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Abstract 
Realistic FLRW cosmic coasting models which contain matter now appear to 
be a reasonable alternative in explaining the accumulated Supernova Cos-
mology Project data since 1998. In sharp contrast to the unrealistic original 
classic Milne universe, which was entirely devoid of matter, these modified 
Milne-type models containing matter, often referred to as realistic linear Rh = 
ct models, have rapidly become the primary competition with standard cos-
mology. This paper compares the expected relative luminosity distances and 
relative angular diameter distances for given magnitudes of redshift within 
these two competing models. A simple ratio formula is derived, which ex-
plains how expected luminosity distances and angular diameter distances for 
given magnitudes of redshift within a realistic Milne-type cosmic expansion 
could create the illusion (for standard model proponents) of cosmic accelera-
tion where none exists. 
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1. Introduction and Background 

While final observations of the Dark Energy Survey (DES) are eagerly awaited, 
there is a vigorous debate in the scientific community as to whether cosmic ac-
celeration is a reality or an illusion. Some very recent papers [1] [2] [3] [4] [5] 
present compelling statistical analysis of the accumulated data which clearly 
shows that cosmic acceleration is not yet proven. In particular, it appears that 
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constant velocity cosmic expansion (cosmic “coasting”) could produce very sim-
ilar observations [6]-[14]. 

Until very recently, it was believed that only a classic Milne (“empty un-
iverse”) model could produce cosmic coasting. Unfortunately, Milne’s original 
model [15] was unrealistic, being entirely devoid of matter throughout its ex-
pansion history. Initially after the 1998 Type Ia supernovae discovery of dark 
energy [16] [17] [18], there appeared to be no realistic cosmic models containing 
matter which could compete with the current widely-accepted standard Fried-
mann-Lemaitre-Robertson-Walker (FLRW) Lambda Cold Dark Matter (LCDM) 
model (hereafter referred to as the “standard model”). Fortunately, within the 
last few years, a great deal of progress has been made in developing realistic 
FLRW cosmic coasting models which contain matter. These Rh = ct models have 
rapidly become the primary competition with the standard model. 

As detailed in Dam, et al. (2017), the luminosity distance ( )Ld  redshift rela-
tion in the standard model is given exactly by  
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In the standard model this equation simplifies to ( )
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extended period of cosmic expansion history in which space is essentially flat. 
Judging from recent Cosmic Microwave Background Radiation (CMBR) obser-
vations and current estimates of the Omega cosmic density parameter [19], this 
period of flat space cosmic expansion appears to have been present since at least 
the recombination epoch.  

As also detailed in Dam, et al. (2017), luminosity distance in the realistic 
Milne-type model with linear expansion (i.e., with a(t) proportional to t) can be 
compared to luminosity distance in relation (1). Notably, the realistic Milne-type 
model can have any matter content, so long as the luminosity distance is exactly 
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In the following presentation, the above two mathematical expressions of lu-
minosity distance observed within these two distinctly different cosmological 
models will be compared and the important implications discussed. 

2. Ratio of Standard Model Luminosity Distance to Realistic 
Milne-Type Model Luminosity Distance 

To see how the luminosity distances within both models compare to one anoth-
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er, they can be expressed as a ratio in the redshift terms z and s, respectively. 
These redshift terms are related by 1s z= + .  

Based upon relations (1) and (2), the ratio of the standard model luminosity 
distance to the realistic Milne-type model luminosity distance, expressed as a 
function of redshift term z, is given by 

( )LCDM
1 1
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With substitution of redshift term s for redshift term z, this ratio of the stan-
dard model luminosity distance to the realistic Milne-type model luminosity 
distance is also given by 
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Using relation (4), one can easily see that the luminosity distances in the two 
models are equal only when quadratic equation 2 2 1 0s s − =−  is solved for its 
positive value of ( )2 1s = + . Thus, the luminosity distances in the two models 
are also equal when 2z = . At this magnitude of redshift is the luminosity dis-
tance point of intersection for these models (See Figure 1 below). 

3. Discussion 

Since the recent publications of FLRW linear coasting cosmology models, it has 
become especially important to compare such modified Milne-type models to 
the standard model. In this paper, particular attention is paid to how luminosity 
distances and angular diameter distances compare between these two models. 
One can easily see from relations (3) and (4) that, beyond the redshift value at 
the point of intersection, the linear model luminosity distance value is always 
greater than the luminosity distance expected within the standard model. It is 
also evident that the difference between luminosity distances within these two  

 

 
Figure 1. Relative luminosity distances vs. redshift z for standard (blue) and Milne (red) models. 

https://doi.org/10.4236/jmp.2018.97084


E. T. Tatum, U. V. S. Seshavatharam 
 

 

DOI: 10.4236/jmp.2018.97084 1400 Journal of Modern Physics 
 

models becomes ever larger as cosmological redshifts increase. The relative lu-
minosity distances (in arbitrary units) are shown in Figure 1. 

