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Abstract

The wave equation of the electron, recently improved, allows physics to ob-
tain all the quantum numbers and other results explaining the hydrogen
spectrum. The Pauli exclusion principle then gives the description of electron
clouds used in chemistry. The relativistic wave equation is associated with a
Lagrangian density, thus also with an energy-momentum tensorial density. The
wave of an electron cloud adds these energy-momentum densities, while pho-
tons in light are precisely those differences between such energy-momentum
densities.
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1. Introduction

An improved Dirac equation with two mass terms is presented, yielding the
electron clouds through addition and light through subtraction.

The relativistic wave of the electron was conceived by de Broglie a century ago
[1]. Schrédinger gave a wave equation as early as 1926, and Dirac obtained a re-
lativistic equation in 1928 [2]. This wave equation was solved by C.G. Darwin in
the case of the hydrogen atom and for other atoms with only one electron [3].
This solution gave all the quantum numbers needed by Bohr’s model of atomic
spectra, with precise Sommerfeld energy levels. De Broglie explained why the
Dirac equation was better than the previous wave equations [4], by yielding such
results as the spin 1/2, selection rules, Zeeman effect and Landé’s numbers. He
also described the various tensorial densities, the probability current, the gauge
invariance and the relativistic invariance of the wave equation.

Despite these brilliant results, the Dirac wave equation was nearly abandoned

by quantum mechanics. The main reason was the finding that nonrelativistic
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wave equations, plus the exclusion principle, were enough to study the waves of
the electron clouds that are necessary for chemistry.

The first important results of our improved wave equation were the resolution
of the negative energy problem, and a better comprehension of charge conjugation.
The improved wave equation yield also exactly the Lorentz force. It also may be
extended to describe all particles of one generation. All these results were previously
obtained for a single fermion [5], [6]. The wave equation is here extended to de-

scribe electron clouds in atoms and emitted and absorbed light.

2. The Relativistic Wave Equation of the Electron

The Dirac wave equation, for high velocity, electromagnetic and weak interactions,

reads:
m,C

[7#(a#+iqAﬂ)+im]l/l; q:=%; h::%; m;:70.

o elgh )

where we use the usual summing on up and down indices, x#=0,1,2,3, and

0

where eis the charge, m, is the electron proper mass, A is the space-time vec-
tor called the exterior electromagnetic potential, &£ is the right part of the wave

and 77 is the left part. The following matrices are used throughout this text:

0 o . . .
7 ::[—0'. O]]; 0":—0":0'j =-0;, ]=123, 2)
j
0 1 1 0
0 2 0 ~0 ~
Vo=y" = l=0,=0"=6"=6 :={ J (3)
0 (Iz 0) 20 o 1

. Iz 0 1+}/5 é 1_7/5 O
=i = T, W= 'S ,
VERRRVEVEYEVE (0 _Izj 2 U4 (0 5 4 "

where o; are Pauli matrices. The Dirac equation (1) is equivalent to the fol-

lowing system:
0=0*(0, +igA, )n+imé, (4)
0=5"(0, +igA, )& +imn. (5)

The algebra generated by Dirac matrices, used in 1928, was replaced by Hes-
tenes much later (1967) with the Clifford algebra Cl,; [7], and still later with
the smaller Pauli algebra Cl, [8] [9]. This means that we let (see also [5] [6]):

Vi, = gAj +mg, ©)

TE ﬁ)=ﬁ[‘§1 "ZZ]; 52 (n é):ﬁ(’h ‘%J, o)
& i 7, &

Vi=0"0,; %:=6—”8#; A=c"A,; A:=6"Aﬂ. (8)

With the four complex numbers of the y wave is hence built the ¢ wave

function with value in Cl,, which is also the Pauli algebra. To obtain the relati-
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vistic invariance of the Dirac equation, it is enough to consider the dilator A4 a

general fixed element in Cl,, which defines the transformation R as:

R:x> X' =R(x)=MxM'; M eCl;; &'=M¢&; n'=Mp, )
(X2 xE—ix? .,

X:X#O-”:xo-f_xz{xl+ix2 x0_x3j; X :X#O-ﬂ’ (10)

X=X=x’-%, det(M)=re”, r:=|det(M) (11)

X =det(x)=x§<=x-x:(x°)2—()?)2. (12)

det(x')=r?det(x); R >0; det(R;‘):r“; X'* = REX". (13)

Relation (9) means that left and right waves are distinguished by the relativis-
tic transformation itself. Relation (10) includes space-time into the Cl, set,
while (12) implies the parity transformation (M M) as a part of the
space-time pseudo-norm. The transformation R is a similitude, the product of a
proper Lorentz transformation and a homothety with ratio r. Moreover
f:M R is a group homomorphism from the Lie group Cl;, the set of the
invertible elements in Cl,, into the similitude group & . The kernel of this
homomorphism is the chiral group U(1) of weak interactions. It is also the gauge

group of Lochak’s theory of magnetic monopoles [10].

