1.0
0.5 J
.
2 4 6 8 10

Figure 25. rdf function r-profile for f=1, A=1.35.

10.6. Minimization of Free Energy for Dipole Fluid
[13] We obtain the minimal parameters ¢, = (lc, sl ao) by minimization of

1
free energy F = —ElogZ pointwise on (4, ) lattice and fitting ¢, (4,4) in

the form

6, (2.8)=c(1.B)., (1.8).1a (1.8).4 (1.5)

1
Here / is the average distance and f=—— is the Boltzmann factor.
B
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The results for the parameters ¢, (2,4) are in the same range as from the
HCOZ calculation, but differ somewhat in the (,4) behavior. However, the
rdf function near the saturation curve and the critical point are very similar, as
well as the results for the free energy F.

The minimization was made with low relative precision (only 0.01) in order to
reduce calculation time. Still, the calculation time for a 81x81 point lattice with 12
parallel processes was ¢ = 83h, with memory 12x8 + 31 GB.

The results for the parameters c, (4,) are in the same range as from the
HCOZ calculation, but differ somewhat in the (2,4) behavior (Figure 26,
Figure 27).

r=1.26=0.785398

Figure 26. rdf function for D-substance in dependence of f and A forr=12, 8=0.78,
free energy minimization.

However, the rdf function near the saturation curve and the critical point are
very similar, as well as the results for the free energy 7.

A typical rdf profile near critical pointis (f=1.1, p=0.6, 4=1.18), com-
pare the HCOZ profile in chap. 10.4.

{A=1.18, B=1.1, 6=0.785398}

0.8

06

0.4

02

I I I I oy
0 2 4 6 8 10

Figure 27. rdf function r-profile for f=1.1, A=1.18, 6=0.78.
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11. Partition Function and Free Energy with Calculated
Radial Distribution Function

We start with the general Landau function (o =1, =1)

¢(rseslslcbak’la,k’a0k )
(39a)
IDJ(%O +ay, cosf)

= exp(—r//l){l-k exp(—r/L, )[z a, 005(211: rl_
k
where we inserted the angular factor £, (9, a,, )= (e, +a,, cos@) of the dipole

a,k

potential, and the parameters are ¢, = (lﬁ,ak] oo o, ) .

The general partition function is then

Z (ﬂq B )
A ,0,2; (39b)
=[] [j [ 2nr*sin0 do drzM exp(—ﬁu(r,@))jdxldck
& A=l \=16=0 Cy

integrated over parameters ¢, in within a suitable range.
and the general free energy is F(4,8;c,)= —%logZ(l,ﬂ; ).

The fundamental thermodynamic are the average distance A=v"* (resp. av-
erage volume per particle v), and the inverse thermal energy f= % .

Now, we obtain the actual free energy F(4,5) by minimization of
F(A,B;c,) inthe parameters ¢, within a suitable parameter range.

Alternatively, we can solve the Hypernetted-Chain-Ornstein-Zernicke equa-
tion in order to find the correct rdf with the corresponding parameters (see B.3),

and this is the procedure, which we choose here.

11.1. L] Potential

1 1
2 l+r

The Lennard-Jones potential as the form [13] u,, (r)=4 -

We start with the general partition function above,

op(r,0,4;
A B; ck J‘[ J‘ 4 dr Z {D(r Ck) p(—ﬂucu(r))]dckdl (40a)
where ¢, = (lc,ozkI Lok, ) and insert the parameters from the HCOZ solution for
the Lennard-Jones potential from chap.10: ¢, =¢; (u,,,).
The result is the partition function of the LJ-potential Z,,(4,/4) and the cor-

responding free energy F,,,(4,0)= —%log Z,,(4.B)

Aplotof F,, (/I,ﬂ) is shown below [13], Figure 27.
At the left edge we see the “bulge” of the LJ-saturation curve fluid-gas, running
between the triple point and the critical point (see chap.2) 1.< f<1.6.Itis much

better recognizable in the pressure and equation-of-state plots in the next chap.12,
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chap.13.

