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Abstract 
The work analyzes the basic assumption in Mach’s principle, namely that the 
inertia of material bodies is determined by their gravitational interaction with 
distant masses in the universe. However, while Mach’s principle is based on 
the so-called “long-range gravitational interaction” characterized by an infi-
nitely large propagation velocity, our study is based on a “modified” long-
range principle, assuming a very large but finite propagation velocity of the 
gravitational interaction between local material objects and distant matter. 
Thus, it is postulated that there are two types of gravitational interaction—
short-range gravitational interaction between local objects and long-range 
gravitational interaction between local objects and distant matter in the uni-
verse, which are characterized by different propagation speeds, but with the 
same gravitational constant. On the basis of the modified long-range principle, 
a model of distant matter is built in the form of a hollow spherical layer with 
negligible thickness. The phenomenological assumption is made that the 
movement with acceleration of the local reference frame (RF) is related to a 
change in the spherically symmetric distribution of the lines of gravitational 
interaction of this RF with distant matter, which is expressed in a correspond-
ing asymmetric distribution of the effective mass density on the hollow sphere. 
A simplified (idealized) model of the effective change of the hollow sphere of 
distant matter by cutting off separate segments of the sphere is proposed. On 
the basis of the model, the possibility of representing the inertial effects in 
three simplest types of reference frames through a corresponding gravitational 
interaction is considered: 1) inertial RF; 2) RF moving in a straight line with 
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constant acceleration; 3) RF rotating with constant angular velocity. Expres-
sions were obtained for the gravitational accelerations acting on the test body 
located inside the hollow sphere with a corresponding change (“cutting”). It 
is concluded that these accelerations can in a first approximation represent the 
inertial accelerations of the main types noted above. It is shown that in order 
to obtain reasonable values of the truncation parameters of the hollow sphere, 
it is necessary to assume that the gravitational interaction inside this sphere is 
not of the Newtonian type, i.e. the same depends on the distance not according 
to the law 21 r , but according to modified law with a non-integer (fractional) 
exponent. This law corresponds to a fractal structure of the source of attrac-
tion inside the truncated sphere of distant matter. The issue of the possibility 
of the supposed modified long-range interaction is briefly discussed on the 
basis of a comparison of the finding a connection with the lines of force of the 
same with the “cosmic strings” assumed by a number of researchers, along 
which corresponding excitations (waves, particles) moving at super-light 
speed. The work advances the idea of the presence of unity and at the same 
time oppositeness of the inertia of material objects and the known gravita-
tional interaction between them, which are generated by the properties of 
symmetry of the long-range gravitational interaction. Moreover, while the in-
ertia of the bodies is due to the violation of this symmetry caused by their 
movement with acceleration, the gravitational interaction between the bodies 
is due to the aspiration to restore the symmetry of a far-reaching gravitational 
interaction, which is disturbed by the presence of local material bodies. In the 
conclusion of the work, the important physico-philosophical significance of 
Mach’s principle is emphasized, expressed in the understanding that not only 
the world of microscopic objects (“micro-world”), but also the world of huge 
cosmic objects (“mega-world”) can have a corresponding impact on our “mac-
roscopic” world. 
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1. Introduction 

As is well known, in his works Newton gives an explanation of the emergence of 
inertial forces during the accelerated movement of bodies, which basically boils 
down to the following: there are two types of body movements—relative and ab-
solute. Relative motion is motion relative to other material bodies and does not 
involve inertial forces, while absolute motion is relative to the so-called “absolute 
space” and is accompanied by the emergence of inertial forces [1]. Of course, this 
difference made an impression right away and caused a justified criticism—as we 
know, initially by Berkeley [2] and later—in a much clearer form by Mach [3] [4]. 
At the same time, both of them (much more precisely Mach) make an alternative 
assumption—there is only relative motion, which has two forms: motion relative 
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to nearby bodies, which is not associated with interaction and corresponding in-
ertial forces, and motion relative to the distant matter in the universe (the “distant 
fixed” stars), where there is interaction and inertial effects [3]. Noting the much 
more precise formulation of this assumption than Mach, Einstein christened it 
“Mach’s Principle” [5]. 

But, in addition to the revolutionary view that all movements, including those 
with acceleration (including rotational movements), are relative, Mach also gave 
an unequivocal answer to the question of the nature of inertial phenomena—in-
ertia arises from the gravitational interaction of an accelerated moving body with 
distant matter. Therefore, according to Mach, inertia is reducible to gravity. Of 
course, this is a very general statement, clearly in need of a corresponding quan-
titative analysis, which unfortunately Mach did not do. 

It should be noted that both earlier and now, the question of a more or less strict 
explanation of inertial phenomena, including in the context of Mach’s principle, 
has not escaped the attention of researchers, as previously (for example, [6]-[11]), 
and currently (for example, [12]-[16]). 

In our research, we will also try to answer the question—is it possible to quan-
titatively explain the main types of inertial effects through the corresponding grav-
itational interaction of material bodies with distant matter in the universe, adher-
ing to and at the same time modifying the Newtonian theory of gravity (NTG). 
We must fade away, that at the time, Mach had in mind that the gravitational 
interaction of bodies with distant matter can be described precisely within the 
framework of Newtonian gravity. 

2. Preliminary Remarks: Main Points in Mach’s Principle 

Perhaps it would not be far from the truth to say that there is hardly any other 
stated idea in physics which has given rise to so many different interpretations 
and evaluations as Mach’s idea concerning the source of the inertia of bodies. On 
this occasion, the famous American physicist Robert Dicke called him the “Many-
faced Mach”. Probably, the reason for this is only the purely verbal formulation of 
the idea, without corresponding mathematical and quantitative analysis. Proceed-
ing to our attempt at a quantitative formulation of Mach’s idea, we should briefly 
note the main points of its verbal formulation, which more or less become clear 
from his works. 

1) Kinematic and dynamic aspects of Mach’s principle 
In the formulation of Mach’s principle, two aspects clearly stand out—kinematic 

and dynamic. The kinematic aspect is expressed in Mach’s opinion that all move-
ments are relative, including movements with acceleration (for example, rotation). 
Moreover, the most general motion of a given body is the motion relative to the rest 
of the matter as a whole (“the system of distant fixed stars”). From here follows the 
statement that the movement of the body relative to the distant matter is equivalent 
to the movement of the same in the opposite direction relative to the stationary 
body, which means that in the kinematic aspect there is complete symmetry. 
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The dynamic aspect concerns the interaction between the body and distant 
matter. According to Mach, all bodies in the universe are interconnected, i.e. in-
teract with each other. But, at the same time, the system of distant interconnected 
objects considered as a whole (the “distant fixed stars”) also affects the individual 
bodies. At first glance, it can be concluded that Mach’s idea actually replaces one 
“metaphysical” assumption with another, also metaphysical assumption: the iner-
tial phenomena observed in the accelerated RF are due not to the movement of 
the same relative to “absolute space”, and of their movement relative to the “dis-
tant matter in the universe”. Although the totality of distant stars is conceivable 
as something material, it is actually inaccessible to direct or indirect measurement 
by appropriate physical apparatus. 

But, Mach adds something essential in his idea, namely that the mediator be-
tween the local RF and the distant matter is the gravitational interaction between 
them. Then, if we can measure certain specific characteristics of this interaction, 
we can judge the truth of the assumption. Obviously, this is possible if there is a 
certain (quantitative!) model of this interaction that reflects its specific character-
istics. The question arises—is there reciprocity in this interaction? It is reasonable 
to assume that the insignificant in size and mass body could not cause any change 
in the structure (shape, mass density distribution) of the huge in size and mass 
distant matter. Here, however, in contrast to this conception, we assume that there 
is a certain symmetry also in the dynamic aspect. In other words, if the accelera-
tion of the body is equal to the acceleration of the distant matter, then this causes 
a corresponding change in the structure (shape) of the distant matter, for example, 
a flattening towards the equator of the hollow sphere of the distant matter. This 
change precisely gives rise to a reverse gravitational action of the distant matter 
on the body, understood as the action of “inertial” forces and causes a change in 
the shape of the same. This is conventionally illustrated in Figure 1 for the case of 
rotational motion. 

It should be noted that the change in the structure of the distant matter in 
question is effective, i.e. the same only formally represents the real interaction of 
the accelerated RF with distant matter. In fact, the very gravitational interaction  

 

 
Figure 1. Representation of the dynamic interaction between the accelerated moving body 
and the distant matter in the universe: (a) Rotational motion of the local RF relative to the 
local “immobile” RF: 1—Hollow sphere of the distant matter (DM); 2—Local RF (“New-
ton’s bucket of water”); 3—Bulk RF (the earth’s surface); (b) Rotation of distant matter in 
the opposite direction to LRF: 4—rotating Sphere of DM; (c) Change in the shape (flatten-
ing) of the DM sphere as a result of the rotation: 5—Sphere of DM with the flattened shape; 
6—change of shape of water in Newton’s bucket. 
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of the local RF with the distant matter changes, which is presented as a change in 
the shape, the distribution of the mass density, and the form of the DM. 

2) Action of near and far masses on the inertia of bodies 
According to Mach, if the rotating bucket in Newton’s experiment is massive 

enough, then its rotation will also cause the water to rotate and rise up the walls. 
In practice, real bodies have no such mass and cannot produce such effects. This, 
however, can be done by distant matter, which has an enormous total mass, and 
regardless of vast distances, will act on water in the same way. In our opinion, this 
is about another effect—the so-called “gravitational induction”, where when one 
body is moving with acceleration, it causes another nearby body to also move with 
acceleration. A number of specialists, including Einstein, at one time considered 
this possible effect (e.g. [17]). The effect, however, has a local character and should 
be distinguished from the global effect of the interaction of bodies with distant 
matter. 

According to Mach the difference between the two types of gravitational inter-
action is only quantitative. Our view here differs from that of Mach—in our opin-
ion, the gravitational interaction of individual bodies with distant matter consid-
ered as a single material object has specific features that distinguish it from the 
gravitational interaction between two separately taken “isolated” bodies. Deter-
mining these features is exactly the goal we will try to achieve in the present study. 

3) The principle of long-range gravitational interaction—fundamental in 
Mach’s principle and its modification proposed here 

As we have already noted, in his view on the indicated “most general” gravita-
tional interaction—between macroscopic bodies and the universe, Mach com-
pletely relies on Newtonian mechanics and the Newtonian theory of gravitation 
(NTG). At the same time, the main principle in Newtonian gravity—the “Princi-
ple of long-range interaction” makes it possible to ignore the problem of the huge 
distance to the distant matter—this huge distance can always be “overcome” by a 
corresponding huge mass of the distant matter or the universe as a whole [3] [4]. 
Moreover, this principle makes it possible to ignore the problem of time—the in-
finite speed of propagation of the gravitational interaction according to NTG 
means that there is no “reaction time” for inertial effects—they occur immediately 
after the application of the accelerating force on the body. A third important as-
pect of the principle of long-range action is that it implies the action of one mate-
rial object on another “through empty space”, i.e. without material support. 

It is interesting to note that Newton himself protested against this notion, but 
nevertheless he formulated his theory of gravitation on the basis of this concep-
tion, and Mach, who criticized Newton’s view of the nature of inertia, was a firm 
supporter of this principle. According to him, the principle of long-range action 
“has only temporarily yielded to the opposite principle of short-range action, and 
it is not excluded that it will return to physics in the future” [4]. 

But, currently, as we know, the opposite concept prevails in modern physics—
the “principle of short-range action”, which is valid for all types of interactions 
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including gravity, and which is often identified with the “Field Theory”, according 
to which the interaction between material objects is carried out directly by means 
of a material carrier (the corresponding type of matter—i.e. n. “field”). But, bear-
ing in mind the ultimate transmission speed of the interaction in this theory—the 
speed of light in a vacuum, the problem immediately arises—how then could very 
distant objects (stars, galaxies, etc.) affect the material bodies around us, as this 
implies Mach’s principle? (At the time, especially after the creation of General 
Relativity (GR), Einstein was cool with Mach’s principle, saying that it did not 
“connect” with the principle of field theory [18]). 

