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Abstract 
We summarize our results about the quantization of a charged particle mo-
tion without spin inside a flat box under a static electromagnetic field with 
Landau’s gauge for the magnetic field, where Fourier’s transformation was 
used to analyze the problem, to point out that there exists a wave function 
which is different to that one given by Landau with the same Landau’s levels. 
The quantization of the magnetic flux is deduced differently to previous one, 
and a new solution is presented for the case of symmetric gauge of the mag-
netic field, and having the same Landau’s levels. 
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1. Introduction 

The work of Klitzing, Dora and Pepper [1] presented a breakthrough in expe-
rimental physics due to its success in measuring the Hall voltage of a two- 
dimensional electron gas realized in a MOSFET. The important fact discovered 
in this experiment was that the Hall resistance is quantized, and Landau’s eigen-
values solution [2] (Landau’s levels) of a charged particle in a flat surface with 
magnetic field has become of great importance in trying to understand integer 
Hall effect [1] [3] [4] [5] [6], fractional Hall effect [6] [7] [8] [9], and topological 
insulators [10]-[14]. This last elements promise to become essential for future 
nanotechnology devices [15] [16] [17]. Therefore, it is worth to re-take this 
problem and to consider in detail the characteristics that it presents. In our pre-
vious paper [18], we considered the static magnetic field given through the Lan-
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dau’s gauge and obtained, by using the Fourier transformation, a different solu-
tion for the eigenfunction to those given by Landau. We summarize those results 
here and make a different approach to obtain the quantization of the magnetic 
flux or the density of states between two Landau’s levels. We continue consider-
ing that this result could be relevant, because Landau’s solution is kept using in 
different works like Prange’s [19], Laughling’s [20], solid state and quantum 
transport books as well [3] [7] [21] [22]. In addition, for the especial case where 
the charged particle is moving on the plane x-y under the same static transversal 
magnetic field but defined by the symmetric gauge, we present a new solution, 
which matches the characteristics mentioned in [18] and on this paper, we have 
the same Landau’s Levels as solution of the eigenvalue problem. 

2. Analytical Approach with Landau’s Gauge 

Let us consider a charged particle “q” with mass “m” in the box with a constant 
magnetic field orthogonal to the flat surface x-y, ( )0,0, B=B , where the mag-
netic field is given in terms of the vector potential A , = ∇×B A , and let us 
choose the Landau’s gauge ( ),0,0By= −A  to represents this magnetic field.  

2.1. Analytical Approach for the Case ( )B B0,0,=  

For a nonrelativistic charged particle, the Hamiltonian of the system (units CGS) 
is  

( )2

,
2
q c

H
m

−
=

p A
                       (1) 

where p  is the generalized linear momentum, A  is the magnetic potential, 
and “c” is the speed of light. Therefore, the Hamiltonian has the following form 

( )2 2 2

2 2 2
yx zpp qBy c pH

m m m
+

= + + , which does not depend explicitly on time and 

the eigenvalue problem, Ĥ EΦ = Φ , for the Schrödinger’s equation [23] is  
2 22 2

2 2
2

ˆ ˆ1 2ˆ ˆ .
2 2 2

y z
x x

p pqB q Bp yp y E
m c m mc

   + + + + Φ = Φ  
   

          (2) 

The variable “z” is separable through the proposition  
( ) ( ), e ,zik z

zx y kφ −Φ = ∈ℜx , resulting in the following equation  
22 2

2 2
2

ˆ1 2ˆ ˆ ,
2 2

y
x x

pqB q Bp yp y E
m c mc

φ φ
    ′+ + + =  

   
            (3) 

where E′  is  
2 2

.
2

zkE E
m

′ = −


                        (4) 

Solving this equation through Fourier transformation [24] on the variable “x”, 

( ) [ ] ( )1ˆ , e , d
2

ikxk y x y xφ φ φ
ℜ

= =
π ∫

 , it is known [18] (Equation (18)) that one 
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gets the solution  

( )
1 4

,
1 e  .

c
z

z

m
i xy k z

c c
n k n

y z

m m
x

L L

ω
ω ω

ψ
 − + 
 

  Φ =        
x 

 

         (5) 

and  
2 2

,
1 .
2 2z

z
n k c

kE n
m

ω  = + + 
 



                     (6) 

where nψ  represents the solution of the quantum harmonic oscillator, and cω  
is the so called cyclotron frequency  

c
qB
mc

ω =                             (7) 

