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Abstract 
This paper is a review, a thesis, of some interesting results that have been ob-
tained in various research concerning the “brane collisions in string and M-
theory” (Cyclic Universe), p-adic inflation and p-adic cosmology. In Section 
2, we have described some equations concerning cosmic evolution in a Cyclic 
Universe. In Section 3, we have described some equations concerning the cos-
mological perturbations in a Big Crunch/Big Bang space-time, the M-theory 
model of a Big Crunch/Big Bang transition and some equations concerning 
the solution of a braneworld Big Crunch/Big Bang Cosmology. In Section 4, 
we have described some equations concerning the generating ekpyrotic cur-
vature perturbations before the Big Bang, some equations concerning the ef-
fective five-dimensional theory of the strongly coupled heterotic string as a 
gauged version of 1N =  five-dimensional supergravity with four-dimen-
sional boundaries, and some equations concerning the colliding branes and 
the origin of the Hot Big Bang. In Section 5, we have described some equations 
regarding the “null energy condition” violation concerning the inflationary 
models and some equations concerning the evolution to a smooth universe in 
an ekpyrotic contracting phase with 1w > . In Section 6, we have described 
some equations concerning the approximate inflationary solutions rolling 
away from the unstable maximum of p-adic string theory. In Section 7, we 
have described various equations concerning the p-adic minisuperspace model, 
zeta strings, zeta nonlocal scalar fields and p-adic and adelic quantum cosmol-
ogy. In Section 8, we have shown various and interesting mathematical con-
nections between some equations concerning the p-adic inflation, the p-adic 
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quantum cosmology, the zeta strings and the brane collisions in string and 
M-theory. Furthermore, in each section, we have shown the mathematical 
connections with various sectors of Number Theory, principally the Ra-
manujan’s modular equations, the Aurea Ratio and the Fibonacci’s num-
bers. 
 

Keywords 
String Theory, M-Theory, Cyclic Cosmology, p-Adic and Adelic Analysis, 
Number Theory, Ramanujan’s Modular Equations 

 

1. Introduction 

The aim of this paper is to describe the possible mathematical connections be-
tween various equations concerning some sectors of Number Theory, cosmic evo-
lution in a Cyclic Universe, cosmological perturbations in a Big Bang/Big Crunch 
space-time concerning the M-theory model and that of the Brane World Cosmol-
ogy, some equations concerning the perturbations of the Ekpyrotic curvature be-
fore the Big Bang, some equations concerning 5-dimensional Supergravity with 
4-dimensional boundaries and some equations concerning the collision of branes 
and the origin of the Hot Big Bang. We also describe the mathematical connec-
tions between some equations concerning the “Zero Energy Condition” violation 
inherent in inflationary models, the approximate inflationary solutions rolling 
away from the unstable maximum of p-Adic String Theory and various equations 
concerning the p-Adic Minisuperspace model, zeta strings and p-Adic and Adelic 
Quantum Cosmology. As far as Number Theory is concerned, we will describe the 
possible connection between some equations concerning cosmic evolution in a 
Cyclic Universe, the Golden Ratio and some formulas connected to it and the Ra-
manujan Functions connected to the “modes” that correspond to the physical vi-
brations of a superstring and Bosonic Strings. Some possible connections between 
some equations concerning cosmological perturbations in a Big Crunch/Big Bang 
space-time and M-theory model of a Big Crunch/Big Bang transition and mathe-
matical connection with the Aurea ratio and Ramanujan Functions related to the 
“modes” that correspond to the physical vibrations of a superstring. Some possible 
connections between some equations concerning the solution of a braneworld Big 
Crunch/Big Bang Cosmology, the Golden Ratio and some formulas related to it 
and Ramanujan Functions related to the “modes” that correspond to the physi-
cal vibrations of a superstring and Bosonic Strings. Some possible connections 
between some equations concerning the generating ekpyrotic curvature perturba-
tions before the Big Bang and the Golden Ratio and some formulas related to it. 
Some possible connections between some equations concerning the effective five-
dimensional theory of the strongly coupled heterotic string as a gauged version of 

1N =  five-dimensional supergravity with four-dimensional boundaries, the Golden 
Ratio and some formulas related to it and Ramanujan Functions related to the 
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“modes” that correspond to the physical vibrations of a superstring and Bosonic 
Strings. Some possible connections between some equations concerning the collid-
ing Branes and the Origin of the Hot Big Bang, Aurea ratio and Ramanujan Func-
tions related to the “modes” that correspond to the physical vibrations of a super-
string. Some possible connections between some equations concerning the evolu-
tion to a smooth universe in an ekpyrotic contracting phase with 1w > , the Golden 
Ratio and some formulas related to it and Ramanujan Functions related to the 
“modes” that correspond to the physical vibrations of a superstring and Bosonic 
Strings. Some possible connections between some equations concerning the approx-
imate inflationary solutions rolling away from the unstable maximum of p-Adic 
String Theory, Aurea ratio and Ramanujan Functions related to the “modes” that 
correspond to the physical vibrations of a superstring. Some possible connections 
between an equation of the p-Adic Minisuperspace model and the Ramanujan Func-
tion related to the physical vibrations of the bosonic strings. We also show the math-
ematical connection between some values of the zeta strings and zeta nonlocal scalar 
fields, the Golden Ratio and some formulas related to it. Finally, we will show the 
possible mathematical connections between some equations related to the differ-
ent sectors described above. 

2. On Some Equations Concerning Cosmic Evolution in a  
Cyclic Universe 

The action for a scalar field coupled to gravity and a set of fluids iρ  in a homoge-
neous, flat Universe, with line element ( )( )2 2 2 2 2d d ds a N xτ τ= − +

  is: 

 ( ) ( )( )43 1 2 2 2 41d d 3 Σ
2 i iS x N a a N a a Vτ φ β ρ φ−  ′ ′= − + − +    

∫ . (1) 

We use τ  to represent conformal time and primes to represent derivatives with 
respect to τ . N  is the lapse function. The background solution for the scalar field 
is denoted ( )φ τ , and ( )V φ  is the scalar potential. 

The equations of motion for gravity, the matter and scalar field φ  are straight-
forwardly derived by varying (1) with respect to ,a N  and φ , after which N  
may be set equal to unity. Expressed in terms of proper time t , the Einstein equa-
tions are: 

 2 2 4 48 1
3 2 R M
GH Vφ β ρ β ρπ  = + + + 
 
 , (2) 

 2 4 48 1
3 2R M

a G V
a

φ β ρ β ρπ  = − − + + 
 



 , (3) 

where a dot is a proper time derivative. 
With regard the trajectory in the ( )0 1,a a -plane, the Friedmann constraint 

reads: 

 ( ) ( ) ( )
2412 2 2 2

0 1 0 1 0
4 1
3 16

a a a a a Vβ ρ φ ′− = + −  
, (4) 

Now, we solve the equations of motion immediately before and after the bounce. 

https://doi.org/10.4236/jmp.2024.1511080


M. Nardelli 
 

 

DOI: 10.4236/jmp.2024.1511080 1872 Journal of Modern Physics 
 

Before the bounce there is a little radiation present since it has been exponentially 
diluted in the preceding quintessence-dominated accelerating phase. Furthermore, 
the potential ( )V φ   becomes negligible as φ   runs off to minus infinity.  

The Friedmann constraint reads 
2

21
6

a
a

φ  ′= 
′

 
, and the scalar field equation,  

( )2 0a φ′ = , where primes denote conformal time derivatives. The general solution 
is: 

 ( )( ) ( )6
5 5

3 ln in ,  e in
2

AH a A A AHφφ τ τ= = = ,  

 ( )( ) ( )( )1 1
0 5 1 5in , ina A AH a A AHλ λ τ λ λ τ− −= + = − , (5) 

where 6eφλ ∞≡ . We choose 0τ =  to be the time when a  vanishes, so that 
0τ <  before collision. A  is an integration constant which could be set to unity 

by rescaling space-time coordinates but it is convenient not to do so. The Hubble 
constants as defined in terms of the brane scale factors are 2

0 0a a′  and 2
1 1a a′  

which at 0τ =  take the values 3
5Hλ−+  (in) and 3

5Hλ−−  (in) respectively. Re-
expressing the scalar field as a function of proper time dt a τ= ∫ , we obtain: 

 ( )5
2 3ln in
3 2

H tφ  =  
 

. (6) 

The integration constant ( )5 0inH <  has a natural physical interpretation as a 
measure of the contraction rate of the extra-dimension. We remember that when 
the brane separation is small, one can use the usual formula for Kaluza-Klein the-
ory, 

 
2 222 2 23 3

5 4d e d e ds s y
φ φ−

= + , (7) 

where 2
4ds  is the four-dimensional line element, y  is the fifth spatial coordinate 

which runs from zero to L , and L  is a parameter with the dimension of length. 
Thence, we have that: 

 

2
3

3
5 2

5
5 5

d e
d 2 e
d d 3
LH

L t t

φ

φ
φ

 
 
 
 ≡ ≡ =  , (8) 

where 
2
3

5 eL L
φ

≡  is the proper length of the extra dimension, L  is a parameter  

with dimensions of length, and 5t  is the proper time in the five-dimensional 
metric, 

 
1 1
6 6

5d e d e dt a t
φ φ
τ

− −
≡ = , (9) 

with t  being FRW proper time. Notice that a shift φ∞  can always be compen-
sated for by a rescaling of L . As the extra dimension shrinks to zero, 5H  tends 
to a constant, ( )5 inH . 

Immediately after the bounce, scalar kinetic energy dominates and 5H  remains 
nearly constant. The kinetic energy of the scalar field scales as 6a−  and radiation 
scales as 4a− , so the former dominates at small a . It is convenient to re-scale a  
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so that it is unity at scalar kinetic energy-radiation equality, rt , and denote the 
corresponding Hubble constant rH . The Friedmann constraint in Equation (4) 
then reads: 

 ( ) ( )2 2 21 1
2 ra H a−′ = + , (10) 

and the solution is: 

 ( )
5 2 1
3 3 3

5 2 2
3
2

2 out3 1ln , 2
2 2

2

r
r r

r

H H
a H H

H

τ
φ τ τ

τ

 
 
 = = +   +     

. (11) 

The brane scale factors are: 

 ( ) ( )
1 1 2

1 6 6 1 6 3 3
0 53

2

e e 1 2 out
2

r
r

Ha a A H Hφ φ τ
λ λ λ λ τ− − −

  
  ≡ + = + +
  

  

,  

 ( ) ( )
1 1 2

1 6 6 16 3 3
1 53

2

e e 1 2 out
2

r
r

Ha a A H Hφ φ τ
λ λ λ λ τ− − −

  
  ≡ − + = + −
  

  

. (12) 

Here, the constant ( )( )
1 1
6 3

52 outrA H H=  has been defined so that we match  

0a  and 1a  to the incoming solution given in (5). As for the incoming solution, 
we can compute the Hubble constants on the two branes after collision. They are  

( )
5 2 1

3 13 3 3
5 5out 2 rH H Hλ λ

−− −± +  on the positive and negative tension branes respec-

tively. For 
5

32
52rH Hλ−< , the case of relatively little radiation production, im-

mediately after collision 0a  is expanding but 1a  is contracting. Whereas for 
5

32
52rH Hλ−> , both brane scale factors expand after collision. If no scalar potential  

( )V φ  were present, the scalar field would continue to obey the solution (11), 
converging to: 

 ( )5
52

out2ln 2
3C

r

H
H

φ
 

=   
 

. (13) 

This value is actually larger than φ∞  for 
5

3 2
5 2rH H λ−< , the case of weak  

production of radiation. However, the presence of the potential ( )V φ  alters the 
expression (13) for the final resting value of the scalar field. As φ  crosses the 
potential well travelling in the positive direction, 5H  is reduced to a renormal-
ized value ( ) ( )5 5

ˆ out outH H< , so that the final resting value of the scalar field 
can be smaller than φ∞ . If this is the case, then 1a  never crosses zero, instead 
reversing to expansion shortly after radiation dominance. If radiation dominance 
occurs well after φ  has crossed the potential well, Equation (13) provides a rea-
sonable estimate for the final resting value, if we use the corrected value ( )5

ˆ outH . 
The dependence of (13) is simply understood: while the Universe is kinetic energy  
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dominated, a  grows at 
1
3t  and φ  increases logarithmically with time. How-

ever, when the Universe becomes radiation dominated and 
1
2a t∝ , Hubble damp-

ing increases and φ  converges to the finite limit above. 

