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ABSTRACT 

In this paper, we use the representation of the solutions of the focusing nonlinear Schrödinger equation we have con- 
structed recently, in terms of wronskians; when we perform a special passage to the limit, we get quasi-rational solu- 
tions expressed as a ratio of two determinants. We have already construct breathers of orders N = 4, 5, 6 in preceding 
works; we give here the breather of order seven. 
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1. Introduction 

From fundamental work of Zakharov and Shabat in 1968 
[1,2], a lot of research has been carried out on the non- 
linear Schrödinger equation (NLS). The case of periodic 
and almost periodic algebro-geometric solutions to the 
focusing NLS equation were first constructed in 1976 by 
Its and Kotlyarov [3]. The first quasi-rational solutions of 
NLS equation were construted in 1983 by Peregrine [4]; 
they are nowadays called worldwide Peregrine breathers. 
In 1986, Eleonski, Akhmediev and Kulagin obtained the 
two-phase almost periodic solution to the NLS equation 
and obtained the first higher order analogue of the Pere- 
grine breather [5,6]. Other families of higher order were 
constructed in a series of articles by Akhmediev et al. 
[7,8] using Darboux transformations.  

In 2010, it has been shown in [9] that rational solutions 
of NLs equation can be writen as a quotient of two 
wronskians.  

In this paper, we use a result [10] giving a new repre- 
sentation of the solutions of the NLS equation in terms of 
a ratio of two wronskians determinants of even order 2N 
composed of elementary functions; the related solutions 
of NLS are called of order N. When we perform the pas- 
sage to the limit when some parameter tends to 0, we got 
families of multi-rogue wave solutions of the focusing 
NLS equation depending on a certain number of parame- 
ters. It allows to recognize the famous Peregrine breather 
[4] and also higher order Peregrine’s breathers construc- 
ted by Akhmediev [7,11].  

Recently, another representation of the solutions of the 
focusing NLS equation, as a ratio of two determinants has 

been given in [12] using generalized Darboux transform.  
A new approach has been done in [13] which gives a 

determinant representation of solutions of the focusing 
NLS equation, obtained from Hirota bilinear method, de- 
rived by reduction of the Gram determinant representa- 
tion for Davey-Stewartson system.  

We have already given breathers of order N = 1 to N = 
6 in [14]. Here, we construct the breather of order N = 7 
which shows the efficiency of this method.  

2. Expression of Solutions of NLS Equation 
in Terms of Wronskian Determinant and 
Quasi-Rational Limit 

2.1. Solutions of NLS Equation in Terms of 
Wronskian Determinant 

We briefly recall results obtained in [10,14]. We consider 
the focusing NLS equation  

2
2 0t xxiv v v v .  

 

             (1) 

From [14], the solution of the NLS equation can be 
written in the form  

  
    3

1

det ,
, exp 2 .

det ,

I A x t
v x t it i

I A x t



 


      (2) 

 
1 , 2rIn (2), the matrix 

N
A a   



 

 is defined by  

 ,1 exp 2 ra i x t x  
   

   

   
 


   



,, , r

.    (3) 

xThe terms     and    are functions of the 
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 
 

, 1, , 2Nparameters   

,1 .j j N

 satisfying the relations  

0 1,j N j        

They are given by the following equations,  

22 1 , ,
1

,
1


     




     







    

and  

, , 1 , 1, ,N j j N j j j N          

 , 3,1rx r 

N j j  . 

The terms  are defined by  

 ,r 1 ln ,1 2 .
i

x r j N
i










   


 

The coefficients 

1 2 .

N

N N






   

 are defined by :  

0,1

1,




 


           (4) 

We consider the following functions  

   

   

,

,

sin 2 2 ,

1 ,

cos 2 2 ,

1 2 .

r

r

r

r

y x i t ix y

N

y x i t ix y

N N

    

    

   



   



   

 

   

  

    (5) 

We use the following notations:  

 , ,2 2r ,1 2ry x i t ix y N           

 1 2, , N 

   , 1, ,2
.

