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Notations
Three-dimensional vectors: X, Y,--- (bold letters).
Three-dimensional linear operators (equivalent to matrices): A,B,--- (serif-

less letters).
Invariants of three-dimensional linear operators: (A),[A],|A| (see Appendix
A).
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Scalar product of two vectors x and Y: XYy.

Dyadic product of two vectors x and Y: X-Y.

Three-dimensional anti-symmetric operator dual to vector x: [X];or
[x]y =€wx> % =%€ijk Y

Vector product of two vectors x and Y: [X, y] 5 ( x[y] = [X, y] = [X] y).

Volume product of three vectors X, Y,Z: [X,Y,z],
(x[y.z]=x[y]z=[x,v.z] =[x, y]2).

Doubled vector products: I:X, [y, z]] =x(z-y-y-z),
[[xy].z]=(y-x-x-y)z.

Since “Latex” does not provide serif-less letters for Greek characters we denote
Greek characters for operators such as for vectors. This concerns, in particular,

theletters €,4 and o contrary to Greek scalars &,4 and o .

1. Introduction

Most problems of the optics of anisotropic media (or crystal optics) require a co-
ordinate-invariant treatment. In many problems of this topic, two or more coor-
dinate systems offer their services which, however, are not compatible. In reflec-
tion and refraction problems at a plane boundary, these are the system of two
coordinates within the plane boundary and one coordinate in direction of the nor-
mal to the boundary. This coordinate system is, in general, incompatible with the
coordinate system of the principal axes of the permeability or permittivity tensors
in general position to the first mentioned system. Some problems such as the re-
flection and refraction of plane monochromatic waves at the plane boundary from
an isotropic to an anisotropic medium with general position of the axes of the
anisotropic medium are so difficult that a lengthy solution is almost impossible to
write down in coordinates and if nevertheless it would be successful then the so-
lution in coordinate form does not possess some use. A way out of this dilemma
is in certain sense the application of coordinate-invariant methods from the state-
ment of the problem up to its solution and the final coordinate-invariant repre-
sentation of the results. The initiator and pioneer for coordinate-invariant treat-
ment of many problems is F.I. Fyodorov [1]-[3].

Coordinate-invariant methods calculate directly with the involved vectors and
operators and calculate in an abstract form with them in such way as one usually
calculates with numbers and without resolving them to a coordinate form. This
requires the knowledge of modern linear algebra which provides the mostly basic
theorems but some methods, for example, the coordinate-invariant calculation of
inverse operators to a given linear operator in this way are little known up to now.
Let us illustrate this at the example of reflection and refraction of light waves at a
plane boundary. First one has to derive from the basic Maxwell equations of mac-
roscopic optics a vectorial wave equation for the electric or magnetic field from
which in a first step a dispersion equation is derived from the linear operator of
the wave equation. In a second step, one has to determine polarization vectors of

the electric and (or) the magnetic field for which one needs the inverse operator
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to this equation to form projection operators. Then in reflection and refraction
problems, one has to determine all involved refraction vectors in dependence on
their common tangential components with respect to the boundary plane that in
general case of an anisotropic medium leads already to a fourth-degree equation
for their normal components that is hardly to do without a computer. In a last
step one has to write down the boundary conditions in coordinate-invariant form
and has to determine from them by elimination processes the amplitudes of the
reflected and refracted waves in dependence on the vectorial amplitudes of the
incident waves. This is usually the most difficult problem which is to manage (hav-
ing in mind general cases).

The last very detailed representation up to now of problems of refraction and
reflection at anisotropic media mainly in coordinate representation is the ency-
clopedia article of Szivessy [4] [5]. Other well written representations of the prob-
lems one may find, e.g., in Landau and Lifshits [6], Born and Wolf [7] and Lekner
[8] and we also published long ago some articles on these problems [9] [10]. In
present article after remarks to the derivation of vectorial wave equations (Section
2), we make preferences for the determination of the polarization vectors of the
electric field to known refraction vectors (Sections 3 and 4), to a coordinate-in-
variant derivation of boundary conditions (Section 5) and discuss also the coor-
dinate-invariant derivation of the amplitude relations for reflection and refraction
at isotropic media (Sections 6-8) to use it for analogies to reflection and refraction
at anisotropic media (Sections 9-11). The generalization from the isotropic to the
anisotropic case makes the formulae very difficult and lengthy and one has to de-
compose this in well-defined partial steps which can be implemented by computer.
In Section 12, we make a remark to the so-called “negative refraction” which was
invented by Pendry [11]. From an article of Ala [12], one may conclude that the
intensive discussion of this effect is still not finished and that some authors believe
to its realization. However, it cannot be realized in the published form because
this contradicts to basic laws of electrodynamics and optics.

In the Appendices A and B, we shortly deal with some general topics of the
coordinate-invariant calculation with operators and their invariants. In Appen-
dices C and D, this is applied to the wave-equation operators for the magnetic
fields and the electric induction. Finally, in Appendix E we give a short table of

correspondences of notations of Fyodorov to ours.

2. Maxwell Equations of Macroscopic Optics

We start from the Maxwell equations of macroscopic optics in the form

[V,E(r,t)]+%§8(r,t) 0, VB(r.t)=0,

10

[V,B(r,t)}—EED(r,t)

where E(r,t) is the averaged microscopic electric field and B(r,t) the aver-

0, VD(rt)=0, (2.1)

aged microscopic magnetic field [6]. With D(r,t) we denote the electric
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induction where we widely use the notions of Landau and Lifshits [6]. The electric

induction D is defined by
D(r,t)=E(r,t)+4nP(r,t), (2.2)

which is connected with the averaged microscopic current density j(r,t) and
charge density o(r,t) by
0

aP(r,t)zj(r,t), VP (r,t)=-o, (23)

where P(r,t) is called the polarization. Thus, it is not taken into account a mac-
roscopic current density and a macroscopic charge density. The continuity equa-
tion for microscopic current and charge density which are involved in the polari-
zation P (I’,t)

Vj(r,t)+§g(r,t):0, (2.4)

is satisfied. The scalar Maxwell Equations in (2.1) are widely redundant. For ex-
ample, from the first vectorial Maxwell equation by applying the operator V as

scalar product onto the equation follows %VB(I’,t)zO whereas the scalar

Maxwell equation requires the more strong relation VB ( I’,t) =0.

The most general linear constitution equation of the electric induction D ( I’,t)
in dependence on the electric field E(r,t) for a homogeneous medium with
spatial dispersion can be represented in the form [6] [13] [14]

D(r,t):derdté(r',t')E(r_r',t_t')Eg[_iv,iﬁje(r,t),
ot (2.5)
e(k,w)= Id3rdt§(r,t)e’i(”"“‘),

where £(r',t') and &(Kk,®) are second-rank, in general nonsymmetric, tensor
functions connected by a complex Fourier transformation.

The complex Fourier transformation of all fields we make according to the fol-
lowing scheme written for the electric field E (r,t) 2

1
(2n)’

E(rt)= jdskdwE(k,w)ei(kr_‘”t),

E (k)= [d*rdtE (r,t)e ") (2.6)
Then the Maxwell Equation (2.1) take on the form

[, E(k,w)]-%s(k,w) =0,  kB(k,®)=0,

'Since we use here only the concept of spatial dispersion for the constitution equations (see [6] [13]
[14] and below) we do not make a difference between B(I’,t) and H (I’,t) and call B(I’,t) the

magnetic field which in case of distinction of H and B is usually called magnetic induction [6]
[7] [15]. Since E and B are involved in the Lorentz force and not H the name “magnetic in-
duction” instead of “magnetic field” is perhaps only to understand historically [15]. Maxwell calls B
“magnetic induction” and H “magnetic force” [16] p. 257.

*We do not distinguish the function symbols for the field and for its Fourier transform since it should
be clear from the content of formulae in connection with the context.
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[k,B(k,a))}r%D(k,a)):O, kD (k, @) =0. 2.7)

where K is the wave vector and @ the frequency. The constitution Equation
(2.5) becomes

D(k,w)=¢(k0)E(ko), &(ko)=[drdé(rt)e™ ), (28

where &(k,®) is the permittivity tensor which is, analogously to &(r',t), a sec-
ond-rank, in general, nonsymmetric tensor. Its dependence on @ is called fre-
quency dispersion and its additional dependence on the wave vector K is called
spatial dispersion [6] [13] [14]. One may but must not include also linear magnetic
properties of the medium in form of a relation B (k, a)) = ,u(a)) H (k, a)) as effect
of spatial dispersion of second order in K and, for example, natural optical ac-
tivity as effect of first order in K into spatial dispersion [17].

After elimination of the magnetic field B(k,®) by means of the first vectorial
Equation (2.1) and using the constitutive Equation (2.5) the following vectorial
wave equation for the electric field (& = &(k,®)) is obtained

0=L(k,0)E(k ), (2.9)

with a linear operator L(k, a)) E (k, a)) , of this equation defined by
C2
L(k,w)=—5(k -k -kl k,w). 2.10
(k@)= J+e (ko) (2.10)

By scalar multiplication of the vectorial wave Equation (2.9) with the vector K

follows
0= kL(k,a)) E(k,a)) = ks(k,a)) E(k,a)) oc kg(k,a))e. (2.11)

This equation tells us that the vectorial amplitude of the electric field E (k,®)
(and thus normalized polarization vectors e ) is perpendicular to the vector ke
or k perpendicular to D(k,»)=¢(k,@)E(k,®). However, in this way, the
direction of the electric field is not uniquely determined since this determines only
the plane in which the electric field is located.

If one neglects the spatial dispersion and takes into account only the frequency

dispersion of the permittivity tensor?

e(k,w)=¢(w), (2.12)
it is favorable to introduce the abbreviation
n=lk (2.13)
w

which is called the refraction vector. The Maxwell equations can be written then

[n,E]-B=0, nB =0,

[n,B]+D =0, nD =0, (2.14)

*Into the permittivity tensor &(w) one may include for @#0 also an electric conductivity tensor
. _— 4 .
o(®) of the medium by the formal substitution &(o)—> &'(w)= £(a))+lia(w) which causes
@

absorption and is formally equivalent to a generally complex permittivity tensor.
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where the field variables which are (n, a)) in this case are not appended explic-

itly. The vectorial wave equation for the electric field can be written then

0=L(n)E, (2.15)

with the vectorial operator of this equation (£=¢(w), | three-dimensional

identity operator)
L(n)=n-n-n’l+&=L(-n), (2.16)

where the dependence of the permittivity tensor & on the frequency is not writ-
ten explicitly.