With regard Equations (8)-(13), we note the following connections with num-
ber theory: 

5 3 16 7 26 732 32 3.174802104 3.171−= = ≅ Φ +Φ =  
3 2 13 7 14 72 8 2.828427125 2.826−= = ≅ Φ +Φ =  

5 3 20 7 40 72 0.314980262 0.3168− − −= ≅ Φ +Φ =  
1 6 1 7 43 762 2 1.122462048 1.1231−= = ≅ Φ +Φ =  

5 2 25 7 37 72 32 5.656854249 5.6553−= = ≅ Φ +Φ =  
Note that, 32 8 4 24 8= × = + , where 8 and 24 are the “modes” that correspond 

to the physical vibrations of a superstring and the physical vibrations of the bosonic 
strings. 

Here, we have used the following expression: 7nΦ , with  

5 1 1.618033987
2
+

Φ = =   that is the Aurea ratio, n  is a natural number and 

7 are the compactified dimensions of the M-Theory. 
Using the following potential: 

 ( ) ( ) ( )0 1 e cV V Fφφ φ−= − , (14) 

we consider the motion of φ  back and forth across the potential well. V  may 
be accurately approximated by 0e

cV φ−− . For this pure exponential potential, there 
is a simple scaling solution: 

 ( ) ( )
0 2 2

1 3 2, e ,p c p p
a t t V V p

t c
φ− −

= = − = − = , (15) 

which is an expanding or contracting Universe solution according to whether t  
is positive or negative. A the end of the expanding phase of the cyclic scenario, 
there is a period of accelerated expansion which makes the Universe empty, ho-
mogeneous and flat, followed by φ  rolling down the potential ( )V φ  into the 
well. After φ  has rolled sufficiently and the scale factor has begun to contract, 
the Universe accurately follows the above scaling solution down the well until φ  
encounters the potential minimum. Let us consider the behaviour of φ  under 
small shifts in the contracting phase. In the background scalar field equation and 
the Friedmann equation, we set Bφ φ δφ= +  and BH H Hδ= + , where Bφ  and 

BH  are the background quantities given from (15). To linear order in δφ , one 
obtains: 

 2
1 3 1 3 0p p

t t
δφ δφ δφ+ −

+ − =  , (16) 

with two linearly independent solutions, 1tδφ −≈   and 1 3 pt −  , where 1p  . In 
the contracting phase, the former solution grows as t  tends to zero. However, 
this solution is simply an infinitesimal shift in the time to the Big Crunch: δφ φ∝  . 
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We next the incoming and outgoing collision velocity, which we have parame-
terized as ( )5 inH  and ( )5 outH . Within the scaling solution (15), we can cal-
culate the value of incoming velocity by treating the prefactor of the potential 
( )F φ  in Equation (14) as a Heaviside function which is unity for minφ φ>  and 

zero for minφ φ< , where min?φ  is the value of φ  at the minimum of the potential. 
We compute the velocity of the field as it approaches minφ  and use energy con-
servation at the jump in V  to infer the velocity after minφ  is crossed. In the scal-
ing solution, the total energy as φ  approaches minφ  from the right is  

2
2

2
1 3
2

pV
t

φ + = , and this must equal the total energy 21
2
φ  evaluated for φ  just 

to the left of minφ . Hence, we find that ( )min6 6 1 3p t pV pφ = = −  at the min-

imum and, according to Equation (8), 

 ( )
min

31
22min

5 2

e8in
1 6

V
H

c c

φ

−
≈ −

−
. (17) 

Note that from Equation (17), we obtain: 

( )

min

2
3
2

min
2

5 2 2

e
8in

1 6

V

H
c c

φ

−

 
 
 
 ≈ −   −

 

where the number 8 is connected with the “modes” that correspond to the physical 
vibrations of a superstring by the following Ramanujan function: 

( )

2

2

0
2

4

cos e d 142cosh4 antilog

e18
3 10 11 2 10 7 2log

4 4

x w

w

w

txw x
x

t w
itwφ

∞ ′

′

−π

−

′

π

π 
 π ⋅ 
 
 =

 + + +
 

′

′



′

∫

 

At the bounce, this solution is matched to an expanding solution with: 

 ( ) ( ) ( )5 5out 1 in 0H Hχ= − + > , (18) 

where χ  is a small parameter which arises because of the inelasticity of the 
collision. We shall simply assume a small positive χ  is given, and follow the 
evolution forwards in time. Since χ  is small, the outgoing solution is very nearly 
the time reverse of the incoming solution as φ  starts back across the potential 
well after the bounce: the scaling solution is given in (15), but with t  positive. 
We can treat χ  as a perturbation and use the solution in Equation (16) dis-
cussed above, 1tδφ −≈  and 1 3 pt − . One can straightforwardly compute the per-
turbation in 5Hδ  in this growing mode by matching at minφ  as before. One 
finds 2

5 512 BH H cδ χ=  where 5
BH  is the background value, at the minimum.  

Beyond this point, 5Hδ  grows as 
3

6 / 2ect
φ

∝  for large c , whereas in the back-

ground scaling solution 5H  decays with φ  as 
3 2
2e

c φ
 

−  
  . The departure occurs 
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when the scalar field has attained the value, 

 
22

min min2
2 12ln ,

12Dep
c V V

c c
χφ φ

χ
 = + ≤  
 

. (19) 

As φ  passes beyond Depφ  the kinetic energy overwhelms the negative poten-
tial and the field passes onto the plateau 0V  with 5H  nearly constant and equal 
to: 

 ( ) ( )
6

2

5 5
ˆ out in

12

ccH Hχ
χ

 
≈  

 
, (20) 

until the radiation, matter and vacuum energy become significant and 5H  is then 
damped away to zero. Note that we can rewrite Equation (20) as follow: 

 ( )
min

316
2 22

min
5 2

e8ˆ out
12 1 6

c VcH
c c

φ

χ
χ −

 
   

≈ × −   
−   

 

 (21) 

Also, this equation is related with the number 8, i.e. with the “modes” that cor-
respond to the physical vibrations of a superstring by the following Ramanujan 
function: 

( )
2

0
2

4

cos
142cosh4 antilog

e18
3 10 11 2 10 7 2log

4 4

w

w

txw
x

t w
itxφ

∞

′

′

π
−

π ′

′
′


 π ⋅ 
 
 =
 + + +
  

∫

 

and with the number 12 (12 = 24/2) that is related to the physical vibrations of the 
bosonic strings by the following Ramanujan function: 

( )

2

2

0
2

4

cos e d 142cosh4 antilog

e
24

10 11 2 10 7 2log
4 4

t w

w

w

txw x
x

t w
itwφ

−π

π
−

∞ ′

′

′

π 
 π ⋅ 
 
 =

 + + +


′

′
′



∫

 

The time spent to the left of the potential well ( )minφ φ<  is essentially identical 
in the incoming and outgoing stages for 1χ  , namely: 

 min
min3 2

ct
V

≈ . (22) 

For the outgoing solution, when φ  has left the scaling solution but before ra-
diation domination, the definition Equation (8) may be integrated to give the time 
since the Big Bang at each value of φ , 

 ( )
( ) ( )

33
22

5 5

d 2 e 2 ed ˆ ˆ3 3 out
t

H H

φφ
φφ φ
φ φ

= = ≈∫ ∫


. (23) 
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Also, this equation can be rewritten as follow: 

 ( )
min 

33 6 1
3 222 2min2

2
5

ed 2 e 82d eˆ 3 123 ( ) 1 6

c Vct
cH c

φφ
φφφ φ χ

χφ φ −

 
  

= = ≈ × −  
−   

 

∫ ∫


. (24) 

The time in Equation (23) is a microphysical scale. The corresponding formula 
for the time before the Big Crunch is very different. In the scaling solution (15), 
one has for large c : 

 ( )
( ) ( )min min2 2

min2
min

2 e 6ec c

t t
V c c

φ φ φ φ

φ
− −

= − = − . (25) 

The large exponential factor makes the time to the Big Crunch far longer than 
the time from the Big Bang, for each value of φ . This effect is due to the increase 
in 5H  after the bounce, which, in turn, is due to the positive value of χ . As the 
scalar field passes beyond the potential well, it runs onto the positive plateau 0V . 
The value of ( )5 outH  is nearly cancelled in the passage across the potential well, 
and is reduced to 5Ĥ  given in Equation (20). Once radiation domination begins, 
the field quickly converges to the large t  (Hubble-damped) limit of Equation (11), 
namely: 

 ( )
5
2

5
2 ˆln 2 out
3C rH Hφ

 
=   

 
, (26) 

where rH  is the Hubble radius at kinetic-radiation equality. Also, Equation (26) 
can be rewritten as follow: 

 
min

1 36
5 2 2 2

min2
2

2 e8ln 2
3 12 1 6

c

C r
c V H

c c

φ

φ χ
χ −

  
   

= ⋅ −   
−      

. (27) 

The dependence is obvious: the asymptotic value of φ  depends on the ratio of 
( )5

ˆ outH  to rH . Increasing ( )5
ˆ outH  pushes φ  further, likewise lowering rH  

delays radiation domination allowing the logarithmic growth of φ  in the kinetic 
energy dominated phase to continue for longer. 

The solution of the scalar field equation is, after expanding Equation (11) for 
large τ , converting to proper time ( )dt a τ τ= ∫  and matching, 

 
( )

3 3
,3 0

3 dr tH a ta V
a t φφ −≈ − ∫ , (28) 

where as above, we define ( )a t  to be unity at kinetic-radiation equal density. We 
have that φ  may reach its maximal value maxφ  and turn around during the radi-
ation, matter or quintessence dominated epoch. For example, maxφ  is reached in 
the radiation era, if, from Equation (28), 

 ( )
21
55

4max

,

10 1r
C

m m

t t V
t t Vφ

φ
  

≈ <       
, (29) 
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where mt  is the time of matter domination. 
For turn around in the matter era, we require: 

 ( )
11
36

4

,

3 10 30r
C

m

t V
t Vφ

φ−
  

× ≤ ≤       
. (30) 

Finally, if the field runs to very large Cφ , so that ( ), e Cc
CV V c φ

φ φ −≈  is expo-
nentially small, then φ  only turns around in the quintessence-dominated era. 

For our scenario to be viable, we require there to be a substantial epoch of vac-
uum energy domination (inflation) before the next Big Crunch. The number of e-
foldings eN  of inflation is given by usual slow-roll formula, 

 2
,

ed
cc

e
VN
V c

φ

φ

φ= ≈∫ , (31) 

for our model potential. For example, if we demand that the number of baryons 
per Hubble radius be diluted to below unity before the next contraction, which is 
certainly over-kill in guaranteeing that the cyclic solution is an attractor, we set 

3 80e 10eN ≥ , or 60eN ≥ . This is easily fulfilled if Cφ  is of order unity Planck units. 
Hence, Equation (31) can be rewritten as follow: 

 2
,

ed 60
cc

e
VN
V c

φ

φ

φ= ≈ ≥∫ . (32) 

With regard Equations (29)-(30) and (32), we have the following mathematical 
connections with the Aurea ratio: 

49 7 41 7 29.03444185 0.059693843 29.0941−Φ +Φ = + =  
8 7 14 7 0.576974982 0.381966011 0.95894− −Φ +Φ = + =  

( )10.33 7 1800.4914670835;arcsin 0.4914670835 29.437054−Φ = ⋅ =
π

 

( )2 7 1800.8715438560;arccos 0.8715438560 29.361456−Φ = ⋅ =
π

 

49 7 50 7 29.03444185 31.10060654 60.135048Φ +Φ = + =  

( )10.33 7 1800.4914670835;arccos 0.4914670835 60.562946−Φ = ⋅ =
π

 

( )2 7 1800.8715438560;arcsin 0.8715438560 60.638544−Φ = ⋅ =
π

 

From the formulae given above, we can also calculate the maximal value Cφ  
in the cyclic solution: for large c  and for 1

minrt tχ−
 , it is: 

 min
min

2 ln
3

r
C

t
t

φ φ χ
 

− ≈  
 

, (33) 

where we used 1
r rH t− ≈ , the beginning of the radiation-dominated epoch. From 

Equation (33), we obtain: 

 
2

3
2 2

min

min 0

1 c
er c N Vt

t Vχ
 

≈   
 

. (34) 
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This equation provides a lower bound on rt . The extreme case is to take min 1V ≈ . 
Then, using 120

0 10V −≈ , 10c ≈ , 60eN ≈ , we find 2510rt
−≈  seconds. In this 

case the maximum temperature of the Universe is ≈1010 GeV. This is not very 
different to what one finds in simple inflationary models. 

