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Abstract

This paper constructs a four-dimensional gravitational soliton solution that
strictly satisfies Einstein’s vacuum field equations, revealing the intrinsic con-
nection between strong-field nonlinear gravity and weak-field linear theory,
and proposes a nonlinear unified mechanism for electromagnetic-gravita-
tional interaction. Based on light-cone coordinates and transverse plane po-

larization structures, a metric form witha sech” (ku) type envelope is devel-

oped, and its waveform stability is shown to arise from the dynamic balance
between nonlinear self-interaction terms and spacetime dispersion effects.
The study demonstrates that in the weak-field limit, the soliton degenerates

into linear gravitational waves, whose polarization mode h; = Ae" + Be”

strictly corresponds to a spin-2, zero-mass graviton, indicating that gravitons
are essentially low-energy approximations of nonlinear fields. Further, through
the generalized gauge transformation theory, it is shown that two electromag-
netic optical solitons in the strong-field region can nonlinearly couple into a
gravitational soliton. This process degenerates in the weak-field limit to pho-
ton-graviton conversion, supporting the gauge symmetry unification of elec-
tromagnetic and gravitational interactions. Additionally, it is predicted that

the characteristic waveform of the soliton (such as the sech® envelope and
the absence of high-frequency cutoff spectra) may generate signals in high-
energy astrophysical events that differ from linear gravitational waves, provid-
ing a new target for future gravitational wave detection. This work establishes
for the first time a strict generalized gauge transformation relationship be-
tween solitons, gravitons, optical solitons, and polarized photons, offering an
exploratory paradigm for the unified theory of strong-field gravity and elec-
tromagnetism.
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1. Introduction

As a cornerstone theory describing the interplay between spacetime and matter,
general relativity has achieved remarkable validations through gravitational wave
detections [1] and black hole imaging [2], marking a new era in humanity’s un-
derstanding of strong-field gravitational phenomena. However, under extreme
strong-field conditions (e.g., near black hole horizons or in the early universe),
nonlinear effects of spacetime geometry become prominent, rendering conven-
tional perturbative approaches inadequate and urgently necessitating the explora-
tion of non-perturbative gravitational degrees of freedom. Recently, solitons—
quasi-particles exhibiting energy localization and stable propagation in nonlinear
systems—have demonstrated universality across hydrodynamics [3], nonlinear
optics [4]-[9], and other domains, yet their role in gravitational theory remains
enigmatic. A pivotal question arises: whether the graviton (a spin-2 massless
boson in weak-field linearization) evolves into nonlinear solitons in strong-field
regimes. Addressing this may hold the key to unifying quantum gravity and fun-
damental interactions.

In gravitational soliton research, Belinski and Zakharov pioneered exact solu-
tions to Einstein’s equations via the inverse scattering method, unveiling pro-
found connections between integrable structures and solitonic behaviors [5].
Bondi et al. elucidated nonlinear effects and energy localization in gravitational
wave propagation through radiative solutions [10]. The team led by Mo-Lin Ge
systematically investigated higher-dimensional solitonic solutions and their gauge
symmetries, proposing soliton-generation mechanisms in gravity-matter coupled
systems [11], thereby laying critical groundwork for nonlinear gravitational theo-
ries. Nevertheless, existing studies predominantly focus on mathematical con-
structions, lacking physical interpretations of soliton quantum properties and
their connections to standard gravitons [12]. Furthermore, the unification of elec-
tromagnetic and gravitational interactions remains constrained by linear gauge
symmetry frameworks, failing to reveal transformation laws in nonlinear regimes
[13].

This work aims to establish rigorous gravitational soliton solutions satisfying
Einstein’s vacuum field equations, unravel their correspondence with gravitons,
and explore nonlinear unification mechanisms for electromagnetic-gravitational
interactions. Specifically:

1) By employing null coordinates and transverse-traceless polarization struc-
tures, we construct metric solutions with sech® (ku) -type envelopes, demon-
strating waveform stability through dynamic balance between nonlinearity and
dispersion (Section 2);

2) Through weak-field limit analysis, we rigorously correlate the spin-2, mass-
less nature of solitons with standard graviton properties (Section 3, Section 4);

3) Proposing a generalized gauge transformation theory [14]-[18], we prove
that two optical solitons in strong-field regimes can merge into one gravitational

soliton—a process reducing to photon-graviton conversion in weak-field limits
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(Section 5, Section 6).
This study not only provides a novel mathematical framework for the non-per-
turbative quantization of strong-field gravity, but also provides a new perspective

for the unification of electromagnetism and gravity.