3. Densities, Identities

The electron wave is not only the wave function; it also allows us the definition
of tensorial densities:

det(¢)=S,=n'E =g =dp =0, +iQ, = pe”, § =4, (14)

where Q,, Q, and p are relativistic invariant, f is the Yvon-Takabayasi

angle, and we have also:

D/l ::¢G;1¢T; ZD,UID\/:é‘ pzl DOZDR+DL’ (15)

uv

1+, 1-o,

2

Dp=¢ ¢T; D =¢ ¢Tv D,=Dg-D,.

(Dy,D,,D,,D,) is a mobile orthogonal basis of space-time. D, and D,
are the sum and difference of the chiral currents D; and D, . D, and D,

are not gauge invariant. Next we have:
S,=¢o,4, ©=01,2,3; S, -iS, =25 ; (16)
S, +iS,=2S;; Sy =¢(0,+i0,)¢; S, =¢(0, —i0,)d,
D,D, =D,D, = p%; V=D, /p; 1=Vi=v; v'=7,
v =e & U5 =y vp=e g Ip =" (17)

These two last identities are new and we use them to uncross the system of

equations. The (5) system becomes:
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0=(-iV+gA+me’v)y; 0=(~iV+0qA)n+mé,
0:(—i@+qA+ me“ﬂV)f; 0:(—i@+q,&)§+mn, (18)

The Dirac theory is actually a nonlinear theory, since £ and v depend on
@ . The Dirac theory seems a linear theory if only the y wave function is con-
sidered, without consideration of the densities, which are quadratic on the wave.

Another important density is the Lagrangian density:
17 _ . _ . T
0=L :E[v/}/” (—Iaﬂ +0dA, )l// +(l//}/” (—IG” + CIA#)I//) }
+migy; =y,

0=£=ER|:¢T<V¢?)O'21+¢TQA¢?+m$¢:|. (20)

(19)

It is possible to simplify the Lagrangian density and the uncrossed system by

suppressing the nonlinear term containing the Yvon-Takabayasi angle £ [11]:

0=(-iV+gA+mv)ry; 0=(-iV+gA)y+me /¢,
0:(—i@+qA+ m\7)§; 0:(—i@+q,&)§+meiﬂf7. (21)
o:t:m[a(vé)aﬂwqwmp]. (22)

This wave equation is similar to the wave equation of the magnetic monopole
[10]. The study of their tracks [12] [13] brings the idea of a possible double
mass: a proper mass for the right wave, and another for the left. This equation

has three equivalent forms, the completely invariant form:
—(o 2 - 2 I 0
0=4(Vd)oy +farg+pmim=| |, (23)

The usual form reads:
0=Vgo,, +qAj+e /gm. (24)

And we obtain the wave equation as a system by replacing the unique mass m
of the previous system (18) with the mass | for the left wave and the mass I
for the right:

0=(-iV+gA+IVv)n,

oz(—i%+q£\+ n?)f. (25)
Using the Planck length |, the Lagrangian density reads:
m m .
0=L= Lo Lo L =[5 (<iVn+qp+Ivp) |, (26)

I3 =khc; L :m[g*(—i@c§+qﬁ\§+r\7§)]

This means that the Lagrangian density is the harmonic mean of the left and
the right densities. Thus the electron has not a single but actually two ener-
gy-momentum tensorial densities: Tetrode's 7" and Costa de Beauregard’s V'
[14]:
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R e BT @)
v Mg Mg v = (6707 | @8

L. - . R. H
d# =-i0, +gA, +Iv”, d# =—10,+0A, +r1v,.

When the Yvon-Takabayasi £ angle is zero or negligible, the wave equation

is reduced to:
0= (V)0 +FaAg+gpm. (29)
Its usual form reads:
0=Vgo,, +AS+gm. (30)