We have shown that a cyclic universe solution exists provided we are allowed 
to pass through the Einstein-frame singularity according to the matching condi-
tions, Equations (17) and (18). 

Specifically, we assumed that ( ) ( ) ( )5 5out 1 inH Hχ= − +  where χ  is a non-
negative constant, corresponding to branes whose relative speed after collision is 
greater than or equal to the relative speed before collision. Our argument showed 
that, for each 0χ ≥ , there is a unique value of ( )5 outH  that is perfectly cyclic. 
Now we show that an increase in velocity is perfectly compatible with energy and 
momentum conservation in a collision between a positive and negative tension 
brane, provided a greater density of radiation is generated on the negative tension 
brane. 

We shall assume that all other extra dimensions and moduli are fixed, and the 
bulk space-time between the branes settles down to a static state after the collision. 
We shall take the densities of radiation on the branes after collision as being given. 
By imposing Israel matching in both initial and final states, as well as conservation 
of total energy and momentum, we shall be able to completely fix the state of the 
outgoing branes and in particular the expansion rate of the extra dimension 

( )5 outH , in terms of ( )5 inH . The initial state of empty branes with tensions T  
and T− , and with corresponding velocities 0v+ <  and 0v− >  obeys: 

 2 2
tot tot2 2 2 2

1 1 ; ;
1 1 1 1

Tv TvT TT v T v E P
v v v v

+ −
+ −

+ − + −

− = − = − = −
− − − −

 (35) 

The first equation follows from Israel matching on the two branes as the approach, 
and equating the kinks in the brane scale factors. The second and third equations 
are the definitions of the total energy and momentum. The three equations in (35) 
imply that the incoming, empty state has tot, 0v v E+ −= − =  and that the total mo-
mentum is: 

 ( )

( )( )
5

tot
2

5

in
0

11 in
4

TLH
P

LH
= <

−
, (36) 

where we identify v v+ −−  with the contraction speed of the fifth dimension, 
( )5 inLH . For Equation (17), we can rewrite Equation (36) also as follow: 

 
min 

min

31
22min

tot 2 2
31
22min

2

e8 1 0
1 6

e1 81
4 1 6

V
P TL

c c
V

L
c c

φ

φ

−

−

 
 

= − < 
−        

− −  
−  

  

. (37) 

The corresponding equations for the outgoing state are easily obtained, by 
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replacing T  with T Tρ+ ++ ≡  for the positive tension brane, and T−  with 
T Tρ− −− + ≡ −  for the negative tension brane, assuming the densities of radiation 

produced at the collision on each brane, ρ+  and ρ−  respectively, are given from 
a microphysical calculation, and are both positive. 

Writing ( ) ( )out tanhv θ± ±= , where θ±  are the associated rapidities, one ob-
tains two solutions: 

 
( )( )
( )( )

1 2 2
tot tot

1 2 2
tot tot

1sinh ;
2
1sinh

2

P P T T
T

P P T T
T

θ

θ

−
+ + −

−

−
− + −

+

= − + −

= ± − −
. (38) 

where ,T T T Tρ ρ+ + − −≡ + ≡ −  with ρ+  and ρ−  the densities of radiation on 
the positive and negative tension branes respectively, after collision. Both ρ+  
and ρ−  are assumed to be positive. In the first solution, with signs (−+), the ve-
locities of the positive and negative tension branes are the same after the collision 
as they were before it. In the second, with signs (−−), the positive tension brane 
continues in the negative y  direction but the negative tension brane is also mov-
ing in the negative y  direction. The corresponding values for v±  (out) and V  
are: 

 

( )
( )

( ) ( )

( )
( )

( ) ( )

1 2 2
tot tot

22 2 2 2 2 2
tot tot

1 2 2
tot tot

22 2 2 2 2 2
tot tot

out ,
2

out
2

P P T T
v

P T T P T T

P P T T
v

P T T P T T

−
+ −

+
−

+ − + −

−
+ −

−
−

+ − + −

+ −
= −

+ + + −

− −
= ±

+ + + −

  

 

( ) ( )
( ) ( ) ( )

( ) ( )
( )

22 2 2 2 2 2
tot tot

12 2 2 2 2 2
tot tot

22 2 2 2 2 2
tot tot

1 2 2
tot tot

2
,

2
or ,

P T T P T T
V

P T T T T P T T

P T T P T T
V

P P T T

−
+ − + −

−
+ − + − + −

−
+ − + −

−
+ −

+ + + −
= −

+ − + −

+ + + −
= −

+ +

 (39) 

where the first solution for V  holds for the (−+) case, and the second for the (−) 
case. We are interested in the relative speed of the branes in the outgoing state, 
since that gives the expansion rate of the extra dimension,  

( ) ( ) ( )5out out outv v LH+ −− + = , compared to their relative speed  
( )52 inv LH+− = −  in the incoming state. We find in the (−+) solution, 

 
( )
( )

( ) ( )
( ) ( )

2 2
5 tot

22 2 2 2 2 25 tot tot

out out out 4 ,
in 2 2

H v v P T
H v P T T P T T

+ −

−
+ + − + −

− +
= =

+ + + −
 (40) 

and in the (−−) solution, 

 
( )
( ) ( ) ( )

2 22 2
5 tot

2 22 2 2 2 2 25 tot tot tot

out 4
in 2

H P TT T
H P P T T P T T

+ −

−
+ − + −

+−
=

+ + + −
. (41) 
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with totP  given by (36) in both cases. We note that we can rewrite the relation 
mentioned above, i.e. ( ) ( ) ( )5out out outv v LH+ −− + =  also as follow: 

 ( ) ( ) ( ) ( )
min

31
22min

5 2

e8out out out 1
1 6

V
v v LH L

c c

φ

χ+ − −

  
  

− + = = − + −  
−  

   

. (42) 

At this point, we need to consider how the densities of radiation ρ+  and ρ−  
depend on the relative speed of approach of the branes. At very low speeds, 

( )5 in 1LH  , one expects the outer brane collision to be nearly adiabatic and an 
exponentially small amount of radiation to be produced. The (−+) solution has 
the speeds of both branes nearly equal before and after collision: we assume that 
it is this solution, rather than the (−) solution which is realised in this low velocity 
limit. As ( )5 inLH  is increased, we expect ρ+  and ρ−  to grow. Now, if we con-
sider ρ+  and ρ−  to be both totP T  , then the second term in the denomi-
nator dominates. If more radiation is produced on the negative tension brane, 
ρ ρ− +> , then: 

 ( )
( ) ( ) ( )5

5

out
1 1

in 2
H
H T

ρ ρ
χ − +− 

≡ + ≈ + 
 

 (43) 

and so χ  is small and positive. This is the condition necessary to obtain cyclic 
behaviour. Conceivably, the brane tension can change from T  to T T t′ = −  at 
collision. Then, we obtain: 

 ( ) ( )2
1 1

2
t

T
ρ ρ

χ − +− + 
+ ≈ + 

 
 (44) 

For the (−+) solution, we can straightforwardly determine an upper limit for 
( ) ( ) ( )5 5out in 1H H χ≡ + . Consider, for example, the case there the brane ten-

sion in unchanged at collision, 0t = . The expression in (40) gives  
( ) ( )5 5out inH H  as a function of ,T T+ −  and totP . It is greatest, at fixed T−  

and totP  , when T T+ =  , its smallest value. For 2 2
totP T<  , it is maximized for  

2 2 2
totT T P− = − , and equal to 

2
tot
2

1
4

P
T
+  when equality holds. For 2

totP T≥ , it is 

maximized when 0T− = , its smallest value, and 2 2
tot 2P T= , when it is equal to 

4 1.154700538
3
= . This is more than enough for us to obtain the small values of  

χ  needed to make the cyclic scenario work. A reduction in brane tension at col-
lisions 0t >  further increases the maximal value of the ratio. To obtain cyclic 
behaviour, we need χ  to be constant from bounce to bounce. That is, compared 
to the tension before collision, the fractional change in tension and the fractional 
production of radiation must be constant. 

We note that for 4 1.154700538
3
= , we have the following mathematical con-

nections with the Aurea ratio: 
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1 7 22 74 1.154700538
3

0.933565132 0.220384833 1.1539499

− −= = Φ +Φ

= + =

 

7 7 9 74 1.154700538
3

0,6180339887 0.5386437257 1.156677713

− −= = Φ +Φ

= + =

 

(For the various analyzed equations, see Ref. [1]). 

3. On Some Equations Concerning Cosmological  
Perturbations in a Big Crunch/Big Bang Space-Time and  
M-Theory Model of a Big Crunch/Big Bang Transition 

We consider a positive or negative tension brane with cosmological symmetry but 
which moves through the five-dimensional bulk. The motion through the warped 
bulk induces expansion or contraction of the scale factor on the brane. The scale 
factor on the brane obeys a “modified Friedmann” equation, 

 2
3 6 2 4
5 5

1
3 36

K eH
M L M b b

ρ
ρ ±

± ±
± ±

= ± + − + , (45) 

where ρ±  is the density (not including the tension) of matter or radiation con-
fined to the brane, b±  is the brane scale factor, and H±  is the induced Hubble 
constant on the positive (negative) tension brane. Choosing conformal time on 
each brane, and neglecting the 2ρ  terms, Equations (45) become: 

 2 4 2 12 4 2
3 3
5 5

1 1,
3 3

b b Kb b b Kb
M L M L

ρ ρ+ + + + − − − −′ = + − + = − − +e e . (46) 

where prime denotes conformal time derivative. The corresponding acceleration 
equations for b+′′  and b−′ , from which e  disappears, are derived by differenti-
ating Equations (46) and using ( ) ( )4 3d 3 db b P bρ ρ= −  with P  being the pres-
sure of matter or radiation on the brines. We now show that these two equations 
can be derived from a single action provided we equate the conformal times on 
each brane. Consider the action, 

 ( ) ( )3 3 2 2 2 4 2 12 2 4
5d d 3 3S tN x M L N b Kb b L N b Kb bρ ρ− −

+ + + + − + − −
 ′= − − − + − − ∫ , (47) 

where N  is a lapse function introduced to make the action time reparameteri-
zation invariant. Varying with respect to b±  and then setting 1N =  gives the 
correct acceleration equations for b+′′  and b−′′  following from (46). These equa-
tions are equivalent to (46) up to two integration constants. 

We rewrite the action (47) in terms of a four-dimensional effective scale factor 
a  and a scalar field φ , defined by: 

cosh , sinh
6 6

b a b aφ φ
+ −

   
= = −   

   
 

Clearly, a  and φ  transform as a scale factor and as a scalar field under rescal-
ings of the spatial coordinates x . To interpret φ  more physically, note that for 
static branes the bulk space-time is perfect Anti-de Sitter space with line element 
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( )2 2 2 2d e d dY LY t x+ − +
 . The separation between the branes is given by: 

cothln ln

6

ad L L
a φ
+

−

 
   − = =     
  
  

 

so d  tends from zero to infinity as φ  tends from minus infinity to zero. In terms 
of a  and φ , the action (47) becomes: 

 ( )3 3 2 2 2 2
5

1d d 3
2 mS t x M L a Ka a Sφ = − − + +  ∫ 

 , (48) 

which is recognized as the action for Einstein gravity with line element  
( )( )2 2d d di j

ija t t x xγ− + , ijγ  being the canonical metric on 3 3,H S  or 3E  with 
curvature K , and a minimally coupled scalar field φ . The matter action mS  is 
conventional, except that the scale factor appearing is not the Einstein-frame scale 
factor but instead ( )cosh 6b a φ+ =  and ( )sinh 6b a φ− = −  on the positive 
and negative tension branes respectively. 

