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1. Introduction

The quantum Hall effect has received a lot of attention in no small part due to its
wide ranging and deep mathematical properties [1] [2]. The fractional Hall
states are new states of matter which appear due to the interactions of electrons
in 2 dimensional layers under strong magnetic fields and very low temperatures
T—-0.

When the electronic degrees of freedom are integrated out, the effective action
for the electromagnetic vector potential has a Chern-Simons (CS) term [3]. Ma-
thematically the CS form is related to a topological density in 2n dimensions
known as a characteristic class C,,. Since the forms are local (2k +1)-forms,
they are integrated without much difficulty over, for example, homology spheres
without additional structures. The metric of the embedding space is irrelevant, a

consequence of the topological origin of the CS forms. In fact, the function in-
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volves explicitly the connection A and cannot be expressed as an integral of a
gauge invariant local function [4]. The coefficient of the term that is left upon
integration is proportional to the Hall conductivity. To see why this arises, as-

sume the effective action is given apart from the Maxwell term by
1 1V
Se[A]:—Eany.daxa“ “A0,A,. (1.1)

The expectation value of the current is readily calculated

- 5 Vi
(i) =-——s,[A]=0,&""8,A,. (1.2)
oA,
It is apparent that there is a current in the x-directiop electric
o, [5]

massless chiral scalar fields taking values on a torus. The most general action
scalar fields is made up of a symmetric matrix G; and an antisymme-
trie’matrix B;; . The actual Hall conductivity depends on G;. It is possible to
show how the anomaly cancellation argument enables one to relate this matrix
to a matrix that is relevant to the CS theory.

The objective at this point is to see how hierarchies emerge using such CS
theories and to examine the connection between bulk and edge states. It is also
possible to construct dual theories starting from CS based actions. It will be seen
how to implement duality in CS theories. As in string theories there exist duality
transformations of the edge theory that leave the spectrum invariant [13]. Then
B; and G; are changed in well defined ways under these transformations, and
consequently also change the Hall conductance as well. That a connection exists
between the edge theory by means of CS theory in bulk suggests that similar
transformations can be implemented in the bulk as well. This conjecture seems
to be at least partially feasible in that it can be implemented by a type of duality

transformation given in the bulk [14].
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2. A Brief Introduction to Chern-Simons Quantum Field
Theory

Generally the field variables of the U (1) CS theory over a manifold M are de-
scribed by a one-form AeQ'(M) with components A= A, (x)dx* as

S[A]= 27;ij d*xe" A0, A, =27k jM AndA (2.1)
where k not zero denotes the real coupling constant of the model. The action is

invariant under gauge transformations A, (x)— A, (x)+0,¢(x). This means

the action can be understood as a function of the gauge orbits

function <Fﬂv (x) Fro (y)- FM> of the curv;
gauge fixing is not required. If a one-for

source, the integral satisfies

AeZirikj AAdAGZﬂiIAAdB

.[ DAeZ kI ArdA (2.3)

The coefficients o aylofexpansion of G[B] in powers of B coincide with

unction§of the curvature. Any A, (x) can be written as

1
Aﬂ(x):—EBﬂ(x)erﬂ(x), (2.9)
where is fixed and @, (x) may vary. Since

kIMAAdA=IMAAdB+ijwAdw—iIMB/\dB (2.5)

Thg'tunctional integration is invariant under translation and DA=Dw, so

27kifordw
_[ Dwe _ a—(2iz/4k)[BAdB

27i[AndB \ _ —(27i/4k)[BAdB
<e > =€ .[ DAeZﬂkijAAdA -

Without the introduction of gauge fixing, and without any metric in A4 the Feyn-

man path integral gives
_ iGC[B] _ _ 27Z'|
G[B]=e —exp( o jM B/\dBj. (2.6)

The generating function of the connected correlation functions of the curva-
ture formally coincides with the Chern-Simons action under the replacement
k—-1k.

3. Appearance of Hierarchies

Following Zee [5], the electron can be described by a scalar field coupled to a
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statistical gauge field a,. Furthermore, if the bosonic order parameter develops
an expectation value, a massless Goldstone boson p results, the phase of the
original scalar field. It satisfies an equation, 0,0y =0 since it has no mass.
The field equation for y turns into an identity in the dual representation. A mi-
nimal coupling to the external electromagnetic potential A, can also be im-

plemented. The action for the system so far is

e
Sszd"’x —eJ”(A”—aﬂ)—Eg” ‘aﬂaval}, (3.1)

Ho_ VA
J# =&""0,a,,

where M is the manifold D\H xR and D\H isa

to the removal of a piece, which reduces to an a

(3.2)

(3.3)

(3.4)

on between the number density J° =N, of electrons to
N, =eB/2z of flux quanta 27/e It states in fact that

or there is one flux quantum per electron such that the electron is

archy. The filling factor v is 1 by (3.2) since N, =N,, so it describes the
int88€r quantum Hall effect.

he fields a and a can be eliminated to get an effective action which depends
only on the electromagnetic gauge field. The electromagnetic current —eJ* of
in (3.1) is equal to

e2

—ng‘”avAl. (3.5)

by (3.4). It is reproduced by the action,
e’ 3y VA
S= “ur [ d°x&"*A0,A,. (3.6)

This is the electromagnetic CS term, and moreover, a signature of the Hall effect
for the Hall conductivity, o, =e?/2x.