Then, the thought naturally arises—isn’t it possible to bring the two principles 
together—long-range and short-range? It should be noted that such an idea has 
been expressed more than once (for example, [19]). In our study, we will also 
adopt, in a certain sense, an intermediate position, representing a kind of “Modi-
fied principle of the long-range gravitational action”: 

The modified long-range gravitational interaction (МLRGI) of bodies with dis-
tant matter is characterized by the same Newtonian gravitational constant G as 
the known short-range gravitational interaction (SHRGI) between them, but with 
a finitely large-valued propagation speed w that many times exceeds the speed of 
the SHRGI c 

 ; ; 1LRGA SHRGA LRGA SHRGAG G G v w v c w c= = = =  .  (1) 

The question can be raised—what exactly can this so-called “intermediate” ap-
proach change in the given case? In short, according to the modified principle of 
long-range gravitational interaction there will be a very small but still finite reac-
tion time reactt∆  for bodies against their acceleration under the action of an ex-
ternal force 

 2
; DM

ireac InertEffAp ExtForAct
ireac

Rt t t w
t

∆ = − =
∆

,  (2) 

where ,ExtForAct InertEffApt t  are, respectively, the time instant at which the external 
accelerating force is turned on and the instant at which the inertial reaction oc-
curs, DMR  is the distance between the accelerated body and to DM. 

At the same time, it follows from principle of Modified LRGI that there will be 
a vast, yet finite in size, region of the much larger bulk Universe that can exert an 
influence on the bodies within it. Thirdly, this principle provides for the existence 
of a corresponding material carrier, related to the gravitational interaction between 
the accelerating body and distant matter. 

4) The concept of “reference frame” (RF) in the Mach’s principle 
In his writings, Mach criticized Newton’s understanding of the motion and in-

ertia of bodies, but nevertheless relied on Newtonian mechanics and theory of 
gravitation. At the same time, as is well known, the principle of relativity of loca-
tion and movement is firmly adopted in Newtonian mechanics: the position and 
movement of a given body can only be determined with respect to other bodies. 
In other words, in order to determine the location and movement of bodies, it is 
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necessary to set a corresponding reference frame—another body or a system of 
connected (fixed) bodies. But, speaking of the motion of the rotating bucket rela-
tive to “absolute space”, Newton actually deviated from this concept. It is here that 
Mach directs his criticism—according to him, one cannot speak of position and 
motion relative to something imaginary that cannot serve as a reference frame. 
Instead, he suggests talking about determining the motion (and position) of bod-
ies relative to distant matter in the universe or, relative to distant fixed stars. Alt-
hough this notion is not as well formed as the notion of immediate (local) RF, in 
which distances can be measured in a given coordinate system, it can be said that 
this is how Mach raises the concept of RF to the highest rank—the level of the 
universe at hole. When Mach speaks of motion relative to the “distant fixed stars”, 
he effectively assumes that the aggregate of distant stars is something fixed and 
unchanging, even though these stars are actually moving (some of them at enor-
mous speeds) relative to each other or to another system of space objects. But, this 
resembles our idealized view of the reference system as a rigid body that is un-
changing, even though it is composed of connected particles that are constantly 
moving! 

3. Main Types of Inertial Effects and Corresponding  
Reference Frames to Be Analyzed in the Present Study 

It should be noted that in his works Mach actually treated only one type of inertial 
effects—the centrifugal ones, which Newton also sought to explain. But, as is 
known, other types of inertial effects can be specified, for example, those that oc-
cur in rectilinear motion with constant acceleration, Coriolis accelerations, etc. It 
is close to the mind to assume that the different types of inertial effects should 
correspond to a different type of gravitational interaction of the given body with 
distant matter. 

We will not dwell here on a detailed analysis of the different types of inertial 
effects, and in our study we will consider only three types of inertial effects and 
the corresponding local RF in which these effects exist: 

1) Absence of inertial accelerations in the so-called “inertial” RF (IRF) moving 
in a straight line at a constant speed relative to another bulk RF that is stationary 
or also moving in a straight line at a constant speed; 

2) Rectilinear inertial accelerations occurring in non-inertial RF, which move 
in a straight line with constant acceleration relative to a stationary (inertial) RF; 

3) Centrifugal inertial accelerations occurring in non-inertial RF that rotate 
with a constant angular velocity relative to a stationary (inertial) RF. 

4. Towards a Model of Distant Matter in the Universe:  
Our Model 

4.1. Basic Assumptions 

Proceeding to the analysis of the essence of Mach’s assumption, we will focus first 
of all on the selection of an adequate model of the distant matter in the universe, 
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allowing to carry out approximate but realistic calculations. It should be noted 
that in known studies, the model of the universe in the form of a hollow sphere 
(spherical layer) with a small thickness compared to the radius of the sphere is 
widely used (for example, [20]). The reason for accepting such a model is given 
by the weakness of the gravitational interaction. As a consequence, nearby mate-
rial objects have almost no influence on a given material object, while the large 
enough distant matter (spherical layer) contains enough total mass to be able to 
exert such an influence. It should be noted that such a model assumes that the DM 
sphere (Sphere DM) coincides with the Universe itself, i.e. outside this sphere 
there is no matter. In the case where it is assumed that the universe has infinite 
dimensions and the principle of long-range action is accepted, this model will be 
refuted by the Neumann-Zeeliger paradox, since more and more distant layers of 
matter will have an influence and, as a result, the total the action of matter in 
Sphere DM will grow to infinity. 

In the present study, we suggest that the Sphere DM does not coincide with the 
Universe itself, which may have far larger dimensions. But, then, perceiving the 
proposed modification of the long-range principle with a very large but finite in-
teraction velocity, we can justify the formation of the DM sphere with a finite layer 
thickness as a result of the action of the two factors—the weakness of the gravita-
tional interaction, which requires the inclusion of a sufficiently large size (radius) 
part of the bulk Universe and the finite speed of this interaction, which “cuts off” 
the influence of very distant regions. 

This is qualitatively represented in Figure 2(a), where the formation of the re-
sulting dependence of the effective mass ( )ef efM M R=  of the DM from the ra-
dial distance R is illustrated as a result of the intersection of the two dependences: 

a) Growth of the effective mass proportional to the third power of the size (ra-
dius) 3

1 0efM Rρ∝  where 0ρ  is the average density of matter in the universe, 
and 

b) A rapid decrease in the effective mass after a certain distance related to the 
supreme velocity of propagation of the LRGI according to an exponential law 
analogous to Yukawa’s potential [21] 2 0

kR
efM eρ −∝ , where k  depend (are pro-

portional) to the rate of long-range gravitational interaction w . 
Then, the resulting region in which distant matter can effectively act will be 

determined by the intersection of the two dependences  
( ) ( ) ( )1 2efres ef efM R M R M R= ⊗ , where the sign ⊗  stands for functional multi-

plication (Figure 2(a)). 
As stated above, according to Mach, all bodies in the universe are connected, 

both to each other and to distant matter through the modified long-range 
gravitational interaction. Figuratively speaking, according to this concept, between 
the separate body and the distant matter, there are a kind of “gravitational 
connections” understood as lines of force of the Modified LRGI. This is tentatively 
depicted in Figure 2(b) by the double-sided arrows between the point-like sample 
body and the continuous spherical layer of distant matter. 
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In the present study, we will strengthen the idealization of the known Sphere 
DM model by assuming that the thickness of the hollow sphere (spherical layer) 
is infinitesimally small, i.e. we have a model with a massive hollow infinitely thin 
sphere (Figure 2(c)). This means that we go from the real resultant function of 
the effective action of distant matter to an idealized “Dirac-delta” function  

( ) ( ) 0
0 0

0

1
0efresDir efres

if R R
M M R R

if R R
δ δ

=
= =  ≠

； , which has an infinite-valued 

derivative but a finite eigenvalue (Figure 2(a)). 
 

 
Figure 2. To the explanation of the DM model: (a) Illustration of the formation of a 
spherical region (layer) of finite thickness as a result of the intersection of two opposite 
dependences of the effective mass on the radius of the sphere; (b) Idealized model of DM 
in the form of a hollow sphere with finite layer thickness: 1—sphere; 2—local RF; 3—test 
body in LRF; 4—lines of the long-range gravitational interaction; (c) Super idealization 
of the model of the distant matter in the form of a hollow sphere with an infinitesimal 
thickness: 5—an infinitely thin hollow sphere; 6—one-sided arrows on lines of the 
Modified LRGI. 

 
Here again, the lines of Modified LRGI are presented in the form of one-sided 

arrows pointing from the Local RF to any point on the inner surface of the sphere. 
It should be noted that in the figure the arrows are discretely located, but in reality 
they form a continuous set (“continuum”), since the points of the Local RF are 
connected to each point of the inner surface of the sphere DM. 

It should be noted that the proposed model makes it possible to explain the above-
noted (item 2) difference in the action of near and far masses on inertial effects, as 
a consequence of the fact that each individual body forms its “own” (individual) 
Sphere DM, which is independent of other bodies. In addition, the model makes it 
possible to imagine a “movement” of the Sphere DM in accordance with the 
movement of the test body relative to the local RF, which actually reflects the fact 
that in each subsequent position the given body forms a new Sphere DM, which is 
a “copy” of the previous one (Figure 3(a)). In fact, the set of lines of the gravitational 
interaction of the test body with distant matter is actually moved (Figure 3(b)). 

Adopting such an idealized model of DM makes it possible to represent the 
assumed change of the parameters of the DM sphere (sphere shape, thickness of 
the spherical layer, mass distribution in it, etc.) only by removing parts of the 
sphere (spherical segments), which we will refer to as “effective truncation of the 
DM sphere”. Here we remind again that the term “effectively” means that it is not  
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Figure 3. (a) Imaginary displacement of the Sphere DM following the displacement of the 
test body relative to the local RF: 1—Individual Sphere DM; 2—test body; 3—local RF; (b) 
Actual displacement of the gravitational interaction lines following test body relocation: 
4—gravitational interaction lines. 

 
the DM sphere itself that actually changes, but the parameters of the long-range 
gravitational interaction inside it (for example, a change in the uniform distribu-
tion of the density of force lines of this interaction). This will be shown further in 
the analysis of the specific three types of RF we noted above. 

Moreover, our model enables a simplified representation of the gravitational 
interaction between the Sphere DM and the sample body inside it based on a cor-
responding modification of the Newtonian theory of gravity. In our further inves-
tigation based on the proposed target model, we will adopt the following basic 
assumptions: 

a) A given individual segment of the infinitely thin Sphere DM attracts a point-
like massive sample body as a complete massive object located in the center of the 
segment; 

b) The mass of the object is equal to the total mass of the separated segment, 
which is proportional to the area of the same with a uniform distribution of the 
surface mass density; 

c) The dependence on the distance to the object is determined by a power law 
( )1 nR∝ , whose power indicator can be different from the power indicator in 
NTG ( )2n = . 

To prove assumption (a), we consider the equatorial section of the DM sphere 
with finite layer thickness and with a separate spherical segment depicted in Fig-
ure 4(a). 

According to the figure, we can represent the spherical segment of finite thickness 
1 as the result of subtracting from each other two filled concentric spherical sectors 
2, 3 with radii 1 0sR R=  respectively 2 0 0cR R R= − ∆ , where 0 0,R R∆  are the ra-
dius of the sphere and the thickness of the spherical layer, respectively. 

Using the well-known expression for the position of the center of gravity of a 
spherical sector [22] 

 ( )3 1 ; 1,2
4 2ci i siz R h i = − = 
 

,  (3) 

for the position of the center of gravity of the spherical segment 1 we can write 
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Figure 4. a) Towards the proof of the center of attraction of the spherical segment: 1—
spherical segment with finite thickness; 2—outer spherical sector with a radius equal to the 
radius of the sphere; 3—internal sector with a smaller radius; b) 4—spherical segment with 
infinitesimal thickness: 5—effective massive object located in the center of attraction of the 
segment. 

 

 ( ) ( )1 2 1 2 1 2
3 1
4 2s c c c c c cz z z R R R h h = − = − − − −  

,  (4) 

where 1 2;c ch h  are the heights of the sectors that represent the outer surfaces of 
the spherical sectors, according to Figure 4(a). 

Then, when the radius of the inner sector tends to the radius of the outer sector, 
i.e. to the radius of the sphere 2 1 0c cR R R→ = , we have 2 1c c sh h h→ =  and 

 sz R= ,   (5) 

i.e. the center of gravity of the residue the massive spherical segment of infinites-
imal thickness, which is actually also the center of attraction, will coincide with its 
geometrical center (Figure 4(b)). 

Assumption (b) follows from the vector summation of the forces of the modi-
fied long range gravitational interaction acting on the test body, which can be rep-
resented as 

 
2

1 1
0

1d cos d 2 sin
2

s
s

s
s

res Z ZF F
ϑ

ϑ

ϑ
ϑ

ϕ ϑ ϑ ϑ
−

π

−
π= =∫ ∫F e e ,  (6) 

where res res ZF=F e  is the resultant force, which is directed along the axis of sym-
metry 0Z , is the ( )1 1 ,FF ϕ ϑ=F e  is the “unit” force, the direction of which is de-
termined by the angles ( ),ϕ ϑ , being sϑ±  is the boundaries of the spherical seg-
ment at elevation angle, Ze  is the unit vector along the axis 0Z  (Figure 4(a)). 