Now, we wish to make use of two very powerful principles. The first is the as-
sertion that even in the absence of symmetry, the low energy modes of the five-
dimensional theory should be describable with a four-dimensional effective action. 
The second is that since the original theory was coordinate invariant, the four-
dimensional effective action must be coordinate invariant too. Since the five-di-
mensional theory is local and causal, it is reasonable to expect these properties in 
the four-dimensional theory. If furthermore the relation between the four-dimen-
sional induced metrics on the branes and the four-dimensional fields is local, then 
covariance plus agreement with the above results forces the relation to be: 

 ( )( )2
4cosh 6 dg gµν µνφ+ = , ( )( )2

4sinh 6 dg gµν µνφ− = − . (49) 

When we couple matter to the brane metrics, these expressions should enter 
the action for matter confined to the positive and negative tension branes respec-
tively. Likewise, we can from (48) and covariance immediately infer the effective 
action for the four-dimensional theory: 

 ( )
2 24 4 1d

2 2 m m
MS x g R S g S gµφ

− − + + 
   = − − ∂ + +     

 
∫ , (50) 

where we have defined the effective four-dimensional Planck mass  
( ) 12 3

4 4 58M G M L−= π = . The two brane geometries are determined according to 
Formulae (49), and the background solution relevant post-collision is assumed to 
consist of two flat, parallel branes with radiation densities ρ± . The corresponding 
four-dimensional effective theory has radiation density rρ , and a massless scalar 
field with kinetic energy density φρ . The four-dimensional Friedmann equation 
in conformal time then reads: 

 ( )2 4 4 4
4 4 2

1 4
3 r

Aa a a A r
aφρ ρ  ′ = + ≡ + 

 
, (51) 
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where we have defined the constants 4A  and 4r , and used the fact that the mass-
less scalar kinetic energy 6aφρ

−∝ . The solution to (51) and the massless scalar 
field equation ( )2 0a φ′ =  is: 

 ( )2
4 44 1a A rτ τ= + , 4

4

3 ln
2 1

A
r
τ

φ
τ

 
=  + 

, (52) 

From these solutions, we reconstruct the scale factors on the branes according 
to (49), obtaining: 

 4 41b A rτ τ± = ± + , (53) 

so we see that with the choice of normalization for the scale factor a  made in 
(51), the brane scale factors are unity at collision. We may now directly compare 
the predictions (53) with the exact five-dimensional solution, equating the terms 
linear in τ  to obtain: 

 ( ) ( ) ( )
2

4 01 1 tanh 2
12

L r r
A L y+ − −

= +  
 

, ( )
( )4

012 tanh 2
L r r

r
y

+ −+
= , (54) 

where 0y  is the rapidity associated with the relative velocity of the branes at col-
lision ( )0tanhV y=  and r±  is the value of the radiation density ρ±  on each 
brane at collision. Thence, Equation (53) can be rewritten also: 

 ( ) ( ) ( ) ( )
( )

2

0
0

1 1 1 tanh 2
12 12 tanh 2

L r r L r r
b L y

y
τ τ+ − + −

±

 − +
= ± + +  

 
. (55) 

Furthermore, we define the fractional density mismatch on the two branes as: 

 
r rf
r r
+ −

+ −

−
=

+
, (56) 

so that we have: 

 ( )4
0

12 tanh 2frr r y
L+ −− = . (57) 

Now, we describe the perturbations of the brane-world system in terms of the 
four-dimensional effective theory. We shall now describe the scalar perturbations, 
in longitudinal gauge with a spatially flat background where the scale factor and 
the scalar field are given by (52). The perturbed line element is: 

 ( ) ( ) ( )2 2 2 2d 1 2 d 1 2 ds a xτ τ= − + Φ + − Ψ
 . (58) 

Since there are no anisotropic stresses in the linearized theory, we have Φ = Ψ . 
A complete set of perturbation equations consists of the radiation fluid equa-

tions, the scalar field equation of motion and the Einstein momentum constraint: 

( ) ( ) ( ) ( )2 24 13 2 4
3 4r r r rk v v kδ δ δφ δφ δφ φ′ ′′ ′= − − Φ = +Φ + = − + Φ′ ′  

 ( )22 1
3 2r ra vρ φ δφΦ +′ + ′Φ = , (59) 

where primes denote τ  derivatives, rδ  is the fractional perturbation in the ra-
diation density, rv  is the scalar potential for its velocity, i.e. r rv v= ∇



 , δφ  is the 
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perturbation in the scalar field, and from (52), we have the background quantities: 

( ) ( )
4

4 4

1 2 2 1and
2 1 3 1

ra
a r r

τ
φ

τ τ τ τ
+

≡
+

′
′= =

+
  

We are interested in solving these equations in the long wavelength limit, 
1kτ  . Solving all the above equations for ln aδ , one finds: 

 , 1, ,
1 1

i

i

i N
w w

δ δ
≈ =

+ +
 , (60) 

for adiabatic perturbations. The components of the background energy density in 
the four-dimensional effective theory are scalar kinetic energy, with 1wφ = , and  

radiation, with 1
3rw = . It follows that for adiabatic perturbations, at long wave-

lengths, we must have: 

 3
2 rφδ δ≈ . (61) 

In longitudinal gauge, the fractional energy density perturbation and the veloc-
ity potential perturbation in the scalar field (considered as a fluid with 1w = ) are 
given by: 

 
( )2 ,vφ φ

δφ δφδ
φ φ

 ′
 = −Φ =

 

′ ′
. (62) 

From Equations (59) above (and using 2aφ −′ ∝ ), it follows that: 

 23 2
2 r rk vφ

δφδ δ
φ

′   − = −  
   ′

. (63) 

Maintaining the adiabaticity condition (61) up to order ( )2kτ  then requires 
that the fractional velocity perturbations for the scalar field and the radiation should 
be equal: rv δφ φ≈ ′ . Expressing the radiation velocity in terms of δφ , the mo-
mentum constraint then yields: 

 
( )

1
221

3
r

φ

ρ
δφ

ρ φ

−
  Φ + Φ 

≈ +    ′

′
  


, (64) 

where 2 21
2

aφρ φ −′= . 

The above equations may be used to determine the leading terms in an expan-
sion in kτ  of all the quantities of interest about the singularity. We shall choose 
to parameterize the expressions in terms of the parameters describing the comoving  

energy density perturbation, 2 22
3m kε −= − Φ , which has the following series ex-

pansion about 0τ = : 

 ( ) ( )0 2m D Eε ε τ ε τ= + , (65) 

where 0ε  and 2ε  are arbitrary constants, and 

 ( ) ( )2 2 2
4

11 2 ln ,
2

D r k k Eτ τ τ τ τ τ= − − + = +   (66) 
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For adiabatic perturbations, we obtain: 

 ( )
2

4
0 22 2 2 2

9 3 1 3 3ln , ln
8 4 44 4

rk O k
k k kφδ ε τ ε τ τ τ
τ

 
= − − + − + + 

 
, (67) 

( ) ( )0 42
3 1 , ln

4
v r O k

kφ ε τ τ τ τ
τ

 = − + 
 

, 

( )2 22 , ln
3r O kφδ δ τ τ τ= + , ( ), lnrv v O kφ τ τ τ= + , 

 ( )
2

4
0 22 2 2 2

3 3 3 5 3ln , ln
2 8 88 8

rk O k
k k k

ε τ ε τ τ τ
τ

 ×
Φ = − + + − + ⋅ 

, (68) 

 ( ) ( )
2

4
0 4 22 2 2 2

3 1 1 13 11 2 ln , ln
2 8 8 88 86

rr k O k
k k k

δφ ε τ τ ε τ τ τ
τ

 
= − + + + − + ⋅ 

, (69) 

 ( ) ( )2 2
4, 2 0 42 2

1 1 116 ln , ln
42 8M k r k O k

k k
ζ ε ε τ τ τ τ = − + + + + 

 
, (70) 

where 4,Mζ  is the curvature perturbation on comoving slices introduced by 
Mukhanov. 

With regard the (69), we note that is possible the following mathematical con-
nection with the Aurea ratio: 

13 7

13 71 5 10.40824829 0.4091477 0.409
26

−

−  +
= = Φ = = ≅  

 
 

Furthermore, in Equations (68)-(69), there is the number 8, that is related to 
the “modes” that correspond to the physical vibrations of a superstring by the fol-
lowing Ramanujan function: 

( )

2

2

0
2

4

cos e d 142cosh4 antilog

e18
3 10 11 2 10 7 2log

4 4

t w

w

w

txw x
x

t w
itwφ

∞ ′

′

−π

−

′

π

π 
 π ⋅ 
 
 =

 + + +
 

′

′



′

∫

, 

and that 2, 3, 5, 8 and 13 are Fibonacci’s numbers. 
Now, we consider the propagation of metric perturbations through a collision 

of tensionless branes where the background space-time is precisely 3
2/C Z R× . 

The form that we take for the five-dimensional cosmological background metric is: 

 ( )( ) ( )2 2 2 2 2 2d , d d , d di j
ijs n t y t t y b t y x xδ= − + + , (71) 

and we write the most general scalar metric perturbation about this as: 

 
( ) ( )( ( )

) ( ) ( )( )

2 2 2 2 2

2 2

d , 1 2 d 2 d d 1 2 d 2 d d

2 d d , 1 2 2 d d .

i
i

i i j
i ij i j

s n t y t W t y t y x t

t y x b t y x x

α

β δ χ

= − + Φ − + − Γ − ∇

+ ∇ + − Ψ − ∇ ∇
 (72) 

For perturbations on 3C R×  it is straightforward to find a gauge in which 
the metric takes the form: 
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 ( )2 2 2 2 2 24 2d 1 d d 1 2 d d
3 3

i j
ij i js k t t y k k k x xχ χ δ χ    = + − + + − +    

    
, (73) 

and χ  satisfies a massless scalar equation of motion on 3CM R× . To be precise, 
the gauge is: 

 2 2 22 10, , , , 0
3 3

k k k Wα β χ χ χ= = Γ = Φ −Ψ − Φ = Ψ = = . (74) 

Notice that the non-zero variables can all be related to χ  according to: 

 ( ) 22 2 1, , , ,
3 3 3

k χ Γ Φ Ψ = − + + 
 

. (75) 

We shall, henceforth, refer to these as the “Milne ratio conditions”. Further-
more, imposing the 2Z  symmetry, we obtain Neumann boundary conditions on 
χ , 

 ( ) 0yχ ±′ = , (76) 

where 0 2y y± = ±  are the location of the two 2Z  fixed points. In the model 
space-time, the lowest energy mode for χ  is y-independent and has the asymp-
totic form: 

 ( ), lnt y Q P ktχ = + , (77) 

with Q  and P  being arbitrary constants. We have the following relations: 

 ( )out in in2 ln 2Q Q Pγ= − + − , out inP P= . (78) 

These relations are sufficient to determine the metric fluctuations after the 
bounce. We are only interested in the long-wavelength part of the spectrum, and, 
for the cases of interest, P  is suppressed by 2k  compared to Q . As a result, we 
obtain the approximate matching rule: 
 out inQ Q= − , out inP P= . (79) 

The key conditions (74) through (76) are satisfied precisely for all time in a 
compactified Milne 2mod Z  background. 

Now, we wish to use the four-dimensional effective (moduli) theory to infer the 
boundary data for the five-dimensional bulk perturbations. In any four-dimen-
sional gauge, the four-dimensional metric perturbation hµν  and scalar field per-
turbation δφ   determined the induced metric perturbations on the branes via 
Formulae (49): 

 ( ),2 lnh h gµν µν µνφ
δφ±

±= + Ω , (80) 

where ( )cosh 6φ+Ω =  and ( )sinh 6φ−Ω = −  and the metric perturbations 
are fractional, i.e. 2g a hµν µνδ = , 2g b hµν µνδ ± ±

±= . This formula is particularly easy 
to use in five-dimensional longitudinal gauge. This gauge may always be chosen, 
and it is completely gauge fixed. In this gauge, the five-dimensional metric takes 
the form: 

 
( ) ( ) ( )( )
( ) ( )( )

2 2 2 2 2

2

d , 1 2 d 2 d d 1 2 d

, 1 2 d d .