In the following we widely use coordinate-invariant methods who’s initiator
was F.I. Fyodorov [1]-[3] as said in the Introduction. Coordinate-invariant meth-
ods work only with the involved vectors as a whole characterizing the problem
and linear operators together with their invariants in calculating the solution, in
present problem, with the refraction vectors n and the permittivity tensor &
considered as a linear operator and its invariants. Important for these methods
are mainly the Hamilton-Cayley identity and the invariants of the operator L(n)
of the vectorial wave equation and, furthermore, the complementary operator
f(n) (see Appendix A and Appendix B). The three independent invariants of

L(n) are (the dependence of & on the frequency « is again omitted)
(L)) =20 +(s),
[L(n)]= (nz)2 ~({&)n* +nen)+[e],
|L(n)|= nz(ngn)—((g}ngn—ngzn)+|g|. (2.17)
The complementary operator to L(n)
L(n)=[L(n)]I=(L(n))L(n)+L*(n), (2.18)
with the property
L(n)L(n)=L(n)L(n)=[L(n)[1, (2.19)
is calculated to be

E(n)=(n2)n~n—((a)n-n—gn-n—n-ng+(nsn)|)+[s]I—(g>g+32
=z (2.20)

=L(-n).
The general identity (see Appendix A)
(C(m)=[L(m)], (2.21)
is easily checked. Furthermore, one easily affirms from (2.20) the relations
nef(n):[(n)gn:|L(n)|n, (2.22)

with determinant |L(n)| explicitly given in (2.17). In connection with the wave-

equation operator L(n) this is the identity
ng[(n)L(n)=|L(n)|(nL(n))=|L(n)|ng, (2.23)
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or by division with |L( n)|
nL(n)=ne, (2.24)

which is obvious from (2.16).

With the complementary operator to L(n) in (2.20) it can be determined the
inverse operator to L(n) according to (A.11) but also polarization vectors of the
electric field that we discuss in detail in next Section. One may also calculate with
the wave-equation operator for the magnetic field B or for the electric induc-
tion D . These operators with their invariants and the complementary operators

are shortly considered in Appendix C and Appendix D.

3. Polarization Vectors of the Electric Field to Plane
Monochromatic Waves

Necessary condition for a solution of the electric field E of the wave Equation

(2.15) is the vanishing of the determinant of the operator (2.16)*
L(n)|=0. (3.1)

If this condition is satisfied one may determine polarization vectors of the elec-
tric field using the complementary operator f(n) to L(n) given in (2.20). For
an arbitrary vector Xx for which a= [(n) X#0 the vector a is a right-hand
eigenvector of L(n) to eigenvalue 0 and thus a solution for the electric field. In
the same way, for an arbitrary vector X the vector d= )?E(n) #0 is left-hand

eigenvector of L(n) to eigenvalue 0
a=L(n)x=0, a=xL(n)=0: = i)
L(n)a=L(n)L(n)x=|L(n)|x=0, &L(n)=XL(n)L(n)=X[L(n)/=0. G2

Moreover, under condition (3.1) and <E(n)>z[L(n)}¢O the operator

L(n

ﬁ is a projection operator for the determination of right-hand and left-
n

hand eigenvectors (solutions) of the wave-equation operator L(n) to eigenvalue

0 (see also general identity (A.12) in Appendix A)

N(n)= E(n), M*(n)=N(n), <I'I(n)>:1. (3.3)

N(n)= =e-e, [T (n)=—=MN(n), <I'I(n)>zée:1. (3.4)

This means that e is a polarization vector of the electric field which is mutu-
ally normalized together with an auxiliary vector € by the condition e =1

and one may check the equivalences between (3.3) and (3.4).

“It is called Fresnel equation where the operator L(n) is mostly written in coordinates of the princi-

pal axes of the tensor & which, in general, are not compatible with natural coordinates in reflection
and refraction problems.
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f <E(n)> =[L(n)] in addition to |L(n)| is vanishing then the projection op-
erator (3.3) becomes singular or undetermined and it follows necessarily (see (A.12))

<[(n)>z[L(n)]=0, = L[*(n)=0, (3.5)
but not automatically E( n)=0. One has to distinguish then two cases f(n) =0
and L(n)=0

1) In case of E(n) # 0,<E(n)> =0 follows
0#L(n)ca-d = 0=L*(n)x(da)a-a 0= <E(n)> =[L(n)] = aa. (3.6)
The polarization vectors are not normalizable according to (3.4) but da=0.

This case cannot happen for symmetrical and Hermitean permittivity tensors.
2) In case of E(n) = O,<E(n)> =0 follows

=L(n)=[L(n)]1-{L(n))L(n)+L*(n), <(n)>=[ (n)]=0, =
( )=-L(M)((L(m))1-L(n))==({L(n))1-L())L(n)=0,
and one may define a new, in this case two-dimensional, projection operator
M(n) by
I'I'(n):7<|_(’2>(ln_)l>_(n), M2 (n)=T(n), (T(n))=2. (8)

Explicitly one finds using (2.16) and (2.17)

(3.7)

n’—{g))l+n-n+e
I'I’(n):( <2n>2)—<£> , 2 (n)zl'l'(n), <I'I'(n)>:2. (3.9)

This is the case of twofold degeneration of the polarization vectors for direc-
tions n of optic axes and of the case of isotropic media where all directions of
N are optic axes.

The following calculations illustrate the application of the complementary op-
erator (2.20). The choice of the vector X = [n, ne‘] according to (3.2) with the
complementary operator (2.20) leads to a non-normalized polarization vector (see
(B.3) in Appendix B)

a=L(n)[n,ng]=—(nen)[n,ng]+&[n,ng]=(& —(nen)I)[n,ne]

=[ng,ngﬂ+(ngn)[ng,n]=[ng,ng +nsn~n] = nea=0,
a=[nen]L(n)= [n,gn](E—(ngn)I):[gn,32n+ngn-n], = &en=0. (3.10)

Thus if the refraction vector n is a solution of the dispersion equation
|L(n)|=0 then a polarization vector e of the electric field is proportional to the

vector
eoc[ng,ngz+ngn-n], (3.11)
if the vector on the right-hand side is non-vanishing. The opposite case of vanish-

ing of this vector happens, for example, for extraordinary waves in uniaxial media

(see Section 4).
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If the vector X =[n,ng] does not lead to a vector a#0 then it is to expect
that the vector X = [n, [n, en]] leads to a non-vanishing vector a proportional

to a polarization vector of the electric field according to the relations

L(n)[n.[n,en]]= (ng[n, [n,gn]}) n—((nen)l-)[n,[n,en]]

a

.n][n,en]-n-nen(nen-n—n’-gn)+z[n,[n,en]]

[ne,n
[ng,[nz-gn+a‘-n,nﬂ, = nea=0,
éz[n,[n,ng]]f(n):[en,[nz-ns+n§,nﬂ, = agn=0. (3.12)

In the transformations, we applied a known relation for double vectorial products
and identities together with operators of Appendix B (in particular,
E[n,[n,enﬂ =[n3,[§n, n]J ). Thus, if the refraction vector n is a solution of
the dispersion equation |L(n)| =0 then a polarization vector e of the electric

field may be proportional to the vector

eoc[ng,[n2~gn+5n,nﬂ, (3.13)

if the vector on the right-hand side is non-vanishing. The opposite case of vanish-
ing of this vector happens, for example, for ordinary waves in uniaxial media (see
Section 4). Due to symmetry of the wave-equation operator (2.16) and of its com-
plementary operator f(n) the polarization vectors to refraction vectors n and
—n can be chosen as the same vectors.

As a simple illustration we consider an isotropic medium without spatial dis-
persion but with frequency dispersion for which the permittivity tensor and the

wave-equation operator possess the form
e=¢l L(n):n-n—(nz—g)l, (e=¢()), (3.14)
from which follows
(L) =20 436, [L(m)]= (" ~e)(n-3¢), L(m|=e(n’ <]’
L(n)=(n*-¢)(n-n-el), <L(n)>I—L(n):—(n~n+(n2—Zg)l). (3.15)

1) For waves with the dispersion equation

n?—¢=0, (3.16)
one finds
L(m)=n-n. (L(m)=n*=z, [L(n)]=(L(m)}=0. L(n)=0
<L(n)>I—L(n):n2I—n-n, (3.17)

and the two-dimensional projection operator for the determination of polariza-

tion vectors of the electric field is
’ n-n ’ ’ ’
Hn) =", P (n) =T (m), (T (n))=2. 6.19)

Due to this projection operator I'I’(n) these are transversal waves with two

independent polarization vectors perpendicular to refraction vector n

DOI: 10.4236/jmp.2024.1513101

2454 Journal of Modern Physics


https://doi.org/10.4236/jmp.2024.1513101

A. Wiinsche

2) For waves with the dispersion equation

=0, (3.19)
this means
L(n)=n-n—(n?)L, (L(n))=-2n%, [L(n)]=(T(n))=(n?),
f(n)z(nz)n-n, (3.20)

and the one-dimensional projection operator for the determination of polariza-

tion vectors of the electric field becomes (for n?> #0)
I'I(n):%, 1 (n)=N(n), <H(n)>=l. (3.21)

This belongs to longitudinal waves with polarization in direction of the vector n.
All these are well-known properties which can be derived without the here de-

veloped general formalism but it demonstrates how this formalism acts.
4. Dispersion Equation and Polarization Vectors of Electric
Field in Uniaxial Media

In this section, we demonstrate the application of the projection operators for
the determination of polarization vectors of the electric field in case of uniaxial
media.

The permittivity tensor & of uniaxially media is
e=¢c-C+e,(l-c-c), c?=1, (4.1)
with two (frequency-dependent) parameters &, and &, and where c is a

unit vector in direction of the optic axis. From this follows for the invariants of

the permittivity tensor
(€)=¢,+2¢,,
[8] = 80 (2(99 + 80)’
EET (4.2)

For the complementary operator £ to & one finds (see (A.8))

[

g=¢,(gcc+g(1-c-c)), £l=" (4.3)

&

In connection with the refraction vectors n we have (& is power of & and

not an index)
ne” =g*n=¢!nc-c+¢&*|c,n,c
tno-ceref [ [ne]] e
=gin+(gl —gl)nc-c,  (4=012,).

and therefore
n? =(nc)2 +[n,c]2,

nen=e¢,(nc)’ +&,[n.cl,
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nezn:gf(nc)2+g§[n,c]2. (4.5)
Furthermore
n?-ne’n—(nen)’ = (s, —&,)° (nc)’[n,c]’. (4.6)
The invariants of the wave equation operator L(n) are
(L(n))=-2n%+¢, +2¢,,
[L(n)]=(n2) ~(2(c, +&.)(ne)’ (32, + ) [n.c] ) +4, (26, +2,)

<n2 —50)2 ~2(nen—e,g,)~ (&, —&,)[n,c]

|L(n)|:(nz—eo)(ngn—gego). (4.7)

The specialization of the complementary operator (2.20) with & according to

(4.1) leads to the following representation

L(n)=(n’-g)n-n+(g,—5,)(nc(n-c+c-n)-g,c-c)—(nen—ge,)l. (4.8)

The dispersion equation decomposes in rational way into a product as follows
O=|L(n)|=(n2—go)(nsn—geeo), (4.9)
and one has to consider two special kinds of waves. The dispersion equation for

ordinary waves is a sphere

nzs(nc)2+[n,c]2:g = 2 vt 1, (4.10)

0!

and the dispersion equation for extraordinary waves is a rotational ellipsoid with

axis C

2
nenzge(nc)2+go[n,c]2:gg, = m+ =1, (4.11)

e~o

with axis lengths \/g in direction of the optic axis and \/E perpendicular to
it. For real values of &, and &, incaseof ¢, <¢, the medium is called uniax-
ial positive and in case of ¢, >¢, uniaxial negative [6] [7]. However, since
& =¢,(w) and & =¢,(w) are frequency-dependent and different from the
axes vector € are not fixed by the symmetry of the medium it may happen that
the medium changes with frequency from being positive to negative uniaxial or
vice versa.