2. Gravitons

In gravitational wave theory, when the wave propagates along the z -axis, the po-
larization tensor can be expressed as a linear combination of the “addition” mode
(€") and the “multiplication” mode (€*) in the transverse x—y plane. The two
basis tensors are in the form of:

= ! =h 2 2 €= : =h <2 (1)
= oC — N = oC
€ ! L X =y, € ! 3 Xy

They satisfy the condition of symmetric tracelessness and form an orthogonal
normalized basis on the two-dimensional transverse plane. Any symmetric trace-

less two-dimensional tensor /; can be decomposed into:
_ + x
h;, =h.e; +he; 2)

where h, and h  correspond to the amplitudes of the two polarization modes,
respectively. Here, the transverse perturbation of the polarization mode is repre-
sented by the quadratic form: x°—3° is the spatial distribution of the addition
mode, corresponding to the stretching and compression along the x and y
axes; 2xy is the spatial distribution of the multiplication mode, corresponding
to the shear deformation at 45° to the coordinate axis. For the following matrix

2 2 + X
) o =2¢; +2¢; 3)

by decomposition, we can get:
h,=2, h =2 (4)

This shows that the gravitational wave contains both “addition” and “multipli-
cation” polarization modes, with amplitudes of 2. This decomposition physically
reflects the polarization state of the gravitational wave and its oscillation charac-
teristics in the transverse plane. The polarization decomposition coefficients of its
matrix are: 4, =2, h =2. It strictly conforms to the theoretical framework of
the gravitational wave polarization tensor, but note that 2 only reflects the strength
of the force field, and the two polarization modes are still determined by €' and
€ .

Therefore, in quantum gravity, we can call this gravitational wave composed of
two polarization modes as graviton. It has the characteristics of spin 2 and rest
mass 0. At the same time, we are also very surprised to see that the photon, as the
quantum of electromagnetic field, also has rest mass 0 and spin 1. This makes it easy
for us to associate, can two photons form a graviton? We will prove later that this is
possible under generalized gauge transformation, showing that electromagnetic

force can be transformed into gravity under generalized gauge transformation.
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3. Gravitational Solitons

However, gravitons are obtained under the conditions of weak field and lineari-
zation of Einstein’s equations, which makes us suspect that under the conditions
of non-weak gravitational field, gravity may not contain gravitons. One possibility
is the existence of gravitational solitons. The existence of gravitational solitons has
been derived by mathematical physicists [19], but it is said that its existence seem
be not very realistic [20] [21]. This paper attempts to construct gravitational soli-
tons with physical significance. We first start directly from the metric.

In order to construct a metric containing isolated subterms, it is necessary to
verify that it satisfies R; =0 ina vacuum. We can proceed as follows: Consider
the gravitational waves propagating along the z direction and use the p wave
(plane front wave) metric. The specific metric is constructed after repeated nu-
merical calculation experiments as follows: First, we construct a metric function

containing a dual polarization mode
H(u,x,y) = sech? (ku)[A(x2 —y2)+ZBxy] (5)

Then, using the above formula, we construct a metric with gravitational solitons

as follows:

ds? = —2dudv+H(u,x,y)du2 +dx’ +dy? (6)

Gravitational solitons are expressed in H (u,x, y) . Then, in order to verify that
this metric can indeed describe gravitational solitons in vacuum and is indeed a
solution of the Einstein’s vacuum field equations, we need to see whether it satis-
fies R, =0. Here, the Einstein equations in vacuum are obtained by taking the
trace of the original Einstein equations and finding R =0, and then substituting
it into the original equations, where R, is the Ricci tensor, which is related to
the metric through the Christoffel symbol. Under the weak field approximation,
— h”v
defining %, =h,, ——n,h and

assuming the metric g, ~7,, +h,,,(7,, isthe Minkowski metric, 1),

and only retaining the first-order term of 4, ,
the Lorentz gauge 0,4, =0, the vacuum Einstein equations are linearized to the
form of Di_zw =0, where [ isthe D’Alembert operator and /=7 h,s isthe
trace of the original perturbation.

So, the verification is shown in following rigorous calculations:

1) Metrics and Coordinate Conventions

Using light cone coordinates (u,v,x,y), through defining
u=z—t,yv=z+t (7)

we construct a metric with gravitational solitons as (6) from Equation (5), where

H (u,x,y) is the only non-straight term, corresponding to the perturbation of

the metric h, = H (u,x, y) , we can decompose H (u,x, y) into two quadratic

forms:

e The firstterm A-sech’ (ku)(x2 - y2) corresponds to the “additive” polariza-
tion mode (€").

e Thesecond term B-sech’(ku)(2xy) corresponds to the “multiplicative” po-
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larization mode (€*).

e Coefficients A and B: correspond to the amplitudes of the additive and multi-
plicative modes, respectively, reflecting the strength of the two polarization
modes.