N  
 
  

   , 1, ,2

 

 rW y W

. 

 is the wronskian  

  1detr yW y            (6) 

We consider the matrix r N
D d    

 defined 

by  

   ,p 2 ,

2 .

rx t x  
   

   
 

 



 



   



  1 2, , 0 ,N 

 

1 ex

1 2 ,1

d i

N N

  
  

det

 

Then we get the following link between Fredohlm and 
Wronskian determinants [14]  

Theorem 2.1  

   0r r rI D k W        (7) 

where  

 

2

1
2 1

2 1

xp

.

N

i 


  




 

  
 





 

22 eN

r N
k y 

 




 

It can be deduced the following result:  
Theorem 2.2 The function v defined by  

 3

1

0
, exp 2 .

0

W
v x t it i

W
           (8) 

is solution of the NLS Equation (1)  
2

2 0t xxiv v v v .  

1j

 

2.2. Quasi-Rational Solutions of NLS Equation 

In the following, we take the limit when the parameters 
 j N for 1  1j and    
1 2N j N

 for  
  . 

c
For simplicity, we denote jd  the term j .  

2
We consider the parameter j  written in the form  

2 21 2 ,1 .j jd j N    


1 j N

          (9) 

When  goes to 0, we realize limited expansions at 
order p, for  

 
, of the terms  

1 22 24 1 ,j j jd d   

  

 

1 22 2 2 24 1 2 1 ,j j j jd d d     

 

 

1 22 21 ,j j jd d


  

   

 

 1 22 2
, 2 1 arctan 1 ,r j j jx i r d d


    

 

 

1 22 24 1 ,N j j jd d    

  

 

1 22 2 2 24 1 2 1 ,N j j j jd d d       

  

 

1 22 21 1 ,N j j jd d    

   

 

 1 22 2
, 2 1 arctan 1r N j j jx i r d d



     

     
 

.  

We have the central result formulated in [14] :  
Theorem 2.3 The function v defined by  

3

0
1

0
, exp 2 lim ,

0

W
v x t it i

W



 


        (10) 

is a quasi-rational solution of the NLS Equation (1)  
2

2 0t xxiv v v v .  

,r

 

Proof: Let   be the complex number  

, ,2 2r rx i t ix        3;1r 1 2N, ,   

4 1
4 1, 3,

4
4 2, 3,

4 1
4 3, 3,

4 2
4 4, 3,

sin ,

cos ,

sin ,

cos ,

j
j k k k

j
j k k k

j

. We 
use the following functions:  

j k k k

j
j k k k

  

  

  

 
















 

 

           (11) 


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1 k N 
2

3,

2 4 3
3,

2 4 4
3,

5
3,

cos ,

sin ,

cos ,

sin ,

N j
k

N j

C t © 2013 SciRes.    opyrigh

for , and  
2 4

4 1,

4 2,

4 3,

2 4
4 4,

j k k

j k k k

N j
j k k

j k k

 

 

k

N j
k





  



 

 

 

 

1 2N k N  

 











 

 



       (12) 

for .  
We define the functions ,j k  for 1 ,  

 in the same way, where the term 
2j N 

1 2k N  3,  in 

,j k  is replaced by 1, .  
Then it is clear that  

   
 

 
 

 

 

,
3

,

det0
, :

, 1,2 3

1 1, 1,2

:
0 det

j k j k N

j k j k N

W D
q x t

W D








   .    (13) 

All the functions ,j k  and ,j k  and their derivatives 
depend on   and can all be prolonged by continuity 
when . 0

For simplicity we denote 2
,

l
j k  the term  

 0
2

, , ,
l

j k

2l x t


1


,  and l  0
,j k  the term  , , , 0j k x t . 

Then we use the expansions  

     2 2
1 ,

,

l NO

N

  
1

2 2
, ,

0

1
, ,

2 !

