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Abstract

We revise the concept of mass of a particle in general relativity initiated by
Einstein, Brans, and Rosen in the fifties, using the results of P. Havas and J.N.
Goldberg on the equations of motion for point-like particles. We show how
one can define a constant inertial mass, and a variable gravitational mass de-
pendent on their gravitational interaction with the rest of particles. The in-
troduced gravitational mass allows us to construct a cosmological model that
satisfactorily accounts for the observed deficit of mass, the dark energy and
the cosmological constant, without the assumption of new forms of matter or
energy: dark matter and dark energy can be explained as a gravitational effect
in the framework of the standard general theory of relativity.
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1. Introduction

We interpret in this paper the cosmological dark matter and energy present in
the epoch of galactic dominance as a pure gravitational effect, using primarily
baryonic matter and standard general relativity.

In a Minkowski spacetime, a fluid is the result of a statistical average of the
dynamical properties of a system of particles; in a curved space, as it is the case
when the particles are self gravitating, one needs also to revise the concept of
mass. The distinction between inertial mass and active and passive gravitational
mass and its relation with the weak equivalence principle was thoroughly com-
piled in Jammer’s book [1], of which we give a few details in the next section.
The revision in the framework of general relativity will permit to explain the
dark components present in the galactic dominant epoch. We shall use the me-

tric generated by a finite system of particles, ie., a solution of the Einstein’s equ-
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ations, having as source a distribution with support on the world lines of the
particles. In the sixties, P. Havas and J.N. Goldberg [2] developed a method of
successive approximations to find it. They used harmonic coordinates, unique
up to Lorentz transformations [3] [4], and an auxiliary Minkowski tensor 7, de-
fined as the one that in harmonic coordinates verifies 7(a,b)=7,,a"b", with
N = diag(1,—1,—1,~1), for any pair of vectors. Serious problems of convergence
over the particle world lines were easily overcome in the first approximation [2],
and needed of more efforts in the second one [5]. These results were useful to
interpret in the eighties the first indirect proves of gravitational radiation by
compact bodies [6]. Fortunately, we shall have enough with the first approxima-
tion.

There is some rejection to consider point-like particles (the use of unidimen-
sional Dirac distribution as source), due to the problems of convergence, pre-
dicted by a theorem due to Geroch-Traschen [7] that states a necessary condi-
tion for the existence of regular metrics (locally bounded, with locally square in-
tegrable weak first derivative), by requiring the support of the distributions to be
tridimensional. However, Katanaev [8] solved exactly the problem in the case of
only one point-like particle, obtaining, as hoped, a non regular metric in the
sense of Geroch-Traschen, with an additional coordinate singularity that makes
necessary a metric extension. Recently, we have obtained [9] a maximal exten-
sion of this metric that is regular and has, as hoped, a distribution with tridi-
mensional support as source, in accordance to the Geroch-Traschen theorem.
Unfortunately, these results has not been extended to more than one particle,
and we must use the approximated solutions [2] [5].

Following Havas-Goldberg (H-G), we consider the spacetime as a manifold
provided with two tensors fields (M, g, ): the first is the true metric, generated
by point-like particles, and the second is an auxiliary tensor used to obtain the
true metric. In the next section, we show that the paper by H-G [2] tacitly con-
tains valuable definitions for a constant inertial and a time dependent passive
gravitational mass, though the last one, inexplicably, was not presented as such.
We shall show that their quotient, though being the same for all the particles, is
not a constant, because the passive gravitational increases with the particle’s prop-
er time, impeding the equality of inertial and gravitational mass and suggesting
that their difference might account for both dark components. Section 3 sum-
marizes the dynamical properties of a cosmological fluid made of self gravitating
particles obtained recently by us [10], and Section 4 shows how the gravitational
mass introduced in this paper explains satisfactorily both dark matter and dark

energy.

2. Inertial and Passive Gravitational Mass
of Point-Like Particles

Classical physics distinguishes three kinds of mass: inertial and, active and pas-

sive gravitational mass; but these concepts change when we move from Newto-
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nian mechanics to special and general relativity.

Newtonian mechanics identifies the three masses, and links them to the law of
motion as proportionality between force and acceleration or, alternatively, to the
law of conservation of the total tri-momentum: given an isolated system of N

dx

a

¢ dt

interacting particles there exist N real numbers such that the sum Zi’:lm

is constant [1] [11].

Special relativity distinguishes the proper inertial mass (or rest mass), related
to the conservation of the total-four-momentum (where the absolute Newtonian
time ¢is substituted by the particle’s proper time 7), and the relativistic mass, that
in a general inertial frame has the familiar velocity dependence m, / H .