We now determine polarization vectors for the electric field of these two kinds
of waves. According to (3.10) polarization vectors of the electric field a are per-

pendicular to the vector ng that means for uniaxial media
0=nga=(gnc-c+s,[c[nc]])a=((s,—&)nc-c+en)a (4.12)
The vector ng lies in the plane spanned by the vectors ¢ and n (see (4.4)).

Therefore the vector X = [n, C] is perpendicular to the vector ng and if we in-
sertitinto a= L(n) X with L(n) given in (4.8) we find
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#0, if nen—¢., #0and [n,c]=0,

4.13
=0, if nen-¢,¢,=0o0r[n,c]=0. (4.13)

a=L(n)[n,c]=-(nen-¢,é,)[n,c] {

It is unequal to zero for ordinary waves that means if dispersion Equation (4.10)
is satisfied and in addition [n,c] #0 but it is zero if the dispersion Equation
(4.11) for extraordinary waves is satisfied and in this case, it is not a polarization
vector of the electric field. The case [n, C] =0 isthe degenerated case where the
surfaces described by the dispersion equations for ordinary and extraordinary
waves touch together and all vectors in the plane perpendicular to nocc are pos-
sible polarization vectors of the electric field.

From the form (4.8) using the dispersion equation for extraordinary waves
(4.11) it is seen that L(n)x for arbitrary vector x is then a superposition of
thevectors n and c and since in addition it must be perpendicular to the vec-
tor ne itshould be

acxc[ng,[n,c]]=nsc-n—nen-c=gnc-n—nen-c=¢,(nc-n-5c). (4.14)

Thus polarization vectors of the electric field for ordinary waves are (non-nor-

malized and normalized):

[n.c] [n.c]

a«x[n,c], e, = == =, (4.15)
\/nz—(nc) \/50—(nc)

and for extraordinary waves (non-normalized and normalized):

gC—Nc-n
acg,c—Nnc-n, e, = . (4.16)

e \/(80 —(nc)z)2 +(nc)’ [n,c]2

The vectors n in (4.15) are refraction vectors for ordinary waves and that in

(4.16) for extraordinary waves. One may check (4.15) and (4.16) by inserting them
into the wave Equation (2.15)

{n-n-n*l+sc-c+g,(1-c-c)f[n,c]=—-(n* -, )[n.c]=0,

{n-n—n2 I+gec-c+go(l—c-c)}(goc—nc-n)
, , (4.17)
=(€e€o —&.(n,c) —g,[n,c] )c =(&.6,—nen)c=0.

It is also not very difficult to check that the polarization vector (3.11) vanishes
for nen=¢,, that means for extraordinary waves and thus can only be a polar-
ization vector for ordinary waves and that the polarization vector (3.13) vanishes
for n’=¢, and thus can only be a polarization vector for extraordinary waves
such as directly affirmed by (4.17). In the special case if the refraction vectors of
the ordinary and the extraordinary wave are parallel to each other [no, ne] =0
the corresponding polarization vectors of the electric field are perpendicular to
each other e e, =0. In reflection and refraction problems, however, this is usu-
ally not the case since [n,,n,]#0 in general.

Our coordinate-invariant method of derivations of polarization vectors distin-

guishes from that of Fyodorov [1] by using the complementary operator E(n)
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to the operator of the wave equation L(n) and thus it is nearer to the more gen-

erally possible method.

5. Plane Monochromatic Waves at the Plane Boundary
Between Two Media

We now consider electromagnetic waves at the plane boundary between two ho-
mogeneous media without spatial dispersion but with frequency dispersion. The
plane boundary is characterized by a unit vector N perpendicular to it and for
simplicity we let it go through the coordinate origin =0 and thus it is deter-

mined by (Figure 1)

Refraction vectors, two isotropic media

Figure 1. Refraction vectors of incident and reflected and refracted waves at
the boundary between two isotropic media. The paper plane is the incidence
plane. In general case, we may have two incident waves which contribute to
coupled reflected or refracted waves, one from medium 1 and the other from
medium 2. N isthe normal unit vector to boundary planeand N the tan-
gential part common to all refraction vectors of the coupled waves.

Nr =0, (N2:1). (5.1)

We work in the space-frequency picture of variables (I’, a)) . The two media are
called medium 1 and medium 2 with lower indices 1 and 2 at the corresponding
quantities. The permittivity tensors of the two media are & and &, and the

permittivity tensor & of the whole (inhomogeneous) medium is
£(rw) =& () 0(Nr)+ &, () (~Nr), (5.2)

The function 6(z) is the Heaviside step function (6(z)=0, z<0, 6(z)=1,
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Z>0). For the electric field of the whole medium, we make the supposition

E(r,o)=E,(r,0)0(Nr)+E,(r,w)0(-Nr), (5.3)
It has to satisfy the equation
0=L(r;-iV,0)E(r,0), (5.4)
with the operator
CZ
L(r;k,@)=—5(k-k-K’I @), 5.5
(r;k, o) a)z( )+g(ra)) (5.5)

The solution of (5.4) with the operator (5.5) consists of the separate solution of
the equations for the two (homogeneous) partial media 1 and 2 plus boundary
conditions at the plane boundary between the two media. The boundary condi-
tions come from the differentiation of the Heaviside step functions 6’( + Nr) ac-
cording to V@(+Nr)=+N5(Nr) which bring into play the delta function
5(Nr) and by two-fold differentiation the derivative of the delta function
5% (Nr) and are the vanishing of the vectorial coefficients in front of these func-
tions [18] [19]°.

The boundary conditions for the electric field at the plane boundary Nr =0
(vanishing of coefficients in front of 5" (Nr)) retranslated into the space-time

picture are
0={(I-N-N)(E,(r,t)-E,(rt))} . (5.6)

and for the magnetic field (vanishing of coefficients in front of &§(Nr)) retrans-

lated into the space-time picture
0={[N.B,(rt)-B,(r.t)]} . (5.7)

The first of these conditions is the continuity of the tangential components of
the electric fields at the plane boundary and the second after vectorial multiplica-
tion with vector N the continuity of the tangential components of the magnetic
fields at the plane boundary. From the continuity of the tangential components of
the electric field at the plane boundary follows generally via the first vectorial of the
Maxwell Equation (2.1) that also the normal component of the magnetic field with

respect to the boundary plane has to be continuous at this plane
0:{N(Bl(r,t)—BZ(r,t))}Nr:O. (5.8)

This means that the whole magnetic field is continuous in the approximation

of neglected spatial dispersion at the boundary
0={B,(r.t)-B,(r.t)}, - (5.9)

Often it is advantageous to use the condition of continuity of the magnetic field

*With the publication of the first cited paper, I have had great trouble with Prof. Gustav Richter from
Annalen der Physik (Leipzig) and only by objection of Prof. Giinter Vojta the second in the order of
Members from GDR in the Board of the journal whom I asked for this objection and about him I knew
that he was a very able physicist the paper could be published in this journal (see also a footnote in
[19]). After this G. Richter rejected two further papers of mine and I understood that I cannot fur-
thermore publish under his leadership of the journal.
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in this form with redundancy of one component.

We consider now a plane monochromatic wave with wave vector K=—n
c

and frequency @ with the electric field E (r,t) and field amplitude E (“c.c”.

is “complex conjugated”)
E(r.t)=Eexp(i(kr-ot))+cc.=E exp(i%(nr —ct)j+ cc,  (5.10)

and analogously for the magnetic field B(r,t) and the electric induction

D ( I’,t) . The refraction vectors n and the field amplitudes E are later special-
ized by indices for the characters of the wave (number of medium, incident or
reflected or refracted waves). We separate now any of the involved refraction vec-
tors n and the position vector I into a part parallel to the boundary plane and

a part perpendicular to this plane

n=[[N,n],N]+nN-N=A+nN-N,
r=[[N,r],N]+N-Nr=F+N-Nr. (5.11)

Furthermore, we have introduced a notation for the common tangential part of

the refraction vectors n with respect to the boundary plane
n=[[N.n],N], AN =0, [N,n]=[N,A], [N,n]'=n*~(nN)’=n? (5.12)

Due to the boundary conditions, the vector N is the same for all waves cou-
pled in a reflection and refraction problem at the boundary. The phase CD(r,t)
of the wave (5.10) becomes then

CD(r,t)z%(nr—ct)=§(_r—ct)+%(nN~Nr). (5.13)

The second sum term of the phase in (5.13) vanishes at the boundary plane
Nr =0 and is only present in the bulk of the medium. Only the first sum term of
the phase is non-vanishing at the boundary plane and has to be the same for all
coupled waves and therefore usually does not appear in the results for reflection
and refraction problems. However, via the dispersion equation, this tangential
part of the refraction vectors determines their normal components NN in direc-
tion of the normal vector N to the plane (Section 10).

The field amplitudes of the electric fields E?, (v =(12),s=(i, r)) for isotropic
media taking into account N E’ =0 canbe decomposed into a part parallel to the
incidence plane proportional to [nj , [ N, nﬂ but perpendicular to n and a part

perpendicular to the incidence plane proportional to [ N, n] according to

s.ns NE®-|n[N,n N,n,E |-[N,n
E = s Ll ]]+[2 [N neN - NE; = -E?, (5.14)
n;n; [N,n]

and correspondingly for the other field amplitudes B and D . Again, for undeter-
mined n can be inserted an arbitrary of the coupled refraction vectors in a reflec-
tion and refraction problem. The considered polarization of each wave can be signi-

fied by two free scalar parameters NES or equivalently NE’ and [N ,n, Ef] .
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6. Coordinate-Invariant Treatment of Reflection and
Refraction of Plane Monochromatic Waves at the
Boundary of Two Isotropic Media

In this section, we consider the reflection and refraction of plane monochromatic
waves at a plane boundary between two isotropic media in coordinate-invariant
treatment. This problem is well known with solution mainly in coordinate treat-
ment but we hope that we may show some advantages of the coordinate-invariant
treatment. The method is analogous to a method which we use in Section 9 for the
case that the second medium is anisotropic.

With lower indices 1 and 2, we denote the characteristics of the waves in me-
dium 1 and medium 2. The permittivity tensors for the two isotropic media are

g(0)=¢(0)l, &(0)=¢(o)l, (6.1)

The whole electric field in the bulk of both media of considered problem is

E (I‘,t) _ ei;(ﬁ—ct) {( Elieiz(niN.Nr) . Elreic(n;N.Nr)]H( Nr)

+ ( E;eig(nizN'Nr) + Ezrei%(niZN.Nr) J 9(_ Nr)} +ec. (6.2)

=E, (r,t)0(Nr)+cc.+E,(r,t)¢(-Nr)+cc.

