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1. Introduction

Geometrical optics serves as a powerful tool for investigating optical systems. The path
of a light ray is described by an eikonal. When the light rays are paraxial rays, this is
classified as linear optics. In this approximation, the propagation of the light ray is de-
scribed by the product of the refraction and the transfer matrices [1] [2]. Moreover, if
the light ray is considered to have rotational symmetry with respect to the optical axis
(skewness equal to zero), it is called meridian or Gaussian optics [3]. In this case, the
refraction and transfer matrices are expressed by 2 x 2 matrices. The product of these
matrices is also represented by a 2 x 2 matrix, and this is called an ABCD-matrix and
specifies the optical system.

In general, the ABCD-matrix is specified by a three parameter (A, B, C, Dwith AD -
BC = 1) class of linear transformations [4] [5] in position and momentum. Linear ca-
nonical transformations have been studied by many authors at different times in dif-
ferent contexts. Good reviews can be found in [6] [7] and the references therein. Due to

the condition AD - BC = 1, the ABCD-transformation is an area preserving transfor-
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mation in phase space. Therefore, the Wigner function is only distorted in phase space
but does not move in it.

In this article, we develop the mathematical properties of an affine transformation
from the optical and mechanical points of view. Since the affine transformation has a
displacement part, we are able to discuss the translation in phase space. Thus, we show
that the affine transformation not only distorts but also displaces the Wigner function.
Because this displacement can have time dependency, the Wigner function moves dy-
namically in phase space.

This paper is organized in the following way. In Section 2, we define the affine trans-
formation and show the eikonals which generate this transformation. In Section 3, we
turn to the quantum mechanical case for the affine transformation. We show that the
operator of the affine transformation is obtained from the product of the displacement
operator and the unitary operator of the ABCD-transformation. We also calculate the
kernels of the affine transformation. In Section 4, we treat the wavization by referring
to the Gabor function. In Section 5, we discuss the affine transformation of the Wigner
function. We give an explicit form of the affine transformed Wigner function and ex-
amine the change in its configuration and the displacement of the Wigner function.

Section 6 is devoted to a summary.

2. Affine Eikonal

The general affine transformation is defined by a linear combination of position g and
momentum p with the four parameters A, B, Cand D and the displacements for posi-
tion £and momentum F. We define the affine transformed position Q and momentum
Pas
Q=Ag+Bp+E, (1a)
P=Cqg+Dp+F, (1b)

with the lossless (area-preserving or power-preserving) condition

AD-BC =1. )

In classical mechanics, this condition comes from which affine transformation
(Q,P) satisfies the Poisson bracket (PB)

oQ oP 0P aQ
P, =——————"==1
{Q.P},, o D 3)

that is, Qand Pare canonical variables [8].

In geometrical optics, the path of the light ray is described by an eikonal. In the fol-
lowing discussion, we restrict ourselves to Gaussian optics, so each g and p is one-
dimensional variable. There are four types of eikonal in Gaussian optics. We list the

four types below;
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Vv, = %(+QP —qp+FQ—EP) for point eiknal, (4a)
V, = %(_QP —gp+FQ—EP) for mixed eikonal, (4b)
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V, = %(+QP +0p+FQ—-EP) for mixed eikonal, (4¢)

V, = %(—QP +0gp+FQ—EP) for angle eikonal. (4d)

By substituting (1) into (4), we rewrite these eikonals in terms of two of the four ca-
nonical variables g, p, Qand P,

v+ A Do-ey [q j(Q e+ Fow@an G
vfziﬂhgﬂ Ff{%+%@ F) =50 - w,(q.P.t)  (5b)
V3:—2—ip2+2C—A(Q—E)2+(% EJ(Q E)+%=—W3(p,q,t) (5¢)
v, :—flp —é%(P—F) (g EjU’ F)- if W,(p.Pt)  (5d)

These four functions W, ~W, are sometimes called eikonals [3]. Because of the re-
lationship between optics and mechanics, we prefer to call them generating functions
[8], and these generate the affine transformation (1) by differentiation with respect to

the canonical variables as follows,

W, (0,Q,t) for p:+aa—vc\:1,P=—%V(§l, (6a)
W, (q,P,t) for p= agzz, —+%, (6b)
W;(p,Q.t) forq:—agg3,P:—%Vé3, (6¢)
W, (p,P,t) forqz—aa—VF\ﬁ“,Q=+%, (6d)