L L L

i j
L ij

s n t y t W t y t y

b t y x xδ

= − + Φ − + − Γ

+ − Ψ
 (81) 
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In the absence of anisotropic stresses, the brane trajectories are unperturbed in 
this gauge. An immediate consequence is that the four-dimensional longitudinal 
gauge scalar perturbation variables ±Φ  and ±Ψ  describing perturbations of the 
induced geometry on each brane: 

 ( ) ( ) ( )( )2 2 2 2d 1 2 d 1 2 ds b xτ τ± ± ± ± ± ±= − + Φ + − Ψ
 , (82) 

are precisely the boundary values of the five-dimensional longitudinal gauge per-
turbations ( )L y± ±Φ ≡ Φ  and ( )L y± ±Ψ ≡ Ψ . Using (80) and (82), we find for the 
induced perturbations: 

 4
1 tanh
6 6

φ δφ+
 

Φ = Φ +  
 

, 4
1 tanh
6 6

φ δφ+
 

Ψ = Φ −  
 

,  

 4
1 coth
6 6

φ δφ−
 

Φ = Φ +  
 

, 4
1 coth
6 6

φ δφ−
 

Ψ = Φ −  
 

. (83) 

The brane conformal times may be expressed in terms of t  by integrating, 

 
( )0

d
,

t t
q t y

τ±
±

= ∫ , (84) 

where q b n≡ . So, for example, the boundary value of the bulk metric perturba-
tion LΦ  on the positive tension brane is given explicitly by: 

 
( ) ( )( )

( )( )( ) ( )( )

1
4

1 1

, , d

1 tanh , d 6 , d ,
6

L t y q t y t

q t y t q t y tφ δφ

−
+ +

− −
+ +

Φ = Φ

+

∫

∫ ∫
 (85) 

where y+  is the location of the positive tension brane. 
Also, in these Equations (83)-(85), we have the following connection with the 

Aurea ratio: 

 
13 7

13 71 5 10.40824829 0.4091477 0.409
26

−

−  +
= = Φ = = ≅  

 
.  

Now, using (67) and the following equation: 

 
( ) ( ) ( )

( ) ( )( )

( ) ( )( ) ( )

0 0
4, 0 02 2 2

0

2 2 2
0 0

tanh 2
18 sinh

32 cosh 2

3 sinh , , ln

M

y
t t y y

k L y

L r r y y O L t t kt

ε
ζ

ρ+ − ±

Ψ = + −

− − − + +

 (86) 

to find Q  and P  before and after the bounce for all components of the metric 
perturbations and matching according to the rule given in Equation (79) results 
in 4,Mζ  inheriting two separate scale-invariant long wavelength contributions in 
the post-singularity state. The first occurs as a direct consequence of the sign change 
in (79), and is independent of the amount of radiation generated at the singularity. 
The second is proportional to the difference in the densities of the radiation on the 
two branes. At leading order in velocities, we have: 

 ( ) ( ) ( )
2

0 out4 4 3 5 2 2 20
4, in out2 2 2

3 , ,
64 32M

r r V
V V O r V V L L

k L k
εε

ζ ρ+ − −
± ±

−
∆ = + − + , (87) 
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where inV  and outV  are the relative velocities of the branes before and after col-
lision. Note that since 0P ε∝ , matching P  is in fact equivalent to matching 

0ε  across the collision. In terms of four-dimensional parameters including 4r  
given in (57) defining the abundance of the radiation and the fractional density 
mismatch f  defined in (56), we find again at leading order in velocities: 

 ( ) 4

3
out4 40 0

4, in out2 2 2

33
64 2 8

r
M

f V
V V

Lk L k
ε ε

ζ∆ = + −
⋅

. (88) 

This is the final result, relevant to tracking perturbations across the singularity 
in the ekpyrotic and cyclic models. 

The result for the long wavelength curvature perturbation amplitude in the 
four-dimensional effective theory, propagated into the hot Big Bang after the brane 
collision is: 

 ( )
( ) ( )

4
0 0 coll

2 2 2 2 2

tanh 29 3sinh
16 cosh 2 64M

V
k L k L

θε ε
ζ θ θ

θ
= − ≈  (89) 

where θ  is the rapidity corresponding to the relative speed collV  of the branes 
at collision, and the second formula assumes collV  is small. L  is the bulk curvature  

scale, and 0
216k

ε
 has a scale invariant power spectrum. 

With regard Equations (88) and (89), we have the following mathematical con-
nections with the Aurea ratio and the Fibonacci’s numbers:  
64 48 16 24 24 8 8= + = + + + ; 264 8 34 21 8 1= = + + +  that are Fibonacci’s num-
bers; 24 3 8= ×  ; ( ) ( )64 3 8 3 8 8 8= × + × + +  , with 3 and 8 that are Fibonacci’s 
numbers; 53 78 306.342224−≅ Φ ⋅ . 

Furthermore, in Equation (88), 2, 3 and 8 are Fibonacci’s numbers and 8 is con-
nected with the “modes” that correspond to the physical vibrations of a super-
string by the following Ramanujan function: 

( )

2

2

0
2

4

cos e d 142cosh4 antilog

e18
3 10 11 2 10 7 2log

4 4

x w

t w

w

txw x
x

t w
itwφ

∞ ′

′

−π

−

′

π

π 
 π ⋅ 
 
 =

 + + +
 

′

′



′

∫

 

The 1d + -dimensional space-time we consider is a direct product of 1d − -
dimensional Euclidean space, 1dR − , and a two-dimensional time-dependent 
space-time known as compactified Milne space-time, or CM . The line element for 

1d
CM R −×  is thus: 

 2 2 2 2 2
0d d d d ,0 ,s t t x tθ θ θ= − + + ≤ ≤ −∞ < < ∞

 , (90) 

where x  are Euclidean coordinates on 1dR − , θ  parameterizes the compact di-
mension and t  is the time. The compact dimension may either be a circle, in 
which case we identify θ  with 0θ θ+ , or a 2Z  orbifold in which case we iden-
tify θ  with 02θ θ+  and further identify θ  with 02θ θ− . The fixed points 
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0θ =  and 0θ θ=  are then interpreted as tensionless 2Z -branes approaching 
at rapidity 0θ , colliding at 0t =  to re-emerge with the same relative rapidity. 
The orbifold reduction is the case of prime interest in the ekpyrotic/cyclic models, 
originally motivated by the construction of heterotic M-theory from eleven-di-
mensional supergravity. In these models, the boundary branes possess nonzero 
tension. However, the tension is a subdominant effect near 0t =  and the brane 
collision is locally well-modelled by 1d

CM R −× . 
Now consider a string loop of radius R  in M-theory frame. Its mass M  is 2 Rπ  

times the effective string tension 2Lµ , where L  is the size of the extra dimension. 
The effective Einstein-frame gravitational coupling is given by 2 2

1d d Lκ κ += . 
The gravitational potential produced by such a loop in d  spacetime dimen-
sions is: 

 
( )

2
3

22d d
d

M
d A R

κ −
−

Φ = −
−

 (91) 

where DA  is the area of the unit D -sphere, ( )( )12 1 2
2D

DA D+
= π Γ + . Spe-  

cializing to the case of interest, namely 2-branes in eleven-dimensional M-theory, 
the tension 2µ  is related to the eleven-dimensional gravitational coupling by a 
quantization condition relating to the four-form flux, reading: 

 ( )3 2 2
2 112 nµ κ= π  (92) 

with n  an integer. Equations (91) and (92) then imply that the typical gravitational 
potential around a string loop is: 

 ( ) 12 6 2
2 02 6

2

105
64

R n n
R n

µ θ
µ

−
Φ = − ≈ − ≈ −

π
 (93) 

up to numerical factors. 
With regard (93), we note that are possible the following mathematical connec-

tions with the Aurea ratio and the Fibonacci’s numbers: 

( ) ( )2

105 89 16 55 34 8 8;105 21 5
64 8 34 21 8 1 48 16 24 24 8 8 3 8 3 8 8 8

= + = + + + = ×

= = + + + = + = + + + = × + × + +
 

and 3, 5, 8, 21, 34, 55 and 89 are Fibonacci’s numbers. Furthermore, we have that: 

5 7 21 7

5 7 21 7

105 1.640625 1.640;
64

5 1 5 1 1.64625 1.646
2 2

−

−

= ≅

   + +
Φ +Φ = + = ≅      

   

 

Thence, the gravitational potential on the scale of the loops is of order 2
0θ  and 

therefore is consistently small for small collision rapidity. Since the mean separa-
tion of the loops when they are produced is of order their size R , this potential 
Φ is the typical gravitational potential throughout space. Multiplying the tt  
component of the background metric (90) by 1 2+ Φ  and redefining t , we con-
clude that the outgoing metric has an expansion rapidity of order ( )2

0 01 Cθ θ≈ +  
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with C   a constant of order unity. We conclude that for small 0θ   the gravita-
tional back-reaction due to string loop productions is small. 

On Some Equations Concerning the Solution of a Braneworld Big  
Crunch/Big Bang Cosmology 

We shall employ a coordinate system in which the five-dimensional line element 
for the background takes the form: 

 ( )( ) ( )2 2 2 2 2 2 2d , d d , ds n t y t t y b t y x= − + +
 , (94) 

where y  parameterizes the fifth dimension and , 1,2,3ix i = , the three non-com-
pact dimensions. Cosmological isotropy excludes d d it x  or d d iy x  terms, and 
homogeneity ensures n  and b  are independent of x . The ,t y  part of the 
background metric may then be taken to be conformally flat. 

We find it simplest to work in coordinates in which the brane locations are fixed 
but the bulk evolves. The bulk metric is therefore given by (94), with the brane 
locations fixed at 0y y= ±  for all time t . The five-dimensional solution then has 
to satisfy both the Einstein equations and the Israel matching conditions on the 
branes. The bulk Einstein equations read ΛvG ν

µ µδ= − , where the bulk cosmolog-
ical constant is 26 LΛ = −  . Evaluating the linear combinations 0 5

0 5G G+   and 
( )0 5

0 5 3 2 i
iG G G+ − , we find: 

 2 2 2
, , , , 12e 0v

yy yττ τβ β β β− + − + = , ( )2 2 2
, , , ,

1 2e 0
3

v
yy yv vττ τβ β− + − − = , (95) 

where e , 3lnt L bτ β= ≡  and ( )lnv nt L≡ . The Israel matching conditions on 
the branes read: 

 , ,y yb n nt
b n L
= =  (96) 

where all quantities are to be evaluated at the brane locations 0y y= ± . 
Now, we express the metric as a series of Dirichlet or Neumann polynomials in 

0y  and y , bounded at order n  by a constant times 0
ny , such that the series 

satisfies the Israel matching conditions exactly at every order in 0y . To imple-
ment this, we first change variables from b  and n  to those obeying Neumann 
boundary conditions. From (96), b n  is Neumann. Likewise, if we define ( ),N t y  
by: 

 
( )

1
,

nt
N t y y

=
−

, (97) 

then one can easily check that ( ),N t y  is also Neumann on the branes. Since N  
and b n  obey Neumann boundary conditions on the branes, we can expand both 
in a power series: 

 ( ) ( ) ( )0
3

n n
n

N N t N t P y
∞

=

= +∑ , ( ) ( ) ( )0
3

n n
n

b n q t q t P y
∞

=

= +∑ , (98) 

where ( )nP y  are polynomials: 

 ( ) 2 2
02

n n
n

nP y y y y
n

−= −
−

, 3,4,n =   (99) 
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satisfying Neumann boundary conditions and each bounded by  
( ) ( )02 2n

nP y y n< − , for the relevant range of y . Note that the time-dependent 
coefficients in this ansatz may also be expanded as a power series in 0y . By con-
struction, our ansatz satisfies the Israel matching conditions exactly at each order 
in the expansion. Substituting the series ansatze (98) into the background Einstein 
Equations (95), we may determine the solution order by order in the rapidity each 
order in 0y , one generically obtains a number of linearly independent algebraic 
equations, and at most one ordinary differential equation in t . 

The first few terms of the solution are: 

 ( )2 2 4
0 0 0

1 1 1 8 9
2 24

N ty t t y
t

= − + − + , 2 2
3 0

1 5 2
6 72

N t y = − + − + 
 

   

and 

 2 2 2 4 4
0 0 0

3 71
2 8

q t y t t y = − + − + 
 

 , 3 2
3 02q t y= − +  (100) 

With regard Equations (100), we note that are possible the following mathe-
matical connections with the Aurea ratio and the Fibonacci’s numbers: 

39 7

39 75 5 10.06944 0.06849207
72 2

−

−  +
= ≅ Φ = =  

 
 

2 7

2 77 5 10.875 0.87154
8 2

−

−  +
= ≅ Φ = =  

 
 

Furthermore, 72 (=24 × 3) and 8 are connected with the “modes” that corre-
spond to the physical vibrations of the bosonic strings and to the physical vibra-
tions of a superstring by the following Ramanujan functions: 

( )

2

2

0
2

4

cos e d 142cosh4 antilog

e18
3 10 11 2 10 7 2log

4 4

x w

t w

w

txw x
x

t w
itwφ

−π

π
−

∞ ′

′

′

π 
 π ⋅ 
 


′

′
=

 + + +


′

∫

, 

( )

2

2

0
2

4

cos e d 142cosh4 antilog

e
24

10 11 2 10 7 2log
4 4

x w

t w

w

txw x
x

t w
itwφ

∞ ′

′

−π

−

′

π

π 
 π ⋅ 
 
 =

 + + +
 

′

′



′

∫

. 