The upper indices “i ” and “r ” denote “incident” and “reflected” or “refracted”
waves, correspondingly, the last with reflected or refracted waves with respect

from which side the incident waves are seen. At the boundary Nr=0 remains
PO yp—

—(nr—ct
from phase only the phase factor e ) which is common to all partial waves
due to continuity relations and the vectorial amplitudes. Due to isotropy of the

media 1 and 2 one has for the refraction vectors the relations
n‘i/n‘i/:n‘in‘[:((,'v, nj:ﬁ-l,-n:N.N' n:N:i}gv_ﬁZl
n;N:—nivN, n::—niv+2ﬁ, (V=(1,2);S=(i,l’)), (6.3)

where N is the tangential part common to all refraction vectors coupled in a re-

flection and refraction problem. The geometry of the refraction vectors is shown

in Figure 1.
The relations between the vectorial amplitudes of the electric and magnetic
fields are
1 1 .
B =|n,E |, Ej=——D;=-——|n;,B}|, (v=(12);s=(i,r)). (6.4
v |: v V:I v 8‘, v gv|: 14 V:| ( ( ) ( )) ( )

The plane spanned by the vectors N and N or, equivalently, N and each
of the refraction vectors nj is called the incidence plane. The vector [N , ﬁ] is
perpendicular to the incident plane and thus parallel to the boundary plane. It
holds the identity

[N.A]=[N.n], [N,n]'=n*  (n=n;), (6.5)

where for n can be inserted an arbitrary of the coupled refraction vectors in a
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reflection and refraction problem since the normal components n N -N of all
refraction vectors are annihilated in this vector product. We have to distinguish

two partial cases of polarizations of the involved waves.

6.1. Electric field Polarized Perpendicular to Incidence Plane

The boundary conditions for tangential components of the electric field ampli-

tudes are

0=[N,E/ +E -E;-E;], (6.6)

and for the vectorial amplitudes of the magnetic field expressed by the vectorial

amplitudes of the electric field

Oz[nl‘,Eli]+[n{,E{]—[n‘z,E;]—[n;,Ez’]. (6.7)
Using n,E; =0 by vectorial multiplication of (6.7) with n; from (6.7) follows
E] :—ﬁ[n;,[nj, e+ [ B ][ E2 ] (638)

Inserting this into (6.6) one obtains
[N,(ng(n; —nf)l+nf -n;)E;]
:—[N,(ng(ng —nli)l+ni~n;)Eﬂ+[N,(n£(n; —n‘z)l+n;~n;)E;]

Up to this point last Equation (6.9) still possesses the general form independent

(6.9)

of the polarization of the incident waves.
We consider now the case that the electric field amplitudes are perpendicular
to the incidence plane that means that they are proportional to the vector [N , ﬁ]

with proportionality factors E}
E;=E[N,A], (v=(L2);s=(i,r)). (6.10)

Then we find from (6.9)
[ (i
=—[N,(n£(n;—n{)l+nl‘~n§)[N,ﬁ]JEl‘+[N,(n2’(n;—n‘z)l+n‘2~n2’)[N,ﬁ]}E;,

that with

n;-n;)|+n;.n;)[N,ﬁ]JE; o
6.11

[N, ] =[N,mn; |=[ N,m,niN-N+7]=0, (6.12)
leads to the relation
(n; (n; —n{))ﬁElr :—(ng (nz' —nj))ﬁEli +(n; (n; —n‘z))ﬁE;. (6.13)

By vectorial multiplication of this equation with the vector N and division by

the common factor n,N
(NN =n{N)E/ =—(n;N -n{N ) E/ +(n;N —n}N ) E;. (6.14)
This equation can be resolved with respect to E; and by symmetry of the

kind of the two media it can be obtained E; from it by interchanging the lower

indices “1” and “2”. Using (6.3) among some other possible slightly different
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representations it provides

Er_nI‘N—n;N i 2mN i

1 1 21

" nIN+nN nN +n’N
El - i2n1Nr E; niZN—ner El. (6.15)
n,N +n/N n,N +n N

Using (6.4) one finds from (6.15) relations for the vector amplitudes of the re-

flected or refracted magnetic waves in medium 1 and 2

e MN-nmN1F o 2N L
B = NN +n;N ?1[”“[”1’ Al NN +n;N E_Z[nl [m.:]]
2N 1 i o717 MN-n'N 1 i i
Bl=———_~|n),|n,B, ||-2—~——|n,In,B)||, (6.16
2 mN+qu[2[llﬂ @N+WN@[2[2 J] (6.16)
from which follows as it is necessary
nB =0, n;B,=0. (6.17)

In formulae (6.15) all involved field amplitudes of the electric field by proposi-
tion possess the same direction perpendicular to the plane of incidence with scalar
proportionality factors of reflection and transmission. In (6.16) the corresponding
relations for the vectorial amplitudes of the magnetic field which are parallel to
the plane of incidence but no more parallel to each other and the relations become
vectorial ones. The vectorial amplitudes of the incident waves E, from medium
1and E} from medium 2 are independent and can be chosen arbitrarily and
analogously in (6.16) the vectorial amplitudes B, and B} . In particular, one
may choose one or both of these vector amplitudes of the incident waves as van-
ishing and obtain correct results for the reflected or refracted waves. We discuss

this more in detail in Section 7.

6.2. Magnetic Field Polarized Perpendicular to Incidence Plane

If the vectorial amplitudes of the electric field are polarized parallel to the incident
plane then all vectorial amplitudes of the magnetic field are polarized perpendic-
ular to the incident plane that is in direction of the vector [N, 7] anditis simpler
to begin the calculations with the last.

The boundary conditions for magnetic field amplitudes are
0=B,+B/ -B)-B], (6.18)

and for the tangential components of the electric field expressed by the magnetic
field

o{N,gil([n; o]+ [t )~ ([ B;]J{n;,B;})}. 619

Eliminating B, from this condition using (6.18) one arrives at a relation

which can be written

LEEDRECER e
& &, & &, &
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It is a general relation which is not restricted by the kind of polarization of the
magnetic field amplitudes.

We consider now the case that the magnetic field amplitudes are perpendicular
to the incidence plane that means that they are proportional to the vector
[N,A]=[N,n] (seealso (6.5))

BY =B![N,n], (v:(i,r);s:(l,Z)). (6.21)

Then one finds from (6.20)

SEE T ST ST o
which with
[N [z [NoA]]]=-niNC[Non], - (v=(ir)is=(1.2)), (6.23)

is equivalent to

r r i r i r
[ﬂ_ﬂjglr:_(”l'\' _”ZN)BH”ZN N gi. (6.24)
&,

& &, &1 &

The resolution of this equation with respect to B/ using (4) and adding by
symmetry B, can be written
&N N —gnsN iy 2amN i

r
B =—— Ny L i N 2
&N N +gn,N &N N +gn,N

i252n1 N : B +51n?N —Ezner Bl (6.25)
&N +&,n'N &N, N +&,n'N

B) -

It is not very difficult to affirm with the solutions (6.25) the boundary condition
(6.18) in the form B/ —Bj =-B| +B;.
For the vectorial amplitude of the electric field of the reflected or refracted

waves in medium 1 one finds from this using (6.4)
&N N —gniN 1 i 2n;N Do
s e Ly ) 2N )
&NN +gnN & &N N +gn,N

: 2n)N o g ] AmN =N 1
Er :_m[nz,[nl,lzlﬂ—:nil\l +‘Zn}N gz[n [n.E2]]. (6:26)

from which follows as it is necessary
nE/ =0, nE;=0. (6.27)

The amplitude relations for the reflection and refraction of plane monochro-
matic wave at the boundary plane between two isotropic media in scalar form are

called the Fresnel equations.

7. Further Discussion of the Coordinate-Invariant Amplitude
Relation

In the derived formulae for the amplitude relations all involved refraction vectors
n

S
4

and vector amplitudes E® and B, (v =(1,2), S =(i, r)) are in general
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complex vectors with real and imaginary part (e.g., absorption cases, total reflec-
tion) and this makes it difficult to introduce amplitudes (moduli) and phases or
angles between the vectors. Our intention is to write all connected formulae in a
way where this general case of complex vectors remains preserved. The derived
formulae for the amplitude relations provide correct results if one inserts the vec-
torial amplitudes with the restrictions which they have to satisfy generally and by
proposition.

All vectorial amplitudes of the electric and magnetic field E} and B} are
perpendicular to the corresponding refraction vectors n:, (v =(1,2),s=(i, r))
nE;

N

0=nfES=(MN-N+N)E;, = NE =- E—=B. (7.1)

Their scalar components NE; and NE; are not independent from each
other. With these restrictions, the vectorial amplitudes possess the general form
(see also (5.14))

e[ e - e [enn]
NE;-[ns,[N,n]]+[N,n,E; ]-[N,n]

= [N,n]z =E)+E),, E=B.

(7.2)

The coefficients of the incident waves NE! and [N ,n, ELJ are freely
choosable which then determine automatically NE:, and [N N, ELJ with the
correct polarization. We consider now in this regard the derived amplitude rela-
tions. Before this let us write down an auxiliary formula which we need for the
case of polarizations parallel to the incidence plane

S LR LA I AL LA )
=~ [t [l [ ]

_ (7.3)
nn,
== LNl
=[N (v =(2.2)).

The antisymmetric operator |:[nﬂ,n ﬂ [ } [ n] transforms
vectors [ N, n]} into the new vectors n/n| - n.[N, n From this together
with (2) follows for EV polarized in the incident plane

_g_lv[n:l,[niv,Ei]]:[nL,[N,n]] NE), (mv=(12)). (7.4)

7.1. Electric Field Polarized Perpendicular to the Incident Plane

All vector amplitudes of the electric field are polarized according to (7.2) in this

°In our notation of vector products X[ y] = [X, y] = [X] y the object [X] may be considered as an-
tisymmetric operator which acts onto the vector y from the left to the right and the written identity

can be obtained by simple displacement of a quadratic bracket. The vector X is here substituted by

a vector product, say X —> [a,b] . Then [[a,b]] y= [[a,b], y] .
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case in direction of the vector [N,n] (or E, oc[N n, El]-[N ,n]) and there

is no difficulty to represent (6.15) in the scalar form

[N.n, E{]zM[N,n,E{]+ﬂ[N,n,E£],

nN +njN nN+njN
r i r
[N E -2 [N g+ 2NN N e o)
n,N +n'N n,N +n'N

The transition from the electric field amplitudes to the magnetic field ampli-
tudes transforms the polarization perpendicular to the incidence plane to polari-
zations parallel to the incidence plane and according to (7.2) one has the propor-
tionalities Bi,\l oc NB! -[niv,[N , nﬂ . Inserting this into (6.16) and using the aux-
iliary formula (7.4), it leads to the scalar representation
Ney = RN N 2N g,

N +n,N N +n,N

2n/N NBi+ni2N—n1'N i

NB, = C NB., 7.6
2 TRN4n'N o ? (7.6)

T r
n,N+n N

or using (7.1) equivalently to the scalar representation

. NIN-nN __, 20N
nB, =-— : 1T : 2
N +n,N NN +n,N
By = — 2N i NN o (7.7)

nyN +n/N N +n' N
If the involved refraction vectors and amplitude vectors are real vectors it is not

difficult to represent these formulae in coordinates.