We listed four types of the generating functions in (5). From the theoretical and ex-
perimental points of view, it sometimes happens that we cannot describe the affine
transformation via one of them. For example, the affine transformation in (20) below
has zero component in C =0. In that case, we cannot use (5d), but the other ones are
available. The relationship between these eikonals (generating functions) is depicted in
Figure 1. The functions at the ends of the arrows are related to each other by a Legen-
dre transformation. For example, from the relation (6a), we obtain the variable Q in
terms of gand P,
oW, D
8Q N Bl

Q- E)—%+F

Substituting this relation into (5a) and W, =W, + PQ , we obtain (5b).

3. Kernel of the Affine Transformation

In this section, we consider the quantum mechanical version of the affine transformation.

K2
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V,=V,-QP
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I
=

A 4 A
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n
=

V,=V;-QP

Figure 1. The eikonals (generating functions) are disposed on the corners of the square. The
functions at the ends of arrows are related to each other by a Legendre transformation.

Corresponding to the canonical transformation in classical mechanics, the unitary
transformation plays a central role in quantum mechanics. Analogous to the classical
affine transformation (1), we define the quantum mechanical affine transformation as

follows,
Q=T'4T =AG+BPp+E, (7a)
P=T'pT =CG+Dp+F, (7b)
where " describes the g-number and T isa unitary operator which generates the af-
fine transformation. Here, AD —BC =1 is also needed when the canonical commuta-
tion relations [d, f)] = [Q, ISJ =i are satisfied.
To obtain the unitary operator T, we introduce two operators. One is the displace-

ment operator D,

I3=exp[—iEﬁ+iFd] (8)
which generates the displacements in position and momentum,
D'GD=§+E, (9a)
D'pD=p+F. (9b)
The other one is the unitary transformation U R
O:exp{—i{a%ztﬂwW%H, (10)
which generates the ABCD-transformation [9]
U'qu = A§+Bp, (11a)
U'pu =Cp+ Dp, (11b)
where
A B coshA+§sinhA %sinhA
(c Dj B ’ (12

—lsinhA coshA—ﬁsinhA
A A

and A® = ° — ay . Note here that when we assign
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A B) (cosh&+cos@sinhg sin@sinh &
C D) sin@sinh & cosh & —cos@sinh &)’

then U describes the squeezed operator [10].
We consider the unitary operator T, which generates the quantum affine transfor-

mation (7), as a product of D and U

T=DU. (14)

Indeed, we obtain
Q=T'4T=U'D'4DU =U"(§+E)U = AG+Bp+E, (152)
P=T'pT =U'D'pDU =U"(p+F)U =CG+Dp+F, (15b)

which is the quantum mechanical affine transformation (7) as we expected.

Now, we calculate the kernel of the affine transformation. The kernel is just the tran-
sition amplitude from the position g at an initial time to the position Q at a later time
given by K™ (Q,q)= (Q|f|q) . To obtain the kernel, we use the coordinate identity
operator jdq’|q’)(q’| =1 between the displacement operator D and the unitary op-

erator U :
(QIT |a)=(Q[PU |a) = [da'(Q| Dla’){a'[U|a) (16)
Using the formulae
6|q>=|q+E>exp{+in+%EF}, (17a)
f)|p>=|p+F>exp[—iEp—%EF}, (17b)

we obtain

<Q|'I:|q> = qur<Q|Q'+ E)(q'|0 |q>exp[in’+%EF}
- (18)
:(Q—E|Lj|q>exp{iF(Q_E)+'§EF]

Substituting the transition amplitude in terms of U [9], we obtain the result:

(Q|f|q):\]%exp{— {——q ——(Q E) + (q j(Q_E)—%H.(w)

We include the “irrelevant” constant phase factor which has often been neglected in
the literature [11] [12]. The function in the exponent is in the same form as that of the
generating function (5a). For example, let us consider a particle with mass m, subjected
to a constant external force £ moving from (q, p) to (Q, P) in time ¢ The exact so-

lution for this problem is described in the following,

t ft2
(gjz Lo [q)+ om | (20)
0o 1 )\P) | &
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Substituting these parameters into (19), we obtain

@ifla)= 5o - Ra-o - f@r 4]

which is the same equation as that obtained from the path integral [13].