But, in an analogous way, the area of the segment of the sphere with radius 0R , 
if we pass from integration along the angle to integration along the radius, bearing 
in mind that ( )0 0 0cos 1R r R r Rϑ ′= − = −  

 
0

0

0
0

2

0 0 0 0
0

1d cos d 2 d 2 2
2

s

s
s s

R
R

s sR h
R h

S R R r r R r R h
ϑ

ϑ

ϕ ϑ ϑ
−

π

− −

= = = =π π π∫ ∫ ∫ .  (7) 

Therefore, in the expression (5) we can replace the result of the integration over 
an angle in place by a simple multiplication over the area of the spherical segment 
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 1 1 02res s Z s ZF S F R h= = πF e e .  (8) 

Since the force resF  is a force of gravitational attraction to the center of the 
segment, for the attraction force per unit mass, i.e. for the acceleration of the test 
body to the segment, we can write 

 0 0 02s s s s s
sg Z Z Zn n n

M S R h
G G G

R R R
ρ ρ′ ′

= − = − = −
π

а e e e ,  (9) 

where 0sρ′  is the “effective” surface density of the mass. 
This density is related to the real bulk density (provided that it is uniformly 

distributed in the sphere bounded by the sphere) by the simple relation 

 
3
0

0 0 0 02
0

4
13
34S

R
R

R
ρ ρ ρ

π

π
′ ′= = .  (10) 

Since we assume that when changing the shape of the Sphere DM after remov-
ing a separate segment from it, the total amount of lines of Modified LRGI is pre-
served, which are only redistributed on the remaining surface, then the above ratio 
should be specified, as instead of the full area of sphere 2

0 04S R= π , put the re-
duced area resulting from the truncation of the sphere 2

0 04 ccutS R S′ = −π  where 

ccutS  is the area of the cut segment or segments. 
On the other hand, the assumption (c) of a possible distinction of the value of 

the degree indicator from the value 2n =  of the same in NTG and what this 
value should be, we will consider when applying the present model for the analysis 
of the first three ranks of RF, which were indicated above. 

4.2. Basic Parameters of the Proposed Distant Matter Model 

It is important to note that our concept of “distant matter” is based on the well-
known idealized view of the currently observed region of the Universe (the so-
called “Metagalaxy”), in the form of a sphere (ball) with a finite value of radius 
and uniformly distributed average density of matter. We are inclined to accept 
this idealized view, since it allows for the purposes of quantitative estimation of 
the model to use the currently accepted parameters of the observable part of the 
universe—radius UR  and average volume density of matter Uρ . 

Then, equating the sphere of distant matter in our model with the currently 
observable part of the Universe, we will further use the currently accepted param-
eters [23], i.e. we will assume that 
 26 3 26

0 010 kg m ; 10 mU UR Rρ ρ −= ≈ = ≈ .   (11) 

This assumption actually means that the point P of intersection of the two de-
pendences ( ) 3

1 0efM R Rρ∝  and ( )2 0
kR

efM R eρ −∝  in Figure 2(a) corresponds 
precisely to this distance. Of course, the current value of the size of the observable 
part of the universe is tentatively determined on the basis of many different ob-
servational data and cannot be considered final. But, for the quantitative calcula-
tions based on our model, we will accept these values, which can subsequently be 
further refined. 
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On the basis of these parameters, we can roughly estimate the speed of Modified 
LRGI w, if the delay time of the DM reaction reacDMt∆  on the test body after 
application of the external force is extremely small, but not equal to zero. 

Obviously, the determination of this time should be based on a corresponding 
experimental measurement. But, still, for a rough estimate of the value of this 
delay, let us make a completely arbitrary analogy between the DM sphere and the 
microscopic atomic structure consisting of a central nucleus and an electron shell, 
which has a spherical shape. 

As is known, the main interaction between the nucleus and the shell of an atom 
is electromagnetic interaction, which is transmitted at the speed of light c. It 
follows from this that if any disturbance occurs in the impact (electrostatic 
attraction) of the nucleus on the electronic shell of the atom, then the reaction on 
the shell should be transmitted with a delay of the order of  

8
16 16

8

2 2 10 0.77 10 10 s
3 10

a
cereacA

R
t

c

−
− −×

∆ ≈ = = × ≈
×

, where 810 maR −≈  is the typical 

size (radius) of the atom [24]. 
Let us assume that there is a kind of recurrence in the hierarchical structure of 

matter, so that the “megastructure” under consideration (the DM sphere) resembles 
its “microstructure” (the atom), so that the response time of the spherical DM is 
close to the reaction time of the electron shell of the atom, then for the value of the 
velocity of the Modified LRGI we get 1610 sreacDM reacAt t −∆ = ∆ ≈ . 

We will note that such a concept in a certain sense approaches the well-known 
concept of the existence of peculiar “atom-like” gravitational structures—so-called 
“Gravitational atoms” (for example, [25]). Hence, for the value of the transmission 
rate of this interaction we get 

 
26

420
16

2 2 10 2 10 m s
10DMreac

R
w

t −

×
= ≈ = ×
∆

.   (12) 

Of course, this assumption is quite conditional, and the real inrtial response 
delay time of real material objects and the corresponding inertial transfer rate can 
only be determined on the basis of relevant experiments. 

5. The Model in Action: Representation of the Main Types of 
Inertial Effects by Corresponding Gravitational 
Accelerations inside the Distant Matter Sphere 

5.1. Absence of Inertial Accelerations in Inertial RF as the  
Absence of Gravitational Accelerations inside the DM Sphere 

Consider a local RF that is stationary or moving in a straight line with constant 
velocity relative to a bulk stationary RF (the “Galilean ship” relative to the Earth). 
As we know, no inertial forces arise in such an RF, which is reflected in the Gali-
leo-Newton Mechanical Principle of Relativity: Mechanical processes in an RF 
that moves in a straight line at a constant speed proceed in the same way as when 
this RF is stationary. Here, our aim is to elucidate whether such type of RFs can 
be mapped to corresponding RFs located inside the DM sphere. 
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As noted above, in our model we assume that when the local RF is located at 
the center of the Sphere DM, then between each point of the RF and the inner 
surface of the Sphere DM there exist radially directed lines of modified long-range 
gravitational interaction, which are uniformly distributed given the uniformity of 
the mass distribution in the spherical layer (Figure 2(a)), respectively, in our ide-
alized model—on the surface of the sphere (Figure 2(c)). 

Then, when the local RF is located at the center of the hollow sphere of the DM, 
there will be a complete compensation of the sum of the forces of Modified LRGI 
and, therefore, no gravitational forces will act on the Local RF (and the test bodies 
inside it). Here two questions arise: does the indicated compensation of the forces 
of Local RF remain in force a) when the position of the Local RF is shifted from 
the center of the Sphere DM? and b) in rectilinear motion of Local RF with con-
stant speed relative to bulk stationary RF? 

It should be noted that the question of whether a body located inside a hollow 
sphere with a uniform distribution of mass density will be attracted to the inner 
surface of the sphere was already dealt with by Newton. As is well known, he 
proves that at any point inside the hollow sphere attraction will be absent given 
the mutual compensation of the forces of attraction to arbitrarily taken sufficiently 
small opposite regions (spherical segments) of the hollow sphere [26]. Moreover, 
this conclusion follows not only from the point of view of the Newtonian theory 
of gravitation, but also from the point of view of the far more perfect Einsteinian 
theory of gravitation, i.e. the General relativity. However, a number of specialists 
disagree with this opinion and consider that inside the hollow sphere there will be 
a “residual” gravity that will act on the test body, increasing as it approaches the 
surface of the sphere (for example, [27]). 

Let us discuss this question from the perspective of our assumptions laid out in 
the previous point. For this purpose, we will consider our model of the distant 
matter in the form of a hollow sphere of infinitesimal thickness, with the condition 
that the test body is located at an arbitrary point that does not coincide with the 
center of the sphere (Figure 5). 

 

 
Figure 5. (a) Towards the determination of the resultant force of attraction of the test body 
to the inner surface of the infinitely thin hollow sphere: 1—hollow sphere; 2—test body; 
3—secant plane perpendicular to the radius passing through the point of placement of the 
test body; (b) Moving the lines of the Modified LRGI and the Sphere DM when the position 
of the Local RF is shifted. 
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According to the figure, if the local RF is located not at the center of the DM 
sphere, but at an arbitrary point inside it, then we can mentally construct a secant 
plane (3) that passes through the test point body and is perpendicular to the radius 
passing through this point. Obviously, this plane will divide the sphere into two 
complementary segments: small ( )0A B′  and large ( )0A B′′ . Then, according to 
our assumption in point 4, the two sectors will attract the test body in opposite 
directions, i.e. the resultant action will be determined by the difference of these 
opposing forces. 

Bearing in mind what was stated in the previous point and expression (8), for 
the resulting gravitational acceleration of the test body, which is directed along 
the axis of symmetry 0 00 0Z′ ′′ ≡ we can write 

 ( )( )1 2

0 0 0

;

0
2

,
1

gsres gsres Z

sph sphs s
gsres g gn n n

a

S SS S S S
a k

R R R
κ

=

− + ∆ − ∆
= − − = − ≡ 

 

a e

  (13) 

where 1 2,s sS S  are the areas of the small and large segments, respectively, and 
S∆  is the area of the part of the sphere (girdle) ( )P P AB′ ′′ , gk  is the coefficient 

of proportionality. 
This gridle is added to the small segment, respectively, is subtracted from the 

large segment, since the direction of the force lines of the Modified LRGI is re-
versed according to the figure. Therefore, the resulting areas of the two segments 
become equal to half the area of the sphere. As can be seen from the above expres-
sion, the resultant gravitational acceleration is equal to zero at any displacement 
of the test body from the center of the sphere and at any value of the exponent, i.e. 
under an arbitrary law of gravitational interaction. This result shows that inside 
the hollow sphere gravity will be absent due to its “self-compensation”. 

Then, the absence of gravitational accelerations in the hollow sphere gives us 
reason to assume that it imitates the local RF, which is stationary relative to the 
bulk (also stationary) RF, in which inertial forces and accelerations are absent 
(Galileo’s ship, when it is stationary). 

But, we have to account for the fact that when the RF moves at a constant speed, 
the mechanical processes proceed in the same way when this axis is stationary 
(“Galileo’s ship, when it moves at a constant speed “relative to water, i.e. Earth). 
In other words, we should explain what the taken-for-granted Galileo-Newton 
mechanical principle of relativity is based on? 

Our model makes it possible to explain the existence of the indicated principle 
on the basis of the understanding that the constant-velocity relative motion of the 
local RF with respect to a bulky stationary RF does not change the structure of the 
lines of Modified LRGI of this Local RF with the distant matter—the same as if 
“move” along with the movement of Local RF (Figure 5(b)). Hence, it follows that 
the specified full compensation of the gravitational forces acting on the side of the 
hollow sphere on the LRF and the other bodies in it, in the stationary state of the 
LRF relative to the bulky RF, continued to be preserved. 
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It is important to note that the realization of an inertial LRF moving in a straight 
line with a constant velocity relative to another bulk RF that is also inertial is an 
idealization and in practice is possible only approximately, since any more general 
RFs actually moves with non-constant velocity as a result of the (local) gravita-
tional interaction with other objects. But, then the “imitation” of the inertial RF 
as RF, which is in the ideal-shaped DM sphere, is also an idealization, given that 
the presence of other material objects in the sphere will distort the ideal shape of 
the lines of Modified LRGI and full compensation of gravitational forces inside 
the hollow sphere will not be realized. 

5.2. Rectilinear Inertial Acceleration in the Accelerated RF as a 
Static Gravitational Acceleration Occurring in the  
Unilaterally Truncated Sphere of DM 

The simplest type of non-inertial RF are those that move in a straight line with 
constant acceleration (for example, a bus that moves on a level road with a uni-
formly increasing or decreasing speed). In this case, as is known, significant 
changes occur in the state of the bodies located in the accelerated RF. So, for ex-
ample, we can imagine a “rectilinear” version of Newton’s experiment with the 
bucket of water by replacing the bucket with a parallelepiped-shaped container 
partially filled with water. The vessel is placed on a trolley which is stationary or 
can move in a straight line at a constant speed or with a constant acceleration. 
Obviously, when the cart is stationary or moving at a constant speed, the water in 
it remains stationary and has an unchanged flat surface. But, when the trolley moves 
with constant acceleration, the water changes its shape—it falls on the front wall of 
the vessel in the direction of movement and rises on the back wall. It is clear that the 
explanation of this changed state of water according to Newton and according to 
Mach is the same as in the experiment with the rotating bucket of water. 