These eigenvalues represent just the Landau’s levels, but its solution (5) is dif-
ferent to that given by Landau on the variables “x’’ and “y’’. Note that there is 
not displacement at all in the harmonic oscillation solution. Now, assuming a 
periodicity in the z-direction, ( ) ( ), ,, , , ,

z zn k n k zt x y z L tΦ = Φ +x , the usual condi-
tion 2 ,z zk L n n′ ′= π ∈  makes the eigenvalues to be written as and the general 
solution of Schrödinger’s equation can be written as1  

( )
21 4

,
1 e  .

c

z

m ni xy z
Lc c

n n n
y z

m m
x

L L

ω
ω ω

ψ
 ′π

− + 
 

′

  Φ =        
x 

 

         (8) 

and  

( )
2 2

2
, 2

21 2 ,n n c
z

E n n
mL

ω′
π ′= + +




                   (9) 

On the other hand, we could have used the boundary conditions 
( ) ( ), ,, , 0 , , 0

z zn k n k zx y x y LΦ = Φ =  to obtain the same expression (9) but with the 
following eigenfunction  

( )
1 4

,
1 2e sin  .

cm
i xy

c c
n n n

zy z

m mn z x
LL L

ω
ω ω

ψ
 −  
 

′

  ′π Φ =           
x 

 

   (10) 

It is necessary to point out that the solution (10) is not separable solution type 
on the variables x and y, contrary to Landau’s solution. In addition, harmonic 
oscillator is on the variable x without displacement, contrary to Landau’s solu-
tion which the harmonic oscillator is on the variable y with a displacement. Now, 
the area of the surface of a circular ring of radius 1r  and 2r  is given classically 
by ( )2 2

2 1A r r∆ = π − , where 2 2 2r x y= +  and 2 1r r> . For the quantum case and 
using (8), one has  

 

 

1In fact, our Hamiltonian is invariant under translation in the x-direction, and this fact is represented 

by ˆˆ , 0xp H  =  , where ˆ xp  is the infinitesimal generator of the element of the group of symmetry, 

it is not difficult to see that ( ), , 1,ˆ 2
z z z

c
x n k c n k n k

mp m ix y ni ωω −Φ = − Φ − Φ



 is another eigenfunction 

of our Hamiltonian, ( ) ( ), , ,
ˆ ˆ ˆ

z zx n k n n x n kH p E p′Φ = Φ . In this way, one has that the energy being double 

degenerated by this symmetry. The same will happen with the next cases. 
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( )
2 2 2 2 1 1 1 1

2 2
, , , , 2 1

2 ,n n n n n n n n
c

A r r n n
mω′ ′ ′ ′
π ∆ = π Φ Φ − Φ Φ = − 
     (11) 

where the integration has been carried out on the region [ ]0, zz L∈ , 
,y yy L L ∈ −   and ( ),x∈ −∞ +∞ . Now, since c qB mcω = , the above expres-

sion brings about the relation 

( )
2 1 ,

2
qB A

n n j
c
∆

= − = ∈
π

                     (12) 

which represents the quatization of the magnetic flux [18] (expression (20)), and 
it is related with the density of states between two Landau’s levels [2]. If 

( )B AΦ = ∆  is the magnetic flux, and 0 2 2c qΦ = π  is the so called quantum 
magnetic flux [25] [26], this expression can be written as  

0

2 , .j jΦ
= ∈

Φ
                       (13) 

Thus, the general solution (absorbing the sign in the constants) is  

( )
,21 4

,

1, e e e  .
n nc

z

n Em i zi xy i tLc c
nn n

n ny z

m m
t C x

L L

ωω ω
ψ

′′π
− −

′
′

  Ψ =        
∑x  

 

  (14) 

where the constants nnC ′  must satisfy that 2
, 1nnn n C ′′ =∑ . The Landau’s levels 

,n nE ′  are given by expression (9).  

2.2. The Analytical Approach for Case B E⊥  

The magnetic is given as before and electric constant fields is given by 
( )0, ,0=E  , and yφ = − . Then, our Hamiltonian is [20] [21] [22]  

( )

2

ˆ
ˆ ,

2

q
cH q
m

φ

 − 
 = +

p Α
x                     (15) 

and using again the Fourier transformation on the Schrödinger’s equation, 

ˆi H
t

∂Ψ
= Ψ

∂
 , it is known [18] (Equation (39)) that a solution is given by  

( ) ( ),

1 4
,

,
1, e ,n kz

z

i tc c
n k n

y z

m m c tt x
BL L

φω ω
ψ−     Ψ = −         

xx
 


     (16) 

where the phase ( ), ,
zn k tφ x  has been defined as  

( ) ( )
2 2 2 2

, 2

2

2

, 1 2
2 2

.