Figure 27. A plot of free energy of Lennard-Jones substance F,; (ﬂ, B) in dependence of
A and .
11.2. Dipole Potential
The dipole potential as the form [13]
Uy (r.0,6,0)= 4g(step10(r, 0,0.1) —(1 —stepl0(r, 0,0.1))uDD (r,o, 0,0.1))

1

r—o

with the soft-stepdown function @, (r,0,Ar)=
1+exp

j , and the pure cut-

Aro

cos @

Y
Ar+ (]
o
We start again with the general partition function above,

Z(/l,ﬂ;ck)
=j( f j 2’ sin@ d@ dry.

=160 k Cr

off dipole potential u,,(r,0,0,Ar)=

o9(r,0,4;¢,) (40b)

exp(—ﬂucDD (r, 9))Jdckd/l

where ¢, = (lc A ,la,k1 N )

and insert the parameters from the HCOZ solution for the dipole potential from
chap.10: ¢, =¢, (ucDD) .

The result is the partition function of the L]-potential Z_,,,(4,) and the cor-

responding free energy F,,,(4,8)= —%log Z.pp (4. 8)

Aplotof F,,(A,p) isshown below [13] Figure 28.
At the left edge in front we see the DD-saturation curve fluid-gas, running be-
tween the triple point and the critical point (see chap.2) 1.5< <5, at the triple

point the branches fluid-solid and solid-gas are clearly visible.
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e
ER T

Figure 28. A plot of free energy of dipole substance F,;,,(4,5) in
dependenceof A and fS.

12. Pressure Profiles

The pressure is derived from the partition function using v= A4’

p(ﬂ,,ﬁ)=—a—F= L dlogZ - 12 oz after inserting the parameters from
ov B ov BZ 347 04
the HCOZ solution for the potential.

Since the calculation of p ( 1,0 ) is time-consuming (up to about 20 son a 3.5

GHz work station), it is calculated and evaluated as an array on an equidistant
A B -lattice.

The formula for pressure simplifies, when we take into account the integration
over Ain Z, and keep the dependence on parameters cg

p(A4.Bic,)

1 L(F 5, 2
= [j [ 2m?sin0 do dry

o9(r,0,2;c,)
ﬂZ(l,ﬂ;ck) 347 =16=0 k 3

exp(—pu (r,H))] (1)

12.1. L] Potential

o Direct calculation of rdf function from HCOZ equation
We insert the parameters from the HCOZ solution for the Lennard-Jones po-
tential from chap.10 ¢,, =c_, (u,,) into the above formula for p(/l, B Cc,k) .
The result is the pressure of the L]-potential p,,,(4,58) [13] (Figure 29, Fig-
ure 30).

pful(A,B)

Figure 29. A plot of the pressure of Lennard-Jones substance p,, (ﬂ, B) from HCOZ-
eq. in dependence of A and f.
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Here the saturation curve fluid-gas in the range A=x1.6 1< <1.7 isclearly
recognizable.

The temperature range of the fluid is small Af =0.7, which is typical for L]-
fluids (e.g. for fluid argon with temperature range AT, =67 K ) because the co-
valent binding LJ-potential is so weak.

A typical saturation curve profile p(/i, p= const) at constant temperature is
shown below ( S =1.375).

pfulc(A,B),8=1.375
0.20
0.15
0.10-

0.05

A
1.0 1.5 2.0 25 3.0 35
-0.05 -

-0.10

Figure 30. Profile of the pressure of Lennard-Jones substance p(4, =1.375) in depend-

enceof A.

The profile has in two regions the characteristic vdWaals-form “humps” with
negative minimum and positive maximum in p.

The first hump is the solid-fluid transitionat 4 =1.40, p=0.052, the second
hump is the fluid-gas transitionat 4=1.62, p=0.014

In the fluid-gas phase transition the average distance A (or equivalently specific
volume ¥) jumps v, =A> —v, =4, across the instable region at constant p,
obeying the Maxwell rule (equal area below and above), i.e. p(v,,7)=p(v,,T)>
F(v,T)=F(v,,T)-
e Minimization of free energy F

We obtain the pressure of the L]-potential p (4,8) [13] (Figure 31, Figure
32).