General relativity, as reported in Jammer’s book [1], has not yet achieved
general agreement with the distinction between inertial mass and active and pas-
sive gravitational mass:

Einstein in 1950 [12], using a weak field approximation to describe the metric
due to a finite distribution of matter, concluded that the inertial mass of a body,
identified with the gravitational mass by principle, is not constant because de-
pends on its gravitational interaction with all the other present masses.

C.H. Brans in 1962 [13] by studying the motion of a test particle in the field of
a massive particle, at rest at the centre of a shell with mass A/ simulating the ef-
fect of the universe, contrarily argued the equality of inertial and active gravita-
tional mass, and its independence of the gravitational interaction, at variance
with the Mach’s principle. N. Rosen in 1965 [14] replied analyzing the equation
of motion of a test particle in the field produced by a more massive particle, im-
mersed now in an true expanding universe, obtaining a variable inertial mass
(equal to the passive gravitational mass) which increases as the universe ex-
pands, and a constant active gravitational mass. So, in short: Rosen partially ex-
tended the Einstein’s result to a cosmological setting, obtaining a variable iner-
tial mass equal to the passive gravitational mass; and coinciding with Brans
about the constancy of the active gravitational mass.

H.C. Ohanian in 2013, [15] defined the inertial mass of an object in an
asymptotically flat spacetime as the volume integral of an energy density deter-
mined by the canonical energy-momentum tensor, and its gravitational mass by
the asymptotically Newtonian potential at large distance from it; and, he also
demonstrated the equality of them. But asymptotic flat conditions are not satis-
fied in cosmology.

The concept of mass varies when we move from Newtonian mechanics to spe-
cial relativity and to general relativity.

Not all the authors have considered that in general relativity might exist dif-
ferent definitions of mass. Rosen clearly stated that his definition of inertial
mass, based on an interpretation of the equation of the geodesics, is not the only
possible [14]. The aforementioned Einstein, and Rosen models, were developed
under the tacit assumption of the Mach’s principle: the inertial mass of a body is

due to its interaction with all the other masses in the universe. Brans abandoned
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this principle in his critic of these models.

In this paper we also contradict the Mach’s principle by considering a constant
inertial mass, and identical active and passive mass depending on the gravitational
interaction. A satisfactory extension to general relativity of the inertial mass of a
point-like particle can be proposed, in the framework of the H-G work [2], by link-
ing the concept directly to the Einstein’s field equations (in this way it is linked also
to the equations of motion). To follow the process it will be convenient to recall the
two world line parametrizations used by H-G, namely, the physical proper time

ds = /g,,dz"dz" , and the Minkowski proper time dz =,[7,,dz“dz” . We shall

Y Y
and V¥ = jz— the tangent vectors to the world line of the

a a

particle “a”, corresponding to both parametrizations. Consequently,

denote by u! = dz

g(u,,u,)=1, n(v,,v,)=1.From the first equation one gets

dr 1
= g(v,,v,)=g,. (x(z,))VV) (1)
o el (000

We propose to define the particle’s inertial mass m, and enunciate at once the
field equations for a system of point-like particles:

Given a system of N self-gravitating particles there exist N real numbers
{ma,a = 1,---,n} , such that the metric g of the spacetime is a solution of the
Einstein’s equations, with a distribution with support on the world lines of the

particles as energy-momentum tensor.

G" (g SEGZIM Vﬁ( (sa))dsa, ul =—+. (2)

aaa

We shall justify bellow to denote inertial mass to these constants. In order to
define the passive gravitational mass we consider the particle’s four-momentum
p,=mu, ,a=12.--,N.Byasimple calculation:

dra dz* dr,
a 4 = ma
ds, dr, ds
pi=M,(z,)v", with M, (7,) relatedto m,:

(1) we obtain

M,(z,)= ( » (3)
coinciding with equation (16) in [2]. One can now interpret physically the con-
stants m, and the functions M, (7,) using the equations of motion derived
by Havas-Goldberg from the null divergence of the energy momentum tensor
(Equation (14) in [2]):

. 1 o(g(v,.v,))
“_-F  F =—M (¢ )———=2 (4)
dz_a au ap 2 a ( a) ax:t
that can be rewritten as:
du ou 1
m —2 =M (r e U =—g(v,v (5)
adz_a a(a)ax: a 2g(a a)
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to the equation of motion of a particle in special relativistic mechanics, justifying
in this way to consider the constants m, as the inertial masses, and prompting us
to interpret the functions M, (7,) given in (3) as the passive gravitational
masses of the particles. The aim of this paper is to show that this gravitational
mass can explain the dark components and the cosmological constant (Inex-
plicably, H-G [2] did not used this concept).