But, how do we usually explain this difference in the state of the test bodies (in 
this case, the water in the vessel) in rectilinear motion with constant velocity and 
in rectilinear motion with acceleration? It should be noted that the use of a fluid 
body as an indicator of inertial phenomena is associated with a number of side 
assumptions (for example, an assumption of ideal incompressibility of the fluid) 
that complicate the analysis, so here we will use a model of a test body in the form 
of a massive hard ball whose dimensions are small enough to be neglected. 

Then, in the smoothed type of non-inertial RF, the speed of movement changes 
only in absolute value, while its direction remains unchanged 

 ( ); ;LRF LRF L LRF LRF Lv v v t const const= = ≠ =v e e ,  (14) 

where Le  is the unit vector in the direction of the line of motion of the Local RF. 
In Figure 6(a), the local RF is depicted in the form of a wagon, which moves 

under the action of a constant external force extF  relative to the stationary RF. 
From the point of view of the observer located in the bulky RF (3) (The Eart), 

the wagon (1) moves with a constant rectilinear acceleration 1
LRF ext

LRFm
=a F ,  
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Figure 6. (a) A wagon moving under the action of an external force in a straight line with 
constant acceleration relative to the stationary RF: 1—wagon; 2—massive ball; 3—station-
ary RF; 4—stoping barrier; (b) Stationary (locked) wagon located in an external uniform 
gravitational field created by a massive body: 5—locking devices, 6—external massive body 

 
where LRFm  is the mass of the wagon, while the massive ball (2) located in the 
wagon is stationary. When the barrier (4) reaches the ball, it will exert pressure on 
it, trying to dislodge it. But, the presence of a specific property—“inertial mass” of 
the ball, is the reason why it resists the acceleration. This will cause a back reaction 
on the ball, which will act on the barrier with a force TB TB LRFm= −F a . This force 
is sometimes called the “drag force” LdragF  because it will reduce the accelera-
tion of the LRF due to the addition of the (inert) mass of the test body (ball) to the 
mass of the RF. 

But, from the point of view of the observer, who is located in the LRF (wagon), 
the ball will move in a straight line relative to the stationary wagon with constant 
acceleration tb LRF= −a a . Reaching the barrier, the ball will impact it with force 

iL tb tb LRFm= − =F F a . The back reaction of the barrier to this force represents the 
“rectilinear artificial gravity force” Lart tb il= − =F F F . 

The force per unit mass represents the “Field of rectilinear inertial acceleration” 
(FRLIA) 

 ( ), ,iL iL ix x t⊥=a a


,   (16) 

where ,x x⊥

 are the longitudinal and the transverse coordinates, respectively, t 
is a current time. 

We will briefly note the main properties of this field. 
a) Field of RLIA is proportional to the external accelerating (stopping) force, 

assuming that the mass of the accelerated body (Local RF) is constant, i.e. the field 
of rectilinear inertial accelerations is linear 

 1;iL iL ext iL
LRF

k k const
m

= − = =a F .  (17) 

b) Field of RLIA is strictly uniform and does not depend either on the longitu-
dinal x



 or on the transverse coordinates ix⊥  of the point where the test body 
is located in the Local RF, i.e. 

 ( ),iL iL ix x const⊥= =a a


.  (18) 

c) Field of RLIA does not depend on time t, i.e. the field of linear inertial accel-
erations is a static field 

 ( )iL iL t const= =a a .  (19) 
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d) When changing the direction of accelerated movement of the Local RF, the 
FRLIA changes its sign to the opposite 

 LRF LRF iL il→ − → → −a a a a .  (20) 

e) When the uniformly accelerating motion of Local RF change to a uniformly 
decelerating motion, the sign of the rectlinear acceleration field also changes its 
sign to the opposite 

 LRFacc LRFdrag iL il→ − → → −a a a a .  (21) 

Then, the question—what is the origin of the considered inertial effects during 
the movement of the RF with acceleration?—can be answered—the origin is pre-
cisely the presence of inertial mass of the bodies (in this case—the massive ball). 

But, as we know, according to the principle of equality of inertial and gravita-
tional masses of bodies, we can assume that there is only one common character-
istic—“mass” of bodies, which is the source, as of inertial, as well as the gravita-
tional phenomena (in particular, the mutual attraction between them). 

As is well known, the experimentally confirmed equality of inertial and gravi-
tational masses allowed Einstein to formulate his famous “Equivalence principle”, 
which he illustrated through his thought experiment with lift (“Einstein’s lift”). At 
the same time, his goal was to explain a relatively unknown phenomenon—grav-
ity, with another relatively much more familiar phenomenon—the inertia of bod-
ies. In the given case, we have the opposite goal—to explain the inertia of the bod-
ies through the action of a corresponding gravitational field arising in the RF, 
which is moving accelerated. 

Here, for the purposes of our analysis, we will make use of a modification of 
this thought experiment illustrated in Figure 6(b). In it, instead of the wagon 
moving with constant acceleration shown in Figure 6(a), here the same wagon is 
“stuck”, i.e. the same is stationary relative to the bulky RF. Near it is located a 
massive object (6) with sufficient mass and large enough dimensions, so that it 
creates a static uniform gravitational field of the same magnitude as the inertial field 
arising in the accelerated moving wagon. Then, if the action of the gravitational field 
of the external source on the test bodies (balls) located inside it is equal to the action 
of the field of inertial accelerations in the case when the wagon moves with constant 
acceleration, the logical question follows—what is this source and where is it lo-
cated? It is to this question that Mach answers with his intuitive guess—it is the 
totality of the “distant fixed stars” understood as a united material object. 

Then, developing Mach’s idea, we should specify in this case what should be the 
structure of the distant material object so that it can create a gravitational field, 
the action of which on the test bodies is equivalent to the action of rectilinear 
motion with constant acceleration of the local RF on the test bodies in it. 

Based on the model of interaction of the local material object with the DM rep-
resented by lines Modified LRGI connecting the body to the individual points on 
the inner side of the hollow sphere of the DM (Figure 2(b)), we should assume 
that during movement with acceleration the uniform distribution of these lines 

https://doi.org/10.4236/jmp.2024.1512093


S. Lukov 
 

 

DOI: 10.4236/jmp.2024.1512093 2292 Journal of Modern Physics 
 

violates. These lines seem to recede from the front side of the Sphere DM (in the 
direction of movement of the LRF, i.e. in the opposite direction of movement of 
the sphere) and thicken towards the back side of the sphere (Figure 7(a)). This 
change can be represented by an equivalent change in the shape of the spherical 
layer, which thins in the direction of the accelerated movement and thickens in 
the opposite direction (Figure 7(b)). In our idealized model, the variation of the 
thickness of the spherical layer is replaced by an equivalent one-sided truncation 
of the infinitely thin DM sphere, i.e. with the removal of a part (segment) of the 
hollow sphere (Figure 7(c)). 

 

 
Figure 7. (a) Change in the distribution of the lines of Modified LRGI during straight-line 
movement of Sphere DM with constant acceleration opposite to the acceleration of LRF: 
1—LRF; 2—Sphere DM; 3—MLRGI lines; b) Equivalent effective variation of the thickness 
of the Sphere DM layer: 4—spherical layer with uneven thickness; c) Equivalent effective 
one-sided cutting of the infinitely thin Sphere DM according to the proposed model: 5—
infinitely thin Sphere DM; 6—cut spherical segment; 7—projection of the cut segment on 
the opposite wall of the sphere; 8—mutually compensating (“passive”) lines of MLRGI; 9—
“active” MLRGI lines. 

 
Obviously, in contrast to the complete compensation of gravitational forces in 

the hollow uncut sphere with a homogeneous mass distribution, discussed in the 
previous point, in this case this compensation will be incomplete. Then, if we 
mentally consider the equivalents of all the long-range accelerations directed op-
positely, it is seen that they will mutually compensate each other in all parts of the 
sphere, except for the segment obtained by projecting the cut segment (6) on the 
opposite wall of the sphere, i.e. the projected segment (7). The equivalent of the 
uncompensated accelerations from this segment will be directed along the line 
passing through the point of location of the RF and the center point of the segment 
(8) (Figure 7(c)). 

Hence, according to the assumptions mentioned in item 4.1, the gravitational 
acceleration will be proportional to the area of the cut spherical segment, i.e. of 
the projection of the same on the opposite side of the Sphere DM and assuming 
that the attraction to this segment occurs according to the power law ( )01 nR∝ , 
we have 

 
2

0 0 0 0 0

0 0 0

2 2s s s L s L
gL Z Z Zn n n

S R h R h
G G G

R R R
ρ ρ ρ′ π ′ ′

= −
π

= − = −a e e e ,  (22) 

where 0;L L Lh h h R=  is the absolute and relative value of the one-sided truncation 
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(parameter of the truncation) of the sphere, is the unit vector in the direction of 
the axis of the segment (Figure 8(b)). 

Considering that  

2 2 2
0 0 0 0

0

14 2 4 1 4 1
2 2

L
sph sph s L L

hS S S R R h R R h
R

π π
   ′ = − = − = − = − π π  

  
, for the re-

sultant surface mass density of the segment we obtain 
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,  (23) 

Then, for (22) we get 

 
3
0

0
0

2
13 1
2

L
gL Zn

L

R hG
R h

ρ=
−

π
−a e  . (24) 

For the case when the intercept of Sphere DM is small compared to its radius 
1Lh 

, from which it follows, 

 
3
0

0
0

2
3gL L Zn

R
G h

R
ρπ′ = −a e .  (25) 

Then, for Newton’s law of attraction ( )2n = for (24) and (25) we have 

 ( ) ( )0 0 0 01 1
2 2;

13 31
2

L
Z L ZgL gL

L

hG R G R h
h

ρ ρ′= − = −
−

π πa e a e .   (26) 

From here we can determine the value of the parameter of one-sided truncation 
of the SphDM necessary to obtain a set value of the gravitational acceleration 

 ( )
( )2

2
0 0

3

2
gL

Lh
G Rρπ

=
a

.   (27) 

Here, as in what follows, we will use as standard the so-called “unit rectilinear 
gravitational acceleration”, which should be equal to the corresponding “unit rec-
tilinear inertial acceleration” 

 21
1 1

1

1 N 1 m s
1 kg

i
gL iL

F
m

= = = =a a .  (28) 

Then, setting the values of the main parameters of Sphere DM according to 
item 4.3 and the value of G , we get 

 ( )
9

1 2 11 26 26

3.1 7 10
2 3.14 6.67 10 10 10Lh − −= ≈ ×
× × × × ×

,  (29) 

which is absurd (the part cannot be greater than the whole!). 
Obviously, this result leads to the reasonable question—what is the reason for 

this contradiction—the inaccuracy of our model or the inapplicability of Newton’s 
law in the given case? 

Then, let us suppose that the mass of the entire observable part of the universe 
is concentrated at a point which is located at a distance from the test body equal 
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to the supposed radius of that part 2610 mUR ≈ . It follows that in order to obtain 
a unit acceleration at the point of location of the test body, according to Newton’s 
law of attraction, the required mass of the material point should be 

 
( )2262

1 62
11

1 10
1.5 10 kg

6.67 10
g U

U

R
M

G −

×
′ = = ≈ ×

×

a
.  (30) 

while the estimated mass of the observed part of the universe is approximately ≈ 
1052 kg, i.e. 10 orders of magnitude smaller! Therefore, we have reason to assume 
that Newton’s law in the considered case (inside the unilaterally truncated sphere 
of DM) is inapplicable. 

Then, let’s assume that more realistic in this case is the “weakened power law” 
when 2n  . So, let’s initially take the nearest integer ( )1n = . Then, instead of 
(24) and (25), we will have 

 ( ) ( )
2 2

0 0 0 01 1
2 2;

13 31
2

L
Z L ZgL gL

L

hG R G R h
h

ρ ρ′ ′ ′= − = −
π π

−
a e a e  .   (31) 

In the above expressions, instead of the standard Newtonian gravitational con-
stant G, we have substituted the “modified” gravitational constant G′  having 

dimension 
2

2

m
kg s
 
 ⋅ 

, so that the dimensions on both sides of the ratios equalize.  