Figure 31. A plot of the pressure of L]-substance p_,(4,8) from F-minimization in de-

pendence of 4 and f.
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The strong bulge of the saturation curve at A=1.5 is still there, compared to
the HCOZ result.

A typical saturation curve profile p (4,4 =consr) at constant temperature is
shown below [13] (#=1.375).

pfum(A,B),6=1.375
0.10¢

0.081 .
0.06}
0.041 :

0.02} ..

200%0 040 e /\

1.0 15 20 25 30 35
-0.02 .

-0.04 -

Figure 32. Profile of the pressure of Lennard-Jones substance p(A,£=1.375) in depend-

ence of 1.

12.2. Dipole Potential

o Direct calculation of rdf function from HCOZ equation

We insert the parameters from the HCOZ solution for the dipole potential from
chap.10: ¢ , =c_,(u,,,) into theabove formula for p(ﬂ,ﬂ;cc’k) .

The result is the pressure of the dipole potential (4, 4)[13] (Figure 33,
Figure 34).

Pigure 33. A plot of the pressure of dipole substance p_,, (4,8) from HCOZ-eq. in de-
pendence of 4 and f.

The saturation curve fluid-gas in the range 1.35<1<1.46 1.46<p/<5 is
recognizable at the left edge, followed by the solid-gas evaporation curve.

The temperature range of the fluid is AfS =3.5, which is much larger than for
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LJ-fluids (e.g. for ethanol with temperature range AT, =363 K ) because the di-
pole-potential is much stronger.

A typical saturation curve profile p (/1, p= const) at constant temperature is
shown below [13] ( f=1.715).

pful(A,B),8=1.715
2 -

Figure 34. Profile of the pressure of dipole substance p(/i, B =1.715) in dependence of
A.

As above, the profile has the characteristic vdWaals-form with negative mini-
mum and positive maximum in p.

The transition fluid-gasisat 4=1.29, p=0.079.
e Minimization of free energy F

We obtain the pressure of the dipole potential p,,,(4,8) [13] (Figure 35,
Figure 36).

Figure 35. A plot of the pressure of dipole substance p,;,,(4,5) from F-minimization in

dependenceof A and f.

The strong bulge of the saturation curve at 4 =1.5 is still there, compared to
the HCOZ result.
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A typical saturation curve profile p(/L p= const) at constant temperature is
shown below [13] (S =1.715).

pfum(A,B),6=1.715

0.2
0.1} °
‘ ‘ 00‘... ..‘-.oogoooo‘.o.pqo A
1.0 1.5 20 25 3.0 3.5 4.0
-0.1}
-0.2°"

Figure 36. Profile of the pressure of dipole substance p(4,8=1.715) in dependence of
1.

13. Equation-of-state, Characteristic Points

On the saturation curve we have the following behavior:
fluid-->gas at saturation curve:
A =4 (B)> 4 = A, (B) determined by Maxwell’s equal-area rule with

v=A>
PP =F(af)s 0luB)=p(nf) where p(s,f) =L LeL)

fluid-->solid at fluid-solid line, 4 =A4,(8)—>4,=4,(B) determined by Max-
well’s equal-arearule F(4,8)=F(4,.8), p(4.B8)=pr(4.B).

The saturation curve runs between the triple point and the critical point.
e Triple point

At the triple point, the saturation curve ends, fluid-->gas and fluid-->solid
curves meet, i.e. p(ﬂg,/)’) = p(/lf,ﬂ) =p(4.8).

The triple point can be found as the branching point of saturation curve in the
p(4.B) diagram.
e Critical point

At the critical point, only one phase exists, the isotherm has a turning point
there.

op o’p
—_= O y — =
ov o’
The critical point can be determined from p(4,) by solving numerically the
2
op(4,
two equations, or by minimizing numerically w, ( r(4.B ))2 +w, [%J

with suitable weights w,,w,.