1 2 ,1

N
l l

j k j
l

x t k
l

j N k

 




 

   

 
 

     2 2
1 ,

.

l NO

N

  

,

1
2 2

, ,
0

1
, ,

2 !

1 2 ,1

N
l l

j N k j N
l

x t k
l

j N k

 


 


 

   

 
 

We have the same expansions for the functions j k .  

     2 2
1 ,

,

l NO

N

 
1

2 2
, ,

0

1
, ,

2 !

1 2 ,1

N
l l

j k j
l

x t k
l

j N k

 




 

   

  
 

     2 2
1 ,

.

l NO 

 0
,1 0j  

1
2 2

, ,
0

1
, ,

2 !

1 2 ,1

N
l l

j N k j N
l

x t k
l

j N k N

 


 


 

   

 
 

The components j of the columns 1 and N + 1 are 
respectively equal by definition to   for 1C , 

 0
, 1 0j N     for 1NC   of 3 , and D 0

,1 0j  
1C

 for 
 0 0    D

kC kC C

 , , 1j N  1N  1

At the first step of the reduction, we replace the col-
umns  by 1

 for C  of . 

 and N k  by 1N k N C C C  for 
2 k N  D D

kC 3D

 

, for 3 ; we do the same changes for 1 . 
Each component j of the column  of  can be 
rewritten as  

 
1

2 2 2
,1

1

1
1

2 !

N
l l l

j
l

k
l






      

and the column N kC   replaced by  

   
1

2 2 2
, 1

1

1
1

2 !

N
l l l

j N
l

k
l







   

2 k N

  

for   D

kC

 

. For 1 , we have the same reductions, 
each component j of the column  of can be rewritten 
as  

 
1

2 2 2
,1

1

1
1

2 !

N
l l l

j
l

k
l






      

and the column N kC   replaced by  

   
1

2 2 2 2
, 1

1

1
1

2 !

N
l l l l

j N
l

k
l







     

2 k N

  

for  

N k

.  
We can factorize in D3 and D1 in each column k and 

  the term 
2

21

2

k 
 k N 

2N

 for 2 , and so simp- 

lify these common terms in numerator and denominator. 
If we restrict the developments at order 1 in columns 2 

and  , we get respectively ,1j  for the 
component j of D2,  for the component j 
of 2

 2 0  
 2

, 1 0j N   
NC   of D3, and ,1j  for the component j 

of 2

 2 0  
C  2 0   C, 1j N  for the component j of 2N ,   

of D1. This algorithm can be continued until the columns 
CN, C2N of D3 and NC , 2N  of D1.  C

Then taking the limit when  tends to 0,  ,q x t  
can be replaced by  ,Q x t

   

   

   

  

 

     

 

2 1 2 10 0
1,1 1,1 1, 1 1, 1

2 1 2 10 0
2,1 2,1 2, 1 2, 1

2 1 2 10 0
2 ,1 2 , 1 2 , 1

2 1 2 10 0
1,1 1,1 1, 1 1, 1

2 10 0
2,1 2,1 2,

, :

N N
N N

N N
N N

N N
N N N N N

N N
N N

N

Q x t

   

   

   

   

  

   

   

   

   

  

 
 

 
 

 
 

 
 



   

   

   


   

  

 

 
   

 

 
 

   

2 ,N 1

 
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N
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

   
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   


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   
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Each element of these determinants is a polynomial in 

x and t. So the solution of the NLS equation takes the 
form  with   , exp 2v x t it    ,Q x ti  , tQ x  a ra- 
tional function in x and t, and which ends the proof.□  

3. Seventh-Order Breather Solution of NLS 
Equation 

3.1. Fiber-Optics Case 

To get solutions of NLS equation written in the context 
of fiber optics  

2
0,x tt u u  

1

2
iu u            (15) 

from these of (1), we can make the following changes of 
variables  

2,t X x T 

0

 

.             (16) 

Equation (15) plays a fundamental role in optics and is  

the object of active research as recent work [8] attests it 
where the solutions of the two-breathers are studied. 