We obtain this wave equation as a system simply by replacing the unique mass
m of the previous system (18) with the mass | for the left wave and the mass
I for the right:

0=(-iV+0A)p+I1¢,

oz(—i%+qA)§+rn. (31)

This linear system is a linear approximation of (25) and it is thus different from

our improved equation. But it must also be thought of as a non-linear system:

0= (—iV +QA+ Ie‘ﬂv)n,
O:(—i@+qA+ re“ﬂ\?)f. (32)
The Lagrangian density thus reads:
0=£=%q +%£R; £ =Ry (-iV 7+ Ay +1e"vy) (33)
L, =SR[§T (-iVe+aAs+ re*‘ﬂc/e;)]

Tetrode’s Tand Costa de Beauregard’s V' [14] are now expressed as:

T4 = %TR%; +%ng; Te =9 -i(n'ovdln) . (34)
Vs %T;; -%Tg;; T4 =w[-i(¢'64d7e) ], (35)

L. . s ip . R ._ - s —ip
d,=0,+igA, +ie"v ; d; =0, +igA, +ie v .

The electron wave is governed by its wave equation, and also by another rule,
a nonlocal one: the global energy of the electron, which is the mass-energy
m,c> = mch, must be equal to the sum over all space of the local energy of its

wave (the equivalence principle):

_m_ . om_ .
Ji=1 D+ Dr (36)
] dv% =1 E = [[[dvTy. (37)
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4. The Electron in a Hydrogen Atom

While C.G. Darwin could use only the algebra of the Dirac matrices, a method of
solution by separation of variables was obtained by H. Kriiger [11] [15] (see also
[5] [6] Chapter C). With:

x':=rsinfcosg; x* :=rsinfsing; x*:=rcosé, (38)

the following notations are used:

| =0, =l0y; |, =0, =l0,; I, =0, =0y, (39)
. @ 0. ). A 1 ‘%
S :=exp — s [exp| = ; Q=Q:=r"(sing) 28, (40)
é! = 5.0 1 o 1 o =9 ér
=030, +F(Tl 9 +m0'2 P V= 0 0. (41)

H. Kriiger obtained the identity [15]:
V=0vQl QWVg= V'(Q-lqi). (42)

Three similar terms are used in 0 and &'. But it is possible to use only two

terms, because o,0;, =i,. We have:

i0' =1, {a, +il[ag 4 b aq,ﬂ. (43)

r sin@

Moreover the wave equation reads:
V di, = GAS + gm. (44)

Here also, only the i, term is used. And this term is both a factor of the time
derivative and of the derivative along the ¢ angle. It is hence possible to sepa-

rate together the fand ¢ variables from rand @ variables by letting:

p=axel = 5o agel ™k
X =Up+iVag; X =Up+i,v4, (45)
. 1+o, l-0,, . 1l+o, 1-o,
= + ;=0 + : 46
P=p R A0 (46)

where p,, p,, g, and @, are functions with value in C of the radial vari-
able 1, with Uand Vbeing real functions of the angular variable &. ACE is the
energy of the electron and A is the magnetic quantum number. Terms p and ¢
are the general terms commuting with i,. They do not commute with 1i,, since:

. 1+, l1-0,). . 1-o, 1+oy) . _
P, =| P 2 +p|T'2:|2 P; 2 0 2 =00,

" «1-0. 1+0
"p=p g —2. (47)

p=p A >

The wave equation (44) uses:

o, (Xew’ao)k ) = Xaiel =P, (48)
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i 5 (MzEx")igj A a ey ol EXCis
0 | Xe =——1I,(Up+1,VQ)i.e
sin@ “’( sin493( p+i;V)i

P (ro-00) (49)
~ . ~ Ap—EX" |ig
=——(-Up+ivg)e ,
sine( p+ivd)
0, +_i—36 xel o &)
sing *
A A ( ) G0
A ~ | (190-ExX®)ig
=||U———U |p+i,|V'+—=V |q |e .
K sing jp 2( sing ]q}
If Uand Vare solutions of the following system:
U,—%—U=—K)\/;V'+%—V=KU, (51)
sind sing
where Kk isareal number, we have:
i2 i3 ~ (l(p—EXO)i:; K o K... (Aw—Exo)i3
=|0,+——0, || Xe =| ——Uq-—iVp |e ,
r(gsine“’J( FodT P
— ~ —EXx" )iz ~ ~ . A A - xO -3
—8’[Xe(w =) :llg —G{U(p'—éqjﬂzv [—Q'—ép }3 (ro-e)
(52)
—ExC)ig
={U|£p’—£ﬁj+i2Vi(d’+£ﬁﬂew =)
r r
a0 ~ (iqo—Exo)l3
0| Qi | = EXe (53)
The equation (44) gives, witha gA=—a/r potential:
QWVi, =207+ Q0 tgm, (54)
r
2 vi -Ex%)is ). 5 —Ex)is
(ao —6’)(Xe(w &) ]|3 :[_ZX + Xm}ew oo, (55)
r
—(2p-ExX0)i
Hence multiplying on the left side by  and on the right side by e (ro-8X)s ,