Let us outline that the equations of motion (4) or (5) (suppressing subindex a
for the sake of simplicity) are equivalent to the geodesic equations. The geodesics

equations generated by the Lagrangian L = gaﬁ)'c“fcﬂ , where dots denote derivatives
1 og

d . 5
respect the proper time are —(g, x" g —% %“%” . Now, inserting the con-
p prop g ) =52 g
d 0
vector p, =g, p’ we can write: (I;S” = ’;1 égi,ﬂ %%’ , and changing the phys-
x

ical proper time to the Minkowski proper time we get the Equation (4)
dpi—l dz %y =y —lM(r)ag—aﬂv“vﬁ.
dr 2 ds ax* 2 ox*

The question arises if the definitions of mass given in Equations (2), (3) satisfy
the weak equivalence principle (WEP). The answer is affirmative. In terms of the
Hammer’s book [1], pg. 103, the WEP for a point-like particle is stated as fol-
lows: “the world line of a particle, released at an initial space-time event with a
given velocity is independent of the weight” (it means the passive mass).The
WEP defines thus a preferred set of geodetic curves, as we have proven above.

Let us add a comment to the Jammer’s distinction of two versions of WEP: the
kinematic WEPu, states that at a given location all bodies fall with the same accele-
ration (principle of universality of free fall), and the dynamic WEPy, states that the
ratio m, /m, is the same for all the particles, or in appropriate units m, =m,.

When considering the torsion balance used in E6tvos-like experiments, the
quotient M, /m, = 1/ \/5 is a constant, and the same for any of the two small
masses of the balance, because g, corresponds to the metric produced by a
static earth. So, in this particular case the WEPqy, in the sense of identity of in-
ertial and gravitational mass, is fulfilled.

However, in subsection IIIC, where we study the Milne’s universe with mass
and prove the equality active and passive gravitational mass, we shall find that
the quotient M, (7,) / m, is the same for all the particles, and therefore all them
with the same initial conditions move equal in the gravitational field in accord
with the WEPu,, but the quotient of masses is a monotonous increasing function
of the expansion factor (see Equation (23)) and the WEPqy, does not imply the
equality of inertial and gravitational mass by choosing appropriated units. In
section IV we shall develop, using the gravitational mass concept, far reaching

cosmological consequences.

3. A Cosmological Model Built with Point-Like Particles

In this section we study two properties of the gravitational mass: the equivalence

between active and passive gravitational mass, and finally their time dependence
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presented in Equation (18); but, the main objective is to construct a cosmological
model composed of self-gravitating point-like particles. A cosmological model is a
spacetime locally isotropic everywhere respect a cosmological observer [16],
whose main characteristics we summarize in the next subsection with notations
that will be useful to describe both, the standard model with dark components,
and our model based uniquely on the gravitational mass defined in the previous
section. It will be useful to start recalling the Milne’s universe without mass, de-
scribed in [16], and then to construct a Milne’s universe with mass in section
IIIC.

1) The FRLW cosmological models

A cosmological model may be characterized by an index of curvature (k= 1, 0,
—1), and giving the energy density pr(a) as function of the expansion factor, that

will be convenient to write in the form
3H2 (O
p[: (a) _ 0 ( M

"8G a_3+f(“)j’ (©)
with H, =a/a|_ and Q, +f(1)=1. In the current cosmological model the

first and second summands describe the unknown pressure-less dark matter
and dark energy densities respectively; the cosmological constant A may be con-
A
sidered as an important particular case of dark energy, with f(a)= YR
0
because a successful cosmological model, the A CDM model, has been developed
with this assumption [17]. The model presented in this paper with a non con-
stant f{a) is equally successful as we show in IV; but, it has the advantage that the
dark components may be accounted for with the gravitational mass concept. The

Friedmann equation:

da Q, Q

—=Hya,|[~ L+~ + f(a), Q, =———, (7)
“Na a f( ) g HZR;

determines the expansion factor as function of the cosmological time s. Hence-

forth we shall take &= 0. Taking into account the equation of continuity

pr+3H ( Pr+ p) =0, and well known calculations, one obtains the pressure

and acceleration of the model:

_3H( 1 4

pF(a)_SnG( f(a)+3adaj ®
a__4nG T KOV 1 &

4 2 43, - H0(2a3 f(a)+2adaj ©)

In the ACDM model, Q,, is the sum of the baryonic and dark matter density
fractions: Q,, =Q,, +Q,,; in our model Q, =Q, (1+a) and, accordingly
3H! Q, .« s

with the interpretation of a we shall give bellow in Equation (13), P
G g

the gravitational mass density present at the beginning of the galactic dominance
epoch, due to the gravitational interaction of the particles that collapsed to form

the galaxies in the precedent epoch with a < a.
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2) The Milne’s universe