One can immediately generalize (3.1) to obtain more of the hierarchy and the
Laughlin functions by changing the coefficient e?/4z to e*/4zm with m odd
so me2Z+1,
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2
3 € 12
szj'Md X _eJ/’(Aﬂ—aﬂ)—A{ﬂ_—mS” ‘aﬂaval}. (3.7)

Proceeding as done already, variation leads to the following pair
e e
&0 a, =——&"*0 a,, &"0.a =——c¢c""*0 A, . 3.8
v 27m v voA 27m v ( )

The first equation of (3.8) has the implication that
1

N, =N, (3.9)

Since m is odd, this is the same as

N, =mN, +N®, (3.10)
and implies the composite is bosonic, as it s tion of the
electron is consistent. The filling fraction igho

(3.11)
(3.12)

including a coupling of the quasiparticles
a, to get the action
2
VA Qv
%8” a‘uavaﬂ +27d aﬂ . (3.13)
oice of the coefficient 27 in the last term of (3.13) suppose

localized at z so that
I (2)=6%(2-x),

whil®"the electron density p is some smooth function. Since the equations of
motion imply,
__& o
p=r—"¢0;a; (3.14)
27m
So it follows that e°”aiaj is also smooth. Variation of « produces the equa-
tion of motion
2

FJ(I)O _ goi (5iAj +5iaj), (3.15)

The magnetic flux attached to the vortex is the flux quantum, 277/e. This is a unit

of magnetic flux to be attached to the vortex and the factor of 2is correct.
Suppose the quasiparticles condense so we can write J @ = o 7' is the

Goldstone boson phase degree of freedom. As before the »' field is massless

and so it has to satisfy 0,0" 7" =0. A dual version of the current can be given by
defining a field S, as
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IO —puyt =g B, (3.16)

A statistical gauge field b, can be included such that flux tubes of b are at-
tached to the quasi-particle. The quasiparticles correspond to vortices, which are
assumed to be bosonic, hence an even number of elementary b flux tubes are at-
tached to each to preserve their bosonic nature.

Based on this more CS terms can be added to (3.13) to obtain

s® =IM (—e(A—a)da— 7

2

2
® _ada+27adf—ebd ﬂ—e—bdb} (3.17)
- -

T Ar

from the action (3.17) are

L dA="da+dp, mda=——da, dat db. (3.18)
2z 2z 2 y
The equations in (3.18) for a and 4 i y equations on elimi-

nating a and b of the form

NG =2‘mlN(1) +N®, N@ =, (3.19)

d,B+7r(2ml)ﬂdﬁ
m 1 )(d (3.20)
+7r(aﬂ)(1 ij(d‘;ﬂ.

L=-eAda, +7a,N"da;,, ¢ =a, ,dx". (3.21)

m 1 0 0
1 2m 1 0
KP={0 1 2m, 1
0 1 2m,

vk O O O

N )

The Lagrangian in (3.21) gives rise to its own set of equations of motion. The

equation for ¢, obtained from (3.21) is

edA=27N"da,. (3.22)

The equations of motion for the remaining «, for |#1 are given by
N"de, =0. (3.23)

Clearly a hierarchy of equations has been constructed this way. From (3.22),
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solve for the forms d« j as

I INE
de, = 2”(N )udA' (3.24)
Solution (3.24) can be replaced back into L to generate the following form
£ =-eAda, +mN® —(N*) dA
20 1
e 2

=—(N7), dA+Z—ﬂA(K‘1)Il

K" (K‘l)JldA (3.25)

filling fractionis v = ( N )11.
It has been seen the fermion electron fie

e thought of as carrying a new form of

augediield to which they couple are actually the duals of Gold-
stone phase mode §f fife con@€nsate. This is illustrated by noting that if the elec-

electric field outside an ordinary electric charge. The flux

dual representation are the electrons themselves. The bosonic na-

4. Anomaly and Bulk-Edge Coupling

Gauge invariance forces the matrix N" to be the same as the inverse of the
target space metric G,; which pertains to the scalar theory for the edge excita-
tions. To understand this, start with a CS action with no electromagnetic coupl-

lng
S _—_' (de 4.'
2 M ' ( )