Then the question naturally arises, does the numerical value of the reduced con-
stant also change? This question can obviously be answered by a corresponding 
experimental study. Here, for the purpose of our rough calculation, we will assume 
that the numerical value of the reduced gravitational constant remains the same 
as that of the standard Newtonian constant. Some reason for this assumption is 
given by the fact that the change in the dimensionality of the reduced gravitational 
constant is precisely related to the transition from voluminous to the surface mass 
density in our DM model in the form of a hollow infinitely thin sphere, in which 
the numerical value of the gravitational constant does not change. 

Then, from (31) we determine the parameter of one-sided truncation of Sphere 
DM 

 ( )1 2
0 0

3

2
gL

Lh
G Rρ

′

π
=

a
.   (32) 

Hence, for the required truncation to obtain the unit acceleration, we have 

 ( ) ( )
17

1 1 211 26 26

3.1 7 10
2 3.14 6.67 10 10 10

Lh −

− −
= ≈ ×

× × × × ×
, i.e.   

 ( ) ( )
9 6

01 1 7 10 7 10 kmL Lh h R m= = × = × ,  (33) 

which is already an acceptable value. 
But another problem arises here. So, as we know the field which is characterized 

by potential and tension as follows 

https://doi.org/10.4236/jmp.2024.1512093


S. Lukov 
 

 

DOI: 10.4236/jmp.2024.1512093 2295 Journal of Modern Physics 
 

 ( ) ( )
d

ln
d

g
g g R

GMR GM R R
t R
ϕ

ϕ = → = = −a e ,  (34) 

corresponds to a source in the form of an infinitely thin and infinitely long mas-
sive fiber ( Re  is a unit vector in the direction of the radius perpendicular to the 
fiber). 

With this type of field, in addition to the dependence of the magnitude of the 
acceleration on the distance to the source, there will also be a dependence of this 
magnitude on the polar angle χ ( )cosga χ∝ , which is determined by the ori-
entation of the fiber in a plane perpendicular to the line of motion. This means 
that if the test body has a drawn shape (filament, cylinder, downloaded ellipsoid, 
etc.), on the same, in addition to attraction to the source (the massive fiber), a 
torque will arise, tending to orient the test body parallel to the fiber (Figure 8(a)). 

But, as experience shows, such a dependence of the field of accelerations in the 
rectilinearly moving RF with constant acceleration is not detected. From this 
follows the conclusion that the field with a structure corresponding to the field of 
an infinite massive thread is not suitable to imitate the field of linear accelerations 
in the indicated type of RF. 

Of course, we can avoid this difficulty by running multiple infinite massive fi-
bers across the center of the segment. Thus, in the end, we will go from an infinite 
massive fibre to an infinite massive plane (5 in Figure 8(a)). 

As is known, a source in the form of an infinite massive plane creates a uniform 
gravitational field, the acceleration of which does not depend on the distance to 
the source and is characterized by a potential and tension, which are described by 
the expressions 

 ( ) ( )
d

;
d

g
g g R RR GMR R GM const

R
ϕ

ϕ = − → = = − =a e e .  (35) 

 

 
Figure 8. (a) Spherical segment (1), which is obtained as a result of projecting the cut seg-
ment on the back side of the sphere: 1—spherical segment; 2—center of the segment; 3—
infinite in length massive fiber; 4—test body with an elongated shape (“pin”); 5—infinite 
massive plane; b) Meridional section of the unilaterally truncated sphere of DM: 6—sphere; 
7—cut segment; 8—projection of the cut segment on the opposite side of the sphere; 9—
section of the massive disk creating an attraction field in the truncated sphere; c) Structure 
of the attracting object (massive disk) in the form of a fractal spherical circle: 10—frontal 
view of the fractal circle in the form of a special fractal (Apollonius gasket); 11—local cen-
ters of attraction. 
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(In this case the unit vector Rе  is directed along the normal to the massive 
plane). 

Then, in order to consider this case, we should pass in the generalized law (25) 
a power law with a zero power exponent ( )0n =  

 ( ) ( )
3 3

0 0 0 01 1
2 2;

13 31
2

L
Z L ZgL gL

L

hG R G R h
h

ρ ρ′= − = −
−

π πa e a e .  (36) 

Hence, for the case when 1Rh 
 we get 

 ( )0 3
0 0

3

2
gL

Lh
G Rρπ

=
a

.  (37) 

Obviously, in this case also another modification of the gravitational constant 

G′′  with dimension 
3

2

m
kg s
 
 ⋅ 

. But again assuming that the numerical value of 

this constant is preserved, for the required value of the truncation parameter to 
obtain unit acceleration we get 

 ( )
43

0 7 10Lh −≈ × ; ( ) ( )
17

01 0 1 0 7 10 mL Lh h R −= ≈ × .  (38) 

As can be seen, the obtained value of the truncation parameter of the DM 
sphere is extremely small (microscopic), which casts doubt on its credibility given 
the huge (‘megascopic’) scales of the DM sphere. Thus, we again face the dilemma, 
this time in the opposite direction—towards small values of the truncation parameter. 
Then, the question again follows—what is the reason for this implausible value—the 
imperfection of our model or the properties of the gravitational interaction inside 
the unilaterally truncated Sphere DM? 

Undoubtedly, our model of distant matter as a hollow infinitely thin sphere is 
highly idealized. But, let us assume that, apart from the imperfection of the 
infinitely thin sphere model, there is also a factor related to the specific properties 
of the long-range gravitational interaction inside the hollow Sphere DM. 

Thus, as we have already noted, a uniform gravitational field is theoretically 
created by a source in the form of an infinite in size and infinitely thin plane. This 
is, of course, an idealization, since real sources of infinitely large dimensions 
(massive fibers of infinite length and massive planes of infinite size) do not exist. 
In the given case, we will also try to find an imaginary source of the gravitational 
field inside the truncated sphere of the DM, which to a large enough extent 
corresponds to the features of the gravitational interaction between the material 
objects inside the truncated sphere and the inner surface of the same. What exactly 
are the requirements for such a hypothetical source? This, in the case of a DM 
one-sided truncated sphere, is precisely the requirement that such a source 
produces a field sufficiently close to the uniform field, while not leading to 
unrealistic (microscopic) sizes of the sphere truncation parameter. 

Our hypothesis in this case is based on the assumption that the exponent in the 
law of attraction can take non-integer (i.e. fractional) values. But, as we know, 
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there are objects with so-called “fractal” spatial and temporal structure that can 
be described with fractional dependencies (fractional dimensionality, etc.) [28] 
[29]. 

In the given case, it is assumed that if the object creating a field of attraction to 
the inner surface of the Sphere DM has such a fractal structure, then the same 
should create a gravitational field that is quasi-uniform, while the same does not 
have unrealistically small (microscopic and submicroscopic) dimensions, as 
required by the zero-valued power-law case of attraction discussed above. We can 
imagine this object as a massive disk with a diameter equal to the diameter of the 
base of the cut spherical segment, which touches the sphere at the center point 

dO of the projected spherical segment (Figure 8(b)). This disk will actually act as 
a “starting” element to obtain the actual fractal structure. 

According to the figure, from the triangle 0AC in Figure 8(b), for the radius of 
the touching massive disk we have 

 ( )22
0 0 0 0 02 2d L L LR R R h R h R h= − − ≈ = .  (39) 

Then, for the value of this radius at a power exponent 1n =  and for 0Rh R , 
according to (33), we obtain 

 26 9 17
0 1 2 10 7 10 1.18 10 md LR = × × × ≈ × .  (40) 

Let us now consider as an illustration the case of a source in the form of a mas-
sive disk with a preselected fractal structure. A well-known such structure, etc. 
“Apollonius gasket” type fractal, which has different variants [30] [31]. 

Figure 8(c) shows the “standard” Apollonius gasket, which is constructed by 
initially inscribing three identical touching circles in an initial “base” circle, then 
in the remainder between them the number 3 2 1 7× + =  of even smaller also 
touching circles is inscribed etc. [31]. This type of fractal can have two variants—
lightly filled (inner circles are removed) and heavily filled (inner circles remain, 
their surroundings are removed). 

Here we will consider the case of a heavily filled fractal. We can introduce a 
parameter “fractal fill factor” 

 2 2 2 2
1 2 32

0 0 1

3 3 7
4FA n

sd L

S Sk r r r pr
S R
Σ Σ= = =

π
+ + + + ,  (41) 

where 0 0,d аR S  are the radius and area of the initial filled massive disk, respectively, 

SΣ  is the total area of the filled circles inscribed in it, 
0

, 1, 2, ,i
i

d

R
r i n

R
= =   are  

their relative radii, ,i p  are the iteration number and number of circles with the 
smallest radius for the final iteration (n—final number). 

For our illustrative example, without claiming accuracy and limiting ourselves 
to the first three iterations with an approximate value of the relative radii of the 
inscribed circles, we can assume 

 2 2 23 0.46 3 0.21 7 0.04 0.7783FAk ≈ × + × + × ≈ .  (42) 

As can be seen, this value is a fractional number in the interval 0 1FAk  . 
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Then, in accordance with our hypothesis stated above, we can assume that the 
above value in a rough approximation can be taken as the value of the exponent 
in the general expression for the magnitude of the gravitational acceleration (22), 
i.e. 
 0.7783FAn k= ≈ .  (43) 

Hence, for the magnitude of the gravitational acceleration and for the relative 
value of the truncation parameter, we have 

 ( ) ( )

0.77833
00

00.77 0.770.7783 3
0 0 0

32 ;
3 2

gL
L ZgL L

RR
G h h

R R
ρ

ρ
π

π
′ = − =

a
a e .  (44) 

Substituting the values of the corresponding quantities, for the required value 
of the truncation parameter to obtain unit acceleration, we obtain 

 
( ) ( )
( )

20
22

1 0.77 0.778311 26 26

4
1 0.77

3 1 1.72 10 1.25 10 ;
2 3.14 6.67 10 10 10

1.25 10 m 12.5 km.

L

L

h

h

−

− −

× × ×
= ≈ ×

× × × × ×

≈ × =

  (45) 

As can be seen, in contrast to the case with a zero value of the exponent, where 
the truncation parameter assumes microscopic values, in the given case with the 
assumed fractional value of the exponent, the truncation parameter has already 
far larger (macroscopic) values. 

Then, for the radius of the fractal circle according to the expression (37) we 
have 

 26 4 15 122 10 1.25 10 1.58 10 m 1.58 10 kmFCR ≈ × × × ≈ × = × .  (46) 

The obtained value even has a super-macroscopic (“megascopic”) scale. 
Of course, taking into account more iterations in the procedure for calculating 

the fractal filling factor in (30), and also adopting another, more appropriate ver-
sion of the “Apollonius gasket” fractal [32], could to provide a more accurate value 
of this parameter. 

But, on the other hand, can we consider that the attraction field within the lim-
its of the cylindrical region with a radius equal to the radius of the fractal circle 
(Figure 8(b)) is close to the uniform field, i.e. much closer than the field that 
would create a uniform massive disk of the same dimensions? In our opinion, the 
grounds for such an assumption are given by the properties of the fractal structure 
of the disc—it does not have a “single” center of attraction, like a uniform disc, 
but many distributed centers (Figure 8(c)), which brings the attraction field closer 
to a strictly uniform field. 

Here again we should note that the representations introduced here of a “fractal 
structure” of the gravitational field source in the DM truncated sphere and a “non-
integer-valued power exponent” in the law of attraction are in fact “effective”. In 
fact, they only represent the real properties of the gravitational interaction inside 
the hollow one-sided truncated sphere of the DM. 

What has been stated in this paragraph gives reason to conclude that, by its 
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properties and structure, the static gravitational interaction inside the unilaterally 
truncated sphere of the DM largely represents the inertial linear effects observed 
in the Local RF, which moves in a straight line with constant acceleration which 
are “static”. But, at the same time, there are certain differences. 

Thus, unlike the field of inertial forces in rectilinearly moving with constant 
acceleration Local RF, which is linear ((expression (17)), the field of static gravi-
tational forces inside the unilaterally truncated sphere of the DM is nonlinear, 
since the same depends nonlinearly on the truncation parameter Lh . It can be 
approximately assumed to be linear for small truncation parameters (expressions 
(26)). Second, while the field of rectilinear inertial accelerations is strictly uniform, 
the field of rectilinear gravitational accelerations according to the model can only 
be assumed to be “quasi-uniform”, in accordance with the additional assumptions 
in the fractional power-law model in Sphere DM and fractal structure of the ef-
fective attraction source. This field can be assumed to be uniform only for suffi-
ciently small values of the parameter of one-sided truncation of the Sphere DM, 

5.3. The Inertial Centrifugal Acceleration in the Rotating RF as a 
Gravitational Centrifugal-Like Acceleration in the Bilaterally 
Truncated Sphere of DM 

This is, in fact, the case of rotational motion that Newton considered in his 
thought experiment and to which Mach directed his criticism. 