The other kernels are derived in the same manner. We list all four types of transition

<Q|f|q>=\/%exp[—iwl(q.<?)}=\/%exp[ivl], (222)
<P|f|q>=\/hIDeXP[—iWZ(q,P)}:\/ZEIDexp[ivz], (22b)
(QIT| P>=\/%exp[—iws(p@)} j/%exp[ivg], (22¢)

-y [t . 1.
<P|T| p> = 27iC eXp |:_IW4 ( p’ P):| = 21iC exp[IV4] > (22d)

where the W’s in the exponentials are the generating functions (5) which generate the

amplitude below:

canonical transformation (1).

It is worth commenting here that it is well known in classical mechanics [8] that the
generating functions (5) are related to each other by a Legendre transformation (Figure
1), whereas the kernels (22) are related to each other by a Fourier transformation.

These relations are depicted in Figure 2.

4. Wavization of Gabor Function

Quantum mechanics is obtained by the “quantization” of classical mechanics. Similarly,
physical optics is constructed by the “wavization” of geometrical optics [3] [6]. The
famous example is that of Fraunhofer diffraction obtained by wavization of a plain

wave. Let us consider the Gabor function [6] [14];
va
1 . q 1 2
Gabor) = expli -2 |- - , 23
(lcabor) (25| e i a-% ) (o) | @)

where p, is the wave number and (Q) =(, is the center of this wave packet. The

A
A 4

<P|T|q>

<Q I'T\I‘q>

A
A 4

<Q|T|p> <P|T|p>

Figure 2. The kernels are disposed on the corners of the square. The functions at the ends of ar-

rows are related to each other by a Fourier transformation.
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width is obtained from

N YR
Ag=\(G°)—(6) = (24)
)" -5
To make the calculation easier, this wave packet (23) can be rewritten in the form,
4 2 2 2
1 9 2z 22 [
Gabor) = expl-—+—"q———|» 25

<q| > (TEO‘ZJ p[ 2062 o fa 2 2 (25)

1 .
with 2z :ﬁ[q—o+ ioc poj. Note that when o =1, it gives the position-representation
o

of the coherent state wave function (q|z). It is also worth writing down the Fourier
transformation of (23) and (25),

2\V4 2
(p|Gabor):(%j exp{—iqo(p_%j_%(p_po)ﬂ’ (26)

P o’ z? |Z|2
=|—| exp|——p° -iV2ozp+—-—|. 27
( . j p > p ozp 5> o (27)
Using this expression, we obtain (f)) = p, and the width
N N 1
Ap = 2N (pY =——. (28)
P <p > <p> 20
This result with (24) gives
Aq-Ap = % (29)

that is, the Gabor function satisfies the minimum uncertainty relation.
We obtain the affine transformation of the Gabor wave packet by using the kernel
(22),

(Q|T|Gabor) = [da(Q |T|a)(q|Gabor)

—(ijexp M omey Y2 |oop) S G EE
no’G? 206G oG G 2 2 2
and

(PIF Gabor) = da{P 17|} a]Gabor) = [ap{P | p){p|Gabor
A o’ 2 .[201 "2 |7 (31)
T St e -]

nH? 2H H 2 2 2

where we introduce two complex variables,

G- A+i%, (322)
H=D-io’C. (32b)

Having the probability density from (30) and (31), we obtain

K
1744 0:52: Scientific Research Publishing



A. Ogura

o 2 1 1 2
foiflemonf - 2 o0l - L o-(ha s o |, oo

2

. 2
‘(P|T |Gabor)‘2 = |°;_||2 exp{— |3|2 {P—(Caq, + Dp, + F)}z} . (33b)
T

The center of the Gabor function propagates along the affine transformation (1).

From these Equation (33), we obtain the variances

so= &) (3 - 2l o)
ap = [[B)-(BY % (34b)

and the uncertainty relation

AQ-AP=1|G|-|H|=1 PO (D*+o'C?). (35)
2 2 o

Since the only constraint for the parameters (A, B,C, D) is AD—-BC =1, these
parameters have time dependency. So, these results (34) and (35), show the time de-
velopment of the variances and the uncertainty relation of the Gabor function.