7.2. Magnetic Field Polarized Perpendicular to the Incident Plane

All vector amplitudes of the magnetic field are polarized according to (7.2) in this
case in direction of the vector [N , n] (or BLL oc [N n, B;]-[N , n]) Therefore,
we may present (6.25) in the scalar form

[N n B’]:M[N n Bi]+_2‘91¢[[\] n BiJ
U e niN+gnINE T T e niN s gniN L T TR

[N B ]-—22mN N n g ]+ AN =GNy gl ()
gn,N +¢&,n'N gMN +&,n' N

The transition from the magnetic field amplitudes to the electric field ampli-
tudes transforms the polarization perpendicular to the incidence plane to polari-
zations parallel to the incidence plane and according to (7.2) one has the propor-
tionalities EL,H oc NEL -[ni,[N ) n]] . Inserting this into (7.10) and using the aux-
iliary formula (7.4) it leads to the scalar representation
g,MN —gniN NE 26N i

NElr: iN rN 1 iN rN
Sznl +¢‘,‘ll']2 Sznl +€1n2

2¢,n/ N NEi+gln‘2N—gzn{N i

NE; =— . NE,, 7.9
2o gmN+gn Nt gniN+gn N 7:9)
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or using (7.1) equivalently to the scalar representation

&N -gmN __; 2e,MN
nE; =——— : 1 i : 2
&N N +gn;,N &N N +gn;,N
i i r
nE; = 28N gpi aN =N o (7.10)

i r i r
gn,N +¢&,n'N gn,N +¢&,n'N

In the coordinate-invariant representation, it is not necessary to discuss the di-
rection of the normal unit vector N (invariance N — —N ) or the direction of
the vectors E/ and E; in dependence on the directions of the vectors E,
and E}. The new aspect is that the relations calculated as vectorial relations in a
coordinate-invariant form and are then specialized to the restrictions of the field
amplitudes and expressed by scalar components. We did not express the formulae
by introduction of the moduli of the involved vectors and the angles between them
that is not difficult to make if the refraction vectors and the vectorial amplitudes
are real vectors but it requires also much place for discussion. It seems that the
scalar reflection and refraction proportionality factors are in agreement with the
known factors which are mostly given in coordinate representations (e.g., [6] [7]).
Our coordinate-invariant approach to the amplitude relations in reflection and
refraction problems at isotropic media distinguishes from that of Fyodorov [1]
who makes more propositions for scalar components and determines these then
but also that he takes into account a magnetic permeability x(®) and gives then

representations by moduli of vectors and angles between them.

8. Reflection and Refraction of Plane Monochromatic Waves
at the Boundary between Two Isotropic Media in Compact
Form

The boundary conditions (6.9) after elimination of the vectorial amplitude of the
reflected or refracted wave in medium 2 possess as mentioned there still a general
form independent on the polarization of the involved waves. We take them now
as the starting point for the derivation of a more compact form of the reflection
and refraction formulae for isotropic media and write them in the form
[NLAGE] |=[N,ALE;-ALE/ ], (8.1)
with the following abbreviations for three-dimensional operators
Aj =g (ng —nf)I+n] -nj,
A =g (ny—nj)l+ni-ng,
A;‘ZEn;(n;—n;)l+n‘2~n;. (8.2)
Using now the orthogonality n/E; =0 one may express E; by vectorial

multiplication of (8.1) with the vector n/ A}, and finds in a first step

[ AL [N ALE - ALEL]|
AL N

ALE] = (83)
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By multiplication of this equation from the left with the operator A}, one may
resolve this equation with the result
AL AL [N ALE] - ALE |

r
1

, = nE =0 (8.4)

| F AT
|A21 nl AZl N

This is already a coordinate-invariant form of the refracted (or reflected) vec-
torial amplitude in medium 2 in dependence on the incident waves in medium 1
and medium 2. Using now the well-known identity for double vectorial products
[X, [y, Z]} =(Xz)y—(xy)z one may represent (8.4) in the form

(7 AL (ALE! - ALEL))ALN AT (ALE!-ALEL)
A ALN AL

El = (8.5)

The complementary operator A}, to operator A} and the determinant of

Aj are
A =0 (ng —nf)((ngng )1-n{ -ng),
that can be calculated from relations (A.16) of Appendix A. From this follows

I'T r r r rar r rar r
ny AZN =nj (n; —nf )(ngng -y N —n/n/ -n;N )

= (n; (my—ny ))2 n;n;,  (8.6)

m
AZl

(8.7)
=ny(n; —n{)(&,m N -&n;N).

This expression is in the denominator of the reflection and refraction formula
(8.4) and its different representations. We recognize here the two different de-
nominators in the reflection and refraction formulae of Section 6 separated in the
electric field amplitude perpendicular and parallel to the incident plane. The two
sum terms in the split form (8.6) taken alone do not satisfy the orthogonality
n E; =0 but only taken together.

One may give (8.4) still another form using the identity (B.7)

( /X[xﬂ, y] =|A|[X, JA], second line, first identity)
- [L[NALE -AGE; A |

El = — . (8.8)
nfAz;N

The solution for the reflected (or refracted) vector amplitude E; in medium
2 can be obtained due to the similarity of both media by simple permutations of
the lower indices “1” and “2” in all formulae, for example, instead of (8.8)
[n5.[NLALE] -ALE} AL |

ES=- — , (8.9)
ny Az N

and in analogous way also (8.4) and (8.5) with the abbreviations for operators

A{;sn{(n{—n;)Hn;-n{,
AL =n{(nf—n)l+n)-n],

Al"zznlr(nl’—n‘z)l+n‘2-nl'. (8.10)
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The incident vectorial amplitudes which one can insert into the above formulae

taking into account n)E! =0 underly again the restrictions (8.6) and are

v

E — i[nj , [ E . nS ﬂ . For the reflected and refracted vectorial amplitudes E’
8‘/

they follow then automatically. We do not make a more detailed consideration of
the above formulae since they should only lead to the formulae of previous Section.
However, they are important for us to derive in compact form corresponding for-
mulae for reflection and refraction at the boundary from an isotropic to an aniso-

tropic medium in next section.

9. Reflection and Refraction at the Plane Boundary between
an Isotropic and an Anisotropic Medium

We now suppose that we have two homogeneous media without spatial dispersion
but with frequency dispersion which appears widely only as parameter of the ma-
terial properties that we do not explicitly show in the notations. The first medium
with number 1 should be isotropic and the second medium with number 2 is sup-

posed to be generally anisotropic. Their permittivity tensors are
g(w)=¢(0)l, g(o)=¢,  &(0)=s,. (9.1)

In medium 1 we have two coupled plane monochromatic waves where one is

<«

the incident wave (upper index “i”) with vector amplitude E, of the electric
field and the other a reflected or refracted wave (upper index “r”) with vector
amplitude E; each with two possible independent directions of polarizations

and with refraction vectors which we denote by n; and n/, correspondingly
n=n+nN-N, n/=a+n/N-N, n/N=-n/N. (9.2)

In medium 2 we have, in general, four coupled plane monochromatic waves
corresponding to the degree four of the dispersion equation from which two can

be considered as incident waves (upper indices “i,” and “i, ”) with known polar-

ization vectors ef and e? and two reflected or refracted waves (upper indices

« >

r-l
tudes E},E2 and E} E2, correspondingly, and with refraction vectors

>and “r,”) with known polarization vectors e} and e; and with ampli-

ny =A+nsN-N, n¥=a+n’N-N, (x=12). (9.3)

Between the coefficients niz" N and n¥N, in general, do not exist simple re-
lations. The refraction vectors are illustrated for a uniaxial medium in special axis
position within the incidence plane in Figure 2.

The vector N is the common tangential part of the refraction vectors of all
coupled waves in a reflection and refraction problem. The amplitudes of the inci-
dent waves are supposed to be given and the amplitudes of the refracted or re-
flected waves are then to determine from them. Furthermore, we suppose that via
the dispersion relations for the media we have successfully determined from the
fixed tangential component N of the given incident waves all refraction vectors

n with their normal components NN -N and will now come to the calculation
of the amplitude relations. From the determined refraction vectors in medium 2
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follow then also the corresponding polarization vectors of the electric fields of the
waves in medium 2. The basis for the solution of the problem of the amplitude
relations is formed again by the boundary conditions of the electric and magnetic

field to both sides at the plane boundary between the two media.

Refraction vectors for reflection and refraction at a uniaxial medium

Figure 2. Refraction vectors of incident and reflected and refracted waves at the plane
boundary from an isotropic medium 1 to an anisotropic medium 2. The paper plane is the
incidence plane. In the Figure is drawn a special case of a uniaxial medium with position
of the optic axis in the incident plane but not in normal direction to the boundary plane.
In general case the optic axis is somewhere outside the incident plane. The red circle is the
intersection of the dispersion surface with the incident plane in isotropic medium 1 and
the blue curves the same in uniaxial medium 2. The normal unit vector to the boundary
planeis N and the unit vector to the optic axisis ¢ . The tangential part to the boundary
plane which all refraction vectors have in common is denoted by 1N . Instead of the general
notations of the refraction vectors for the incident and reflected or refracted waves

(niz1 N2, ni, nk ) there are used here the notations (nizD Nk, nd nk ) with “0” for ordinary
waves and “e” for extraordinary waves. We may see here that for the reflection of extraor-
dinary waves the usual law of incident angle equal to reflection angle is no more true (look
to nt and nf )whereas for ordinary waves it remains to be true (lookto n? and n2).

In biaxial media with general position of the symmetry elements in comparison to the
boundary and the incidence plane all coupled waves are extraordinary waves.

Thus the vectorial fields E, (F,t) and E, (F,t) at the two sides of the
boundary plane Nr =0 of two-dimensional vectors (?z[[N,r], N]) are
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E, (F,t):exp(i%(ﬁf—ct)j(Ej ED,
E,(T.t)= exp(i%(ﬁf—ct))(e‘z1 El +eZE} +elE} +el2ER ) (9.4)

with the same phase factor at the boundary plane. In the bulks of the two media,
one has in addition the phase factor o e

with n specified for each of the
coupled waves.

The boundary conditions which have to be satisfied at a plane boundary
Nr=0 are again the continuity of the tangential components of the electric and
of the magnetic field. For the electric field, this leads to the following relation (in

this form Fyodorov [1] [2])”
[N.E[+E[ |=[ N efE} +eEP +eJE} +ePEP | (9.5)
With neglect of spatial dispersion or of a magnetic permeability of the medium
magnetic field and magnetic induction are the same and apart from the normal
component of the magnetic field which in each case is continuous also its tangen-

tial component is continuous and thus the whole magnetic field [1] [2]% Expressed

by the electric field this leads to the conditions

[nj, Eli]+[n1’, E{] = [nizl,eizl] = +[ni22 el ] E? +[n;1,e;1] Ef +[n;2 ,e;] EZ.(9.6)

As already said in case of two isotropic media there is a redundancy in this
equation (3 instead of 2 necessary independent coefficients) but this cannot lead
to contradictions.