It is a portion of the Minkowski spacetime formed by a future half-light cone
filled with a set of straight time like lines concurrent on its vertex. The world
lines are the integral curves of the cosmological observer, and their points of in-
tersection with any hyperboloid of constant proper time 7 define an homogene-
ous Poisson process, with constant number density equal to N/7, being N a
constant; however, the number density of the intersections with the hypersurface
of inertial coordinate ¢= constant is not uniform: Nt(t2 - )_2 . The change of
coordinates t=7rcosh¥, r=sinh¥ produces the metric for the Milne’s

universe ds* =—dz’ +1_L2(d1//2 +sinh’ (//(d@z +r?sin® dy? )) . That is a cos-

mological model without mass and therefore with null energy-momentum tensor.

3) The Milne’s universe with mass

We consider now the concurrent straight lines of the Milne’s universe as
world lines of particles (galaxies) with equal inertial mass 1, and use the metric
obtained by H-G [2] at first order in G'in harmonic coordinates. To describe the
recent epoch of galactic dominance we must take into account the evolution of
the universe from small perturbations to bigger condensations of matter. We
shall do that, with extreme simplification, by assuming that the galaxies began to
dominate at some initial Minkowski proper time 7;. For times 7 < 7; the matter
content was dominated by other particles (“first stars”) that finally did aggregate
to form the galaxies of the more recent universe. To complete the Einstein’s eq-
uations the energy momentum tensor is written in the form of a distribution
with support over the world lines of the particles, parametrized with the Min-
kowskian proper time, as given by H-G in Equations (29) and (13) of [2]

N dz"
JoeT =X M, (e )i (x-z,(v))drs, i =g (0)

T

a

We have denoted with a subindex the different particles, though all the iner-
tial masses are equal: m, = m. The quantity M,(7.) is the passive gravitational
mass introduced in the previous section by the Equation (3).

The energy density p(x) of the fluid formed by the system of interacting par-
ticles can be obtained as result of the action ( ppp,qﬁx) of the point particle dis-
tribution p, = \/;T “"u,u, over a convenient test function ¢, defined as fol-
low: let A be the neighbourhood of the point x represented in Figure 1, defined
by two neighbour hypersurfaces: 7=7+A#/2 (that are also hypersurfaces of
constant proper time: s=s(¢)+As/2, s=s(¢)—As/2) and a thin time like
cone; and let S'be the intersection of the hypersurface 7= twith the neighbour-
hood A. We choose as test function ¢(x) the characteristic function of the set A:
¢ (u)=1if ued, ¢ (u)=0 otherwise. One can prove [16], by averaging
over the ref line Z, that

(o)
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1.4 I' \ //“‘ T

0.0 i

L L L L | L L L L | L L L L | L L L L 1

- 1.0 -0.5 0.0 0.5 1.0

Figure 1. Element of volume A centered at a point over a reference world line, limited by
two surfaces 7= const. in a Milne’s universe. One shows the tridimensional surface S ne-
cessary to estimate the mass density.

Therefore M() is also the active gravitational mass. This result proves that
passive and active gravitational mass coincide, because according to equation
(5), M(t) was the passive gravitational mass. Henceforth we shall refer to M(#) as
the gravitational mass.

The iterative method involving a power series in G developed in [2] allows to
determine the metric and the gravitational mass in the form of two functional
series: g, =1, + gleg, +--,and M, (z,)=m, + M (7,)+-. A regularization
is necessary at each order of approximation, because the metric diverges over the
world lines of the particles. In our case, a great simplification is that in harmonic
coordinates the world lines of the particles are still straight lines, despite the fact
of having mass. The solution at first order in G obtained by H-G (eq. 62 and 46)

is the following:

P
0 n, [n;zaﬂuﬁvb V/)) _277/4\/)
1
8uw\2.(7))=-4G - (12)
w(2.(7)) 2 1=z
M (2,) =~ m g < ma (13)

P

where in Equation (13) we have written as m,a the constant of integration noted

DOI: 10.4236/jmp.2021.1213101

1736 Journal of Modern Physics


https://doi.org/10.4236/jmp.2021.1213101

M. Portilla

as ,C;by H-G in their Equation (46).

We interpret it as the gravitational mass present at time 7,: m,a =M S) (r,. ) ,
Le., as the gravitational mass acquired by the particles that collapsed during the
anterior phase to form a galaxy in the present epoch; and bellow, in subsection
IIIC1, this quantity will be identified with the detected dark matter.