Unlike motion with rectilinear constant acceleration, where the linear velocity 
of a point on the local RF remains constant in direction but changes in magnitude, 
in the rotation of a this RF with constant angular velocity, the linear velocity of a 
point remains constant in magnitude but changes at any moment by direction, i.e 

 ( ) ( ); ;LRF LRF L LRF LRF L Lv v v t const t const= = = = ≠v e e e .  (47) 

Figure 9(a) shows a Local RF in the form of a hard disk (1), which rotates 
around an axis (2) passing through its center 3, relative to a bulky stationary RF 
(3). A test body in form a massive ball (4) is fixed to the disk. 

 

 
Figure 9. (a) Local RF in the form of a hard disk, which rotates around an axis passing 
through its center with a constant angular velocity relative to a bulky stationary RF: 1—
disk; 2—axis of rotation; 3—bulk stationary RF; 4—test body (massive ball) attached to the 
disc; 5—stopping barrier; 6—wall of the cylindrical cabin; (b) The same hard disk, but 
stationary and located in the center of a symmetrically encompassing massive body creating 
a radial gravitational field directed towards it: 7—a massive body (toroid) creating the 
gravitational field with cylindrical symmetry. 
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When the disk rotates at a constant angular velocity, a “centripetal” force cpF  
acts on the fixed ball, which causes the direction of the instantaneous rectilinear mo-
tion of the ball cpF  to deviate toward the center of the disk. This force is balanced 
by an equal and oppositely directed “centrifugal” force 2

cf TB r cpm rω= = −F e F , 
where , ,TBm rω  are, respectively, the mass of the ball, the angular velocity of ro-
tation, and the radial distance from the axis of rotation. 

If the ball is released from the disc, then from the observer’s located on bulk 
fixed RF point of view, the ball continues to move along a line perpendicular to 
the radial direction with a constant linear velocity t r ϕω=v e , where ϕe  is the 
unit vector in the direction of the circle of rotation. But, from the point of view of 
the observer, who is located in the rotating RF (disc), the released ball will move 
in a straight line directed along the radius from the center of rotation (Figure 
9(a)). 

When the ball reaches an obstacle (for example, the inner wall of a cylindrical 
cabin with a base coinciding with the disk), it will, under the action of centrifugal 
force, press against the wall of the cabin, tending to move it. The response of the 
cabin wall is known as “artificial radial gravity force” rart rart r cfF= = −F e F . 

 2
iR rrω=a e .   (48) 

Analogously to the previous case, we can consider this centrifugal acceleration 
as a function of the cylindrical coordinates ( ), ,r Zϕ  of the point in the Local RF 
and the time t and speak of a “field of centrifugal inertial accelerations” (Field of 
CfIA) ( ), , ,iR iR r Z tϕ=a a , where , ,r Zϕ  is radial coordinate, azimuth angle 
and position angle ((Figure 9(a)). 

We will note the main properties of this field: 
a) At constant angular velocity ( )constω = , the field of CfIA intensity is pro-

portional to the displacement from the center r. 
b) Field of centrifugal forces, unlike of the field of rectilinear inertial forces, is 

not a completely uniform field, since it depends (linearly) on the radial coordinate 
and does not depend on the azimuthal and axial angles 

 ( ); ,iR iR iRr const Z constϕ∝ ≠ = =a a a .   (49) 

It should be noted that unlike the field of an infinitely long massive filament, 
which weakens proportionally to the distance from the filament and which can be 
characterized as a field with “cylindrical symmetry”, the field of centrifugal forces, 
on the contrary, increases proportionally to the distance from the axis of rotation 
and can be characterized as a field with “anti-cylindrical symmetry”. 

c) Field of centrifugal accelerations does not depend on time, i.e. so is a “static” 
field 

 ( )iR iR t const= =a a .  (50) 

d) Unlike the case when the RF moves in a straight line with constant accelera-
tion, in the RF rotating with a constant angular velocity, when the direction of 
rotation is reversed, the centrifugal inertial acceleration in the RF does not change 
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its sign 

 LRF LRF iR iR→ − → →a aω ω .  (51) 

Then, similarly to the previous case, let us assume that the rotating disk is 
stationary (relative to the bulk RF), but near it there is a source of gravitational 
field, the action of which is similar to the centrifugal inertial field in the case when 
the disk rotates. Again the question arises, what should this source be? 

Based on the above-mentioned cylindrical (anti-cylindrical) symmetry of fields 
of centrifugal accelerations, we can conclude that the supposed source should be 
similar to a body with a toroidal shape encompassing the Local RF (disk) (Figure 
9(b)). 

Hence, similar to the general considerations on the basis of which the model of 
the modified (one-sidedly truncated) hollow sphere of DM is built in the previous 
case, we can assume what should be the corresponding modification (truncation) 
of the hollow sphere so that it can represent the inertial effects in the rotating LRF 
by equivalent gravitational effects in this modified hollow spherе. Thus, let us 
mentally imagine a real hollow sphere with a finite thickness of the layer and a 
uniform distribution of the mass density in it, in the center of which there is a 
local axis rotating with a constant angular velocity around a fixed (in this case—
vertically oriented) axis. According to Mach’s notion, this is equivalent to rotating 
the Sphere DM in the opposite direction about the same axis relative to the 
stationary RF (Figure 10(a)). This change in the set of lines, considered as a com-
plete material object, can be represented by an equivalent change in the thickness 
of the spherical layer of the Sphere DM—this layer thins around the poles and 
thickens around the equator of the sphere (Figure 10(b)). 

 

 
Figure 10. (a) Change of the density distribution of the Modified LRGI lines upon rotation 
of the LRF, i.e. with equivalent rotation of Sphere DM in the opposite direction 1—LRF; 
2—Modified LRGI lines; (b) Equivalent effective variation of the thickness of the spherical 
layer: 3—variation of the thickness of the spherical layer (thinning around the poles and 
thickening towards the equator of Sphere DM); (c) Equivalent bilaterally symmetric cutting 
of the infinitely thin Sphere DM according to the proposed model: 4, 5—cut circumpolar 
segments, 6—meridional section of the central spherical belt 

 

Then, analogously to the previous case, we can assume that in fact this rotation 
causes a change in the distribution of the lines of force of the Modified LRGI—
they withdraw from the poles of the sphere and condense towards the equator of 
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the same (Figure 10(a)). Again by analogy with the previous case, in our idealized 
model this change is represented by an equivalent bilaterally symmetric cutting of 
the hollow infinitely thin Sphere DM (two diametrically located spherical seg-
ments of the same height are removed from this sphere (Figure 10(c)). 

Then, for the effective surface mass density of the remaining part of the sphere 
instead of (23) we will have 

 
2
0 0 0

0 0 2
0 0

4 1
3 14 4S S

RR

R R
hR R h

ρ
ρ ρ′= =

−−
π

π π
,  (52) 

where 0R Rh h R= , and ,R Rh h  are the absolute and relative depth (parameter) 
of the bilateral cutting of the Sphere DM. 

To determine the gravitational acceleration in this case, similarly to item 5.2, 
we will again proceed from the assumption that this acceleration is proportional 
to the area of the cut parts of the sphere, i.e. on the two circumpolar segments 

 2
0 02 4 4gR s R RS R h R h∝ =π π=a .  (53) 

Here the question may arise—since the lines of MLRGI are concentrated in the 
central spherical belt, which remains after the bilateral truncation of the sphere, 
we assume that is determined not by the area of the belt, but by the area of the 
two truncated segments? 

The basis for this assumption is given by the comparison with the picture of the 
lines of Modified LRGI in the unilaterally cut Sphere DM shown in Figure 7(c) 
(paragraph 5.2). From here, by analogy, it can be concluded that in the area of the 
central spherical belt, in addition to mutually compensating (“passive”) lines, 
there are also “active” lines, the number of which is proportional to the area of the 
cut segments (Figure 11(a)). Thus, in fact, we have a kind of “projection” of the 
cut segments on the central belt of the sphere (Figure 11(b)). 

 

 
Figure 11. (a) “Passive” (mutually compensating) (1) and “active” (2) lines of Modified 
LRGI existing in the area of the central spherical belt; (b) Equivalent “projection” of the cut 
circumpolar spherical segments (3, 4) onto the central spherical belt (5); (c) Equatorial sec-
tion of the Sphere DM: 6—a plane perpendicular to the equatorial plane crossing the Sphere 
DM at a distance r from the center. 

 
Then, we can record 

 ( )0 0 2 1gR s b s b bS S Sρ ρ∝ ∆ = −a ,   (54) 
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where 1,2bS∆  is the difference in the areas of the two parts of the central belt, 
which are obtained from the crossing of the same by a plane perpendicular to the 
equatorial plane and displaced from the center of Sphere DM at a distance (Figure 
11(c)). 

According to Figure 11(a), Figure 11(b), for the areas of the two parts of the 
central belt we have 

 ( )1,2 0 1,2 0 0bS R R R R r= =π π 
.  (55) 

Then, for the gravitational acceleration inside the bilaterally truncated Sphere 
DM we can write 

 
( ) ( )

2 0 0
0 0 0

0 0

21
3 1

R
gR rn n

R

R r R rhG R R
h R r R r

ρ
 + −
 = − −

−  + − 
π


a e ,  (56) 

where , rr e  is displacement from the center of the sphere and a unit vector along 
its direction (Figure 11(c)). 

Given the small value of the displacement compared to the radius of the Sphere 
DM ( )0r R

the above expression can be simplified 

 ( )
3 3
0 0

0 0
0 0

2 42
3 3gR R r R rn n

R R
G h r G h r

R R
ρ ρ− =

π
=

π
−a e e .   (57) 

As seen from the above expression, the radial gravitational acceleration is pro-
portional to the displacement from the center r and has the opposite sign, mean-
ing that it is directed from the center to the periphery of the disk, similar to the 
radial inertial centrifugal acceleration. 

Hence for the exact and approximate (at 1Rh 
) expression we have 

 
3 3
0 0

0 0
0 0

4 4;
3 31

R
gR r gR R rn n

R

R RhG r G h
hR R

ρ ρ
−

π
=

π
=a e a e .  (58) 

It should be noted that the presence of the multiplier will violate the equality of 
the dimensions of the quantities on the left and right sides of the ratio (58). To 
restore this equality, it is necessary to reduce the gravitational constant into a new 
constant G′′′  with a correspondingly changed dimension. Here, analogously to 
the previous paragraph, we assume that this modified constant keeps its numerical 
value equal to the value of the standard gravitational constant. 

Let us now, as in the previous point, test the validity of the obtained expression 
(58) at a value of the power exponent 2n = , i.e. for Newton’s law of attraction. 

Thus, instead of the general expressions (58), we have 

 0 0 0 0
4 4;
3 31

R
gR r gR R r

R

hG R r G R h r
h

ρ ρ=
−

π π
=a e a e .  (59) 

Using only the approximate expression, for the relative and for the absolute 
depth of bilateral cutting of Sphere DM we get 

 ( )
( )

( ) ( )
2

02 2 2
0 0

3
;

8
gR

RR Rh h h R
G R rρ

∂
= =

π

a
.  (60) 
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Then, similar to the previous paragraph, we can introduce a parameter “unit 
centrifugal-like gravitational acceleration” equal in value to “unit centrifugal in-
ertial acceleration” 

 2
1 2 21

1 m1 1 m 1
s sgR icf rω= = = × =a a .  (61) 

Putting in (60) 1 1 mr = , we obtain the same absurd values for the truncation 
depths as in the previous paragraph 

 ( ) ( )
9 35

1 2 1 23.5 10 ; 3.5 10 mR Rh h≈ × ≈ × .  (62) 

This means that even in the case considered here, the law of attraction with a 
power exponent 2n =  is unacceptable. 

Then, let’s check the fulfillment of the exponent condition 1n = . 
Thus, instead of (58) we get 

 2 2
0 0 0 0

4 4;
3 31

R
gR r gR R r

R

hG R r G R h
h

ρ ρ
−

π
=

π
=a e a e .  (63) 

Again using the approximate expression, we have 

 ( ) ( )
( )12

0 01 1 2
0 0

34 ;
3 4

gR
R rgR RG R h r h

GR r
ρ

ρ
= =

π
π

a
a e ,  (64) 

and instead of (62) we get 

 ( ) ( )
17 9

1 1 1 13.5 10 ; 3.5 10 mR Rh h−≈ × ≈ × .  (65) 

We also obtained this value in the case of representing the rectilinear inertial 
acceleration as an equivalent rectilinear gravitational acceleration in the unilater-
ally truncated Sphere DM discussed in the previous paragraph, but there we aban-
doned the value of the exponent ( )1n =  due to the inappropriate structure of the 
field of the equivalent source of attraction (infinite rectilinear fiber) which pos-
sesses polarization properties absent in the rectilinear inertial acceleration field. 