z
z

n k c z
k mc tt n k z
m B

qB c t mcx y
c B qB

φ ω
 

= + + − − 
 

  + − −  
  

x 









 
           (17) 

asking for the periodicity with respect the variable “z”,  
( ) ( ), ,, , , ,

z zn k n k zt z y z L tΨ = Ψ +x , it follows that 2z zk L n′= π  where n′  is an 
integer number, and the above phase is now written as  
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( ) ( )
2 2 2 2 2

2 2

2

2

2 2, 1 2
2

.

nn c
zz

n mc t nt n z
LmL B

qB c t mcx y
c B qB

φ ω′

 ′ ′π π
= + + − − 
 

  + − −  
  

x 









 
        (18) 

Note from this expression that the term ( ),e i tφ− x  contains the element e
qBi xy

c  
which characterizes the non separability of the solution with respect these coor-
dinates. Using the same arguments as before (11) to calculate the magnetic flux 
crossing an area A∆ , one gets  

( )
2 , ,

qB A
j j

c
∆

= π ∈


                      (19) 

obtaining the same expression as (12). In this way, from these relations and the 
expression (16) we have a family of solutions ( ){ } ,

,nn n n
t′ ′∈

Ψ x


 of the Schrödin-
ger equation,  

( ) ( )

( )

1 4 2
,1 2, e .nni tc c

nn n
y z

m m j ct x t
q AL L

φω ω
ψ′−

′

  π Ψ = −      ∆    

xx 

 

    (20) 

Now, by the same arguments we did in the previous case, the general solution 
would be written of the form  

( ) ( )
,

, , ,nn nn
n n

t C t′ ′
′

Ψ = Ψ∑x x                     (21) 

where one must have 
2

, 1nnn n C ′′ =∑  .  

2.3. The Analytical Approach for Case B E  

The fields are of form ( )0, ,0B=B  and ( )0, ,0=E  . The scalar and vector 
potentials are chosen as ( ),0,0Bz=A  and yφ = − . The Shrödinger equation 
is for this case as  

( )2 2 2ˆˆ ˆ
,

2 2 2
yx zpp qBz c pi q y

t m m m

 −∂Ψ  = + + − Ψ 
∂   

             ( 22) 

the eigenvalue problem is now defined by the equation  
2 2 2 2 2 2 2 2

2
2 2 2 2 .

2 2 22
qB z q BE i z q y

m mc x m mx mc y z
∂ Φ ∂Φ ∂ Φ ∂ Φ

Φ = − + + Φ − − − Φ
∂∂ ∂ ∂

   

   (23) 

Using again the Fourier transform on the x-variable, it is known [18] (Equa-
tion (55)) that one gets the following solution  

( ) ( )( )
1 4

1
,

1 e  .
cm

i zxc c
n n n n n

y z

m m
a x Ai l y y

L L

ωω ω
ψ

− −
′ ′ ′

  Φ = −       
x 

 

  (24) 

where nφ  is the solution of the quantum harmonic oscillator, Ai  is the Airy 

function [27], and na ′  is its normalization constant ( )11n na Ai l y−
′ ′′= − . 

Now, using the same arguments as before (11), but with 1 2n n′ ′=  (due to Airy 
functions) to calculate the magnetic flux crossing an area A∆ , one gets  
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( )
2 , ,

qB A
j j

c
∆

= π ∈


                      (25) 

obtaining the same expression as (12). Then, we have obtained a family of solu-
tion of the Schrödinger Equation (22),  

( ) ( ),
, , e ,n niE t

n n nnt ′−
′ ′Ψ = Φx x                    (26) 

where the energies ,n nE ′  are given by ( ), 1 2n n c nE n q yω′ ′= + −   with 

n ny lξ′ ′=   and ( ) 0nAi ξ ′− = . The general solution of (22) can be written as  

( ) ( ),
, ,

,
, e e , ,

c
n n

m
i xz iE t

n n n n
n n

t C u x y
ω

′
− −

′ ′
′

Ψ = ∑x 

 

              (27) 

with the condition 
2

,, 1n nn n C ′′ =∑  , and where it has been defined the functions 

,n nu ′  as  

( ) ( )( )
1 4

1
, , .n c c

n n n n
y z

a m m
u x y x Ai l y y

L L
ω ω

ψ −′
′ ′

  = −       


 

      (28) 

3. Analytical Approach with Symmetric Gauge 
It is known that the selection of the gauge is not unique, there is always a trans-
form of the form L S χ= +∇A A , where ( ),0L By=A  is the Landau’s gauge and 