At this time, the decomposition into polarization modes is:
A B
h, =sech’ (ku 8
J ( )( B _ AJ ( )
2) Metric Tensor with Non-Zero Components

Here the non-zero metric components are:
guv :gvu :_1’ guu :H(u’x’y)’ gxx :l’ gyy :1 (9)

Then the corresponding non-zero inverse metric component of the inverse

metric is:
guv :gvu :_1’ gvv =H(u,x,y), guu :0’ gxx :1’ g)’y =1 (10)

3) Christoffel Symbolic Computation
The non-zero Christoffel symbols are:

uu

. 1 , 1
I, =—§8XH , I =—56yH (11)
The else are all zero, such as
[l =30 =0, % =T%, =2¢" (0.8.) =0,
r, =r, =0, (12)
And all Christoffel symbols contain v are zero, and so on. Note that since

0.g,, =0 H ,but the inverse metric g“° is non-zero only when o =v, in ac-

tual calculation we can only get T =T" =% g"(0,g,),but 0.g,=0,s0

er ZFZM Z%guv (axgvu)z 0

4) Riemann Tensor Calculation

X
Key non-zero components ( R,

IxXu

as an example):

RMX)CH = axr:u - auriu +ijrju _rjurjx (13)
After substituting the symbols: '} T/ =T T,
R, =—16§H+0+0+0=—16§H (14)
’ 2 2
Similarly:
1 . 1
Ru);u :_anH’Ruyu Z—EaﬁyH (15)

5) Ricci Tensor Calculation

By the standard definition of the Riemann tensor,

R, =0, -0,% +T0 T, ~TLT%, (16)

ouv uvo v ouo
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All components ( ¢ — p ) are calculated by the four-dimensional contraction

rule:

R, =R, =00 —0I% +T° T ~T,I" (17)

opv pvo v po

Note: I'”,I'; =T% T lower two indices of Christoffel symbols are symmet-
ric.

Then the transverse component is:

Ry =Ry + R + R + Ry, (18)
R, =R, 4R RS, <R, (19)
RMU = Rl,':[tu + RL‘I)VM + R:Xlt + R;)’l{ (20)
Where since the inverse metric (g" =g"™ =-1), all Christoffel symbols involv-

ing v arezero,then R or R; intheabove formulas are

Rrwc = axFZu - auFZu + Fj\”l—‘;/\’ _Fixriu = axFZu = 0 (21)

u u u A u A u u o
R_Wy = 6_VFW — 8uF_W + Fuyl"ly —FWFM = ayrw =0 (22)
R =0T -0T +TAil" ~T:T7 =0 (23)

Since all Christoffel symbols involving v are zero, hence R =0.And R},

xXVX

is:
R.‘]:XX = axrix _axrix +Fi’xl—‘;x _ijr;x = O (24)
nyyx is:
;o y ) ) A _
Rjyx = le"fvx — G}Tix + l"iil"yx -r.. =0 (25)

Since T'}, =0, I}, =0 in the above formula, the third term T’ AT, if

A=u, then T'| =0, and the contribution is zero; if A=x, then I'| =0, and
the contribution is zero; if 4=y, then Ff} =0, and the contribution is zero.
While in the fourth term T[T} :if A=u, then T';, =0, the contribution is
zero; if A=x, then ') =0, the contribution is zero; if A=y, then I’ =0,
the contribution is zero. So the final sum is zero, that is, R} =0.Furthermore,

because of the metric’s symmetry and lack of x—y coupling in off-diagonal

terms, so R, = 0. Therefore we finally obtain:

RXX = R)lfu)( + R;/V)C + R)':xx + R){VX = O (26)
Ryy = R)‘fu_v + R}”,vy + R)‘fxy + Rjyy =0 (27)
. 1 1
R,=R., +R,, +R, +R) =——0'H-—0'H (28)
2 277

Substituting H(u,x,y) =sech’ (ku)[A(x2 —y? ) + 2Bxy} in formula (28), we
get

OYH =24-sech® (ku), 03H =—-24-sech’ (ku) (29)
Hence we have:

R, =2A-sech® (ku)—2A-sech® (ku)=0 (30)
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In this way, through the Ricci tensor formula and strict four-dimensional con-
traction rules, we verified the following results:

o The transverse component is strictly zero:
R.,=R,=R =0 (31)
¢ The propagation direction component is zero:

=0 (32)

uu
Thus we have proved

R, =0 (33)

uv
This shows that the metric (5) constructed above can indeed express the metric

of gravitational solitons. Furthermore in the weak field limit, that is, when

A,B < 1, the perturbation of metric (5) degenerates into:

h; = sech® (ku) 4B 4B (34)
L= u ~
Y B -4 B -4
The corresponding linear combination of polarization matrices is:
1 0 0 1 y
h, =4 +B = Ae" + Be (35)
Y 0 -1 1 0

This is consistent with the polarization pattern of weak-field gravitons:

(1 oj [o 1] [2 2}
h, —>2 +2 = (36)
4 0 -1 10 2 =2

And in weak field, it degenerates into:

1 0 0 1 A B
h, =~ Ae" + Be* = 4 +B =
! 0 -1 1 0 B -4

The transformation phase factor of the polarization tensors ¢* and € under

rotation is e

, which directly corresponds to the helicity of the graviton 2. The
helicity is fully compatible with the description of gravitational waves and gravi-

tons in the framework of general relativity.

4. Physical Properties of Gravitational Solitons

By constructing a dual-polarized metric function
H (u,x,y) = sech’ (ku)[zal(x2 -y’ ) + 2Bxy} , we derive a gravitational soliton so-

lution that satisfies the vacuum Einstein field equations R, = 0. Below, we ana-

v
lyze its physical properties and explore its potential role within gravitational fields.

1) Physical properties of gravitational solitons

a) Locality and Propagation Characteristics

This soliton manifests as a localized waveform, where the sech” (ku) function
in the metric delineates a compact envelope along the propagation direction
u=z—t.As sech (ku) decays exponentially for ku — oo, the perturbation en-

ergy is confined to a finite spacetime region, embodying the hallmark of solitons.
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Propagating along the null direction u at the speed of light, it aligns with the
behavior of linear gravitational waves, yet its nonlinear nature ensures waveform
stability.

b) Energy Localization

In the weak-field approximation, the energy-momentum tensor of gravitational
waves scales with hl.j. Given H (u,x, y) incorporates sech’ (ku) , the energy
density remains localized along the propagation direction, preventing dissipation
with distance. The nonlinear terms (e.g., H0,H ) balance dispersive effects (e.g.,
0H or 0.H ),sustaining a stable waveform akin to solitons in the KdV equation.

¢) Polarization Modes

The soliton exhibits dual polarization superposition: the perturbation decom-
poses into “plus” (x* - y2 ) and “cross” (2xy ) modes, reflecting the two classical
polarization states of gravitons. This corresponds to helicity states, where complex
combinations €~ =e" +ie* can represent quantum-like graviton states with he-
licity +2.

d) Stability

As an exact solution to the vacuum Einstein equations, the soliton exhibits ro-
bustness, remaining stable absent external perturbations. During interactions,
such as collisions, the nonlinearity of general relativity may induce phase shifts or
energy exchanges, necessitating further numerical simulations for validation.

e) Parameter Dependence

The soliton’s amplitude is governed by parameters 4 and B, while its width
scalesas k~'. The condition Ak> ~ constant reflects a balance between nonlin-
earity and dispersion, a defining trait of soliton dynamics.

2) Role of Gravitational Solitons in Gravitational Fields

a) Fundamental Excitation Mode

Classically: In strong-field or high-frequency regimes, these solitons may serve
as fundamental nonlinear excitation modes of the gravitational field, analogous to
optical solitons in nonlinear optics.

Quantum Correspondence: In the weak-field limit, they reduce to gravitons,
suggesting solitons might represent coherent states or classical analogs of gravi-
tons, though this awaits confirmation from quantum gravity theories.

b) Composition of Gravitational Fields

Diversity of Solutions: General relativity admits multiple vacuum solutions
(e.g., black holes, gravitational waves, cosmological spacetimes), with solitons be-
ing one among many, insufficient to encapsulate the entirety of gravitational phe-
nomena.

Dominance in Extreme Conditions: In astrophysical events like black hole mer-
gers or neutron star collisions, short-lived strong-field regions may emerge where
such solitons constitute significant transient components.

c) Observational Implications

Gravitational Wave Detection: If present, these solitons’ distinctive sech”-en-

veloped waveforms could appear in LIGO/Virgo data as non-sinusoidal modu-
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lated signals, distinguishable from the chirp signatures of linear gravitational
waves.

Energy Scales: For nonlinear effects to be prominent, the amplitude 4 must
be significant (e.g., A ~ 1), potentially arising in extreme astrophysical scenarios.

3) Theoretical Extensions and Open Questions

a) Coupling with Matter Fields

Matter Interactions: Currently a vacuum solution, the soliton’s coupling with
matter fields (e.g., electromagnetic fields or fluids) requires investigation to assess
stability and energy transfer dynamics.

b) Higher-Dimensional Generalization

Extra-Dimensional Models: In frameworks like Kaluza-Klein theory or brane-
world scenarios, higher-dimensional solitons might manifest as effective gravita-
tional sources in lower dimensions, influencing cosmological structures.