Although the arguments apply to any manifold, A is given coordinates (r,8),
so to picture what is going on, it can be supposed the fields are valued in a circle
with =R on the boundary. If the manifold has a closed, compact and boun-
daryless spatial slice, there is gauge invariance of the action under the transfor-

mation
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a—a+dA. (4.2)

If on the other hand, M is a manifold such as A where the spatial slice X is an
annulus D\H and has a boundary, then gauge variation results in a surface
term. For the manifold M =D\ H xR, the variation of the action is

1

1
5S :EIGDXRAda _EIGM Ade. (4.3)

It is assumed that A vanishes in the infinite past and future. To restore gauge
invariance at the boundary, the following two-dimensional action is added to S,

and x=0,1,2. It implements a new scalar field ¢,

o__1 Y T
SY = zjamdea+4jaMd X(D/lgo (4.4)
This means field ¢ gauge transforms as ¢ —, derivative
is D,p=0,p+a,. The edge current is supp d this fixes the
factor 1/4 outside the kinetic energy ans the following
condition can be imposed consiste
(4.5)

The combined action S+ is gauge invaria

The operator that genegtes (4.2) at a fixed time with A o * 0 and A| = 0
is

dAc. (4.6)

D\H

Here A is a funct nulus D\H and A| 4 =0 for simplicity. The

erated byfthe operators is specified by

[Q(A),Q(A)]=i[ AdA" 4.7)

algeb

the condition of gauge invariance condition Q(A)| p) =0 on physi-
eads to a contradiction as the commutator of two (s acting on a
ysical state would also have to vanish. However, (4.7) specifies the value of
mutator to be a non-zero c-number.

the action is expanded by including term (4.4) which accounts for new de-
grees of freedom at the boundary, the generators of edge gauge transformations

are modified. The modification is by means of the terms
1,
q(A):J'aDA(Hq, —E(pj. (4.8)

In (4.8), we have

M1, = (D +A)

is the conical momentum conjugate to ¢ and satisfies the usual commutation
relations, so ((A) generates the transformations

1
o> p-A, H¢—>H¢+580A. (4.9)

Thus the algebra is generated by the g(A) and is given by
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[a(A).a(A)]=i] AdA (4.10)
The new generators
Q(A)=Q(A)+a(A), (4.11)

now commute between themselves and can be chosen to annihilate the physical
states.
To now attempt to couple electromagnetism to Sin (4.1) if 4 is a background

electromagnetic field and *da represents a current so that the most obvious

coupling is

S’=—qu Ada. (4.12)

When the equations of motion implied by the mined, a

problem is encountered. The equation in the by varying a
is

daZgdA (4.13)

da?, so/using Stokes theorem, on

(4.14)

o see this consider the modified action
1
s’ =—qu(Ada+adA). (4.15)

d on this boundary equation (4.14) is modified to
a=0qA (4.16)

With (4.13) and (4.16), together they imply the result o =QqA everywhere clas-
sically up to gauge transformations that vanish on the boundary. Gauge trans-
formations that do not vanish on the boundary which are consistent with the
equations of motion have the form

a—>a+qdA, A— A+dA.

The equations of motion in bulk and edge are now consistent, however, the
action S+S° given by (4.1) and (4.15) is no longer gauge invariant under
a—>a+qdA and A— A+dA. This is similar to what happens at the edge
where gauge invariance and chirality are found to be incompatible with the equ-
ations of motion. Here the solution is to couple to degrees of freedom at the
boundary. A scalar field ¢ needs to be introduced with a boundary action of

the form
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s&%j@M d¢)A+%LMd2x(Dﬂ¢)z, (4.17)
D,p=0,p—aA,.

This maintains invariance under the transformations a - a+qdA,
A— A+dA, the electromagnetic gauge transformations and ¢ transforms in
the following way under these transformations

©—>p+JA. (4.18)

Under (4.18), the generators of the edge gauge transformationsséan be required

dary equations are compatible. The total action

S= ID HxR(%ada —%(Ada + adA)) +
introduce the action

(4.20)
where K" is the matrix i theory hasa U (1) gauge in-

variance denoted

—%(A'dal +a,dA" )+ 7N ”a,daJ)JrjaM %(N*l)u o' A’
(4.21)

1 1 I J
+g aM(N )u D/‘(D D"

As usual, the coefficient of the kinetic term is fixed by requiring consistency be-

tween the chirality of the edge currents and the equations of motion.