we obtain:
0 =(E +%)(Uﬁ + izva)+i{u ( f,f_éq}r i,V (‘ﬁ'*? ﬁ]}r(ﬁp + iz\fq)m. (56)

Andsince U=U and V =V the wave equation splits into:

0:—(E+gjﬁ+i(ﬁ’—£q}+ pm,
r r

[ =

O:—[E+ng+i(—d'+ ﬁ)+qm. (57)
r r
And we obtain:

¢=ﬁ(

; r/sin@

—n _e,. _Y _ExO)i
=t ’72}:—1 e?e 22(Up+i2Vq)e(w - )3, (58)
S

which gives:
. 1 0
& —M[[cosngp +[sinngq } (59)
' rJ2sing 2) " 2) "
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i3]
e . 0 0
% _WKSIHEJUF}’ _(Cosgjvq'} o

(et

. € o .0

=% |53 (50 on o
S (s T 0

g ﬁ[(?)vq +(°°SEJ“‘)'}' ‘62)

The wave function is well-defined only if the functions of ¢ have simply one

1
value: A4 iE must be an integer number, thus A must be a half-odd integer

number. At the second order we get:

2
ozu”+[;<2— A ju PR (63)
sin“ @ sin“ @
2
0=V"+| 2 _/12 V—/lc_oiev, (64)
sin“ @ sin“ @
A2 cosd
0=8§0X +[K'2 —WJX —lmGuXO'u. (65)

The wave may be normalized only if the infinite series of the angular (51) and
radial (57) systems are actually finite. This gives polynomial functions whose

degrees are the integer numbers awaited by spectroscopy. Thus the ¢ wave is

. 1
normalized only if &k is a nonzero integer and then the J:|K|_E number

satisfies (65), and thus j(j +l) is a proper value of the total angular momen-
tum J?. A is a proper value of the J, operator. Hence the only possible
values of j are 1/2, 3/2, 5/2, ... while the only possible values of 1 are —j,
-j+1, -+, j—1, j. With the Gegenbauer polynomial with degree n satisfy-

ing:

|A|+n= , (66)

1
K+
2

the Cfunction such that:

e (Al xes L
gty

is a finite sum with n+1 terms. Then, if 4 >0 we obtain:

oot 2]
ol Y {s 3o 2]

(68)
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whileif 2 <0 we obtain:

U:=sin*o cos(g]C’+(K+l+ﬂJsin(€jC ,
2 2 2

V:=sin"*6 —sin(ng’+(/c+l+/ljcos(€jC )
2 2 2

We proved in [16] that for opposite values of x, the functions U and V are

(69)

unchanged. Using now the following notations with the radial functions:
A=p,; B=-q; C==-q,; D:=p,, (70)
the radial system (57) is equivalent to:

ozi(E+ﬁjD+D'+EB—ilA,
r r

0:—i(E+Z)C—C'—£A+irB, (71)
r

r
We now let:
E X
=mr; ¢=—; =A(r)=Al — |, 72
X=mr; &= a(x)=A(r) (mj (72)

X
—(g+£jc+ic’+i£a=—Lb, (73)
X X m
—(g+ﬁjb i —i%q--Lc,
X X m
—(€+—ja—ia’—i£CZ—Ld
X m

The necessity of obtaining a probability current implies that radial functions

must be, as in the angular system, polynomials, instead of infinite series. We

thus let:
a=e M (g, +ax+--+ax"),
b:=e™x® (b0 +b1x+---+bnx”), (74)
Ci=e X (G + Cx+ -+ X"),
di=e % (dy + dyx+--+d X"),
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where A and s are two a real constants. With:

m
V:ﬂz_g:%, (75)
m m m

where m; is the geometric mean of the masses and m, their arithmetic mean.