In the given case, however, the source field in the form of an infinitely long 
massive filament turns out to be appropriate given the cylindrical symmetry of the 
imaginary source in the form of a cylinder described around the Sphere DM (Fig-
ure 9(b)). 

But, then, as in the previous paragraph, the assumption of an infinite length of 
the source in the form of a massive fiber remains unacceptable. Therefore, by anal-
ogy with the previous paragraph, we should look for a way out of this difficulty by 
switching to a non-integer (fractional) value of the exponent, but this time this 
value should be in the interval 1 2n  . 

Then, analogously to the previous point, we will assume that the fractional value 
of the indicator can be associated with a corresponding fractal structure of the 
source of attraction. 

In the given case, given the axial symmetry of the rotating LRF, the initial ap-
pearance of the imaginary source of attraction to the inner wall of the bilaterally 
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truncated Sphere DM should also have axial symmetry. 
Hence, starting from the massive toroid depicted in Figure 9(b), we can imag-

ine this source as an infinitely thin massive cylinder with a radius equal to the 
radius of the Sphere DM and touching at the equator of the sphere. The height of 
this cylinder should be equal to the height of the spherical belt remaining between 
the two-sided cutting of the sphere (Figure 12(a)). 

 

 
Figure 12. (a) Bilaterally cut Sphere DM (1) and a massive cylinder (2) circumscribed 
around it with a height equal to the height of the spherical belt; (b) Formation of the smooth 
massive circumscribed cylinder by straight line (3) rotating along the equatorial circle (4); 
(c) Formation of the non-smooth broken fractal cylinder by replacing the line with the 
“broken” Koch Curve (5); (d) An example of constructing a “smoothed” fractal of the Koch 
Curve type; (e) Lines of force of the strictly uniform (6) and the quasi-uniform (7) field in 
the meridional plane of the bilaterally cut Sphere DM, (8) test bodies (balls) located on the 
same meridional plane of the Sphere DM. 

 
Unlike the case of linear acceleration, where a “sparse” fractal disc fractal struc-

ture of the “Apollonius gasket” was needed, the occupancy of which is always less 
than the dense disc, in the given case it turns out that a “extended” fractal cylinder 
(i.e. a cylinder whose area is always greater than the area of the original smooth 
cylinder). A cylinder with such a structure can be constructed if the forming line, 
which moves along a circle coinciding with the equatorial circle of the Sphere DM, 
is not a straight line, but a fractal broken line. A benchmark for such a line is the 
well-known fractal “Koch Curve” [32]. 

As is well known, the fractal “Koch Curve” representing a broken line has a 
greater length compared to a smooth straight line. From here we can conclude 
that the total area of the fractal broken cylinder, which is obtained when the bro-
ken section moves along the equatorial circumference of the sphere (Figure 
12(b)), will also be larger than the starting area of the smooth cylinder. 

Then, following the same procedure as in the previous point, we can enter a 
parameter—“coefficient of increase in the area of the cylinder” in the form of a 
relation 

 FR
smcyl smcyl

S Lk
S L

Σ Σ= = ,  (66) 

where , ; ,smcyl smcylS L S LΣ Σ  are the area and length of the forming, respectively, the 
broken and the smooth cylinder. 

We should immediately note that if here, as in the previous point, we assume 
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that the coefficient of elongation is numerically equal to the fractional exponent 
of the modified law of attraction to the broken smooth cylinder, i.e. 
 FRk n= ,  (67) 

then, in order to fulfill the condition 1 2n  , it is obviously necessary that this 
coefficient does not exceed the value 2n = , which corresponds to Newton’s law 
of attraction, which, as we have already established above, leads to a contradiction. 

In the “standard” type of fractal “Koch Curve”, the value of the elongation fac-
tor increases with increasing number of iterations of the law 

 4
3

p

FRstk  =  
 

,   (68) 

where 1, 2, , crp p=   is the number of iterations, is the “critical” crp  number 
at which 2FRk ≥ . 

In this case, FRk  it becomes greater than 2 on the second iteration  
( )( )2 3.16FRstk  . This means that this type of fractal is “highly non-uniform”. 
But, a highly inhomogeneous fractal is not suitable in that the exponent will be 

too close to the value 2 corresponding to a highly inhomogeneous attraction field 
created by a point source. 

Then, a “smoothed” variety of the “Koch Curve” fractal, defined by the depend-
ence 

 ( )
1

p

FRir pcr
qk

q
 +

=  
 

,  (69) 

where ( ) ( )3,5,7, , 2 1 ; 1,2,3,q u u= + = 
 is the odd number of segments into 

which the entire segment is initially divided. 
Based on the above formula and on successive samples, we obtain that for 

29q =  after the fourth iteration ( )4p = , we get 1.72Frk n= ≈ . 
Then, instead of (62), we will have 

 ( ) ( )
( )1.721.72

0 01.72 1.72 1.72
0 0

34 ;
3 4

gR
R rgR RG R h r h

G R r
ρ

ρπ
= =

π a
a e .  (70) 

Substituting the values of the corresponding quantities, we get 

 ( )

( )

10
1.72 11 26 44

16
1.72

3 1 6.6 10 ;
4 3.14 6.67 10 10 5.3 10 1
6.6 10 m.

R

R

h

h

−
−

×
= ≈ ×

× × × × × × ×
≈ ×

  (71) 

The obtained result is satisfactory from the point of view of the above-men-
tioned condition of “non-microscopicity” of the bilateral truncation parameter of 
Sphere DM. But, at the same time, we should note that by increasing the “smooth-
ing” of the Koch fractal curve, we will also increase the degree of nonuniformity 
of the field in the meridional plane, since the attracting object (the broken cylin-
der) will also increasingly approach the smooth cylinder with final height. 

Figure 12(d) shows the structure of the force lines of the strictly uniform (6) 
and the quasi-uniform (7) centrifugal-like gravitational field. As can be seen, in 
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the case of the quasi-uniform field, in addition to radial centrifugal forces, transverse 
forces tending to move the test bodies (8) apart in a vertical plane will also act. 
These forces are actually related to the spherical shape of the residual spherical 
belt, which is obtained as a result of the bilateral cutting of the Sphere DM (Figure 
12(a)). 

As in the previously discussed case, as well as here, the question remains open—
what is the law of attraction in the bilaterally truncated sphere of the DM, which 
can be approximated most accurately with a corresponding type of fractal struc-
ture of the source. Then, as well as the similar question in the previous point, the 
answer to this question should be sought in a corresponding experiment modeling 
to a large extent the theoretical model adopted here. 

Based on the obtained results in this point, we can conclude that the gravita-
tional centrifugal-like field created inside the hollow bilaterally truncated sphere 
of the DM basically mimics the field of inertial centrifugal forces arising in the 
local RF, which rotates with a constant angular velocity. 

However, as in the case of the formation of rectilinear gravitational acceleration 
inside the unilaterally truncated Sphere DM, there are characteristic differences 
between the centrifugal-like gravitational acceleration field created in the bilater-
ally truncated Sphere DM and the field of inertial centrifugal accelerations existing 
in the rotating RFs. The main differences here are also reduced, as in the case of 
the field of rectilinear gravitational accelerations, to the presence of a non-linear 
dependence of the field on the magnitude of bilateral cutting due to the presence 
of the multiplier 1R R Rh h h′ = − , and also the presence of non-uniformity of the 
field in the meridional plane, which does not is found in the field of centrifugal 
inertial accelerations 

6. Regarding a Possible Connection of the Modified Long 
Range Gravitational Interaction with Other Cosmic  
Phenomena 

In item 4, we set forth the main assumption in the model, namely, that between 
the individual body (the local RF) and the DM sphere there are “connections” in 
the form of lines of modified long-range gravitational interaction (MLRGI). (Re-
call that Mach believed that all bodies in Nature are interconnected). Moreover, 
although individually such a line makes a negligible contribution to the interac-
tion of LRFs with DM, the combined effect of all the lines, the number of which 
is enormous considering the huge surface area of Sphere DM, can be substantial. 
(As Mach pointed out, the weakening of the action of distant stars due to the huge 
distances to them can be overcome by the huge total mass of the same!) But, as 
already indicated, when the LRF is stationary or moving at a constant speed (rel-
ative to another LRF), the total action of the lines of the MLRGI is canceled due 
to the spherically symmetric distribution of the lines, leading to a mutual com-
pensation of their action. However, when the LRF moves with acceleration, the 
distribution of the lines changes—in certain parts of the sphere, their density 
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increases at the expense of the decrease of the same in other parts of the Sphere 
DM. As a result, full compensation is broken and a residual (uncompensated) 
gravitational interaction occurs inside the sphere. 

But, here the logical questions immediately follow—what is the essence of this 
material intermediary and how does it carry out the interaction between the local 
RF and the distant matter—instantaneously, at a finite high superluminal speed, 
so there may be a certain delay of the inertial reaction relative to the instant of 
application of the accelerating force? 

According to our model, it follows that there are two types of gravitational in-
teraction: “local”—between the local bodies (or local RF), which is transmitted at 
the speed of light, and, “global”—between the local bodies and the DM sphere 
considered as connected (unified) object that is transmitted at a speed many times 
exceeding the speed of light and realizing the inertial properties of objects. 
Moreover, аs we know, for the essence of the local gravitational interaction there 
are more or less assumed material “carriers”—for example, for the simplest 
Newtonian gravity, according to Lesage’s hypothesis, these are supposed hard 
microscopic particles moving chaotically and causing convergence of two 
neighboring bodies that mutually “shadow” each other, in relativistic Einsteinian 
gravity the mediator is distorted space-time seen as a continuous material 
substance, in modern quantum field theories these are the supposed quanta of the 
gravitational field (“gravitons”). But, here immediately follows the reasonable 
question about the nature of the material mediator in the global gravitational 
interaction and how does it effect the interaction between the local RFs and the 
distant matter at superluminal but still finite speed? 

Obviously, these questions can be given more or less definite answers, a 
corresponding new theory could give. However, perhaps it is appropriate, within 
the framework of the proposed modern hypotheses and theories in physics, to 
make some assumption about the nature of this material mediator. 

Thus, the intuitive idea of the connections between the accelerated LRF and the 
Sphere DM as “infinitely thin” lines of enormous length in the proposed model 
suggests a certain similarity of this idea with the known hypothesis of the so-called 
“cosmic strings”. The idea of the possibility of the existence of such objects in 
outer space stems from the general theory of strings—objects that, unlike material 
points, which have no dimensions, have only one dimension—length. Numerous 
works devoted to the theoretical justification of the idea of the existence of cosmic 
strings are known (for example, [33]). Then, we can assume that the interaction 
of the local object (the local RF) with the near end of the string is transmitted 
along the same to the other object (the distant matter considered as a connected 
whole) with an enormous speed that is commensurate with the cosmic scales and 
many times exceeds the speed of light. Here the hypothesis can be continued fur-
ther, suggesting a similarity of the waves or particles transmitting the interaction 
along the strings, with the so-called “tachyons”—excitations always moving at su-
perluminal speeds [34]. In other words, we can assume that the gravitational 
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interaction between the local RFs and the distant matter in the Universe, consid-
ered as a total object, is different from the gravitational interaction between the 
local RFs located inside the Sphere DM. This interaction is transmitted at a very 
high, but still finite speed, and is carried out by a corresponding type of particle 
(we can tentatively call them “inertons”, as opposed to “gravitons”, which are sup-
posed to carry out the ordinary gravitational interaction). 

7. Gravity and Inertia—Unity and Opposite: Symmetry of the 
Long Range Gravitational Interaction Violation and  
Recovery 

As we noted at the beginning, Mach’s principle is irrevocably related to the prin-
ciple of long-range action, according to which one material object can act on an-
other material object at an arbitrarily large distance, instantaneously and without 
a material intermediary. This suggests that the gravitational interaction of bodies 
with distant matter in the universe is characterized by an infinitely large propaga-
tion velocity. On the contrary, in the modification of Mach’s principle proposed 
here, it is assumed that the rate of gravitational interaction of material objects with 
distant masses in the universe takes place at a huge but finite-valued propagation 
speed. This means that the action of the distant masses is formed by a vast but 
finite spatial region (the “distant matter sphere”) and acts on the material objects 
within this region with an extremely small, finite time delay. Moreover, instead of 
assuming in Mach’s principle that the action of distant masses takes place without 
a material intermediary, in his modification it is assumed that such an intermedi-
ary exists (the set of lines of “modified long-range gravitational interaction” con-
necting each body inside the sphere with the sphere itself considered as a single 
material object). 