To calculate the affine distance between the branes along a spacelike geodesic 
we must solve the geodesic equations in the bulk. Let us first consider the situation 
in Birkhoff-frame coordinates for which the bulk metric is static and the branes 
are moving. The Birkhoff-frame metric takes the form: 

 ( ) ( )2 2 2 2 2 2d d d ds Y N Y T A Y x= − +
 , (101) 
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where for Schwarzschild-AdS with a horizon at 0Y = , 

 ( ) ( )
( )

2

0

cosh 2
cosh 2

Y L
A Y

Y L
= , ( ) ( )

( )
( )
( )

2
02

0

cosh 2 sinh 2
cosh 2 sinh 2

Y L Y L
N Y

Y L Y L
 

=  
  

. (102) 

At 0T = , the Y -coordinate of the branes is represented by the parameter 0Y ; 
their subsequent trajectories ( )Y T±  can then be determined by integrating the 
Israel matching conditions, which read ( ) 2tanh 2 1Y L V± ±= ± − , where  

( ) ( )d dV Y T N Y± ± ±=  are the proper speeds of the positive- and negative-ten-
sion branes respectively. From this, it further follows that 0Y  is related to the ra-
pidity 0y  of the collision by ( )0 0tanh sech 2y Y L= . 

For the purpose of measuring the distance between the branes, a natural choice 
is to use spacelike geodesics that are orthogonal to the four translational Killing 
vectors of the static bulk, corresponding to shifts in x  and T . Taking the x  
and T  coordinates to be fixed along the geodesic then, we find that ,Yλ  is con-
stant for an affine parameter λ  along the geodesic. To make the connection 
to our original brane-static coordinate system, recall that the metric function 

( ) ( )2 2,b t y A Y= , and thus: 

 
( ) ( )

2
, , , ,2 2 2 2 2

, , ,4 2
t ybb t bb y

Y n t t y
b
λ λ

λ λ λθ

+
= = − +

−
, (103) 

where we have introduced the constant 0tanh y V cθ = = . Adopting y  now as 
the affine parameter, we have: 

 ( )( ) ( )( )2 2 2 4 2 2 2 2 2 2 2 4 2
, , , , , ,0 2t y t y y yb b n b t b b b t b b n t bθ θ= + − + + − − , (104) 

where t  is to be regarded now as a function of y . We can solve this equation 
order by order in 0y  using the series ansatz: 

 ( )
0

n
n

n
t y c y

∞

=

= ∑ , (105) 

where the constants nc  are themselves series in 0y . Using the series solution for 
the background geometry given in Equations (100), and imposing the boundary 
condition that ( )0 0t y t= , we obtain: 

 

( ) ( )
( ) ( )

3 42
0 0 02 3 2 2 50 0

0 0 0 0 0 0 0

2 2 4 73
0 0 0 05 6 80 0

0 0 0

36
2 1 5

2 24
13 250 79517 4

720 4 60

t t yt yc t t y t t y

t t t yt t t y O y

+
= + − + − +

+ + 
+ + + − + 
 

 (106) 

 ( )
2 2 4 6

2 2 4 4 3 5 6 70 0 0 0
1 0 0 0 0 0 0 0 0

5 91 23 532 5 8
3 180 6 4
t t t tc t y t y t y y O y

   
= + + − + + + +   

   
 (107) 

( ) ( ) ( )
2 2 2 4 5

0 0 0 0 0 02 3 3 5 4 60 0
2 0 0 0 0 0 0

1 6 23
2 4

2 4 48 2

t t y t t yt tc t y t t y O y
+ + = − − + − − + + + 

 
(108) 

 
( ) ( )

2 2 42 2
0 0 0 50 0

3 0

25 2015
3 18

t t yt yc O y
+

= − − +  (109) 
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 ( )
3 2 3

2 40 0 0 0 0
4 0 0

5 5 7 5
24 48 4 12
t t t t yc y O y

 
= + + − + 

 
 (110) 

 ( )
2 2

30 0
5 0

61
60
t yc O y= +  (111) 

 ( )20
6 0

61
720

tc O y= − +  (112) 

 ( )7 00 .c O y= +  (113) 

Substituting 0 0 0t x y=  and 0y yω= , we find ( ) ( )0 0 0x x y O yω = + , i.e. to 
lowest order in 0y  , the geodesics are trajectories of constant time lying solely 
along the ω  direction. Hence, in this limit, the affine and metric separation of the 
branes, defined with the following equation: 

 ( ) ( )2 24 4
0 01

4

1

4

1d ln
1 1m

x xd L O y L O y
x x

ω
ω−

 +
= + = + − − 
∫ , (114) 

must necessarily agree. To check this, the affine distance between the branes is given 
by: 

 
( ) ( )

( ) ( ) ( )

0

0

2 2

3 3 3 5 5
0 0 0 0 0 0 02 4

0 0 0 0

2 4 6 3 5 7 7
0 0 0 0 0 0 0 0 8

0

d

5 10 159
2 4

3 60
2 30 31115 5523 12795

,
3 2520

ya
y

d n t t y
I

t t y t t t y
t y t y

t t y t t t t y
O y

−
′= −

+ − +
= + − +

+ + − +
− + +

∫

 (115) 

which to lowest order in 0y  reduces to: 

 ( ) ( )
3 5 7

8 20 0 0
0 0 0

5 53 8532 ,
3 20 168

ad x x xx O x O y
L
= + + + + +  (116) 

in agreement with the series expansion of (114). 
We obtain also the following equation: 

( ) ( )
( )

( ) ( ) ( )( ) ( ) ( )( )

2
4

1
4 40 4 4 40 42

2 21 2
4

4 0 0 4 0 0 4 0 1 4 0 1 42

1

4

2
e d

1

1 8 4 .
31

xm nx x x xd
L b x

kx A J kx B Y kx A J kx B Y kx
x

ξ ξδ
ω

−

−
= =

−

 = + − + −  

∫

    

(117) 

To evaluate the perturbation adδ  in the affine distance between the branes, 
consider: 

( ),
1 dd 2
2

1 d
2

v

v
vv

g x x g x x g x x x g x x
g x x

g x xx x

g x x g x x

µ µ ν κ µ ν µ ν
µν µν µν κ µνρ σ

ρσ

µ ν
µ

ρ σ ρ σ
ρσ ρσ

λδ λ δ δ δ

δδ
λ

= + +

 
 = +
 
 

∫ ∫

∫

       

 

 



   

 (118) 

where dots indicate differentiation with respect to the affine parameter λ , and in 
going to the second line we have integrated by parts and made use of the background  
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geodesic equation 
¨

,
1
2

x g x xµ ν
σ µν σ=     and the constraint 1g x xµ ν

µν =   . If the  

endpoints of the geodesics on the branes are unperturbed, this expression is fur-
ther simplified by the vanishing of the surface term. Converting to coordinates 
where 0 0 0t x y=  and 0y yω= , to lowest order in 0y  the unperturbed geodes-
ics lie purely in the ω  direction, and so the perturbed affine distance is identical 
to the following perturbed metric distance: 

 
2
40

0

1
4

1

1 4 2
2d e d

xym
Ly

d nxnt y
L b

δ ξ
ω

−

− −
= Γ =∫ ∫ . (119) 

Explicitly, we find: 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( )

2 2 3
0 0 0 0 0 3 2 4

0 0 0
0 0

2 4 2 2 4 2 2 2
0 0 0 0 0 0 0 05 6

0 0
0

2 4 6 2
0 0 0 0 0

2 4 3 9
4 4

12 3

2 2169 135 2 1 1110 375 4 1 42 4 57

120 6

4 88885 952866 28875 4 1 152481

a
B At y B t A t td y B At y

L t t

B t t At t t At t B t
y y

t

B t t t At t

δ  + + +
 = − − + + − +
  

   + + + + + + − +
   − +
      

+ + + + −
−

( ) ( )
2 4 6

0 0 7 8
0 0

0

293517 36015
,

10080

t t
y O y

t

 + +
  +
  

(120) 

which, substituting 0 0 0t x y=  and dropping terms of ( )2
0O y , reduces to: 

 

( )

3 3 5
0 0 0 0 0

0

5 7 8
0 0 0

2 9 252 3
4 8 4

275 343 ,
96 24

ad B BAx x Ax Bx Ax
L x

Bx Ax O x

δ
= − − − − − −

− − +









 (121) 

where 2
0B By= . Also, this expression is in accordance with the series expansion 

of (119). However, the perturbed affine and metric distance do not agree at 

( )2
0O y . 

With regard Equations (116) and (121), we have the following mathematical con-
nections with Aurea ratio and with Fibonacci’s numbers: 

5 7 20 7

5 7 20 75 5 1 5 11.666 1.663054757
3 2 2

−

−    + +
= ≅ Φ +Φ = + =      

   
 

12 7 14 7

12 7 14 753 5 1 5 12.65 2.663697
20 2 2

−

−    + +
= ≅ Φ +Φ = + =      

   
 

21 7 16 7 10 7

21 7 16 7 10 7

853 5.077381
168

5 1 5 1 5 1 5.0718
2 2 2

− −

− −

= ≅ Φ +Φ +Φ

     + + +
= + + =          
     

 

7 7 10 7

7 7 10 79 5 1 5 11.125 1.12089
8 2 2

− −

− −    + +
= ≅ Φ +Φ = + =      

   
 

28 7 7 7

28 7 7 725 5 1 5 16.25 6.236067977
4 2 2

−

−    + +
= ≅ Φ −Φ = − =      

   
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14 7 20 7

14 7 20 7275 5 1 5 12.864583 2.870901
96 2 2

−

−    + +
= ≅ Φ +Φ = + =      

   
 

35 7 17 7

35 7 17 7343 5 1 5 114.2916 14.3078
24 2 2

   + +
= ≅ Φ +Φ = + =      

   
 

Furthermore, we have that: 
53 21 34 2= + − ; 853 2 8 233 610= + + + ; where 2, 8, 21, 34, 233 and 610 are 

Fibonacci’s numbers; 
29 3= ; 225 34 3= − ; 275 233 34 8= + + ; 343 233 34 8 13 55= + + + + ; where 3, 

8, 13, 34, 55 and 233 are Fibonacci’s numbers. 
(For the various analyzed equations, see Ref. [2]-[5]). 

4. On Some Equations Concerning the Generating Ekpyrotic  
Curvature Perturbations before the Big Bang 

With regard the ekpyrotic perturbations including gravity, we consider the action 
for N  decoupled fields interacting only through gravity: 

 ( ) ( )24

1 1

1 1d
2 2

N N

i i i
i i

x g R Vφ φ
= =

 
− − ∂ − 

 
∑ ∑∫ , (122) 

where we have chosen units in which 28 1PlG M −π ≡ = . In a flat Friedmann-Rob-
ertson-Walker background with line element ( )2 2 2 2d d ds t a t= − + x  , the scalar 
field and Friedmann equations are given by: 

 ,3 0
ii i iH V φφ φ+ + =  (123) 

and 

 ( )2 21 1
3 2 i i i

i i
H Vφ φ 

= + 
 
∑ ∑ , (124) 

where H a a=   and , ii i iV Vφ φ= ∂ ∂  with no summation implied. Another useful 
relation is: 

 21
2 i

i
H φ= − ∑  . (125) 

If all the fields have negative exponential potentials ( ) e i ic
i i iV V φφ −= −  then as 

is well-known, the Einstein-scalar equations admit the scaling solution: 

 ( ) ( )
2

2 2

22 2, ln , ,p i
i i i

ii i i

Aa t At V p
c c c

φ= − = − = =∑ . (126) 

Thus, if 1ic   for all i , we have a very slowly contracting universe with 
1p . 