The system (73) is equivalent to:
O=—g( +ax+--+a, X" +a X" )-a(a +ax++ax")

+iA( +agX+--+a, X" +anx“*1)—is(a0+a1x+~--+anx”)

—i( +a1x+-~~+nanx”)—izc(co+clx+~--+cnx”) (76)
+%( +d0x+-~+dnflx”+dnx”*1).
0=—&( +boX+--+b X" +bx"*) =z (by +byx+--+b,x")
FIA( +boX -+ b X" +b X" ) —is(by +byx+ -+ b X")
(X X" ) =i (d + Ao 0, X 77)
+%( +cox+~--+cn71x”+cnx”+1).
0=—&( +CoX++++Cy X" +CX" )=z (Cy + C X+ +Cx")
—IA( X+ Gy X+ G X" ) s (¢ + Cx - ¢, X")
i+ CXF NG X" ) ik (@ + B X+ +a,X") (78)
+%( +b0x+~--+bn71x”+bnx”+1).
0=—¢( +dgx+--+d, X" +d X" )—a(dy +dx+--+d x")
—IA( +doX-e+ dy X"+ d X ) is(dg + dyx e+ dX")
(79)

i X+ +nd,X") + i (b +bX e+ + b X")

I
+—( +agX+--+a, X" +anx”*1).
m

We thus obtain three kinds of systems: with index 0, with index between 0 and
n, and with index n. With the zero index, the system depends only on o, x

and s
0=(-a—is)a, —ixcy; 0=(—a—is)b, —ixd,,
0=ixa, +(—a +is)c,; 0=ixh, +(-a +is)d,. (80)
This system is identical to the Dirac equation case. It is made of two

sub-systems. A nonzero solution is obtained only if the determinant of each

sub-system is null, hence if sis such that:

0=(—a—is)(—a+is)—/c2; k=5 +a? s=VK?-a’. (81)

Letting:
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_S+ia

e”: : (82)
g
The systems (80) give:
=t = Kera: d, =4 p =— L e, (83)
K I« x <l
With the nindex we obtain the following systems:
. r . I
0=(s-iA)a, _Ed“; 0=(e—-iA)b, ~ G
. I .
O:(g+|A)dn—Ean; O:(g+|A)cn—%bn. (84)

We thus obtain two similar sub-systems, whose determinants are transposed

and have same value. A nonzero solution exists only if this value is zero:

e—IiA _r
0= | M =g+ A2,
——  &+IiA
m

Vi =g2 + A2, (85)

Letting:
is. E+IA

e = . (86)

The systems in (84) are reduced to:
| .
d =,-e"a,, (87)

C, = \/%7 e™b,. (88)

When nis nonzero, the system with index n—1 reads:

0=—(g+iA)dn_1+%an_l+i(n+s+ia)dn+izcbn, (89)
O=—(g+iA)cn_l+%bn_l+i(n+s+ia)cn+izcan, (90)
0:—(g—iA)bn_1+%cn_l—i(n+s—ia)bn—ircdn, (o1)
0=—(g—iA)an_1+%dn_1—i(n+s—ia)an—i/ccn. (92)

. I
Multiplying (89) by (&—iA), (92) by o and subsequently adding them, or

. r
multiplying (90) by (&£—iA) and (91) by o and subsequently adding them,
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we obtain after simplification:
(n+s+ia)e™ =(n+s—ia)e®. (93)
We thus obtain:

o5 _ (n+s+ia)2

=, (94)

(n+s)2 +a?
ei(g_‘ngiA_ n+s+ia (95)

v \/(n+s)2+a2
5:+, (96)
a
1+—4
(n+s)

which is Sommerfeld’s formula for the energy levels.
If n=0, that means when the polynomials are constant functions, the radial
system is reduced to (83), (87) and (88); we thus obtain:

d, = \ﬁ e¥a, =—eh, (97)

r I«

Cy =4[ by = e

)= = a,. (9%)

| [«

This gives the following system:
\ﬁe“;ao + e =0, (99)
r I«

ﬁe“’a0 + \Ee‘”bo =0.
K|

This system has a nonzero solution if and only if its determinant is null, and

this gives:

0=e?"—¢e?7; §=ymodr; =+ (100)
v ]
The positive signof A, v, ¢,sand « implies that:
e+iA _ s+ia (101)
vk
And we have:
D:\ﬂe"A; Coe X pnpoc [t XA (102)
r [« r |«
If k=1 and 1=1/2, we have:
U=- sianosg; V=-— sinesing. (103)
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With:
3, =|a|; ae” =ay, (104)
] oo
% :=X'o, +x’0, + X°c3; U =X N = : (105)
r 0 m
.
we have
UA —VB €055 Sing
X :[vc _UD* J:—|A|\/sin¢9 ™,  (106)

—e7 sing\ﬁ e cosg !
2\r 2\r
|Al=a,(mr)’ e\@ (107)

A U ) (e
¢:_UK1J’_“+1_“e-V's]e(a 5% (108)
r 2 2

If k=1 and A=-1/2, the radial system does not change and we obtain:

U=- sinasing;V: sinﬁcosg. (109)
That gives:
.0 0
UA VB N3 %% .
= =—|A[\/sing e®™, (110)
VC O T 2 [
e, |—cos— e7,/—sin—
r 2 r 2
|A| 1+u l u (a-Ex°)is
e ie N. 111
’= r( 2 2 ]2 (111)

Following the equivalence principle, which is the basis of general relativity, the
gravitational mass-energy—linked to the frequency of the wave—must be equal
to the inertial mass-energy, and thus to that of the wave extended to the whole
space, which is the sum over all space of the energy density of the wave, because
we have:

J° m

T0=g~;3="p +

D=-Jﬂ, 112
TR e (112)

"

1+0'3

kic=13; D, = =2 gt DL:¢1_%¢*, (113)

where |, is the Planck length. The normalization condition with its usual form

thus reads:

JO
H dv%=1. (114)

Then, this condition is used to complete the solution of the wave equation: the
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last constant to be calculated, a, , satisfies:

2n T 0 2 . JO
1:f0 d¢j0d9.[0 drr sme%,

J 1 (m m
~=—-|-D +—D 115
hc khc(l Cor RJ (115)
We have:
Mo +Mp, =L g p=gN, (116)
TR S S e
QQT:A,? (1+u _y,sj(1+u e"3 u)
r (117)
a1 25 —2Amr
_r—z(mr) M1+ a (o, xu) .
We then have:
J a12 2s __2Amr
—= mr) e 1+a(o,xu)/, 118
hC ISVZrZ( ) |: ( 3 ):| ( )
J° : §
P —|3a12 ~(mr)* e, (119)

So besides the probability density, a probability current exists around the third
axis, with maximal intensity in the equatorial plane ( x® =0). This current is re-

sponsible for the magnetism of the electron. We then obtain:

de[ dosing| dr(mr Zse‘2Arnr (120)
4 [Tdp[ dosino]”

|3 2
V2|g(2Am)25+1- ‘]0 _ (ZAm)25+1 r25—2e—2Amr

c_AAm) , 121
4nT(25+1)  he (25 +1) (120

3 (2am)*" s
A ™1 . 122
he Anr(2s+1) [t+a(ou)] (122)

For the other state, with k=1, 1=-1/2 and n=0, we obtain similar results:

iZ;LZZmZSrZs—Ze—ZAmr; — ISVZ(ZAm)ZSH’ (123)
he v 4T:F(28+1)
J 2AM 2s+1 o
ey o)
£_ (ZAm)ZSJrl rZS—Ze—ZAmr. (124)

he 4nl(2s+1)

5. Electron Clouds

The calculation of the energy levels in the case of the He" ion was considered as a
major success for the Bohr model, where an electron is modeled as a point par-

ticle moving in the electric field created by the double charge of the nucleus.
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When the quantum wave was considered, the calculation became much more
difficult, because it was also required the explanation of why two electrons in a
helium atom are unable to occupy the same quantum state. This exclusion prin-
ciple was moreover generalized by Pauli: the list of quantum numbers characte-
rizing each state was proper, different for each electron of an atomic cloud, in
any atom. This was accounted for by saying that the wave of a system of two
electrons was the anti-symmetrical product w =y, -y, of the wave of
each particle [17]. Even in the case of a wave function with value in C, for
nonrelativistic electrons, this induces difficulties, because the y function be-
comes a function of seven variables, the three spatial coordinates of each particle
plus time. And when the spin 1/2 is considered the wave function has value in
C? orin C*: it is much more complicated, because it is first necessary to de-
fine an adequate product.