In FLRW models, the following relations (5) and (6) apply for luminosity dis-
tance ( )Ld z  and angular diameter distance ( )Ad z , respectively: 

Luminosity distance: 

( ) ( ) ( )1L Md z z d z= +                       (5) 

Angular diameter distance: 

( ) ( )
( )1

M
A

d z
d z

z
=

+
                        (6) 

In these relations, ( )Md z  is the transverse co-moving distance which, during 
the extremely flat ( )0KΩ =  cosmic expansion period extending from at least 
the recombination epoch to the present, equates to the co-moving distance [i.e., 

( ) ( )M Cd z d z= ]. 
From relations (5) and (6) it is obvious that: 
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d z z s
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= + =                       (7) 

Therefore, in a comparison of any two FLRW models, the relative angular 
diameter distances pertaining to any given cosmological redshift maintain ex-
actly the same relationship (i.e., ratio) as do the relative luminosity distances. 
This becomes the basis for Figure 2 below: 

For any FLRW model, linear or otherwise, to compete with the standard 
model, three major considerations must be addressed: 

1) What is the capability of expected future observations to discriminate be-
tween the two models? 

2) Given that the Type Ia supernovae data are just one piece of the cosmological 
data at present, does the competing model fall within other existing observational  

 

 
Figure 2. Relative angular diameter distances vs. redshift z for standard (blue) and Milne (red) models. 
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constraints, including those of baryonic acoustic oscillations (BAO) and the 
cosmic microwave background (CMB)?  

3) Do the Planck constraints on mΩ  possibly fit with the competing model in 
question? 

In realistic linear Rh = ct models these considerations can be addressed as fol-
lows: 

1) It may not yet be possible to propose a definitive observational study be-
tween these two competing models. Nevertheless, the theoretical analysis in the 
present paper shows the importance of not yet being completely dogmatic about 
one particular model to the exclusion of all others, particularly when the nature 
of the non-matter energy currently known as “dark energy” is completely myste-
rious to us. Perhaps, someday, we’ll be left only with Occam’s razor to choose 
which of the two models makes the most sense to us 

2) With respect to the question of observational constraints and realistic linear 
(i.e., flat) models, the following open source graph from the Supernova Cos-
mology Project [20] is presented as Figure 3: 

 

 
Figure 3. Accumulated Supernova, BAO and CMB Data with highlighted constraints. 
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It is obvious, judging from the intersections of the “flat” universe model 
line, that realistic linear flat space cosmology models would fit within the 
highly-constrained zone of intersection, and cannot be dismissed out of hand by 
the accumulated data so far. This conclusion is also strongly supported by the 
data analysis of Tutusaus, et al. (2017). 

3) Given the current constraints on mΩ  presented in Figure 3, for a realistic 
linear Rh = ct model (which is flat and non-accelerating by definition), the 
non-matter proportion of energy density ( )ΛΩ  would likely be latent and 
stored within the cosmic vacuum, perhaps as virtual particles. This is specula-
tion, of course, at the present time. Within a linear cosmic coasting model there 
is no net force acting upon the cosmic expansion. Obviously, whatever the na-
ture of dark energy is, it requires further explanation within both accelerating 
and non-accelerating FLRW models. 

4. Conclusions 

The significance of the relative luminosity distance and relative angular diameter 
distance comparisons between these two competing models is paramount. If an 
observer of distant Type Ia supernovae expects particular luminosity distances, 
or angular diameter distances, corresponding to particular redshifts and, instead, 
sees greater-than-expected luminosity distances (i.e., unexpected “dimming” of 
the supernovae) or greater-than-expected angular diameter distances, this can 
easily be misinterpreted by a standard model proponent as indicative of cosmic 
acceleration. Entirely predictable supernova luminosity distances within a realis-
tic Milne-type universe containing matter, as opposed to a standard model un-
iverse, could thus be one possible explanation for the Type Ia supernovae obser-
vations since 1998. Obviously, cosmic acceleration would not then be required to 
explain these observations. 

An interesting feature of this luminosity distance and angular diameter dis-
tance comparison is the point of intersection at ( )2 1s = +  and 2z = . It is 
expected that the DES study will ultimately show what would appear to standard 
model proponents as gradually accelerating cosmic expansion beyond this point 
of intersection at roughly 6 billion years of cosmic age. However, when the DES 
study is completed, one must be very careful to still consider the possibility of a 
linear Rh = ct cosmic expansion presenting the illusion of late cosmic accelera-
tion (as revealed mathematically herein) if the DES observations are interpreted 
(possibly incorrectly) within the context of standard cosmology. 
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