¢) Quantization Efforts

Soliton Quantum States: Exploring solitons as quantum gravitational states via
path integrals or canonical quantization poses a formidable challenge, given the
mathematical complexity beyond current capabilities.

In short, the constructed dual-polarized gravitational soliton exhibits remarka-
ble properties—localized energy, stable propagation, and tunable polarization
modes—reverting to linear gravitons in weak fields while showcasing nonlinear
effects in strong regimes. Although it cannot solely account for the entirety of
gravitational fields, it may play a pivotal role in extreme physical processes. Fu-
ture investigations, integrating numerical simulations, astrophysical observa-
tions, and quantum gravity explorations, will further elucidate its profound

physical significance.

5. Two Optical Solitons Converted into One Gravitational
Soliton

We have proposed that two photons can be converted into a graviton under the
generalized gauge transformation [14]. Here we make an upgraded version, that
is, under the framework of generalized gauge transformation [10]-[14], we con-
vert two light solitons into one gravitational soliton, and then under weak field
conditions, transform this conversion into the conversion of two photons into one

graviton.
First, let’s make the goal specific, which is to transform the polarization state

1 0
matrix of the two optical solitons @, =sech’ (ku)(o J into the form of the

A B
gravitational soliton @, = sech’ (ku)(B Aj by constructing a suitable gauge

transformation matrix g, . Therefore, constructing a suitable gauge transfor-
mation matrix g, is the key. The following is a detailed analysis:
Step 1: Using the generalized gauge transformation equation

The transformation equation is:
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Oy = Loy Oy Cuy + Loy a8y (37)
Here d isthe exterior differential; the goal is to transform @, to @, ,which
contains the cross-polarization term 5.
Step 2: Construct the canonical transformation matrix g,
After repeated observation, we construct g, as the rotation and scaling ma-
trix related to u , which belongs to 0(2) or SO(2) :

e (1) = [cose(u) —sin@(u)] (38)

sin@(u) cosd(u)

where 0(u) is the function to be determined.
Step 3: Calculate the transformation

1) Similarity transformation terms:

cos26(u) —sin 29(u)J (39)

-1 _ 2
8uv Wy &yy = sech (ku)(—sinZQ(u) —COSzH(U)

2) Exterior differential term: In the gauge transformation equation, the exterior
differential operator d acts on the coordinate-dependent matrix function
guy (1), which is actually a zero-form vector space value. Since the metric and
polarization matrices @, and @, hereareboth in thelight cone coordinate u
(rather than time ¢), dg,, is the derivative of g,, with respect to u [22],
that is:

og
dg,, = 8ZV

gy <[ O OW) (41)
Sy 8uyy = _el(u) 0

From the above, the standard transformation matrix is (38), namely

(cose(u) —sinH(u)j

gor (1) = sin@(u) cos&(u)

Its inverse matrix is:

¢ (a) :{ cos & (u) sinH(u)] @)

—sin@(u) cos&(u)

Therefore, we obtain

dgyy _ d cos@(u) —sinf(u) (43)
du du sinﬁ(u) cos@(u)
Expand the derivative:
dg,, —-0'sinf@ —-0'cosd (44)
du | @'cos® —0'sing

dgy,
du

Multiply g, by , taking advantage of the orthogonality of the rotation

matrix:
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o dgyy cosf sinf\(—60'sind —6'cosd
8w — — . , , . (45)
du —sin@ cosf )\ O'cosd —0'sind
After simplification, we get:
_, dg 0 -1
y == 46
Sur du (u)[l OJ (46)
So the exterior differential term is
gordgy, = (9'(u)e)du (47)

0 -1
where €= .
Step 4: Match the target form
Adding the two terms ( g, @, g, + 20y dg,, ) vields @, :

szsechz(ku)[cosza(u) —sin29(u)]+[ 0 —9'@)} (48)

—sin260(u) —cos26(u)) \O'(u) 0
Require the right side to be equal to the target:

o, =sech’ (ku)(z —lilj (49)

Step 5: Solve the parametric equations

3) Diagonal matching:
cos 26 (u)sech® (ku) = Asech® (ku) = A =cos26(u) (50)

Oft-diagonal items match:

—sin 26 (u)sech’ (ku)—6'(u) = Bsech? (ku) (51)
—sin 26 (u)sech’ (ku)+6'(u) = Bsech® (ku) (52)
That is
B =—sin 26’(u)—ﬁ~cosh2 (fut) (53)
u
B:—sin2¢9(u)+¥~cosh2 (fu) (54)
u