The problem of the amplitude relations is to determine from (9.5) and (9.6) the
amplitudes of the reflected and refracted waves (upper index I') in dependence
of the amplitudes of the incident waves (upper index i ). This problem was tried
to solve in our old articles [9] [10] similar to present one. We repeat this derivation
in parts but with some modifications. The first step is the same as in case of two
isotropic media.

By vectorial multiplication of Equation (9.6) with the vector n/ using
n/E; =0 one obtains

r i i [N W i Ly i noah n_ n Ab n
o {[nl,[nl, El] [nz ,ez]E2 [nz €5 ]Ez [nz ,ez]E2 [nz €5 ]Ez J}.(9.7)
Inserting E; into Equation (9.5) and multiplying it by n/n; this vector am-
plitude is eliminated from the boundary condition and one finds the vectorial re-

lations

[N, AZes [Ef+[ N, Azer |Ep =[ N, ALE] |-[ N, Azl |E2 [ N, Alzez |EZ, (9.8)

"The genuine tangential part of an electric field E at the boundary plane is [[N,E], N] but

[N , E] is equivalent since it is only rotated on the boundary plane by 90° and this is made with all
parts at the same time.

8In more general cases of additional tensorial magnetic permeabilities the components of H are
continuous or in still more general cases of spatial dispersion (e.g., natural optical activity) it has to be
established which are the modified boundary conditions.
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with the following abbreviations for three-dimensional operators

A{‘lznlr(nlr—ni)l+n{~nlr, = AJE, :51E1i+[nlr,[nli,Eliﬂ,
fi, _ .r r i, i r My oy i, r i, i,
Ag=n (n1 —ny )I+n2” n, = AjJe) =gef +[n1,[n2‘ 185 ﬂ
A =n (nlr —n;")l+n;“ n, = Ale)=gey +[n{,[n;“ ,e;"ﬂ. (9.9)

By scalar multiplication of the vectorial Equation (9.8) with the vector A7e?
or Ajie} one obtains two scalar equations for E} and E; where one of the
two sum terms on the left-hand side of (9.8) vanishes and the other has a volume

product as factor of E; and EJ2. This leads to

[N.Aze? ALE -AjelE} ~AlzefEY |

El = ,
[N.Aze? Alte! |
N ,Arr1er1lAri Ei _ArileilEil _AriZEiz Eiz
Ezrz =|: 122 111 122 =2 12 ~2 2] (910)

[N AZel, Alzef |

The dedenominators’ in these formulae being volume products due to

[N JAlze? ,Alr;leglJ = —[ N,Ajes, Aze? ] possess only a different sign but other-
wise are the same. With these formulae, the problem of the determination of the
refracted (or reflected) waves in the anisotropic medium 2 in dependence on the
incident waves is already solved, at least, principally. Inserting these solutions into
(9.7) it is also solved, at least principally, the problem of determination of the vec-
tor amplitude of the reflected (or refracted) wave in isotropic medium 1. Using
the solutions (9.10) this leads to

E;:gi [y, [l B ][k e JEx ~[ e | ]
1
N, Alze7 ALE] - Alle}Ef —AlZeEy |

—[nf,[n;ae;]][ N Aer Aot (9.11)

o [, e T AREE ALEL-Aele! Ay |
Tt T ®
[N.AZes, AZe? |

These are vectorial relations between the incident amplitudes E, and
elE} e2E? and the reflected or refracted amplitudes E, and elEJ} eZE}
since, in general, they do not possess the same direction of polarization.

With the formula (9.11) is, at least principally, also solved the problem of de-
termination of the vectorial amplitude of the reflected or refracted wave in me-
dium 1 in dependence on the incident waves in medium 1 and in medium 2. One
has for the incident waves E, as well as for e2E and eZE? in each case 3
partial sum terms but desirable would be a representation in form of one more
compact sum term only but we could not find up to now such a form. In Section
11 we specialize these formulae for the case of perpendicular incidence.

If the incident waves with amplitudes E; E} E? are vanishing in the

DOI: 10.4236/jmp.2024.1513101 2472 Journal of Modern Physics


https://doi.org/10.4236/jmp.2024.1513101

A. Wiinsche

formulae (9.10) and (9.11) then, nevertheless, solutions are possible for the “re-
flected” or “refracted” amplitudes E; and ejEj},e?E? if the denominator in

these formulae vanishes that means if
0=[N,Ale} Azep |
=[N, (& -n{n})ef +njes -nj,(5—nng )ez +njez -n2]
=(&—-nng) (& -mn2 ) N.ef,ef |- (& —ning )nfez [ N,n,ej |

+(gl—nl’n;2)n{e?[N,n,e?],

(9.12)

where we took into account [N ,ni,n2 J =0 because all refraction vectors are in
the incidence plane and therefore this volume product vanishes. For undeter-
mined n an arbitrary of the coupled refraction vectors can be inserted since
their normal components are suppressed in the corresponding volume products
or, equivalently, also their common tangential component N can be inserted.
The expression on the right-hand side of (9.12) gives also an impression how the
widely analogous expressions in the numerators of the reflection and refraction
formulae look like if one writes them more in detail.

The main purpose, however, why we wrote down (9.12) is that this equation
determines the possible surface waves and Brewster cases. In analogous case of
two isotropic media from the special case of polarization of the coupled ampli-
tudes of the electric fields parallel to the incidence plane follows the dispersion
equation for surface waves and at once for the Brewster case where only two vector
amplitudes are coupled at the boundary in both cases, one in medium 1 and one
in medium 2 instead of 3 or 4 [20]-[22]. The dispersion equation in this case is an
equation alone for the tangential part N of the two coupled refraction vectors
which in case of surface waves are complex vectors with an imaginary part which
describes exponential decay in normal direction to both sides of the boundary
plane. The notions “reflected” or “refracted” become inappropriate in this case. It
is not clear whether it is possible and how by elimination processes of the normal
components N/N,niN,nZN of the involved refraction vectors a scalar alge-
braic equation (iZe., without roots) for N can be obtained in the general aniso-
tropic case and of which polynomial degree it is (see next section). Such an equa-
tion would describe only their possible existence but not the injection of these

waves to the surface.

10. Determination of Refraction Vectors in an Anisotropic
Medium

All coupled refraction vectors in a reflection and refraction problem possess the same
tangential component N to the boundary plane but different normal components
NN - N to this plane. To determine the normal components NN of the waves in
the anisotropic medium 2 one has to go with the proposition N=nN-N +0 into
the dispersion Equation (3.1) (we omit here the indices s= (i " rﬂ) ,

(#,v)=(1,2)) with the determinant |L(n)| explicitly given in (2.17) that leads

to the following equation for NN (supposed & is in general asymmetric)
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0=L(nN-N +)
=(nN)* NeN +(nN )’ (Nef+ReN)
+(nN)*(Men+ NeN (1° - (&) + N&*N ) (10.1)
+nN( (Nef+neN) n —<e>)+(Nezﬁ+ﬁ£2N))
+ﬁgﬁ(ﬁ —(3>)+ng n+le|.

This is a polynomial equation of 4-th degree for the normal components NN
of the refraction vectors n in dependence on the common tangential compo-
nent N to all involved refraction vectors with, in general, 4 different solutions.
Although it may be solved in radicals this, however, is hardly to manage without
a computer.

From Equation (10.1) one obtains 4 relations (from them 3 nonlinear ones) be-
tween the roots NN and the coefficients to the powers of (nN )",

( ©=0,1,2, 3) in form of their invariants as follows (lower index “2” omitted)
Nen+neN
NeN
"N-(n +n%+n? )N +n%N-(n+n? )N +n"N-n®N
a

nem+NeN (1° —())+ N&’N

NN +n2N +n*N +n%?N =—

NeN
"N -n2N-(n®+n% )N +(n"+n% )N -n*N -n%N
(Nen+neN) ( >) (Nezn+n3 N)
N :
N e ﬁgﬁ(ﬁz —(g))+ne’N+|g]
Nn*N-n%N-n"N-n%N = . (10.2)
NeN
In the special case of perpendicular incidence
n=0, (10.3)

the general Equation (10.1) for biaxial media simplifies to the biquadratic equa-
tion for NN

0=(nN)*NeN -(nN)*((e)NeN - N&’N ) +|e], (10.4)

with, in general, 4 different solutions
1 N&’N Ne?N ) 4le]
N =(£) |5 () + - -
w3 19N R

2 2
~(£)% J<g>_'\'£ N o[kl i\/<£>—N8 N ol
2 NeN NeN NeN NeN

The correspondence of the signs (i) to S= (i, r) depends on the chosen di-

rection of the normal unit vector N to the boundary plane.
In case of uniaxial media Equation (10.1) simplifies essentially. For ordinary

waves with the dispersion Equation (4.10) it leads to
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0=(nN) +n*-¢, (10.6)

o]

with the solutions

nN =+,/e,-1%, NN ->n°N, (s=i,r,) (10.7)

that is the same as in case of an isotropic medium with permittivity &. For ex-
traordinary waves with the dispersion Equation (4.11) inserting N=nN-N +n
it leads to the quadratic equation for the normal components NN of the refrac-

tion vectors

e“o!

0=(nN)" (2 (NC)’ +2,[N.c]’)+2nN (5, =5, ) Ne-Nc +2, (Tic)” + &, [Mc] -5, (10.8)

nN =

(¢,-2,) NC«ﬁcJ_r\/gego (2 (NeY* + &, [N.c] =(Ne)* i* = (Re)* ) - 22 ([N ] 1 = (7ic)’)

with the solutions

.(10.9)

&, (Nc)* +,[N,c]

One may check that in the isotropic case of &, =&, =& this formula becomes
identical with (10.7). The determination of the normal components NN in de-
pendence on the tangential component N with respect to the boundary plane by
general position of the optic axis is for extraordinary waves already quite compli-
cated. For special positions of the optic axis perpendicular to the boundary plane
[N,c]=0, Nc=0 or parallel to the boundary plane NC=0 formula (10.9)

simplifies considerably.