We must first recall that quantum numbers were correctly obtained only from
the Dirac equation, with a wave which is a function of space-time into a C*, or
R® or Cl, set, as seen in the previous sections. These states never are func-
tions of several points in space. It is illogical to first have recourse to the Dirac
wave in obtaining the true set of quantum numbers and the true energy levels,
only to abruptly abandon this wave and eventually resort to another wave equa-
tion in calculating the waves of electron systems! In any case, such a calcula-
tion is never completely achieved with this “tensor product”, not being truly
defined.

The solution giving the quantization itself does not use only the ¢ wave, but
considers also J°, the probability density, and it is the need for normalization
which induces quantization. This normalization comes from a physical necessity:
the equivalence principle. The physical meaning of normalization is the unity of
mass-energy. When two electrons form the cloud around a helium nucleus, they
also add their energies, at least as first approximation. The physical object which
is inside an atom and participates in an electron cloud, must also allow us to
understand what happens when an electron is ejected out of this cloud. Even
though they are indistinguishable from one another when they are in a cloud,
they are perfectly distinct when exiting or entering such a cloud. De Broglie ex-
plained (in [17]: p. 181) that the rays of a helium atom, with usual conditions,
correspond with a simple excitation of one of the two electrons going out the K
level. It is thus more sensible to think that something of each electron remains in
an electron cloud. So we will suppose that the wave of such a cloud is simply the
sum of the waves of each electron; calling the waves ¢ and ¢, we suppose
that the wave equations of the system including these two waves are:

0=V¢?1621 +qA¢z\l+¢1ml7
0:V¢;2021+qA¢?2 +¢,m,, (125)
0= V¢?120'21 + qA¢?12 +doMy,; ¢y =@+,

And we will not forget the normalization:
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o= fovle -1 ffjovie -2 (126)

This result of 2 means that the cloud contains two electrons. These conditions
may trivially be generalized to any number of electrons in the case of atoms with
more protons. The sum is commutative, ¢ and ¢, waves are indistinguishable.
And since the normalization is nonlinear on the wave, we cannot obtain a wave
@, inany case, except for the rare case where (125) and (126) are both satisfied:

this is the Pauli principle, that we now examine. We have:

TD Lm D :_¢1 0'3¢ m¢1+03¢
m m m m
3 =="D0 +—Dg =—n'n+—&'E, (127)
| r | r
Mo =M +1y & =&+, (128)
ot T T t
Tolhy =TT 1070, + 17,00 + 17,175, (129)

Normalization leads to the definition of a product:

(h]d)=]] dV( mn, +— ééj, (130)

With this definition, (126) reads:
(#14)=1 (b|dr) =1 (d2]dho) = 2. (131)
This means:

2=((+¢)|(4+4))

=(4]dh)+ (h]do) + (8 |6) + (2] ) (132)
=1+(4|¢,) + (4 |dh) +1,
CALSERCAN (133)

Thus the anti-symmetrical product required by the Pauli principle is now
correctly defined as this simple product (130). Since each state of an atom with
only one electron satisfies the normalization condition, these states may be add-

ed and give the electron states of each cloud.

6. The Photon as Subtraction

Since in the previous section we obtained the electron cloud by adding quantum
waves, what happens by subtraction?

The real part of the wave equation, with its completely invariant form, is the
Lagrangian density (33) (see also [5] [6] 1.9). To this Lagrangian density is asso-

ciated with the energy-momentum density (35). The electric current j=qJ

is linked to the chiral currents D, =LL", L= ¢l Is D, =RR', R= ¢1+03 .
In Cl;, all of Maxwell’s laws are reduced to (see [5] [6] A.3.6):
F=VA F=VA VF=j, (134)
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and thus at the second order:

v(%A)z(V%)AzmAzquJ=%(%DL+%DRJ. (135)

Since J is alinear combination of chiral currents, we study two fields:
F =VD,; F, :=VD,. (136)
The left field F, satisfies
F =E +iH, =(8,-9)(D! -D,)

(137)
=0,D{' -8,D, - D} +idxD,
and we thus obtain:
0=0,Df (138)
E,=-9,D,-dD°; H =0xD,. (139)
The right field F; satisfies
Fp =—Eq +iHg =(60+5)(Dg+DR) (140)
=0,Df +0,Dy + D} +i0 % Dy,
and we thus obtain:
0=0,D" (141)
Ep = 0,0, —D%; Hy =0xDs. (142)
We now start from the wave equation, which gives, with €” =c+is:
0o + 00,17 = 0,0, + 0305 —i0( Ay + Ac” + Ac” + A’ ) 14
—il(c+is)(Vo +V,0" +V,0° + V0 )7,
0ol + 60,8 = 6,0,& + 530, —iq( A, + AG + AG” + AG® )& (140