The idea of symmetry as the first basis of physical interactions is emphasized 
by a number of researchers and, in particular, for gravity (for example, [35]). In 
the present study, we also express a similar idea, namely that the global symmetry 
of the Modified LRGI can be the source of both the inertial phenomena in the 
accelerating RF and the effects of “local gravity” between local material objects. 

According to Mach’s principle revised here, the absence of inertial effects in 
inertial RFs moving at constant velocity is due to the strict “self-compensation” of 
the long-range gravitational interaction as a consequence of exact spherical sym-
metry. It can be assumed that this ultimately underlies the famous “Principle of 
Relativity”. 

In non-inertial RFs that move with acceleration, the exact spherical symmetry 
is broken, “decompensation” of Modified LRGI occurs, which is the reason for the 
occurrence of inertial effects in these RFs (Figure 13(a)). 

Here we make an additional assumption, according to which the “local” gravi-
tational effects are also due to a corresponding violation of the global spherical 
symmetry of the Modified long-range interaction, which occurs in the presence 
of material objects inside the Sphere DM. 
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Qualitatively, the idea of the existence of this local gravitational effect arising as 
a result of the broken spherical symmetry of the Modified LRGI is illustrated by 
Figure 13(b). 

 

 
Figure 13. (a) Violation of the symmetry of the Sphеre DM in the presence of bodies mov-
ing with acceleration relative to each other and occurrence of decompensation of the Mod-
ified LRGI, which is the source of the linear stopping inertial forces: 1, 2—two point-like 
massive bodies moving with acceleration relative to each other something else; 3—center 
of mass of the bodies; 4, 5—“individual” unilaterally cut Sphere DM of each of the bodies; 
6, 7—cut segments of spheres; (b) Violation of the global symmetry of the Sphere DM in 
the presence of massive bodies inside it and striving to restore the symmetry as a source of 
the local mutual attraction of the bodies: 8, 9—two point-like massive bodies located at a 
certain distance from each other; 10, 11—individual Sphere DM for each of the bodies; 
12—center of mass of the two bodies; (c) Representation of the (incomplete) compensation 
of gravitational and inertial forces in the local RFs, which “freely falls” in the gravitational 
field of a massive enough large body, as a partial local restoration of the broken symmetry 
of Modified LRGI: 13—local freely falling RF; 14—massive large body; 15—partial local 
restoration of symmetry of Modified LRGI. 

 
According to this idea, in the presence of (at least two) bodies in the sphere of 

the DM, there is a violation of the spherical symmetry of the Modified LRGI ex-
pressed in the appearance of two non-coincident spheres of the DM. At the same 
time, there is a tendency to restore symmetry and the emergence of a “global” 
force of reconciliation of the two spheres, which is “transformed” into a “local” 
force of mutual attraction 1,2SpLF  between the two bodies towards the common 
center of mass 1,2bF  (Figure 13(b)). This generate a non-uniform local gravita-
tional field related to the well-known Newton’s theory of gravity, or considering 
that the speed of this interaction is equal to the speed of light, this leads to a 
relativistic theory of gravity, eg Einsteinian gravity (General Relativity) or another 
similar theories. 

From here it can be concluded that the basis of both the inertial effects and the 
local gravitational effects lies in the same cause—the change in the symmetry of 
the Modified LRGI. 

But, while in the movement with acceleration of the local RF (material object) 
relative to the other RF (also a material object), we have a violation of the global 
symmetry of the Modified LRGI, which is actually the source of the corresponding 
inertial effects in this RFs, in the case of local gravitational effects, we have a 
tendency to restore the broken global symmetry due to the presence of material 
objects in Sphere of DM, which represents the source of the local gravitational 
effects. 
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On the basis of the above, we can still conditionally consider, on the basis of the 
above, we can still conditionally consider that the first mechanism “generates” the 
inertial mass of the bodies, and the second—their gravitational mass. But, the 
unity of the two mechanisms can be taken as the origin of the equality of the two 
masses, and also as the origin of the famous “Principle of Equivalence”. At the 
same time, the opposition of the two mechanisms can be considered as the source 
of the partial mutual compensation of the gravitational and inertial effects in the 
so-called “Local Inertial RFs” (LRFs) that move freely “fall” in an external gravitational 
field. As is known, due to the difference in the symmetries of the local gravitational 
fields of real bodies and the symmetries of the inertial force fields, residual 
(“tidal”) gravitational effects exist in LIRF. 

The interpretation of the phenomenon of disappearance of gravity in the so-
called “freely falling” or “locally inertial” reference systems as a process of “local 
partial (incomplete) restoration of the symmetry of the long-range gravitational 
interaction in these OS is illustrated qualitatively in Figure 13(c). 

The three aspects of the proposed idea are illustrated in the following block 
diagrame (Figure 14). 

 

 
Figure 14. Block diagram illustrating the relationship between the symmetry breaking of the modified long-range 
gravitational interaction, the inertia and the local gravitational interaction of the bodies. 

8. Main Results, Open Questions, Conclusion 

At the end of our work, let us make a brief discussion of the main conclusions of 
our study. 

First of all, we will note again that the main goal of our study, as stated at the 
beginning, is to present Mach’s idea known as “Mach’s Principle”, in a more def-
inite quantitative aspect allowing to represent the inertial accelerations occurring 
in an accelerated the moving local RF, as a consequence of the gravitational inter-
action of the same with the rest of the matter in the universe, which is assumed to 
be mainly concentrated at very large distances (the so-called “distant matter in the 
universe”). 

https://doi.org/10.4236/jmp.2024.1512093


S. Lukov 
 

 

DOI: 10.4236/jmp.2024.1512093 2312 Journal of Modern Physics 
 

In the overview of the main points in Mach’s principle made at the beginning, 
the leading role in it is emphasized by the so-called “long-range interaction prin-
ciple” which completely ignores the interaction time between the local body and 
the distant matter (the system of distant and stationary stars). For the realization 
of this interaction, the only necessary and sufficient condition is the availability of 
a sufficiently large total mass to overcome the “monstrous” distances to distant 
matter. Such a view, however, leads to significant contradictions, for example, that 
according to it, the given accelerated moving body will act “instantaneously” on 
the entire mass of the remaining matter, which is impossible to quantitatively de-
termine or estimate, even more so that if the universe has infinite size. In order to 
overcome this difficulty, in our study we adopt a kind of “modification of the long-
range principle”, assuming that the gravitational interaction between the acceler-
ated body and the distant matter takes place with a huge but finite propagation 
speed. This situation, together with the fact of the extraordinary weakness of the 
gravitational interaction, makes it possible to limit the area (size) of the system of 
distant objects and to build an approximate, but still quantitative model of the 
distant matter. 

In our research, on this basis, a model of this matter is built in the form of a 
hollow, infinitely thin sphere with a uniform distribution of surface mass density. 
Moreover, the work explicitly emphasizes that this model is “effective” and that it 
actually reflects the real properties of the “modified long-range gravitational in-
teraction field”. Thus, in fact, in the work it is assumed that there are two types of 
gravitational interaction: a short-range—between nearby bodies and a long-
range—between the accelerated moving body and distant matter in the universe. 

Thus, the simplified model in the form of a “hollow infinitely thin sphere of 
distant matter” actually effectively represents the real interaction of local material 
objects with distant matter, which is realized by a kind of material object as a col-
lection of lines of the modified far-acting gravitational interaction. At the same 
time, the real change in the lines of this interaction as a result of the movement of 
the local RF with acceleration is represented by an effective change (“cutting”) of 
the sphere of the DM. It is also important that, according to this model, the “in-
dividuality” property of inertial effects can be represented as a property of the 
formation of the DM sphere: each individual material object, or each local RF, 
forms “its” individual sphere, in the center of which it is located the object. The 
proposed model is further used to analyze the main (and simplest type) reference 
frames—the so-called “inertial” RF that move in a straight line at a constant ve-
locity, axles that move in a straight line at a constant acceleration, and axles that 
rotate about a fixed axis at a constant angular velocity. 

The approximate quantitative analysis made shows that the application of New-
ton’s law of attraction characterized by inverse proportionality to the square of 
the distance in the model leads to contradictions with the data on the main pa-
rameters of the distant matter, if the data on the observed part of the universe (the 
“Metagalaxy” are accepted as the same”). This contradiction can be overcome if a 
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non-Newtonian law of mutual attraction is adopted, namely, inverse proportionality 
with a fractional exponent of distance dependence. Such type of laws can condition-
ally be associated with a special (“fractal”) structure of the source of attraction, 
which for the case of linearly accelerated motion is presented in the form of a disk 
with a fractal structure, and for the case of rotational motion is presented in the 
form of a fractal crimped cylinder. This approach allows, on the one hand, to avoid 
the absurd values of the DM sphere truncation parameter necessary to realize “sin-
gle” gravitational accelerations inside the unilaterally or bilaterally truncated 
sphere, and on the other hand, to avoid the unrealistic microscopic values of this 
parameter, and also the infinite sizes of attraction sources in the truncated Sphere 
of DM. 

The application of the proposed model to the main types of local RF mentioned 
above shows that the static gravitational accelerations created inside the hollow 
sphere of the DM represent in a first approximation the inertial accelerations in 
these RFs. At the same time, the work notes that the simulation of inertial accel-
eration fields as gravitational accelerations inside the truncated sphere according 
to the proposed model is not accurate. Moreover, according to the model, the 
fields of gravitational accelerations inside the truncated sphere of the DM are not 
strictly linear, unlike the fields of the corresponding inertial accelerations. Also, 
while the inertial acceleration fields are strictly uniform, the corresponding simu-
lated gravity fields inside a unilaterally or bilaterally truncated DM sphere are 
“quasi-uniform”. On the basis of the approximate analysis, the assumption is 
made that it is possible that the inertial acceleration fields themselves have such 
differences that exist in the gravitational acceleration fields inside the truncated 
Sphere of DM according to the proposed model. This gives reason to seek these 
distinctions on the basis of relevant experiments. 

Proceeding from the conviction of the unity and, at the same time, the opposite 
of inertia and gravity, at the end of the work the assumption is made that the 
principle of symmetry of the modified long-range interaction lies at the basis of 
the same. From this point of view, during the accelerated movement of material 
objects, a violation of the global symmetry occurs, which is the source of the iner-
tial mass of the same and of the corresponding inertial effects, while the presence 
of the material objects inside the DM sphere also leads to a violation of the global 
symmetry, but of another type. In this case, the tendency to restore symmetry be-
comes the source of the gravitational mass and the corresponding gravitational 
effects (the mutual attraction of bodies). Thus, the proposed concept can explain 
the experimentally confirmed equality of inertial and gravitational masses and the 
realization of the so-called “local” inertial systems that move (“freely fall”) in an 
external gravitational field and in which a mutual compensation of gravitational 
and inertial accelerations occurs (the phenomenon of “weightlessness”). 

At the end of our study, we allow ourselves to conclude that within one of the 
main paradigms raised so far in physics—the principle of long-range action, it is 
possible to quantitatively substantiate Mach’s idea that the inert properties of 
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bodies are due to their gravitational interaction with distant matter in the uni-
verse. This was shown in the work for the main types of inertial forces (accelera-
tions), to which a corresponding type of static gravitational forces (accelerations) 
is matched. But then the question can be asked—does this prove the truth of 
Mach’s principle? That’s hard to say. In our opinion, the importance of this prin-
ciple and its new interpretation in the present work lies in the thought that our 
ideas about the properties of gravity in the region of ultra-large (“mega”-) scales 
are severely limited. The stated assumptions (and persistent searches) about the 
existence of the so-called “dark matter” and “dark energy” which can explain the 
peculiarities in the motion of such large objects as galaxies and which cannot ex-
plain the known theories of gravity. But then the assumption naturally arises that 
the “modified long-range gravitational interaction” assumed in the present work 
may be used in the explanation of the noted features in the movement of super-
large space objects. This would probably require the development of a new theory 
of gravity applicable precisely on such scales, just as there is now more and more 
insistence on the development of a “Quantum Theory of Gravity” that can be ap-
plied to the realm of ultra-small (“micro”-) scales. 
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