We focus on the entropy perturbation since this is a local, gauge-invariant 
quantity, and on the case of only two scalar fields. The entropy perturbation equa-
tion: 

 1 1 2 2 2 1 2

22 2
2 , 1 2 , 1 , 2 , 1 ,2

2 2 2 2
1 2 1 2

2
3 0

V V V V V
s k sφφ φ φ φ φ φ φφ φ φ φ φ φ

δ δ
φ φ φ φ

 − +  − + + + =   + +  



   

 

   

 (127) 
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in flat spacetime is replaced by: 

 

1 1 1 2 2 2 1 2

22 22
2 , 1 2 , 1 , 2 , 1 ,

2 2 2 2 2
1 2 1 2

2

2 2 2
1 2

2
3 3

4 .

V V V V Vks H s s
a

k
a

φ φ φ φ φ φ φ φφ φ φ φ φ φ
δ δ δ

φ φ φ φ

θ

φ φ

  − + − + + + +    + +  

= Φ
+

     



   



 



 (128) 

For simplicity we will focus attention on straight line trajectories in scalar field 
space. Since 0θ = , the entropy perturbation is not sourced by the Newtonian 
potential Φ and we can solve the equations rather simply. We shall assume that 
the background solution obeys scaling symmetry so that 2 1φ γφ=  . Denoting τ  
derivatives with primes, and introducing the re-scaled entropy field: 

 ( )S a sδ τ δ= , (129) 

Equation (128) becomes: 

 2 2
, 0aS k a V S

a φφδ δ + − + = 
 

′′
′′ . (130) 

The crucial term governing the spectrum of the perturbations is then: 

 2 2
,

a V a
a φφτ  ′′ − 

 
. (131) 

When this quantity is approximately 2, we will again get nearly scale-invariant 
perturbations. It is customary to define the quantity: 

 ( )
( )2 22 2

1 2
2 2

13 1
2 2 2

w
H H

γ φφ φ
ε

++
≡ + ≡ =



 

. (132) 

In the background scaling solution, 

 
( )

2

22 1
cε
γ

=
+

. (133) 

We proceed by evaluating the quantity in (131) in an expansion in inverse pow-
ers of ε  and its derivatives with respect to N , where ( )endlnN a a= , where 

enda  is the value of a  at the end of the ekpyrotic phase. Note that N  decreases 
as the fields roll downhill and the contracting ekpyrotic phase proceeds. We ob-
tain the first term in (131) by differentiating (125), obtaining: 

 2 2 12 1
2

a H a
a

ε =
′

−


′



. (134) 

The second term in (131) is found by differentiating (132) twice with respect to 
time and using the background equations and the definition of N . We obtain: 

 ( )2 2 2 2 0
, ,

52 6
2 Na V a H Oφφ ε ε ε ε = − − − + 

 
. (135) 

Finally, need to express ( )a a aH≡ ′ =  in terms of the conformal time τ . 
From (134), we obtain: 

 ( )2 1 ε′ = −   (136) 
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which integrates to: 

 ( )1
0

d 1
τ
τ ε− = −∫ . (137) 

Now, inserting ( )1 d dτ τ=  under the integral and using integration by parts 
we can re-write this as: 

 ( ) 11
0

11 d
τ

ετ ετ ε τ τ
ε

−− ′ = − − 
 ∫ . (138) 

Using the same procedure once more, the integral in this expression can be writ-
ten as: 

 ( ) ( ) ( )1 1

0 0

dd d
d

τ τε τετ ε τ τ ετ ε τ τ τ
ε τ

− −= −
′

′ ′∫ ∫ . (139) 

Now using the fact that ,Nε ε′ = , and that to leading order in 1 ε ,   can 
be replaced by its value in the scaling solution (with constant ε ), 1τ ε −= , we 
can re-write the second term on the righthand side as: 

 ( ) ( ) ( )1 1 ,
0 0

,

d 1d d
d

N

N

τ τ ε
ετ ε τ τ τ ετ τ

τ ε ε
− −  

− = − ′ 
 

∫ ∫ , (140) 

which shows that this term is of order 21 ε  and can thus be neglected. Altogether, 
we obtain: 

 ( ) ,1
20

1d 1 1 Nτ ε
τ ε ετ

ε ε
−  
= − ≈ − − 

 
∫ . (141) 

Using (134) and (135) with (141), we can calculate the crucial term entering the 
entropy perturbation equation, 

 ,2 2
, 2

3 32 1
2 4

Na V a
a φφ

ε
τ

ε ε
′′   − = − +  

   
. (142) 

The deviation from scale-invariance in the spectral index of the entropy pertur-
bation is then given by: 

 ,
2

21 N
sn

ε
ε ε

− = − . (143) 

The first term on the right-hand side is the gravitational contribution, which, 
being positive, tends to make the spectrum blue. The second term is the non-grav-
itational contribution, which tends to make the spectrum red. 

Now defining   to be the curvature perturbation on comoving spatial slices, 
for N  scalar fields with general Kahler metric ( )ijg φ  on scalar field space, the 
linearized Einstein-scalar field equations lead to: 

 
2 2

2 2

i
j

ij
H D kg s
H Dt a

φ 
= − − Ψ 

 
R



, (144) 

where the 1N −  entropy perturbations: 

 
( )
( )

j k
jki i i

l m
lm

g
s

g
φ φ δφ

δφ φ
φ φ φ

= −






 (145) 
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are just the components of iδφ  orthogonal to the background trajectory, and the 
operator 2 2D Dt  is just the geodesic operator on scalar field space. Things sim-
plify because the scalar field space is flat, so the metric is ij ijg δ= , and D Dt  re-
duces to an ordinary time derivative. Considering only two scalar fields, we have: 

 1 2 2 2 2 2
2 1 2 1 1 2,s s s sφ δ φ φ φ δ φ φ= − + = + +      . (146) 

For a straight line trajectory in field space, the right-hand side of (145) vanishes 
even if the entropy perturbation is nonzero. 

We assume that the scalar field bounce occurs after the ekpyrotic potentials are 
turned off, so that the universe is kinetic-dominated from the 4 d point-of-view. 
The scalar field trajectory is 2 1φ γφ= −   , for bt t< , and 2 1φ γφ=   , for bt t> , with 

1φ  constant and negative in the vicinity of the bounce. The bounce leads to a delta 
function on the right-hand side of (144), 

 ( ) ( )
2

2
22 2b b

D t t t
Dt
φ

δ φ += −  , (147) 

where bt  is the time of the bounce of the negative-tension brane. As can be read-
ily seen from (144), if the entropy perturbations already have acquired a scale-
invariant spectrum by the time bt , then the bounce leads to their instantaneous 
conversion into curvature perturbations with precisely the same long wavelength 
spectrum. We can estimate the amplitude of the resulting curvature perturbation 
by integrating Equation (145) using (147). Since we have assumed the universe is 
kinetic-dominated at this time, ( )1 3H t= . Since the entropy perturbation: 

 ( ) 2 2
1 2 2 1 1 2sδ φ δφ φ δφ φ φ≡ − +     (148) 

is canonically normalized, its spectrum is given by: 

 
2

2
2 3 2

d 1
4
k k

k t
δφ =

π∫  (149) 

up to non-scale invariant corrections. This expression only holds as long as the 
ekpyrotic behaviour is still underway: the ekpyrotic phase ends at a time endt  ap-
proximately given by ( )2 2

min end2V c t=  . After endt  , the entropy perturbation 
obeys 1 0s tδ δ−+ =  , which has the solution ( )lns A B tδ = + − . 

Matching this solution to the growing mode solution 1t−  in the ekpyrotic phase, 
one finds that by bt  the entropy grows by an additional factor of ( )end1 ln bt t+ . 
Employing the Friedmann equation to relate 2 1φ γφ=    to H , putting everything 
together and restoring the Planck mass, we find for the variance of the spatial cur-
vature perturbation in the scale-invariant case, 

 
( )

( )( ) ( )
2 2

2min 2 2
end2 2 22

d d1 ln
3 1

b
Pl

c V k kt t k
k kM

γ

γ
ℜℜ = + ≡ ∆

π +
∫ ∫







 (150) 

for the perfectly scale-invariant case. Notice that the results depend only loga-
rithmically on bt : the main dependence is on the minimum value of the effective 
potential and the parameter c . Observations on the current Hubble horizon in-
dicate ( )2 9Δ 2.2 10k −≈ × . Ignoring the logarithm in (150), this requires  
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1
32min 10 Plc V M−≈  , or approximately the GUT scale. This is of course entirely 

consistent with the heterotic M-theory. 
With regard Equations (150), we have the following mathematical connections 

with the Aurea ratio: 
16 7

16 7
2

1 1 1 5 10.03377 0.03329
2 5 2 5 23

−

−  +
= ≅ Φ = =  ⋅ ⋅π  

. If we take  

0.4340PlM = , then we have that  
25 7

25 7
2 2
1 5 10.179307948 0.1793145665

23 PlM

−

−  +
= ≅ Φ = =  π  

. Furthermore, we 

obtain: 

( ) ( )180 180arcsin 0.1793145665 arccos 0.1793145665

10.3289 79.6702 90 55 34 1,

⋅ + ⋅
π π

= + ≅ = + +
 

with 34 and 55 Fibonacci’s numbers. 
If the entropic perturbations are suddenly converted to curvature perturbations, 

the curvature perturbations inherit the spectral tilt given in (143). We now begin 
by re-expressing Equation (143) in terms of  , the number of e-folds before the 
end of the ekpyrotic phase (where ( )d 1 Nε= −  and 1ε  ): 

 2 d ln1
dsn ε

ε
− = −


. (151) 

This expression is identical to the case of the Newtonian potential perturbations, 
except that the first term has the opposite sign. In this expression, ( )ε   measures 
the equation of state during the ekpyrotic phase, which must decrease from a value 
much greater than unity to a value of order unity in the last   e-folds. If we esti-
mate αε ≈  , then the spectral tilt is: 

 21sn α

α
− ≈ −


 (152) 

Here, we see that the sign of the tilt is sensitive to α . For nearly exponential 
potentials ( )1α ≈ , the spectral tilt is 1 1 1.02sn N≈ + ≈ , slightly blue, because 
the first term dominates. However, there are well-motivated examples in which 
the equation of state does not decrease linearly with  . We have introduced α  
to parameterize these cases. If 0.14α > , the spectral tilt is red. For example, 

0.97sn =  for 2α ≈ . These examples represent the range that can be achieved 
for the entropically induced curvature perturbations in the simplest models, roughly 
0.97 1.02sn< < . 

For comparison, if we use the same estimating procedure for the Newtonian 
potential fluctuations in the cyclic model (assuming they converted to curvature 
fluctuations before the bounce through 5 d effects), we obtain 0.95 0.97sn< < . 
This range agrees with the estimate obtained by an independent analysis based on 
studying inflaton potentials directly. 

With regard the values of sn , i.e. 0.95, 0.97 and 1.02, we have the following 
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mathematical connections with the Aurea ratio: 
0.67 7

0.67 7 5 10.95 0.9552046220
2

−

−  +
≅ = Φ =   

 
; 

0.33 7

0.33 7 5 10.97 0.9773457024
2

−

−  +
≅ = Φ =   

 
; 

0.33 7

0.33 7 5 11.02 1.0231794109
2

 +
≅ = Φ =   

 
; 

A second way of analyzing the spectral tilt is to assume a form for the scalar 
field potential. Consider the case where the two fields have steep potentials that 
can be modelled as ( ) d

1 0e
cV V φφ −∫= −  and 2 1φ γφ=  . Then, Equation (143) be-

comes: 

 
( )2

,
2 2 2

4 1 4
1s

Pl

c
n

c M c
φγ+

− = − , (153) 

where we have used the fact that ( )c φ  has the dimensions of inverse mass and 
restored the factors of Planck mass. The presence of PlM  clearly indicates that 
the first term on the right is a gravitational term. It is also the piece that makes a 
blue contribution to the spectral tilt. The second term is the non-gravitational term 
and agrees precisely with the following flat space-time result: 

 ,
21 4s

c
n

c
φ− = − , (154) 

although the agreement is not at all obvious at intermediate steps of the calcula-
tion. For a pure exponential potential, which has , 0c φ = , the non-gravitational 
contribution is zero, and the spectrum is slightly blue. For plausible values of 

20c =  and 1 2γ = , say, the gravitational piece is about one percent and the spec-
tral tilt is 1.01sn ≈ , also consistent with our earlier estimate. 