( ),
2S
B y x= −A  is the symmetric gauge, and the eigenvalue equation limited on 

the plane x-y is written as follows 

( ) ( )
2 2

2 2 2 2
2

1 ˆˆ ˆ ,
2 2 8x y z

qB q BE p p L x y
m mc mc

Ψ = + Ψ + Ψ + + Ψ         (29) 

where ˆ
zL  is the z-component of the angular momentum operator, 

ˆ ˆ ˆz y xL xp yp= − . This equation cannot be separated in cartesians or polar coordi-
nates. Let us now define a complex variables z x iy= +  and *z x iy= − , and 
the constants  

2 and ,
42

mE qB
c

ε α= =


                   (30) 

Equation (29) now takes the form of 

* *

2
* 2 * .

z zz z

z z zzε α α
 ∂ Ψ ∂ ∂

Ψ = − + − Ψ + Ψ  ∂ ∂ ∂ ∂ 
           (31) 

Proposing a solution of the form 

( ) ( )** *, e ,zzz z z zα−Ψ = Φ                    (32) 

in the Equation (31), the resulting equation for the function Φ  is 

( )
2

* 2 .z
zz z

α α ε∂ Φ ∂Φ
− = − Φ

∂∂ ∂
                  (33) 

this last expression can be separated. So, let us chose ( ) ( ) ( )* *,z z f z g zΦ = , 
and by substituting, dividing by ( ) ( )*f z g z′ , and making some arrangements, 
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it follows that 

( )
( ) ( ) ( )

( )

*

*
2 ,

g z f z
z

f zg z
α α ε

′
= + −

′
                 (34) 

since the expression on the left hand side of the above equality has a different 
mapping in the complex plane than the one on the right hand side, the latter ex-
pression will be generally satisfied if both of them are equal to a complex con-
stant λ ∈ , and we obtain the next couple of equation 

( ) ( ) ( ) ( )2 0.z f z f zα λ α ε′+ + − =                (35) 

( ) ( )* * ,g z g zλ′ = −                      (36) 

The solution of Equation (36) is straight forward and is given by  

,=)(
** zBezg λ−                       (37) 

where B is an arbitrary complex constant. Now, we search for integer complex 
solution of the expression Equation (35), writing the function as a power series 
of the variable z 

( )
0

,k
k

k
f z a z

∞

=

= ∑                       (38) 

substituting in Equation (35) and making some rearrangements, it follows that 

( ) ( )1
0

2 1 0,k
k k

k
a k a k zα α ε λ

∞

+
=

+ − + + =  ∑            (39) 

which brings about the following recurrent relation  

( )1
2 .

1k k
ka a

k
α α ε
λ+

+ −
= −

+
                    (40) 

Let us notice that we have the following asymptotic behavior  

1
1

2 .k
k

k

a
a

α
λ

+ →


                       (41) 

This means that there exist a natural number N such that for k N≥  we have 

that 1
2 k

k Na a α
λ+

 =  
 

. Therefore, one would have the series  

0 1

2 ,
kN

k
k N

k k N

za z a α
λ

∞

= = +

 +  
 

∑ ∑                    (42) 

which diverges for any value such that 2 1zα λ > . In this way, one must cut 
the series and obtain a polynomial. To obtain a polynomial solution, we must 
demand that at some integer number k n= , one must have that 1 0na + = , and 
this implies that 2 0nα α ε+ − = , or  

.
2

n n
ε α

α
−

= ∈                          (43) 

Thus, one can obtain that the energies of the system as  
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1 ,
2n cE nω  = + 

 
                        (44) 

Note that the direct integration of Equation (35) gives us the solution  

( ) ( )( ) 22 ,f z A z ε α αα λ −= +                     (45) 

where A and λ  are in general complex constants. Using the expression (43), 
this function is written as  

( ) ( ) ( )
0

2 2 ,
nn kn k k

k

n
f z A z A z

k
α λ λ α−

=

 
= + =  

 
∑            (46) 

where 
( )

!
! !

n n
k k n k
 

=  − 
 is the binomial number. Therefore, using the expres-

sions (46), (37), and (32), the solution of Equation (31) is  

( ) ( )* **, e 2 ,nzz z
n nz z A zα λ α λ− −Ψ = +                  (47) 

where nA  is the normalized constant given by  

( )
2 1

4 2

0

1 1e 2
2 2

nn

n
k

n
A n k k

k
λ α α

−
−

=

     = Γ − + Γ +     
    

∑          (48) 