As all the world lines of the Milne’s universe are equivalent, by the Lorentz
invariance of the equations, we shall obtain the physical metric and the gravita-
tional mass over a world-line of reference L: x“(r)=(¢,0,0,0), with null
three-velocities v* = 0. Over this line the initial Minkowskian proper time 7;

(ri2 :ti2 —|xi|2) coincides with the initial harmonic time # The gravitational

mass ata point p=(r>7,0)eL is M(t)=ma+m(l—%g(()2(p)),with

2
) _ mb(yb _1/2) - h _ 1
oo (p)——Gz s V= iy = .
L =@y

= (14)
bea 17, (149,)
The number of summands is finite even if the universe is made of infinite par-

ticles because only intervene the world lines intersecting the part of the past light

cone of the point p limited by the hyperboloid Z_, as shown in Figure 2. The

T T T T T T T T T T T T T T T T T T

L L 4

| | | | | | | | | | | | | | | | | |

Figure 2. The past light cone at the point p = (£, 0),f > 7; on the reference world-line Z in-
tersects a finite number of world lines, limited by the hyperboloid 7= 7. When tincreases
the number of particles contributing to its gravitational mass augments, and as a result
thereof, an increment of their gravitational mass. The cosmological expansion increments
the volume enclosing a given number of particles in a way (described in section IVA) that
the gravitational mass density rapidly tends to a constant value, that we shall identify with
the cosmological constant.
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sum in Equation (14) was estimated by integration in [10], hence we can obtain

the metric over the reference line L for ¢ > ¢, and the ratio dr = (l ] up to
g\v,v
first order in G
dt 1 (1) nGNm ,
5=1—E<g00 (I)>=1+—l3t g(t,tl») (15)
< (1)(t)>——wt2 (n1), g(t,1)= U LA PR (16)
gOO 3l13 g shi ) g LR tz [2 2 tz ¢

N
where —- is the number density introduced in IIIB. It is evident from the last

i

equation that g(7,,7,). Let us identify in Equation (15) the two first terms of a

series:%:ZZOF(l)(t) with F(O)(t)=l and

GNi
FO(r)= T 3mt2g(t,t,,). (17)
The time evolution of the passive gravitational mass is M (¢)= ma+m%;

and, taking into account (15) can be expressed in the form:

M(t)=m(l+a+nc;f;]mtzg(t,ti)+0(G2)], (18)

i

that verifies M (7,)=m+ma . Let us recall that the constant ma introduced in
Equation (13) was interpreted as the passive gravitational mass acquired during
the epoch a < a. Multiplying (18) by the number density of particles we get the
energy density valid for the recent universe, at redshift z < z;

p(t)=n(t)m[l+a+n(;gmtzg(t,ti)+0(G2)]. (19)

i

a) Construction of a cosmological model with gravitational mass
As we are considering a model made exclusively of baryons, the term baryonic

mass should refer to the constant inertial mass m introduced in (2) and

8nG . . . . .
»a =5 11,Mm , be interpreted as the dimensionless baryonic density parameter.

0

The baryonic matter, as shown in Figure 2, is continuously acquiring gravita-
tional mass (3) due to the gravitational interaction. To obtain the cosmological
model, denoted above as Milne’s universe with mass, we need to transform the
harmonic coordinates used in section II into standard cosmological coordinates,
but that is not so simple as was in the Milne’s universe without mass treated in
section IIIB. We shall assume now that #a) may be expressed as a series
t(a)=3", ") (a) (though we shall need only the first term £”) and consider
that:

1.1t is verified n (t(a)) = n—‘; , with n, equal to the number density of baryons
a
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N
at the present epoch. Let us recall that —- is the constant number density of

i
particles over the hyperboloid 7; = ¢, introduced in IIIB, therefore we can write
N n

b) The Equations (15) and (7), with &= 0, determine the functions 7= #(s) and
s = s(a) up to first order in G.

dr ©
First we identify in (15) the two first terms of the series - > F ! (1),

namely: FO (1)=1, and FY ()= nG]zfm t’g(t,t,) . Then, from Equation (7) we
-2
have 35— QM +f(a) and using dr_dsdr we obtain the diffe-
da Hya da dads

rential equation that determines the series 7(a)=) " e (a)

0

-12
S (2B rw)] @) e

dr” 1 a3
To order zero one obtains 3 = H, Q , whose solution is
a a
2a3/2

(21)

1 (a)=

and substituting (21) into (16) we have g( (a) ) &(a,a;) with

3\ 3 3 32
- a a; |3 a | o«
g(a,al)=£l+a—3j —4;(5(14-6!—3}—?] (22)

3H; Q
8nG a

into account (18) and (21) we obtain the dependence of the gravitational mass of

Q1/2 ’