Since the calculation of p(/l,ﬁ) is time-consuming, a numerical solution
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takes too much time [14].
It is by far preferable to inspect the p(A, = const) -profiles and
p (l = const, f ) -profiles and find the end of the saturation curve in the p (/1, Y/ )
diagram.
e Ideal gas invariant
For the ideal gas, the equation-of-state can be written in the form pgA° =1
That means, the function E, (/1, ,B) =p (/1, [5’),3 A’ is constant, E, (ﬁ,ﬂ) =1
In general case of a gas-fluid, this function £, (4, /), called here ideal-gas-in-
variant, provides important insight into its thermal behavior, and is equivalent to
its equation-of-state (eos).
e Saturation curve (fluid-gas)
The saturation curve (boiling curve) runs between the triple point and the crit-
ical point. At the critical point, the fluid-gas boundary vanishes. The triple point
is a branching point, where the saturation curve divides into the fluid-solid and

the fluid-gas curve.

0
All boundary curves obey the condition a—p =0. The critical point obeys addi-
v

2
tionally the condition g—l; =0.
A%

The pressure p(ﬂ, y/] ) contains exponentials and harmonic polynomials, the
condition is an algebraic-exponential equation where only the real roots are ad-
missible, so the solution contains branching points, and endpoints (where a real
solution ceases to exist).

Furthermore, at boundary curves the eos “jumps” over regions with negative
pressure according to the Maxwell rule, and therefore there is latent heat, ie. a
jump in free energy.

o Critical exponents

We consider here only critical exponents of pressure and density, because
higher derivatives like specific heat are not precise enough on a small lattice used
here.

The critical exponent Jis defined by the summary formula
|ap|~|ap” . T - T,
It is calculated below for the L]-fluid.

The critical exponent B (not to be confounded with the inverse thermal energy
B =1/k,T) is defined by the summary formula

|ap| ~ AT, T > T,

It is calculated below for the dipole fluid.

13.1. L] Potential

e Direct calculation of rdf function from HCOZ equation [13]
The ideal gas invariant E,;,(4,8)=p,,(4,8)B A’ for the L]-potential has
the form (Figure 37).
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eos(

AB)=pV B
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Figure 37. Equation-of-state of L]-substance from HCOZ-eq.

Clearly visible is the saturation curve fluid-gas in the range A~1.6
1< <1.6, followed by the solid-gas evaporation curve in the range 1.7< f<4.
Inspection of the p-profiles yields the following characteristic points.
e critical point
A=1.62, p=0.016, f=1.035, visible in the f= 1.035 profile, with the approxi-
mate turning point at A = 1.84, measured values (argon): B = 0.98, A = 1.47, pu

€
= 0.097 pv, with the characteristic pressure p, =— =50.1MPa for argon.
c

In the following two A = const-profiles one sees the changing profile form: the

turning point disappears, signaling the end of the saturation curve (Figure 38).

pfulc(A,B),8=1.035
0.10

0.08
0.06
0.04
0.02

10 15
-0.02
-0.04
pfulc(A,B),A=1.56

0.3

02 .

0.1

1 2 3 4 P
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pfulc(A,B),A=1.615

1,234 8
-02 .°

-04 |

06

-08 °

Figure 38. Critical point pressure profiles of L]-substance from HCOZ-eq.

e triple point
A=1.58, p=0.004, f=1.63, measured (argon): S = 1.67, A = 1.4, p, = 0.0014p.
The following two B = const profiles show the disappearance of the transition
hump at A = 1.58, Figure 39.

pfulc(A,B),B=1.63

0.06

0.04 -

0.02 -

pfulc(A,B),8=2.24

0.06

0.04 -

0.02 -

A

1.0 1.5 20 2.5 3.0 3.5
Figure 39. Triple point pressure profiles of L]-substance from HCOZ-eq.
e saturation curve (fluid-gas)

For the HCOZ-solution we obtain the saturation curve from the pressure pro-
file: see Figure 40.
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sat. p(f)

0.07 ¢
0.06
0.05¢ .
0.04 ¢
0.03}
0.02 ¢ °
0.01+

1.0 1.2 1.4 1.6 P

Figure 40. Saturation curve of L]-substance from HCOZ-eq.

e critical exponent J

The fit to the curve Ap(A4,B=/,) at the critical point yields the value & =
2.93, for the vdWaals fluid we have &= 3., for the L]-fluid J = 4.8, see Figure 41.
(P-pc)/pc
4 .