—ir(c—is)(Vo + V6" +V,67 +V,6° )&
Multiplying (143) on the left side by 7'c" and (144) by &'6' we obtain:
n'a'on +n'om
=—in'0°0,n +in'c’0n—iq( AD; + AD} —iAD{ +iAD?)  (145)
+(—ilc+ Ig)(voDlL +v,D} —iv,D? + ingf),
§'60, +&10,&
=-i£'6°0,¢ +i£'6°0,& —iq( A D + AD; —iA D} +iAD})  (146)
+(—irc- rg)(voDlR +v,D% —iv,D} +iv,D? )
Using the adjoint, followed by addition, we obtain:
0,0} +8,D =i(0,7" )’y —in'c*d,n — 2qA,D} —2Icv,D}
—i<837f)0'277+ in'o?o,n +29AD? + 2Icv,D? (147)
+ 2I§(VOD1L + le‘E),
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0,Dy +0,D% =i(0,£")6°%¢ —i£16°0,& - 2qA, D}, — 2rev, D
—i(056")6%E +i£16%0,& + 20A DY + 2rev, Dy (148)
—2rs(voDy +Vv,D3 ).

And since we have:

214 =-in'o*o,n+i(0,n")o*n+2(aA, +lev, ) DY, (149)
24 =-ié'640,& +i(0,&")64& +2(qA, +rev, )DE, (150)
we obtain:
0,D} +06,D} =2T%, - 2T}, + 2Is(v,D} +v,D})
0,D} +8,Df = 2Tg, — 2T3, —2rs(V,Dy, +V,D§ ). (151)
Thus letting:
A:=%DL—%DR, (152)

the electric field E satisfies:

m m
E' =—0,A" - 0,A° =H(—50Di - alDf)—W(—ﬁoDlR -0,0p)

:—%[ZTS’Z ~ 217, +215(v,D} +v,D) | (153)
#r] 213, = 218 + 2r(vyD + v, D} ) (154)
:2(V32_V23)_%[VO(D1L+D1R)+V1(D‘Z+Dg)] (155)

And we have:

VO(D}_+D1FQ)+V1(D(£+D?¢)

(156)
=V, (pvl) + vl(pv") = p(vov1 - vlvo) =0.
Thus the electric field satisfies (with a circular permutation of indices):
E'=2(V-V}),
E2 =2(v13 —v;), (157)

E*=2(V, -V,?).

Starting again from (145) and (146), taking adjoints and now subtracting, we

obtain:

2T} + 2T =—0,D} +8,D} +2Is(-v,D} +v,D} ), (158)
2Tao + 2Tey =—0,D5 +0;Df + 2rs(v,D} —v,D} ), (159)

1 0)_ 3 2 3 2
Z(V[J +V, )——azA +0;A +2m§(—v2pv +V,pV ) (160)
=—0,A% +0,A%.
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Next dividing by /and permuting indices, we obtain:

HY=-2v, -2v°,

HZ=-2v7 -2V}, (161)
H®=-2v) -2V
Thus at the second order we have:
0D, =qD,; UDg =-qDg. (162)
Letting:
m _ m _
A:=—(D, -q0"D, )-——(Dg +q0"Dy), (163)
Kl kr
F=E+iH=VA, (164)
Since =eg/Ac, the field F is the electromagnetic field, satisfying:
OA=V(VA)
lm 4 m 1
_D[H(DL —q0 DL)—W(DR +q0 DR)} (165)
m m
=H(DDL _qDL)_W(DDR +qDR)=0,
OA=0; E+iH =VA; @(E+i|3|):0, (166)

which are the Maxwell laws.

7. Conclusions

The Dirac equation is not only the relativistic wave equation of a single electron;
it is also the wave equation of an electron cloud, in any atom.

The photon emitted by an electron which was occupying the state ¢ and
which shall occupy the lower state ¢, is exactly and simply the difference be-
tween the energy-momentum densities V, and V, of these states:

A=A,-A;E+iA=VA; @(EHH):O, (167)

which are Maxwell laws in the void. The same photon, absorbed somewhere by
an electron in the state ¢,, is exactly the energy-impulse necessary to allow an

electron to become the state ¢ .
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