Using the prescription 1 given above we get n (t(a))m = ’;“ , and taking

a galaxy on the expansion factor, valid for the galactic dominance epoch a > a;

a g(a,ai )J (23)

M(a):m(l+a+ Gy,

It is manifest that the quotient M(a)/m is independent of m, but not a con-
stant. This fact prevents from identifying inertial and gravitational mass as
quoted at the end of section II, but just this un-equality, far of been a drawback, is
the clue to explain in the next section the origin of the cosmological dark compo-
nents. Now, we can construct a cosmological model with dominant gravitational

mass. By considering Equations (19) and (21) we obtain p,. (a) = p(t(a)) , with

3H, Q, Q,, a . 2
=L lpg+ 2 ——g(a,q,) [+O(G (24)

pr(a)= 8nG o’ QMlsafg( 2 (&*)

that can be written in the form (6) to identify Q,,and £ a) as follow:

3H; (Q,

a)= —2L+ f(a 25
e (o) =3 (e s p(a) @5
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Q=0 (1+a), f(a)= 25 08
M ™

(26)
Our model has introduced three parameters: Qs, a, a, but the identity
Q, +f(1)=1 gives a relation between them:
Qbag (1’ ai )

Q, (1 ZTaS DT 27
b"(+a)+18(1+a)af @7)

The function g(a,a;) vanishes at a = a; and rapidly tends to unity for in-

creasing a. From g(a,.,a,.) =0 we obtain, using Equations (23) and (25), that

n
M(a,)=m(l+a) and p,(a,)=—2m(1+a); hence, we conclude that: at the
ai
beginning of the galactic epoch, ma is the gravitational mass contained in a
n,ma
3

the anterior epoch, with a < a, by the gravitational interaction of the particles

galaxy, and the gravitational mass density. Both were generated during

that collapsed to form a galaxy.

4) Comparison of the model with gravitational mass with the ACDM
cosmological model

The success of the ACDM cosmological model has been corroborated by the
Planck 2013 results [17]. This model considers null pressure and introduces the
cosmological constant A, by substituting /' (a) = A/ 3H, =Q, into Equation (6),

2
to get p. = 3H, [Q—M+Q N J The Equations (8) and (9) imply a constant nega-

8nG\ o’

H, H, (Q
tive pressure and a variable acceleration: p=-—2-Q 2. ——0(—1” 20, |.

8nG a 2 L4 -

The density parameter Q, contains baryon and dark matter contributions:
Q,, =9, +Q, . The model works well, fitting the observed supernovae mod-
uli-distance redshift relation [18], and the unexpected recent transition from
decelerated to accelerated universe at redshift z= 0.6.

However, the problematic physical interpretation of the cosmological constant as
vacuum energy density, caused the introduction of the new physical field dubbed
dark energy. A comprehensive review of the new dark components can be found in
the books [19] [20]. Assuming / = 0.67 for the reduced Hubble constant, one gets
estimations for the density fractions: (€,,,9Q,,,Q,)=(0.049,0.268,0.683).

Let us give our interpretation of the dark matter parameter Qg in the ACDM
model: our model use the parameter Q,, =Q, (1+a), where we have substi-

tuted Q, a in place of Qum Accordingly to the interpretation of ma at the

2
. . n 3H Q, o
end of the anterior section, —ma = 0 b‘;
a; dnG a;

i

is the gravitational mass density

at the beginning of the galactic dominance epoch, acquired by the particles do-
minant in the precedent epoch with a < a.

Finally, although we will not use the cosmological constant as parameter, in
the next section we shall give a physical interpretation of this constant as the

asymptotic value of the gravitational mass density.
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4. Gravitational Mass Density in the Galactic Dominance
Epoch: An Interpretation of Dark Matter and Dark Energy

The objective of this section is to show that the notion of gravitational mass, in-
troduced in this paper to construct the Milne’s universe with mass, affords a sa-
tisfactory explanation, at cosmological scales, of both dark components.

1) Gravitational mass instead of dark matter, cosmological constant, and
dark energy

The gravitational mass fraction f{a) obtained in (26) depends of three parameters
(Qss @, a) constrained by the Equation (27). We can obtain good values for them
identifying our parameter Q, =Q, (1+«a) with the equivalent in the ACDM
model Q,, =Q, +Q, described in IIID, obtaining the relations €, =0.049,

Q
and Q, a=0Q, =0.268 and from the last one we get a =—%=547. To

ba
determine the remaining parameter a; we observe that, as it is shown in Figure
3, f{a) is a monotonous increasing function of the expansion factor, verifying
f(a;)=0, that rapidly tends to a constant value £1). If we identify
¢lla)_180,0,
2