11. Special Case of Perpendicular Incidence in Reflection and
Refraction at an Anisotropic Medium

We specialize from the general formulae of Section 9 and 10 the special case of a
perpendicular incident wave in isotropic medium 1. Since it possesses then a van-
ishing tangential component M=0 all other waves which may be coupled in me-
dium 1 and medium 2 (incident ones in medium 2 and reflected and refracted) pos-

sess also a vanishing tangential component. Thus we investigate now the special case
M=0, = n=nN-N=-n/, nf=n/N-N=-n} (£=(12)). (1L1)

The vectorial amplitudes in isotropic medium 1 are

n°N =+, (s:(i,r)). (11.2)

In medium 2 one has to assign from the 4 solutions corresponding to inner
fixed signs of “+” in (10.5) 2 solutions to incident waves and 2 to reflected or
refracted waves. From fixed outer signs “(+)” belong in each case one to an inci-
dent wave and the other to a refracted or reflected wave. Due to symmetry of the
wave-equation operator L(n) =L (—n) (see (2.16)) the polarization vectors to re-

fraction vectors n and —n can be chosen as the same that means
ey =ey, (1=(12)). (11.3)

We consider now the amplitude relations. The scalar amplitudes E; and E}

to fixed polarization vectors e;} and e? are calculated in (9.10). First we
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consider how the denominator [N JAlrel Alzer ] simplifies in case of perpen-
dicular incidence when all refraction vectors are in direction of the unit vector

N to the incidence plane (see also (9.9))
[N, Affes, Afze? |
:[N,(n{(nlr —ng)l+(ninf )N - N)egl,(nl’(nlr —ng)l+(nnZ )N N)eﬂ (11.4)
:(nlr (nf —ng))(n{ (nf —n?))[N e5.e7 |
After the same scheme simplify the three sum terms in numerator of (9.10). In

this way, one finds from (9.10) the scalar amplitudes of the reflected or refracted

wave in medium 2 in dependence on the incident waves

(MN=-n{N)[N,e2,E} |-(n[N—niN)[ N,ef e} |E}

Ef =
(MN-nZN)[N,ez e} ]
_ 2nN[N,e?,E] (NN —ngN)E
_(niN+n;lN)[N,e£2,e;l]_ nN+niN
Erz_(n{N—nl‘N)[N,e;,El‘]—(n;N—n‘;N)[N,e;,e;]E;
-

(MN-nZN)[N,efef |
20N [N, e, E| | (NN -nzN)Ep

(MN+nZN)[Neep]  nmN+nzN

(11.5)

In case of perpendicular incidence, the incident and reflected waves in medium 2
with vectorial amplitudes €2EZ and eZE} on onesideand e2E? and e2EP
on the other side are fully decoupled. The reason from mathematical side is that
the polarization vectors (11.3) can be chosen as the same or are, at least, parallel
to each other. This is no more the case for oblique incidence.

The vectorial amplitude of the reflected or refracted wave E| in medium 1
can be obtained from (9.7) using (11.5) with the intermediate result

e ot [N N BB N ] e e e

nni [ 2uN[N.ep E]  (nN-niN)E} r
‘%é{ww+®wnwwﬁﬂ‘ T N Ne]] e

_mw{ 2N [N ef /] @m—ﬁwﬁ{ﬁwwﬁﬂ}

nn | (MN+ngZN)[N.efef]  mN+ngN

Using in addition (11.1) and (11.3) and the relation 0=nE; =n/N -NE; spe-
cialized to perpendicular incidence one finds the simplified expression
i _nnj 2n/N [N,e?,E|] _nnz  2nN Neas

E/=E . -
C i nN+nIN[Nepef | nin N +nZN[N e} ef |

"t 2n'N i [ ng_2nN i ;

(11.7)
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A more compact formula for the three sum terms proportional to Eli was up
to now not found.
Thus, there are obtained formulae for the amplitudes of the reflected or re-

fracted waves in medium 1 and in medium 2 in case of perpendicular incidence.

12. About the Impossibility of Negative Refraction

The notion of negative refraction was introduced by J.B. Pendry [11] for a behav-
ior of a light beam at the boundary plane between two isotropic media with both
negative electric permittivity &(®)<0 and negative magnetic permeability
,u(a)) <0 and therefore g(a)),u(a)) > 0. It is stated that a beam in such a me-
dium is refracted to the opposite side of the normal vector N to the boundary
in the incidence plane in comparison to a normally broken beam at two isotropic
media. I was appalled to read in a recent journal article [12] that it is also now
believed that such an effect may exist more than twenty years after its invention
and very intensive discussion. There is a genuinely looking illustration of this ef-
fect as if it is already realized. Judging by this article and by a given lecture years
ago U. Leonhardt appears as someone as a protagonist of this phenomenon. How-
ever, it is impossible by well-established laws of refraction of light beams.
We show that in isotropic media also in such with the dispersion equation

=2 (o), = K= W =) feloa@). 21

c
. oo . . L.
the group velocity v= m is in the same direction as the wave vector K. The

group velocity determines the direction of beam propagation and the modulus of
its velocity but it does not take into account the diffraction of the beam during
propagation due to further terms in the equation for beam propagation. Equation
(12.1) can be resolved, at least in principle, to the form ® = (k). By differenti-

ation of (12.1) with respect to wave vector K follows

ZKZ(ﬂMJa_@

ow c’ ok (12.2)
1 , 0
:C—Z(Za)g(a)),u(a))+ ® %(g(a)),u(a)))jv,
and the group velocity becomes
c’k
Y= ® 0
of st@)uto)+§ 2 (o(@)u(o)
®
(12.3)
) #(0)a(0) ‘
=C 3 —

It shows that the group velocity is in direction of the wave vector K that is
even the case for arbitrary dispersion equations of the form ¢’k® =w*f ().

Equation (12.3) can be also represented by the logarithmic derivative
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V= ¢ 1 L (12.4)

\/8(0))ﬂ(0)) 1+§% Iog(|8(a)),u(a))|) K|

Neglecting the frequency dispersion means the omission of terms with derivatives
of ¢ (a)) 7 (a)) with respect to @ and the above expressions for the group veloc-

ities v simplify that does not basically change the situation of proportionality to

k

x_n, The wave vector of the refracted wave K or its refraction vector
k[ Ini

=L k possess the same tangential components K or n as the corresponding
quanqc)ities of the incident wave and reflected wave (see Figure 1). If a normally re-
fracted wave possesses the refraction vector n" = +n"N-N a wave with nega-
tive refraction would possess the refraction vector n'"=n"-2A=-A+n"N-N
that means a tangential part —N which cannot be coupled with an incident wave
with refraction vector n' =R +n'N - N . Therefore, such a medium (liquid or solid)

with negative refraction is impossible and can never be realized in described way.

13. Conclusions

We derived in coordinate-invariant form the vectorial amplitude relations for the
refraction and refraction of plane monochromatic waves at the plane boundary
from an isotropic to an anisotropic medium with corresponding permittivity ten-
sors. The representation of the same problem for two isotropic media was thought
to give an orientation what is to make and what is to generalize. We see also some
possibilities of variation of the applied method. For example, one could start from
the equations for the magnetic field of the coupled waves at the boundary but we
do not expect that this is less difficult than for the electric field. One may also
interchange the order of the elimination processes of the reflected or refracted
waves and may begin with this already in the boundary conditions. Nevertheless
it seems that the resulting formulae for the reflection and refraction at anisotropic
media become very complicated and calculations with numerical values of the pa-
rameters are only managed in steps by a computer (first involved refraction vec-
tors, then polarization vectors of electric fields and last vectorial amplitude rela-
tions writing them in detail and inserting there the possible incident fields). To
pack all this into one formula is practically impossible for their lengths and com-
plexity. The calculation of polarization vectors of the electric field amplitudes by
projection operators was discussed in general case and then illustrated for the spe-
cial case of uniaxial media. In the Appendices, we present some topics which are
important for coordinate-invariant calculations in three-dimensional case.
Coordinate-invariant methods possess their main advantage compared with
coordinate methods for reflection and refraction at anisotropic media whereas for
isotropic media, the differences of both methods are not very important. Mostly,
applying coordinate-invariant methods, one has also within these methods possi-
bilities of variations. In present paper, they are applied in the three-dimensional

case. They can be extended also to the four-dimensional case where, however,
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many necessary and useful identities have to be still derived and are not written

down up to now (some I have in my files). Lorentz transformations [3] and Special

Relativity Theory offer themselves as typical topics for such an approach.
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Appendix A. Hamilton-Cayley Identity and Invariants of
Three-Dimensional Operators

Hamilton-Cayley identities are operator identities which are specific for linear op-
erators acting in N -dimensional vector spaces. We consider the general non-
degenerate case of a linear operator A acting in an N -dimensional vector
space which is determined by the condition that the operator possesses a complete
set of N mutually different eigenvalues «; to N eigenvectors a (| is

N -dimensional identity operator)
(A-cgl)a, =0, (o #a;,(i,j)=1,2,N). (A.1)

The different operators A—¢;l,i=1,2,---,N are commutative
[A-al, Aol ]=(A-a 1 )(A-al)=(A-a;)(A-a])=0.  (A2)

Therefore, such operators in a product can be ordered in arbitrary way and each
factor can be moved to the end of a product. From this follows that for arbitrary
linear combinations Z?‘:lﬂiai ofthe N eigenvectors a ,(i =1,2,--, N) holds

N N

[T(A-a1)3 2%a; =0. (A.3)

i-1 =1
Due to the supposed completeness of the eigenvectors, this is equivalent to
N N

(A—a;1)=Y AAY* =0, (A°=I), (A.4)
=1 k=0

The vanishing product of N operator equations (A.1) is transformed to a
vanishing polynomial of degree N of the operator A with coefficients

A.(k=0,1,2,---,N) built from the eigenvalues ¢, in particular
N N
A=l A=(A)=Ya, -, A=]la (A.5)
i=1 i=1

where A is the trace and A, the determinant of the operator A . The sum
structure of the determinant corresponds exactly to the cycle structure of the per-
mutations as elements of the symmetric group S, which is described in illustra-
tive way by the Young diagrams. Relation (A.4) is the Hamilton-Cayley identity
for linear operators A in N -dimensional case. The N -dimensional Hamil-
ton-Cayley identity is the minimal vanishing polynomial for any N -dimensional
linear operator.

In three-dimensional case, besides the trace (A) , we add two further specific
notations, [A] for the second invariant and |A| for the determinant of A ac-
cording to

(A)=3 A =ay+a, +a,

i=1

[A]= %((A)z —<A2>) =0, + a0 + a0,
E %((A)S ~3(A)(A")+2(A%)) = (A.6)
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The Hamilton-Cayley identity is then

A*—(A)A? +[A]A-|A]I=0. (A7)
The complementary operator A to the operator A is defined by
A=[A]l-(A)A+A?, (A.8)
with the properties due to the Hamilton-Cayley identity (A.7)
AA = AA =|A]l, (A.9)
and with the invariants
(AY=[A], [A]=|AK(A), |A|=|A]". (A.10)

The main purpose of the introduction of the complementary operator A is

the possible determination of the inverse operator A™ by

-0 (A.11)

that is important for coordinate-invariant calculations. Furthermore, one calcu-

lates
2

A*=(A) =[A]A-|A|((A)I-A), (A.12)

but in contrast to

A=(A)=|AlA. (A.13)
The operator <A> [-A in (A.12) corresponds to the complementary operator
for two-dimensional operators.
If the determinant |A| =0 and taking into account (A.10) one finds (A.12)

|A|=0:= (%I:[%i]:%, <<%>>=1. (A.14)

Then the operator M= % is projection operator of operator A to simple

eigenvalue 0. For eigenvalues o #0 of the operator A one may apply analo-
gous formulae as discussed only with substitution of the operator A by the op-
erator A—qal . The cases of degeneration of the eigenvalues of the operator A
expressible by additional relations for the invariants and the complementary op-
erator we do not discuss here.
As examples, we consider the following operator
A=1l+a-a, (A.15)

where A is an arbitrary (complex) number and a and & are two arbitrary

(complex), in general, different vectors. From this we calculate
A? =12I+21ao§+(§a)a~é, (A>=3/1+a”\a, [A]=1(31+25a),
A=A((A+aa)l-a-&), |A|=4%(1+4a). (A.16)

We use this example in our main text.
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Appendix B. Identities for Vector Products in Connection
with Operators

Starting from the identities for volume products with application of linear opera-
tors A to the vectors (X, Y,Z)

[Ax,Ay,Az]=|A|[x, y,z], [XA, YA zA]=|A|[xy.z], (B.1)

which can be considered as definition of the determinant |A| we derive in this
Appendix identities for vector products in combination with operators. We con-
sider two variants, first the left-hand variant where the operators act from the left
onto vectors and second the right-hand variant where the operators act from the
right onto vectors but make proofs only for the left-hand variant.