3t .

5 1 2 3 ((Ac/A)A3-1)

Figure 41. Critical exponent curve of L]-substance from HCOZ-eq.

e Minimization of free energy F[13]

We obtain for the ideal gas invariant E,,, (4, 8)=p,,, (4, 8)BA’ for the L]-
potential the form (Figure 42).

Figure 42. Equation-of-state of L]-substance from F-minimization.
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The comb of the saturation curve fluid-gas in the range A =1.6 is still there.
Inspection of the p-profiles yields the following characteristic points.
e critical point
A=1.56, p=0.027, f=1.035, visible in the = 1.035 profile
e triple point
A=1.67, p=0.0097, B=1.63

13.2. Dipole Potential

e Direct calculation of rdf function from HCOZ equation [13]
The ideal gas invariant E,,, (4, 8) = p.p (4, ﬁ)ﬂ/l3 for the DD-potential has
the form (Figure 43).

eos(A,B)=p V B

Figure 43. Equation-of-state of dipole substance from HCOZ-eq.

At the left is the saturation curve fluid-gas in the range 1.35<1<1.46,
1.46 < B <5, branching off is the solid-gas evaporation curve in the range
5<B<6

Inspection of the p-profiles yields the following characteristic points.

A =146, f=1.545 £ 0.1, (1) = 0.225, measured (ethanol) p. = 0.051, 1 = 1.49,

B=1.46.
The following two S = const profiles show the disappearance of the vdWaals

turning point for B < 1.545 (Figure 44).
pful(A,B),6=1.545
0.6
0.5
04 .
0.3 .
0.2 °
0.1 .,

-0.1"
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pful(A,B),B=1.46
0.6/

05}

0.4/ °
03 ¢
02 *
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I L. ., [ ©®9 0066066000000 00000 A
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-01°

Figure 44. Critical point pressure profiles of dipole substance from HCOZ-eq.

e triple point
A=1.35, f=5.16 + —0.2, p= 0.004
measured py = 0.051, A, = 1.3, B = 5.
The following two B = const profiles show the disappearance of the transition

hump above f = 5, signaling the end of the saturation curve (Figure 45).
pful(A,B),B=4.95
0.6 [
05
04 -
0.3
0.2
01 %

-0.1
pful(A,B),5=5.16
0.6

0.5 .
0.4
03 °
0.2
0.1 “

. , 6o ®C00ccoeccccscccse A

o« 2 4 6 8 10

-0.1

Figure 45. Triple point pressure profiles of dipole substance from HCOZ-eq.

e saturation curve (fluid-gas)
For the HCOZ-solution we obtain the saturation curve from the pressure pro-

file, see Figure 46.
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sat. p(B)
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Figure 46. Saturation curve for dipole substance from HCOZ-eq.

e critical exponent £

The fit to the curve Ap(A=24,,/) at the critical point yields the value 4 =
0.46, for the vdWaals fluid we have

So = 0.5, for the LJ-fluid 4 = 0.33, see Figure 47.

(p-pe)/pc

1.0}

0.8 .
0.6 .
04

02 -

05 10 15 20 (BrBe)-1)

Figure 47. Critical exponent curve for dipole substance from HCOZ-eq.
e Minimization of free energy F[13]

We obtain for the ideal gas invariant E, (4, 8)= p,pp(4.B8)BA° for the
DD-potential the form (Figure 48).

eos(A,B)=p V B

Figure 48. Equation-of-state of dipole substance from F-minimization.
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Inspection of the p-profiles yields the following characteristic points.
e critical point
A=1.505, f=1.545, p(1) = 0.034
e triple point
A=1.35, f=5.16, p=0.03

14. Conclusions

The Landau theory of magnetic systems can be generalized to describe solid-fluid-
gas systems as follows, Z = IDq) dV exp(—H (7,9, )), where
H(F, o, ﬂ) =F (go) + fu (17) is the thermodynamic Hamiltonian, and E (go) is

the g-induced Landau energy, Su(7) isthe thermal intermolecular potential.
(first-order) fgs-systems: (p(r,@,/i,d; ck) = exp(—%]frd- (r,9, o; ck) , radial

distribution function f,,(r,0,0;¢,)

(second-order) magnetic systems: @ =M magnetization
We have the following schematics.