Combining the above two equations, we get:
—sin26(u) +j—‘9~cosh2 (ku)=—sin26(u) —3—9 -cosh? (ku) (55)
u u

Hence we obtain:
de

2%-cosh2 (ku)=0=>-—=0 (56)
du du

Therefore, 6(u) must be a constant. Substituting dé/du =0 into equation
(50) or (51) yields:
B =—sin20(u) (57)

Considering the solution (50) 4= cos260(u) it is clear that: A*+B* =1.
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So the solution of the differential Equation (45) is a constant:

0(u)= %arccos(A) = —%arcsin(B) (58)

where 4 and B satisfy

A*+B* =1 (59)

Therefore, by solving Equation (54), we can choose the appropriate gauge trans-

formation matrix g, (u) to convert the polarization state @, of the optical

soliton into the form of the gravitational soliton , , that is,

1 0)\er(® A B
wuzsechz(ku)[o 1]g:> wV:sechz(ku)[B Aj (60)

Specifically:

e Parameter constraints: When 4>+ B* =1, there exists a constant solu-

tion O(u)= %arccos(A) = —%arcsin(B).

The physical meaning of (ku < 1): In the above gauge transformation
guy (1) model, the parameter (ku < 1) represents the short-time or
near-field approximation. The specific physical meaning is (i) short-
time approximation, that is, if u is a light-like coordinate u=z-¢,
then ku<1 corresponds to a propagation time ¢ that is much

smaller than the characteristic time (7 = % ). For example: if & ~10"m™'

(corresponding to the high-energy laser wavelength A ~1um ), then
(~107% 5), the short-time approximation requires ¢ <10™"*s. The ap-
plication scenario is the transient process of high-energy laser pulses or
the gravitational wave radiation in the early stage of black hole merger.
(ii) The near-field approximation represents a certain range of spatial
scales, that is, if u 1isa spatial coordinate, then ku <1 means that the

observation point is very close to the source (such as z < % ). For ex-
ample, in a strong gravitational field (such as the surface of a neutron

1 . . .

star), k~—, (r, is the gravitational radius), and the near-field range
7
g

z<r, . (iii) Physical simplification: The field amplitude is approxi-
mately constant: sech’(ku)~1, and the amplitudes of optical solitons
and gravitational solitons do not decay significantly with propagation.
Nonlinear effects can be ignored: high-order terms (such as

tanh (ku) = ku ) have little effect on the dynamics, and the system is dom-
inated by linear terms.

The physical meaning of the parameter constraint 4 + B> =1: The pa-
rameters 4 and B describe the polarization state of the gravita-

tional soliton. The physical essence of the constraint 4°+B* =1 is: (i)
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Normalization of the polarization state, that is, the total intensity of the
polarization state must remain constant during the gauge transfor-
mation. If the polarization intensity of the photon soliton is 1 (such as

1 0
sech’” (ku)(o 1] ), then the polarization intensity of the gravitational

soliton must also be normalized to 1, namely
Tro, w, =sech® (ku)(A2 +Bz):sech4 (Ku) (61)

From this, we can directly derive A + B> =1. (ii) Geometric interpretation of
the polarization pattern: It has generalized rotational symmetry, that is, the polar-

B
ization state (B Aj of the gravitational soliton can be regarded as a two-di-

mensional pseudo-orthogonal transformation (similar to the Lorentz boost),
whose parameters need to satisfy constraints similar to the “pseudo-rotation an-
gle” (A=cosh¢, B=sinh¢), but in this model it is simplified to the Euclidean

normalized A4°+ B® =1, implying some kind of complex phase combination. (iii)
Unitarity of gauge transformation, that is, if the gauge transformation matrix

gyy nheeds to maintain unitarity (such as matrix g, now belongs to SO(Z)
and is isomorphic to U (1)), then the transformed connection form @, must

satisfy the Lie algebra constraint,and 4> +B° =1 is the embodiment of the nor-

malization of the generators.

¢ Fixed mixing angle: The ratio of polarization states is uniquely determined by
A , for example: 4 =1= 0 =0, the gravitational soliton maintains pure “ad-

1 0
ditive” polarization (0 lj . A=0=> 9:%’ the gravitational soliton is

pure “multiplicative” polarization [(1) (l)j .

e Energy-polarization locking: Parameter correlation: B=+/1-4" indicates
that the energy of the “additive” and “multiplicative” polarization modes in-
creases and decreases, similar to the orthogonal mode decomposition of clas-
sical waves.

o TFeasibility of transient processes: In high-energy transient processes (such as
particle collisions), the initial conditions may lock 4 and B, making the
polarization states approximately statically mixed in a short time.