5. Construction of Related Dual Theories

To demonstrate exactly how dual theories can be developed from CS theories,

start with the action
k
S:ZJ.M ada. (51)

In (5.1) Mis an oriented three manifold with an annulus as its spatial slice and
time compactified to a circle. This means fields at t =100 take the same values,
so the path integral leads to a transition amplitude between states when dis-

placed around a closed loop in configuration space.
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To forbid arbitrary rescaling of the field a an extra condition on a is needed. If
this is not done, constant & can be changed to A’k by mapping a according to

o — ol where AeR.Theimposed condition is

j ae2nl (5.2)
CeoM

and Cany closed loop on the boundary of M.
By means of the transformation @ > +® on aand wis a closed one-form
so dw=0. The Lagrangian three form is not invariant as it changes by an exact

three form

ada - ada—d(wa). (5.3)

Suppose a connection one form A is introduced which tra éording to
the rule A— A-@. Gauging Swe find it satisfigé

" Ada. (5.4)

(5.5)

(5.6)
ch integrates A out is
i
Z,=|dlexp| —|dAA|. 5.7
=] p(zﬁ [ j (5.7)
L connected component of the boundary M denoted as (oM ), con-

taifi p, cycles C, which can serve to define the generators of the first ho-
mology group. As well there exist p, one forms a,, for each aon OM such
that

ij “ab?

[, @ =2705;85, T,i=12:,p,, (5.8)

If Mis assumed to be a compact manifold, then (oM )a is compact and bounda-
ryless, and M oriented means OM is as well. So each connected piece (M),
is a sphere with handles and its homology group has an even number of genera-

tors. Hence p, hasto be even and the @, can be ordered in such a way that

v Pa211@j = 4’0y ;6apr 121,20, p, /2. (5.9)

To any such won OM can be associated an w on Mby requiring
Vi =0. (5.10)

Some Euclidean metric on M is needed to define the operator in (5.10), and the
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Laplacian operator on M. Other operators on M can be defined by using the
same Euclidean metric which is also used to define an inner product. The pull-
back of wto OM must of course agree with the w established there.

Based on (5.6) specifying the integral of A, the following expansion holds
2=+, 0, n, €l (5.11)
a,i

On the right side of (5.11), 29 is a one form on M which satisfies

[ 49=o. (5.12)
Ca,j
Also there is a boundary condition, namely, pullback g am =05
and so (5.11) for A becomes
A=Y BVa +Znavia)ai, (5.13)
n a,l
Using these facts, we can integrate
i
Z/I:Zﬂ_[dﬂnexp[— ¢ Mda’aiAB
Na i n
da)ayiA] (5.14)

>e™ =27y 5(¢-27m),

comes for m,; €Z

zZ, :N&(dA)H(Z&U@M%A—Zﬂmavij} (5.15)

a,i \ Mg

The delta function implies that A is a closed one-form and A admits an expan-

sion on the boundary

A|aM = df"'zra,i Wi (5.16)

where ¢ isafunction on the boundary and r,; are real valued. Since
j om e dg=0,

asthe , are closed at the boundary, substituting A| R

Z, =N§(dA)H(Z s(r,; —ma,i)} (5.17)

ai \ My

The result of integrating A gives the Equations (5.5) that we seek and this implies

that the action S'is equivalent to the original action (5.1).
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If the intention is to integrate A out of action S, the result is

[k k 1
Z, =IDAexp(|(§jada+§IAda+ZIdﬂAD

(5.18)
N[ Xda-Lda exp iijada .
2z 2z 27
The delta in (5.18) implies the following equation holds
1

da=Ed;t. (5.19)

This implies that a differs from A by a closed one form whi O as
a =%/1+a)(l). (5.20)

The last term in this exponential i since @ is closed, a

fact which has been used to it in thi ,The dual action we get from

oY 2. (5.22)

The integral of j onstraint condition where Cis any cycle on

the boundary

oF contribute. Using the equations of motion dA=0, from the

myay be concluded that the second term must vanish. These consid-

6. Conclusion

The quantum Hall effect continues to advance especially on the experimental
front [15] [16] [17]. The fractional Hall effect is observed in two-dimensional
layers and arises under strong magnetic fields (~30 Tesla) with temperatures
approaching zero. Since at very low temperatures the interactions of electrons
are strong, the fractional effect represents a strongly correlated system. It has
been shown that using a sequence of CS theories, a hierarchy can be established.
This is actually what is known as the Haldane hierarchy. It has been indicated
that there is a connection between these CS theories to chiral scalar field theories
at the edge. Both give rise to the same Hall conductivity in the bulk. The CS
theory when gauged gives rise to an effective CS theory for the electromagnetic

potential, but is not gauge invariant. A surface action is required to restore gauge
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invariance. It is the gauged chiral scalar field theory at the boundary that func-
tions as this surface action. It has become apparent recently that attaching more
flux tubes can alter statistics. So an electron with 2 flux tubes attached may be
regarded as a boson and the m=0 solution in [12] admitted giving even

numbers in the associated fractions, as in the 5/2 state now known to exist.
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