Solid-fluid-gas-solid (fgs), first order transition

basic variables 7, V, N

(G_Fj discontinuous, lat. heat AC = (a—Fj _[8_Fj
ov Vv i, ov )
- 0 . .
VA :ID¢ dVexp(—ﬁu(r)) ,D(p=2fdck , H(F,p,B)=Bu(F)
k
approximately Z ~ jgo dVexp(—ﬂu(?))

(Ck ) = (lc’ak’la,k’aok)

1 .
@ ~ p=—, specific volume v
v

p(r,o.A;¢,) = exp(—%) Doy (r,o5¢,)

O (r:036,)= O (r=6)[1 +exp(-7/l, )[;ak cos[zn rl_ GDJ

a,k

©®,, step-up function.

Minimization of free energy yields the solution
F(T,V,N)z—%logZ, F(T,V,N)=min - ¢p=g,
equivalently Z(7,V,N)=max — ¢=g,.

Magnetic, second order transition
basic variables 7, M, N

2

F
[6 discontinuous, AC =0
Q@
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M
@ =M magnetization, @, = N > v fgs
g-induced Landau energy =
Javi A(B
E(¢,B,B) =%¢>2 +%¢4 - BpB

Minimization of free energy yields the solution

F(T,V,N):—%logzz—%(E(qo,ﬂ)—ﬂBw)
const 1, , 1 54
:V( 5 +Eﬂ 7 +mﬂ ® —B(PJ

1
kT,

T. = critical temperature, [, = , i (B)=24'(B)(B-B.),
F(T,V,N)=min - ¢=g,

Two solution methods: minimization of £, calculation of rdf function from
HCOZ equation
e Minimization of Fin parameters c,

Solid-fluid-gas, first order transition: minimization of F

0
Z(B.Ase,) = [ D dv exp(~Bu(F)), Dgo:z%dck
k
F(ﬂ,l;ck):—%logz(ﬂ,/l;ck), A=y

pointwise minimization on (4,4) lattice
F(B,2;¢,)=min(c,) «> Z(B, A;¢, ) =max(c, )
> ¢ (4.8)

- minimal free energy F(/l,ﬂ, 0,&;¢, = c,(co))
¢ Calculation of rdf-function rom HCOZ equation

F(ﬁ,ﬂ;ck):—%logz(ﬂ,i;ck), A=y
0
Z:ID(D dVexp(—,Bu(F)) ,D(p:Zfdck
k

o(r,0,4,05¢,) = exp[—%}fw (r,0,0:¢,)

o(r,0,4,05¢,)= exp(—r//i)[1+exp(—r/lc)[Zk:ak cos(Zn ’”Z—O-JBfH (6.a,,)

ak

parameters (¢, )= (l(,,ak Ly Oty )

Z(A,B.0,85¢,)
A n .

:j[j jznrz sind do drzwexp(—ﬂu(r,ﬁ,a,g))]dckdl
r=o 0=0 k Ck

DOI: 10.4236/jmp.2025.1610073 1551 Journal of Modern Physics


https://doi.org/10.4236/jmp.2025.1610073

J. Helm

Solve HypernettedChain-Ornstein-Zernicke (HCOZ) equation for rdf function
g(R(rO,rl,H,¢);0',ck ) = fr (r,0,05¢,)
concisely logg(r,)+ Bu (ro)—p(l— g(r ))I(g,ﬁu) =0

I(g,ﬁu) :j((l—g(R))—logg(R)—ﬁu(R))rl2 dr,sin@dodg¢

R(1y.1;.0.9) =i sin® 0+ R? =1 + 1+ 2r,7; cos O cos
~solution f,,, (7,49, 03¢ :cl(c()))

Sfree energy F(/Lﬂ, 0,80, = c,EO))

Results Lennard-Jones substance (fluid argon) with HCOZ eq.