3.2. Case of the Initial Conditions 

In the case of order N = 7, we make an expansion at or-
der 13. Taking the limit when  with dj = j, 1 ≤ j ≤ 
N, the solution of NLS Equation (15) takes the form  

 
   ,

, exp 2 .
,

n x t
v x t it i

d x t
 

 

 

Because of the length of the complete analytical ex- 
pression, we only give it in the appendix.  

We give here the expression of the solution in the form  

   
   , ,

, 1 4 exp 2
,

G x t iH x t
v x t it i

Q x t


 
    
 

  54 52 50 48 46 44

42 40 38

36 34 32

,0 28 2268 272916 33736500 3645923400 285603683400

9697930011000 462639709917000 11433617241007500

257622602070487500 4532925200381077500 1052175273585966337500

G x X X X X X X

X X X

X X X

     

  

  
30 28

26 24

22 20

100670714536350000 2522450003846320374750000

02784572214197250000 889739092856294586155250000

6214297919616562500 56768583214608413567481562500

43181204

X X

X X

X X



 

 
18 16

14 12

10 8

1879170312500 5245972489497170017957682812500

20793848949925378145840896875000 61049167368118769138877703125000

1398479083269650104689513421875000 2882552147106173292709630546875000

4

X X

X X

 

in the case t = 0: 
 

6 9720

472938

1208794014

1054152239

X X



 

 

 6 4

2

248891856349740702685512617187500 3304693666049798324310954257812500

774770318085937500 157366365049990396395759726562500;1101564555349932

 

X X

X



 

  56 54 52 50 48 46

44 42 40 38

,0 28 3402 483084 66976875 8132481000

765518890500 45889232697000 1272788332979625 74380367755732500

479

Q x X X X X X X

 ,0 0;H x   

X
36 344232772093141033750 207628508681964562500 781861632663095

X X X

     

   
32

20

6875X

16

12

5625

1562500

X X

X X
8

6 4

8046875

8906250

0625

X

X X

X X  
30 28

26 24

22

191031684895268043750000 2590948189562408935875000

64893616962420115311750000 1475186709752105729050546875

26036255163840613991361562500 289950943789653252140878593750

143870

X X

X X

X X

 

 

 

 18

14

10

8282930546005298232812500 1403611865166903525371402226

114491186085844621649987015625000 58052217417719881968140435

824966108420796215602744640625000 259092479600162759780161X



 

 

2

549

5507822776749663873851590429687500 165234683302489916215547712

1101564555349932774770318085937500 3934159126249759909893993164X

 

 

 

  

Copyright © 2013 SciRes.                                                                                 JMP 



P. GAILLARD 250 

 

 

Figure 1. Solution to the NLS equation, N = 7. 
 
Remark 3.1 The expressions of  and  ,0G x   ,0

 ,

Q x  
can be easily verified from the recursive formulae given 
in [11].  

3.3. Plot in the (x, t) Coordinates 

Please see Figure 1. 

4. Conclusion 

The method described in the present paper provides a 
powerful tool to get explicitly solutions of the NLS equa- 
tion.  

To the best of my knowledge, it is the first time that 
the breather of order seven solution of the NLS equation 
is presented.  

It confirms the conjecture about the shape of the rogue 
wave in the x t  coordinates, the maximum of ampli- 
tude equal to 2N + 1 = 15 and the degree of polynomials 
in x and t here equal to 56 as already formulated in [7]. 
This new formulation gives the possibility, by introduc- 
tion of parameters in the arguments of preceding func- 
tions defined in the text, to create an infinite set of non 
singular solutions of NLS equation. It will be the next 
step of the work which will open a large way to future 
researches in this domain. 
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Appendix  

Rather than to give the analytical expression in the form    
   , exp 2it i

,

,

n x t
v x t

d x t
  , to shorten the formulation one 

prefers to give that inspired by Akhmediev et al. in [11]. 
The solution of NLS equation takes the form, with N = 7  
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