3
a; Qba

i

f(1)=A/3H; =Q, =0.683 we obtain the equation , that

determines the beginning of the galactic epoch at a, =0.085, that corresponds
to redshift z, =10.76. This is our explanation of the cosmological constant A as
a limit value of the gravitational mass density introduced in this paper, that
makes unnecessary to surmise the existence of a new physical field, so-called
dark-energy. This is a physical interpretation of the cosmological constant A as
the limit of the gravitational mass density. This interpretation of the constant Q,

has no problem, unlike the dark energy assumption, with the coincidence of the

Q
densities —~ and f(a) at a so recent epoch as z, =0.3 [20], because in our
a

Figure 3. The gravitational mass fraction as function of the expansion factor. The gravita-
tional mass fraction (fa) = gravitational mass density/pa:) of our model is a function of the
expansion factor a. In a neighbourhood of a = 1 the function £ a) is practically constant.
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case, and f{a) should not be considered as two unrelated magnitudes, ra-

-
3
a

ther they are two components of a sole gravitational mass density. Though

Q
f (al. =0), fa) increases rapidly, the a;” is a decreasing function, and the

graphs of both components cross for a, = % .

In the next subsections we show how using the values
(9. @,a,)=(0.049,5.47,0.085) obtained in this section, one can reproduce
with great exactitude the main predictions of the ACDM model.

2) The moduli-distance redshift relation

With the gravitational mass density f(a) we can explain the luminosity
distance d, (z), or the equivalent logarithmic moduli-distance
,u(z) =5logd, (z)+ 25, to a source with redshift z The difference between our
prediction x,(z) and the ACDM prediction 4, (z) for the supernovae ob-
servations accounted in [18] is of the order of 107°. The discrepancy,

#y (2)
3) The accelerated universe

, between both models is represented in Figure 4.

With the Equation (9) without cosmological constant it is impossible to ex-
plain an accelerated universe, unless the pressure of the cosmological fluid be

negative, but an important consequence of the gravitational interaction between
2

3H
the particles is that the gravitational mass density, f (a)ﬁ, given in (26),
n

when substituted into the Equations (8) and (9), gives the necessary negative

pressure. We can conclude that the gravitational pressure is the cause of the

My - ML

ML

0.00004 -

0.00003

0.00002

0.00001

~0.00001 |

~0.00002 |

Figure 4. Our prediction of the moduli-distance redshift relation about the supernovae
observations [18], is practically indistinguishable from the one based on the ACDM cos-
mological model.
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acceleration of the universe. As it is shown in Figure 5, the deceleration factor
q=—da/d® becomes negative recently because f (a) corresponds to the ga-
lactic dominance epoch with expansion factor a, <a <1.

4) The pressure to density ratio w(a)
Let us decompose in two summands the energy density given in (25), (26):

_3H; Q, _3H;
"G @ 4 @)= s (a).

As only the component p{a) contributes to the pressure given in (8), it is

p(a)

pir(@)=py ()4, () with p, (a)

worthwhile to know our prediction for the ratio w, (a) = @ Using (8) one
Prla
gets:
adinf
w(a)=——"—-1. 28
( ) 3 da (28)

In Figure 6 we have represented the function w(a) predicted by our model.
It is manifest a linear dependence for values close to unity (very low redshifts)
and a rapid increase when a decreases (for high redshifts).

The variability of the ratio w(a) has been tested in [21] under a linear depen-
dence hypothesis: w(a)=w, +(1—a)w(a), obtaining the constraint
-1.33<w, <—0.79 for the present value w, =w(1) of the pressure density
ratio. With equation (28) we get w(1)=-0.998 that satisfies the constraint, but
the linear dependence in our prediction, showed in Figure 6, clearly fails for
a<04 (z>1.5). Let us remark that in the today vast literature on dark energy
one has introduced, besides the scalar field language with the quintessences,
some barotropic fluid models as origin of the acceleration [22], whose w(a) ratio

are qualitatively similar to our prediction. The pressure given in (8) has dynamic

1.0

0.5

L e e e B e e e L

T T T

0.5

Figure 5. The deceleration factor ¢ becomes negative recently at redshift 0.6. The upper
curb corresponds to our model, as a consequence of the gravitational energy density f{a),
the lower one is the prediction made by the ACDM model based on the assumption of a
cosmological constant.
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T T 1 T 1 T7T

//

-0.85

-0.90
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-0.95

04 0.6 0.8 1.0
Figure 6. This figure shows the pressure to density ratio w(a) = p(a)/p{a) predicted by

our model for the galactic dominance epoch, ﬁ <a<l.

character rather than kinetic, because it is linked to the gravitational energy den-
sity f{a) described in section IVA. The potential energy contribution to a dy-
namic pressure is well known in classical mechanics, see Chp.17.2 in [23] and
Chp. 7.4 in [24], but little is known about that in general relativity.