Let us show two examples here. As we saw in (25), the Gabor function with o =1

signifies a coherent state. So, using (13) as (A, B,C, D) , (35) becomes

AQ~AP:%\/1+(sinh 255in 0, (36)

which coincides with the uncertainty relation of the squeezed state [10]. The other ex-
ample is where we use (20), then (35) becomes
1 t?

AQ-AP==,/1+
Q 2 o'm?

, (37)

which coincides with the uncertainty relation [15] of the spreading of the Gaussian

wave packet in time.

5. Affine Transformation of the Wigner Function

The Wigner function [16]-[18] is widely used in studying optics and the correspon-
dence between classical and quantum mechanics [6] [7]. The Wigner function for any

wave function |1//> is defined by
£(Q,P)=[due* (Q-1 uy. 38
(Q.P)=[due <Q 2‘w><w‘Q+2> (38)

When we take a Gabor function (23) for any wave function |l//> = |Gab0r> , the Wigner
function (38) becomes

i (Q,P):Zexp{—%(Q—qo)z _o?(P- po)z] (39)
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Now we apply the unitary operator T to any wave function; |l//> —)ﬂl//). We ob-

tain the affine transformation of the Wigner function,
faffine (Q,P):Idu eiuP <Q_% l//><l//

To cast the right hand side, we use the coordinate identity operator jdx|x><x| =1

T T!

u
Q+ §> . (40)

twice,

[dudxdxe™” <Q —%‘f T

) o )
Substituting the kernel (22a) into (41) and integrating over u, we obtain

[ Ol pIX)emp] 55 07 7)1 25E )

u
Q+§>' (41)

(42)
D(Q-E ’
wons| pop_DQ=E) x+x)
B 2B
: . . . ' X+ X'
where &§(z) is a delta function of z Changing the variables U=Xx-X" and v= >
we obtain
dudv u u LA .Q-E
——(V+—|y {y|v——=)exp|i—=uv—i u
2nB 2 2 B B (43)
x2nBS5(B(P-F)-D(Q-E)+v),
where we use the formula &(ax)= a's X) . Integrating over V, we obtain
f affine (Ql P) — J.du eiU{A(P—F _C(Q_E)}
o (44)

X<D(Q—E)—B(P—F)—%‘w><w‘D(Q—E)—B(P—F)+%>

where we use AD —BC =1 and change the variable U — —u. This is the affine trans-
formation of the Wigner function which is a generalization of (38) and can be applied
to any wave function |l//> and to any affine transformation with the condition AD -
BC = 1. Equation (44) shows that the ABCD-part describes the area-preserving distor-
tion, and the E, F-part describes the displacement in phase space. It is permissible for
any affine transformation to have time dependency, so we are able to investigate the
dynamic properties of the Wigner function in phase space.

As an example of a wave function |1//>, we take a Gabor function. Substituting the

Gabor function (23) into (44) and integrating over u, we obtain

f(?ffine (Q7 P)

1 2 21 (45)
=2exp[—?{D(Q—E)—B(P— F)-0,} -0’ {A(P-F)-C(Q-E)-p,} }
This equation is a generalization of (39), that is, in its initial state, the Wigner func-
tion of the Gabor function is represented by (39). Once the affine transformation
switches on, the Wigner function changes along with (45). Note that integrating (45)

over Pand Qrespectively, we recover (33);

K2
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| g—z 2™ (Q.P) = ([T |cabor)| (46a)
| ‘;—3 f2 (Q,P)=|(P[T| Gabor)| , (46b)
which is the correct character of the Wigner function.

6. Summary

We have developed the mathematical properties of an affine transformation from the
optical and mechanical points of view. The kernels of the affine transformation were
clearly derived and comprise the eikonals (generating functions) which generated the
affine transformation in optics (mechanics).

Using the kernel, we discussed the wavization of the Gabor function. The Gabor
function has a Gaussian profile and is symmetric in position and momentum. We
found the time development of the uncertainty relation, according to the affine trans-
formation.

We also discussed the affine transformation of the Wigner function and showed not
only the distortion but also the dynamic movement of the Wigner function in phase

space.
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