In terms of the variables (x, y), the solution looks as  

( ) ( ) ( ) ( )( )
2 2

, e e 2 .
x y nx iy

n nx y A x iy
α λ α λ

− + − −Ψ = + +            (49) 

One must note that ˆ ˆ, 0zL H  =  , where ˆ
zL  is the infinitesimal generator of 

the element of the group of rotations around z-axis, which is the group of sym-
metries of our Hamiltonian. Therefore, ˆ

z nL Ψ  must be other eigenfunction of 
the Hamiltonian for the same eigenvalue nE . It is not difficult to see that  

* 2ˆ ,
2z n n

nzL z
z
αλ
α λ

 Ψ = + Ψ + 
                     (50) 

and that  

( ) ( )ˆ ˆ ˆ .z n n z nH L E LΨ = Ψ                     (51) 

Note that one gets the following expectetion value  

( )
2 2

22 2 2
2

0

1 12 e 2 1
2 2 4

nn
n

k

n
n r n A n k k

k

λ
α

λ
α

α
−

=

     = Γ − + + Γ + +     
    

∑    (52) 

which can be used to calculate the area of the surface of a ring of inner radius 1r  
and external radius 2r  on the plane x-y, given by ( )2 2

2 1A r r∆ = π −  classically, 
but in our quantum case, one has  

( ) ( ){ }2 2
2 1 ,A n r n n r n B n B n

α
π ∆ = π − = × −            (53) 

where ( )B n  has been defined as  

( )
0

0

1 11
2 2

1 1
2 2

n
k

n
k

n
n k k

k
B n

n
n k k

k

=

=

     Γ − + + Γ +     
    =

     Γ − + Γ +     
    

∑

∑
          (54) 
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Numerically, one finds that ( ) ( )2 2 1 2B n n= +  and ( )2 1 1B n n+ = +  for 
n∈ . Therefore, one gets that  

( ) ( )

2 1

2 1
2 1

2 1

2 1

even even
2( ) odd odd

1 2 eve odd
1 2 odd even

n n
n n

B n B n
n n
n n

− −
 − −− =  − − −
 − + −

           (55) 

Thus, this means that ( )2 Aα ∆ π  is an integer number independently on the 
integers 1n  and 2n , that is (see 12)  

( )
,

2
qB A

c
∆

∈
π

                         (56) 

or  

0

, ,j jΦ
= ∈

Φ
                        (57) 

where Φ  is the magnetic flux, ( )B AΦ = ∆ , and 0Φ  is the quantum magnetic 
flux, 0 2 c qΦ = π . 

One needs to mention that Laughlin [28] gave a solution to this problem 
which is equivalent Landau’ solution, and this equivalence was demonstrated by 
Orion [29]. Their solutions are of separable variable type in the polar coordi-
nates ϕ  and ρ  in the space x-y ( cosx ρ ϕ= , siny ρ κ= ). However, as one 
can see from (47) or (49), this solution is not of separable variable type in these 
coordinates, and this is consistent with the fact that the eigenvalue problem (29) 
written in polar coordinates 

2 2 2 2
2

2 2

1 1 ,
2 28

q B qBi E
m mcmc

ρ ρ
ρ ρ ρ ϕ ϕρ

  ∂ ∂Ψ ∂ Ψ ∂Ψ
− + + Ψ − = Ψ  ∂ ∂ ∂ ∂  



    (58) 

is not of separable variable type in these coordinates. Therefore, the solution (47) 
cannot be equivalent to Landau-Laughlin solutions. 

4. Conclusions and Comments 

We have summarized our previous results about the quantization of a charged 
particle in a flat box and under constants magnetic and electric fields for several 
electromagnetic static cases using Landau’s gauge for the static magnetic field, 
and using Fourier transformation to solve the linear differential equations re-
sulting from the Shrödinger’s equation. We have pointed out again that the full 
solution obtained is different from Landau’s solution for the wave function, but 
as expected, Landau’s levels appear as the solution of the eigenvalues. In all cas-
es, a characteristic phase appears which indicates the non separability on the re-
lated variables, which is consistent with the non separability of these variables on 
the eigenvalue differential equation defined by the Hamiltonian. The quantiza-
tion of the magnetic flux now appears by considering the number of states be-
tween two Landau’s levels, and this result is related with the density of states 
between these levels. Finally, we considered the case for symmetric gauge for the 
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static magnetic field on the two dimensional plane, and we have shown that a 
non separable solution exists which is different to Landau-Laughin solution, and 
the same Landau’s levels are obtained. We keep on considering that the ap-
proach given here could be very useful to understand quantum Hall effect and 
related phenomena mainly, because with our solutions a Hall’s voltage appears. 
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