1 2 6
BTG
2 \o o
Ansatz rdf g(r,O',ck)=@U(r,O',Ar)(1+Ag(r,0',ck))

Ag(r,o.¢)= exp[—ij(; , cos[Zn rl;O-JJ
k

solution g, (r, o2 ,B;ck) with coefficients,

o.(B.p)=(lc(B.p) ., (B.p).la, (B.p)), p=1v=A4"

Potential u,,(r,0,¢)=4¢

r=1.4

{B=1., p=0.4}

=g
N
IS
o
©
s

oOF 10ologZz 1 1 oZ
Pressure p (B (BA)==50 = o Bz oA

The ideal gas invariant E, (l,ﬂ) =p, (l,ﬂ)ﬂﬂf
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pful(A,8)

s

A | \ ’ Z2
. ‘ui gl
2 ‘
1.0 O o0 7T s
IS S
NP S
0.0} ) .0..".’. L7

saturation curve fluid-gasin therange A~1.6 1< f<1.6, followed by the solid-
gas evaporation curve in the range 1.7< <4
e critical point

A = 1.62, p=0.016, B.. = 1.035, visible in the f= 1.035 profile, with the approx-
imate turning point at A = 1.84, measured values (argon): S = 0.98, A = 1.47, p«
=0.097p.
e triple point

Ar = 1.58, p = 0.004, S = 1.63, measured (argon): B = 1.67, Ay = 1.4, p, =
0.0014p

e saturation curve

sat. p(B)

0.07 °

0.06

0.05

0.04

0.03 " .

0.02 .
0.01:

e critical exponent &

The fit to the curve Ap(4,8=5,.), Ap| ~ |Ap T T,_, at the critical point
yields the value J = 2.93, for the vdWaals fluid we have J = 3, for the L]-fluid 6=
4.8.

DOI: 10.4236/jmp.2025.1610073 1553 Journal of Modern Physics


https://doi.org/10.4236/jmp.2025.1610073

J. Helm

Results dipole substance (ethanol) with HCOZ eq.

Potential

o (120.2,0) = 42(©, (.,0.1)~ (1-0, (r,,0.1))cos 0/ 0.1+ (+/a) ) )

Ansatzrdf g(r,0,0,¢,)=0, (r,O',Ar)(l +Ag(r,o,¢, ))

Ag(r,0,0,¢,)= exp(—ij[z a, 005(27: rl_o-D(cose+ a,)

k ak

solution g, ( r,0,p, [; ck) with coefficients,

. (B.p)=(le(B.p)sa,(B.p).la, (B.p).a(B.p)), p=1/v=1"

o(r,6).A=2.5,8=1.5

Pressure pD(ﬁ,ﬂ;Ck(ﬁ’ﬂ)): av_E v _,B_ZWE

The ideal gas invariant E,(4,8)=p,(4,8) A’

pful(A,f)
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eos(A,B)=pV B

saturation curve fluid-gas in the range 1.35<1<1.46, 1.46< <35, branching
off is the solid-gas evaporation curve in the range 5< <6
e critical point

A = 1.46, B = 1.545 £ 0.1, (1) = 0.225, measured (ethanol) p. = 0.051, A =
1.49, B, = 1.46
e triple point

Ay = 1.35, B = 5.16 £ 0.2, p= 0.004,measured p, = 0.051, Ay = 1.3, B = 5.

e saturation curve (fluid-gas)

sat. p(B)
0.06
0.05°
004
0.03
0.02° .

0.01 .

20 25 30 35 40 45 50

e critical exponent
The fit to the curve Ap(A=4,.0), |Ap|~ |AT|ﬂ° ,T — T,_ atthe critical point
yields the value f = 0.46, for the vdWaals fluid we have £ = 0.5, for the LJ-fluid

B =0.33.
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