From the relation of volume products as scalar products of a vector product

with a vector using (B.1) follows

[AX,Ay]Az =[AX, Ay, Az]=|A|[x, y,z]= [x, Y, KAZ] =[x,y]AAz.  (B.2)

Since z isan arbitrary vector we may omit Az in this identity and find the
following identities (we add also the right-hand variant of the operator acting on

vectors to left side)
[Ax,Ay]=[x y]A, [XA yA]=A[x,y]. (B.3)
In analogous way to (B.2) from (B.1) follows

AX, ARy, A7 |

[Ax, y]Az =[Ax, y,Az]:[ A =[x,ﬂy,z]=[x,ﬂy]z. (B.4)

By omission of the arbitrary vector z from this identity follows (adding also

the right-hand variant)
[AX, y]A:[x,Ky], SN [x,Ay]A:[Kx,y],
A[xA,y] :[x, yﬂ], < Alx yA] :[xﬂ, y]. (B.5)

If we substitute the operator A in the previous identities by A then due to

(A)=|AA (sce (A.13)) from (B.3) follows (plus right-hand variant)
[ﬂx,ﬂy] =|A[[x, Y]A, [xﬂ, yﬂ] =|AJA[x,y]. (B.6)
and from (B.5)
[ﬂx, y}ﬂ=|A|[x,Ay], =S [x,ﬂy]ﬂ=|A|[Ax,y],
K[xﬂ, y]=|A|[x,yA], =3 ﬂ[x,yﬂ]=|A|[xA, y]- (B.7)

Further identities for double vectorial products can be derived from the above

identities, for example

Al x.[y.Az]]=[xA,[y.Az]A]= ﬁ[xA,[Aﬂy,Az]AJ
= ﬁ[xA,[ﬂy, Z:|Z\A] = [xA,[Ky, Zﬂ
[[x,yA],z]K:[[xK, y],AzJ, (8)
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which afterwards can be easily checked by the decomposition rule of double vector

products’.

Appendix C. Operator of Vectorial Wave Equation of Magnetic
Field

We derive in this Appendix the general vectorial wave equation for the magnetic
field B(k,a)) in the concept of spatial dispersion &= e(k,a)) of the permit-
tivity tensor and calculate then the invariants of the operator of this equation and
the complementary operator under neglect of spatial dispersion.

Starting from the second of the Fourier-transformed vectorial Maxwell equa-
tions (2.7) one finds the equation (& = 6‘(k, a)) )

oz%g-l[k,s(k,a))}e(k,w). (C.1)

Forming the vector product of this equation with the wave vector K and using

the first of the vectorial Maxwell Equation (2.7) one obtains

0= 2|g|[k 2[k,B(k,)]]+B(k o)

2

ZC|£| [&'k g[k,B(k a))ﬂ+ B(k, o)
#Zg'z[gk,[k,B(k,a))H?+B(k,a)) €2)

——|ek[k.B(k»)]]e+B(k o)

P

| |

2 gk -ke—(kek

_B(ko) S ke (kek)e ||
® ]

It was here used that for general linear operators A and vectors x and Y
holds [Ax,Ay]=[x, y]/_x and ﬂ:|A|A (see (A.13)). Since we consider here
the general asymmetric case € #¢&' (e.g., optical activity) of the permittivity ten-
sor it is here rigorous that the magnetic field B(k,®) stands on the left-hand
side from the corresponding operator for this field according to the rule for the
resolution of the double vector product in (C.2). If one wants to bring it to the

right-hand side one has to use the transposed permittivity tensor &' and finds

2 2Tk kel — T
{c_g k-ke' —(kek)& +|}B(k,a)):0. (C.3)

o ]

For symmetric permittivity tensors &£ =¢' it doesn’t matter on which sides of
the operator of the wave equation B (k, a)) stands.
The vectorial wave Equation (C.2) for the magnetic field can now be written
O:B(k,a))L'(k,a)), (C.4)

1°To see the advantages of my notations I propose to try write down these last identities in the mostly

applied vectorial notations in connection with operators preserving the notations for the letters

X, ¥,Z,A .
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with the operator of the equation (& = e(k, a)) )
¢’ ek-ke—(kek)e

o’ ]

L'(k,a))E +1 (C.5)
Under neglect of the spatial dispersion &(k,®)=¢(®) one may use the in-
troduction of refraction vectors n by definition (2.13) and the wave Equation

(C.4) for the magnetic field B can be written
0= BL’(n), (C.6)

with the operator
n-nge—(nen
L’(n)swﬂ. (C.7)
]
For the calculation of the invariants of the operator L’(n) one has in prepara-
tion first to calculate its second and third power (or instead of the third power the
complementary operator) and has then to apply the formulae (A.11) with the re-

sult

(L(n)) = (€) ng|r;|— ne’n 3

2, nen—ne’n
U(n) _n ngn_2<e) )
=" E ER
_n’-nen (&)nen—ne’n

IL'(n)|= ~ +1:|L(n)|. (C.8)

] ] ]

Necessary but not sufficient condition in case of |L(n)| =0 for the presence of

a degeneration case is
n*.nen—|g[=0. (C.9)

This condition is satisfied, e.g., for uniaxial media in direction of optic axes.

For the complementary operator L'(n) to L'(n) one finds by applying (A.8)

) (nen)’ (82 —(s)s)— nsn(azn ‘ne—(g)en-ne+en-ne’ —(ngzn)g)

ef
_‘9”'”3_(”3”)3+ n’-nen (&)nen-ne’n 1l (C.10)
el el el |
=)

One may check the general identity (A.10) and the transversality condition of
solutions (left-hand eigenvectors) to vector n in case of |L’(n)| =0

{C(m)=[rm],

L’(n)n=|[’|n=0. (C.11)

T

In case of |L' ( n)| =0 the operator % is projection operator for the direct
n

determination of solutions of the vectorial wave Equation (C.6) for the magnetic

field. It is clear that having a corresponding solution for the electric field one may
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determine a corresponding solution for the magnetic field also by the first of the

vectorial Maxwell Equation (2.14).

Appendix D. Operator of Vectorial Wave Equation of Electric
Induction

The vectorial wave equation for the electric induction D ( K, a)) can be immediately

obtained from the vectorial wave equation for the electric field E (k,a)) in (2.9)

together with (2.10) by setting E (k,@)=&7"(k,w)D(k,®) and g1 =%

le]
0=L"(k,®)D(k,®), (D.1)
with the operator of this equation defined by (& =¢(k,))
2 kke-(k?)g
L"(k, ) = C—ZA+ I (D.2)
o |4
In case of neglect of the spatial dispersion &(k,@)=¢(®) this equation sim-
plifies to
0=L"(n)D, (D.3)
with the operator (& = E(a)) )
n-nz—(n’)e
L”(n)z | | +1. (D.4)
£

The invariants of the operator L"(n) are

(L () = LE2NEN N o),

]

(o)) e -2 L o]

()| = n’-nen (g£)nen-ne’n
g 3

+1=|L'(n)| () (D.5)

el

The operators to the vectorial wave equations of the magnetic field L’(n) and
of the electric induction L"(n) possess the same invariants.
The operators to the vectorial wave equations for the electric field L(n) and

for the electric induction L”(n) possess a simple connection
, 1_Ln)z o )
L"(n)=L(n)e 1=%, = |L (n)|=% (D.6)

From this follows for the complementary operator L"(n) to L"(n)

- L"(n)| — . &L(n)
L"(n)= el(n)= , (D.7)
L)) el
and explicitly if we use the representation (2.20)
_ n’)en-n—({g)en-n—g’n-n—en-neg+(nen)e)+|ell
€
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One may check the general identity (A.10) and the transversality condition of

solutions (right-hand eigenvectors) to vector N in case of |L"(n)| =0
<[”(n)>=[L”(n)], nf”(n)=|["(n)|n. (D.9)
En ( n)

In case of |L”(n)| =0 the operator m is projection operator for the di-
n

rect determination of solutions of the vectorial wave Equation (D.3) for the elec-

tric induction.

Appendix E. Correspondences of Notations between
Fyodorov and Ours in Three-Dimensional Case

For an easy comparison we collect the most important notations of Fyodorov and

of ours in the following Table 1.

Table 1. Comparison of some notations of F.I. Fyodorov [1] [2] with ours in three-dimensional case and to

reflection and refraction.

| notation I Fyodorov We |
scalars a,B,...,A, B, ... a,B,...,A, B,.
vectors a,b,...,A B,... a,b,...,A B,.
linear operators a, B, ... AB,...,L,..
identical operator 1 I=A°
complementary operators @ B,... A,B,.
trace ac, Be, - -- (A), (B),
second invariant Qe, Bes - - - [A], [B],-
determinant lal, 18], - |Al, B, -
scalar product Ty Ty
dyadic product x-y Ty
vector product zy], [z, ¥y + 2] [z, y]
volume product z[yz|,[zy] z [z, y, 2] (E.1)

special antisymmetric operator

™ ¥y =[xy

[z]; [x]y = [z, y]

refraction vectors

m=nn,n’=1

n,n2=n>#£1

incident wave medium 1 m©®, g© n}, EY
reflected wave medium 1 m®, EW ny, Ef
refracted wave medium 2 m®, E? n}, Ej
incident wave medium 2 — nb, E}

normal vector to boundary plane q, ¢*=1 N, N?=1
normal vector to incident plane a = [mgq|, [N, n]

tangential component of refraction vectors b = [qal, m = [[N,n], N|
normal component of refraction vectors n niN
permittivities in uniaxial media €e, €o €e, €o
unit vector in axis direction of uniaxial media e, c2=1 e, =1

There are a lot of notations connected with angles in the work of Fyodorov
which is omitted in the table together with some other very special notations. Fur-
thermore, the identical operator is mostly omitted in formulae of Fyodorov if this
is possible at all. Wave equation operators are mostly written down in its full

length that impedes to write down their invariants. The invariants of three-di-

mensional operators, in our notation (A) , [A] ,|A , are inconspicuously in Fyodo-
rov’s notation and are easy to be confused with other notations. The symbol x*
for an antisymmetric operator built from vector X was some progress but pos-

sesses the disadvantage that it acts only to the right onto vectors. Our symbol [x]
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may act also to the left onto vectors. With the notation [x] we did not come up
to now in ambiguities if one only knows that x is a vector. Concerning the used

letters our notations are more similar to that of Landau and Lifshits [6].
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