¢ Influence of nonlinear effects on solutions: After considering nonlinear effects,

A B
@, =sech’ (ku)(B A]

the form of @, is still

However, its physical meaning and the behavior of the solution are essentially
different from the linear case when ku — oo. The following is a detailed analysis:
a) Nonlinear case (arbitrary ku ):

In this case, sech’(ku) decays exponentiallyas ku increases
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(sech? (ku) ~4e7Huy, causing the amplitude of @, to belocalized near iu~0,
which is consistent with the typical characteristics of solitons—energy is concen-
trated in a limited area and decays rapidly in the distance.

b) Gravitational soliton characteristics:

The local envelope of the nonlinear solution sech” (ku) and the dynamic po-
larization mixing work together to keep the waveform in shape during propaga-
tion, satisfying the stability condition of the soliton; not only that, when kiu — oo,
the amplitude of @, tends to zero, but the energy density peak is still concen-
trated at ku ~ 0, which meets the definition of “energy localization” of the soli-
ton. This characteristic is consistent with the soliton solution in the KdV equation
(such as the sech” envelope). Although the amplitude of the nonlinear solution
decays as ku — oo, its core properties still meet the definition of a soliton,
namely, localized energy distribution: energy is concentrated in a limited spatial
region. Waveform propagation stability: no dispersion or attenuation (relative
shape preservation). Therefore the @, by the gauge transformation

. (u):{cosé’(u) —siné’(u)J

sin@(u) cosO(u)
through the generalized gauge transformation Equation (37) does describe the
gravitational soliton.
6. Nonlinear Solutions Degenerate into Linear Solutions

In the short-time or near-field approximation of ku < 1, the nonlinear solution
will indeed degenerate into a linear solution, that is, the linear solution is a special
case of the nonlinear solution under specific conditions. At this time, because
ku<1: sech’(ku)~1,and A’ +B’ =1, the polarization state matrix in the lin-

A B
w, =
B -4

This is consistent with the polarization matrix expression of gravitons.

ear solution is:

Moreover, the linear solution is a short-time approximation of the nonlinear
solution, that is, when ku < 1, nonlinear effects (such as amplitude attenuation,
polarization dynamic mixing) can be ignored, and the system is dominated by
linear transformation. At this time, the nonlinear solution degenerates into a lin-
ear solution. Under the short-time approximation, the sech(ku) factor in the
gauge transformation matrix g, (u) approaches 1, and the transformation de-
generates into a pure rotation operation, which is consistent with the geometric
symmetry of the linear model. That is, under the conditions of ku <« 1 (short-
time or near-field approximation) and A4” + B> =1 (polarization intensity con-
servation), through the generalized gauge transformation matrix g, (), where
sech’ (ku) ~ 1, the polarization state matrix of the two photons can be:

@, =sech’ (k )(1 0 ] [1 0 ] (62)
v = U ~
0 -1 0 -1
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Convert to a polarization state matrix of a graviton:

L. (4 BY) (4 B
w, =sech® (ku) 2 4%\ s 4 (63)

The specific analysis is as follows:

1) Short-term approximation Au <«1:

Physical meaning: The system is in a transient or localized state, nonlinear ef-
fects (such as dispersion or self-focusing) can be ignored, and linear transfor-
mation is dominant. Mathematical simplification: At this time, sech? (ku) ~1,
the polarization state amplitude is approximately constant, and the gauge trans-

formation degenerates into a linear rotation operation:

cos@(u) —sinf(u)

gur ()= (sin@(u) cos & (u) ]

2) Parameter constraint A*+ B> =1:

Intensity conservation: The total energy of the photon polaritons
g r(a)g wy, ) =2sech’ (ku) is completely mapped to the graviton polaritons
Tr(a);a)V ) =2sech* (ku)(A2 +BZ) , is required 4’ +B” =1 to maintain energy
conservation. The constraints are equivalent to the normalization of the two-di-
mensional rotation group, ensuring the geometric consistency of polaritons mix-
ing. In short, under the above conditions, the model does realize the conversion
of two photons into one graviton through generalized gauge transformation. Spe-
cifically, it is manifested as: a) Recombination of polarization states: The trans-
verse linear polarization state of the photon (“additive” mode) is mixed into the
transverse-longitudinal mixed polarization state of the graviton (“additive” and
“multiplicative” modes) through rotation. b) Complete mapping of energy: The
parameter constraint A°+B° =1 ensures that the photon energy is losslessly
converted into the graviton energy. c) Feasibility of transient processes: In the
short-time approximation, nonlinear effects can be ignored and the conversion
process is dominated by linear gauge transformation, which is compatible with
actual high-energy transient phenomena (such as the early stages of black hole
collisions).