5) Time evolution of the gravitational mass fraction

A very interesting result comes from Equation (23), that describes the depen-
dence of the gravitational mass of a point-like particle on the expansion factor.
We can estimate the evolution of the gravitational mass fraction of a generic ga-
laxy with the expression
M (a) -m (1 + a)

M(a) (29)

fou (a) =

Our interpretation of dark matter as the gravitational mass acquired by the
particles that collapsed to form a galaxy implies that we must compare f;,, (a)
with dark matter observations at different redshifts. The observed redshift de-

pendence of the dark matter fraction f,, (z) can be accounted for with the

1
function f,, (), after substituting a = s showed in Figure 7 as a continuous

+z

curve. The two first fractions were observed by Dutton [25] in 2011 and Suyu
[26] in 2012, and the last six, correspond to more recent observations by Gencel
etal [27].

5. Conclusions

We have used P. Havas and J.N. Goldberg results on dynamics of a finite number of

gravitating point-like particles to revise the concepts of inertial and gravitational
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v\vv‘\vv\lwwlv\\‘\vl‘\\lv\y\

Figure 7. The gravitational mass fraction fcu(2) as function of the redshift calculated with
our model for point-like particles fits well to a sample of observed values in different ga-
laxies up to redshifts of the order 2.

mass in general relativity and derive their cosmological consequences:

a) Inertial and gravitational mass. The law of motion of a particle (5) suggests
definitions for a constant inertial mass, m, and a passive gravitational mass,
M = m/ J&(v,v) , depending on the metric generated by the particles. In section
IIIC, we proved the equivalence of passive and active gravitational mass, and
obtained its monotonous increasing dependence on the expansion factor M(a).
In Figure 2, we show how the excess of gravitational mass, M (a)—m, at an
event P on a world line Z is due to the gravitational interaction with the world
lines intersecting its past light cone. When time passes, the number of inter-
sected lines, and M(a), increases.

b) Dark matter, dark energy and cosmological constant as different aspects of
the gravitational mass. In section IVA, we have estimated the beginning of the
galactic dominance at @, =0.085 (z, =10.76). The gravitational mass fraction
fa), showed in Figure 3, verifies f(a,)=0 and is practically a constant in the
interval 0.4 < a <1. The value f1) is identified with the cosmological constant. We
have reinterpreted the ACDM density parameters (£,,,Q,)=(0.268,0.683) in

I . o .. 3nG
terms of gravitational mass: Q.4 is now the gravitational mass density, ——n ma,
0

acquired by the dominant particles before the galactic era; Q, is the present val-
ue, £{1), of the time dependent gravitational mass density. Therefore, in our model,
the universe is roughly formed by 5% of baryonic and 95% of gravitational mass:
a 27%, usually referred as dark matter, was acquired during the epoch a <gq;
previous to the galactic dominance, and a 68%, usually described as dark energy,
is the gravitational mass generated in the galactic dominance era a > a,. This
interpretation is free of the coincidence problem [20]: the value of Q, is close to

Q,, =Q,, +Q, , because having a common origin, they are not unrelated mag-
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nitudes.

) Relation distance-redshift. As showed in Figure 4, we have obtained the
moduli-distance as function of the redshift that explains the supernova observa-
tions. It is indistinguishable from the one obtained with the A CDM model using
a cosmological constant.

d) The accelerated universe. The pressure of the non ideal gas filling the un-

iverse given in (8) is not kinetic. It is a functional of the gravitational mass density
2

H
or (a)=f(a) zné . This pressure is liable of the recent acceleration of the un-

iverse: substituted in (9) produces the deceleration factor g showed in Figure 5.
e) The equation of state of the cosmological fluid. We have obtained the equation

p(a)

Py (a)
given in (28) and shown in Figure 6, satisfying the observational constraint
-1.33<w(1)<-0.79.

of state of the cosmological fluid by the pressure to density ratio w(a)=

f) Time evolution of the gravitational mass fraction. We have given the time
evolution of the gravitational mass of a point-like particle in Equation (23) and
the consequent gravitational mass fraction (29). They are in good agreement, as
shown in Figure 7, with the mass measurements of galaxies up to redshift z ~ 2,
usually reported as dark matter fractions.

We conclude that the gravitational energy density introduced in this paper
explains the large scale cosmological observations in the galactic dominance
epoch, making unnecessary either the cosmological constant or the dark matter
and energy assumptions. To extend the analysis of the gravitational mass to an
inhomogeneous universe is more complicated, but necessary to predict its dis-

tribution inside the galaxies.
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