In summary, under the condition of 4u <1 and A% + B® =1, the model does
describe the transformation of two photons into one graviton through a general-
ized gauge transformation, which is manifested in the reorganization of polariza-

tion states and energy conservation, namely

1 0 )& A B (64)
~ = ~
R UE B -4

Here , can represent the polarization state of the graviton for the following
reasons: 1) it satisfies the transverse tracelessness and meets the TT specification
requirements of gravitational waves; 2) it can be decomposed into a linear combi-
nation of the standard polarization tensors ¢  and €*; 3) the normalization

condition is consistent with the characteristics of helicity 2, reflecting the spin
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properties of the graviton; (4) under the weak field approximation, the classical
polarization mode directly corresponds to the quantum graviton state. The spe-

cific summary is shown in Table 1 below:

Table 1. Comparison of characteristics of gravitational soliton and graviton.

Summary comparison

Feature Nonlinear solution Linear solution
Matrix form Contains sech ( ku) There is no sech(ku)
Time range ku>1 long time/far field ku <1 Short-term/near field
Polarization The nonlinear evolution of #  Static mixing polarization ratio
Amplitude sech’ (ku) ~1 concentration sech’ (ku) ~1 distribution

Meaning Describing gravitational soliton Transient polarization

7. Conclusions and Prospects

This study constructs a novel class of gravitational soliton solutions through rig-
orous mathematical frameworks, revealing profound connections between strong-
field gravity and weak-field linearized theory, potentially establishing a possible
new theoretical foundation for unified Electromagnetic force and Gravitational
force. The principal conclusions are summarized as follows:

1) Mathematical Realization of Gravitational Solitons

By deriving a metric solution satisfying the Einstein vacuum field equations in
formula (6), we obtain a rigorous solution within general relativity that exhibits
definitive solitonic characteristics. This solution demonstrates three key proper-
ties:

o Waveform Stability: A dynamic equilibrium between the nonlinear self-inter-
action term ( 40, H ) and geometric dispersion effects (ﬁzH ) in spacetime,
leading to long-range propagation of localized sech” (ku ) -type wavepackets.

o Spin-2 Nature: In the weak-field limit, the metric perturbation reduces to
(hl.]. = Ae” +Bex) , where the polarization modes strictly correspond to the
spin-2 tensor properties of gravitons.

o Zero Rest Mass: The soliton propagates at light speed (governed by null coor-
dinates u,v, consistent with the masslessness of gravitons.

2) Unification of Nonlinear and Linear Regimes

o We propose the Gravitational Soliton-Graviton Correspondence Principle:
When perturbation amplitudes A4,B <1, the soliton solution degenerates
into linearized gravitational waves, whose quantized excitations recover stand-
ard gravitons. This reveals gravitons as weak-field approximations of nonlin-
ear gravitational fields, while solitons may dominate in strong-field regimes.

o Through generalized gauge transformation theory, we demonstrate that two
electromagnetic optical solitons can merge into a gravitational soliton under

strong-field nonlinearity. In the weak-field limit, this process reduces to a two-
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photon <> single-graviton conversion, establishing a non-perturbative foun-
dation for electromagnetic-gravitational unification.

3) Implications for Quantum Gravity

Conventional quantum gravity theories, constrained by weak-field perturba-
tive expansions, face limitations. Our solitonic framework introduces a non-
perturbative quantization paradigm.

We advance the Solitonic Spacetime Hypothesis: Near the Planck scale,
spacetime may emerge as a network of interacting solitons, offering novel
pathways to model quantum spacetime microstructure.

4) Observational and Applied Prospects

Gravitational-Wave Astronomy: Strong-field gravitational solitons may gen-
erate distinctive sech”-type gravitational wave signatures in high-energy as-
trophysical events (e.g., black hole mergers, gamma-ray bursts), distinguisha-
ble from linear-theory predictions via spectral features (e.g., absence of high-
frequency cutoffs).

Laboratory Tests: Extreme-field photon-soliton conversion experiments (e.g.,
petawatt laser-plasma interactions) could indirectly validate electromagnetic-
gravitational unification mechanisms.

Quantum Information: The topological stability of gravitational solitons may
inspire fault-tolerant quantum error-correction protocols rooted in quantum
geometry.

In summary, this work bridges soliton physics and quantum gravity theory. It

further demonstrates that electromagnetic interactions can transform into gravi-

tational interactions under generalized gauge transformations, corroborating our

earlier hypothesis on unified fundamental forces [10]-[14]. These findings may

lay critical groundwork for exploring nature’s ultimate unification principles.
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