We note that 20c = , is related with the Aurea ratio by the following mathemat-
ical formula: 

35 7 14 7

35 7 14 7 3 5 1 5 1 3
2 2 2 2

311.090 2.618 13.708 20.562.
2

    + +  Φ +Φ ⋅ = + ⋅             

≅ + = ⋅ =

 

In the cyclic model, the steepness of the potential must decrease as the field rolls 
downhill in order that the ekpyrotic phase comes to an end, which corresponds to 

, 0c φ > . If ( )c φ  changes from some initial value 1c   to some value of order 
unity at the end of the ekpyrotic phase after φ  changes by an amount Δφ , then 

, Δc cφ φ≈ . When c  is large, the non-gravitational term in Equation (153) typ-
ically dominates and the spectral tilt is a few per cent towards the red. 

For example, suppose c βφ∝  and ( )d 125c φ φ ≈∫ ; then, the spectral tilt is: 

 1 0.03
1sn β

β
− = −

+
, (155) 
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which corresponds to 0.97 1sn< <  for positive 0 β< < ∞ , in agreement with our 
earlier estimate. With regard the value 125, we have the following mathematical 
connection with the Fibonacci’s numbers: 

125 2 5 8 21 34 55= + + + + +  

We note that negative potentials of this type with very large values of c  have 
been argued to arise naturally in string theory. Our expression for the spectral tilt 
of the entropically induced curvature spectrum can also be expressed in terms of 
the customary “fast-roll” parameters: 

 
2

2
,

1V
V cφ

ε
 

≡ =  
 

, 
, ,

V
Vφ φ

η
 

≡   
 

. (156) 

Note that ( )( )21 2 1ε γ ε= + . Then, the spectral tilt is: 

 
( )2

2

4 1
1 4s

Pl

n
M

γ
ε η

+
− = − . (157) 

This result can be compared with the spectral index of the time-delay (Newto-
nian potential) perturbation, where the corresponding formula is: 

 2
41 4s

Pl

n
M

ε η− = − − . (158) 

Here, the first term is again gravitational, but it has the opposite sign of the 
gravitational contribution to the entropically induced fluctuation spectrum. So, 
the tilt is typically a few per cent redder. Finally, for inflation, the spectral tilt is: 

 1 6 2sn ε η− = − +  (159) 

where the result is expressed in terms of the slow-roll parameters  
( )( )2

,1 2 PlM V Vφε ≡  and 2
,PlM V Vφφη ≡ . Here, we have revealed the factors of 

PlM  to illustrate that both inflationary contributions are gravitational in origin. 
This gives the same range for sn  as the Newtonian potential perturbations in the 
cyclic model. 

4.1. On Some Equations Concerning the Effective Five-Dimensional  
Theory of the Strongly Coupled Heterotic String as a Gauged  
Version of N = 1 Five-Dimensional Supergravity with  
Four-Dimensional Boundaries 

We will now briefly review the effective description of strongly coupled heterotic 
string theory as 11-dimensional supergravity with boundaries given by Horava and 
Witten. The bosonic part of the action is of the form: 

 SG YMS S S= +  (160) 

where SGS  is the familiar 11-dimensional supergravity: 

 1 11
11 1 2 3 4 7 8 112

1 1 2
24 17282

I IIKL
SG IJKL I I I I I I IM

S g R G G C G Gε
κ

 
= − − + + 

 
∫ 

 

 (161) 

and YMS  are the two 8E  Yang-Mills theories on the orbifold planes explicitly 
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given by: 

 
( )

( )( )

( )
( )( )

1
10

2
10

2 3 21 2
2

2/3 22 2
2

1 1tr tr
4 28

1 1tr tr
4 28

YM M

M

S g F R

g F R

κ
κ

κ
κ

   = − − −  ππ    

   − − −  ππ    

∫

∫
 (162) 

Here, ( )i
IJF  are the two 8E  gauge field strengths and IJKC  is the 3-form with 

field strength [ ]24IJKL I JKLG C= ∂ . In order for the above theory to be supersym-
metric as well as anomaly free, the Bianchi identity for G  should receive a cor-
rection such that: 

 ( ) ( ) ( ) ( ) ( ){ }
2 3

1 211 11
11

1
42 2JKL JKKL

dG J x J xκ δ δ ρ = − + − π ππ  
 (163) 

where the sources are given by: 

 ( ) ( ) ( ) 1
2

i i iJ trF F trR R = ∧ − ∧ 
 

. (164) 

With regard Equations (161) and (163), we have the following mathematical 
connections with the Aurea ratio and the Ramanujan modular equations: 

5 7

5 7 5 12 1.414213562 1.4101875
2

 +
= ≅ Φ = =  

 
; 

21728 432 4 24 24 3 24 3= ⋅ = ⋅ ⋅ = ⋅ ; 

432 306.342 Hz 1.4101875817= ⋅ ; 3432 2 3 8= ⋅ ⋅ ; 

31.67 7

31.67 71 5 10.112539539 0.1133912969
22 2

−

−  +
= ≅ Φ = =  π  

 

We note that 2, 3 and 8 are Fibonacci’s numbers, while 24 is related to the phys-
ical vibrations of the bosonic strings by the following Ramanujan function: 

( )

2

2

0
2

4

cos e d 142cosh4 antilog

e
24

10 11 2 10 7 2log
4 4

x w

t w

w

txw x
x

t w
itwφ

∞ ′

′

−π

−

′

π

π 
 π ⋅ 
 
 =

 + + +
 

′

′



′

∫

 

While the standard embedding of the spin connection into the gauge connection: 

 ( ) ( )1 1trF F trR R∧ = ∧  (165) 

leads to vanishing source terms in the weakly coupled heterotic string Bianchi iden-
tity, in the present case, one is left with non-zero sources trR R± ∧  on the two hy-
perplanes. As a result, the antisymmetric tensor field G  and, hence, the second 
term in the gravitino supersymmetry variation: 

 ( )2 8
288

JKLM
I I IKLM IJ KLMD g Gδ η ηΨ = + Γ − Γ +  (166) 
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do not vanish. 
With regard the mathematical connections with the Aurea ratio and Fibonacci’s 

numbers, we note that: 
5 7

5 7 5 1432 306.342 306.342 306.342 1.4101875817
2

 +
= ⋅Φ = ⋅ = ⋅  

 
; 

432 288 144− =  and 144 is a Fibonacci’s number. Furthermore, 288 24 12= ⋅  
and 24 are related to the physical vibrations of the bosonic strings by the following 
Ramanujan function: 

( )

2

2

0
2

4

cos e d 142cosh4 antilog

e
24

10 11 2 10 7 2log
4 4

x w

t w

w

txw x
x

t w
itwφ

∞ ′

′

−π

−

′

π

π 
 π ⋅ 
 
 =

 + + +
 

′

′



′

∫

. 

Now, let us start with the zeroth order metric: 

 ( )22 2 11 1 3
11 0 0d d d d d d ,A B

ABs x x R x V x xµ ν
µνη= + + Ω  (167) 

where ABΩ  is a Calabi-Yau metric with Kahler form ab abiω = Ω . (Here, a  and 
b  are holomorphic and anti-holomorphic indices). To keep track of the scaling 
properties of the solution, we have introduced moduli 0V  and 0R  for the Calabi-
Yau volume and the orbifold radius, respectively. To order 2 3κ , the metric can 
be written in the form: 

 ( ) ( )( ) ( )
22 2 11 1 3

11 0 0
ˆ ˆd 1 d d 1 d d dA B

AB ABs b x x R x V h x xµ ν
µνη γ= + + + + Ω +  (168) 

where the functions ˆ ˆ,b γ  and ABh  depend on 11x  and the Calabi-Yau coor-
dinates. Furthermore, ABCDG   and 11ABCG   receive a contribution of order 2 3κ  
from the Bianchi identity source terms. The general explicit form of the correc-
tions are: 

 ( )2 3 11
0 0

2 2
3

b̂ R V xα ρ−= − − π , ( )2 3 11
0 0

2 2 2
3

ˆ R V xγ α ρ−= − π  (169) 

 ( )2 3 11
0 0

2 2
3AB ABh R V xα ρ−= − π Ω , ( )111

6
EF

ABCD ABCD EFG xαε ω ε=  (170) 

with 

 ( ) ( )
2 31

48 2 X
trR R

v
κα ω Ω Ω = − ∧ ∧ ππ   ∫ , 

X
v = Ω∫ . (171) 

Here, ( )11xε  is the step function which is +1 (−1) for 11x  positive (negative). 
With regard Equations (169), (170) and (171), we have the following mathe-

matical connections with the Aurea ratio: 
11 7

11 72 5 10.47140452 0.469451
3 2

−

−  +
= ≅ Φ = =  

 
; 
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7 7 35 7

7 7 35 72 2 5 1 5 10.942809041
3 2 2

0.618034 0.090170 0.708204;

− −

− −    + +
= ≅ Φ +Φ = +      

   
= + =

 

40.708204 0.944272
3
⋅ = ; 

26 7

26 71 5 10.1666 0.1674018269
6 2

−

−  +
= ≅ Φ = =  

 
; 

18.33 7

18.33 71 1 1 5 10.0281348 0.02835642
2 5 2 5 28 2

−

−  +
= ≅ Φ = =  ⋅ ⋅π  

. 

In the five-dimensional space 5M  of the reduced theory, the orbifold fixed 
planes constitute four-dimensional hypersurfaces which we denote by ( )

4 , 1,2iM i = . 
There will be an 6E  gauge field ( )1Aµ  accompanied by gauginos and gauge mat-
ter fields on the orbifold plane ( )1

4M . We will set these gauge matter fields to zero 
in the following. The field content of the orbifold plane ( )2

4M  consists of an 8E  
gauge field ( )2Aµ  and the corresponding gauginos. In addition, there is another 
important boundary effect which results from the non-zero internal gauge field and 
gravity curvatures. More precisely, note that: 

 ( ) ( ) ( )
2 3

1 1 2416 2 , 0AB AB
AB AB ABX X

trF F trR R v Fα
κ
π Ω = Ω = − π = 

 ∫ ∫ . (172) 

In view of the boundary action (162), it follows that we will retain cosmological 
type terms with opposite signs on the two boundaries. Note that the size of those 
terms is set by the same constant α , given by Equation (171), which determines 
the magnitude of the non-zero mode. The boundary cosmological terms are an-
other important ingredient in reproducing the 11-dimensional background as a so-
lution of the five-dimensional theory. 

We can perform the Kaluza-Klein reduction on the metric: 

 2 2 3 1 3
11d d d d dA B

ABs V g x x V x xα β
αβ

−= + Ω . (173) 

The complete configuration for the antisymmetric tensor field that we use in the 
reduction is given by: 

 [ ], 24C G Cαβγ αβγδ α βγδ= ∂ , 1
6AB ABC Aα αω= ,   

 AB ABGαβ αβω=  , A Aαβ α β β α= ∂ − ∂ ,  

 1
6ABC ABCC ξω= , ABC ABCGα αξω= ∂  (174) 

and the non-zero mode is: 

 ( )11 
6

EF
ABCD ABCD EFG xα ε ω ε= , (175) 

where α  was defined in Equation (171). 
We can now compute the five-dimensional effective action of Horava-Witten the-

ory. Using the field configuration (172)-(175), we find from the action (160)-(161) 
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that: 

 5 grav hyper boundS S S S= + +  (176) 

where 

 
5

grav 2
5

1 3 1
22 2 sM

S g R Aαβ αβγδδ
αβ α βγε

κ ∂
 = − − + +  

∫      (177) 

 

( )( )

5

2 1 2
hyper 2

5

2 2

1 1 12
2 242

2 12
24 3

M
S g V V V V V G G

G i A V

α α αβγδ
α α αβγγ

αβγγδ
αβγδ ε ε ε

ξ ξ
κ

ε ξ ξ ξ ξ α α

− −

−

= − − ∂ ∂ + ∂ ∂ +


+ ∂ − ∂ + + 



∫
 (178) 

 
( ) ( ){ }

( )
( )

1 2
4 4

2

4

1 1
bound 2

5
2

1

1 2 2 2 2
2

1 .
16 i

M M

i

M
iGUT

S gV gV

gVtrFµν

α α
κ

α

− −

=

= − − − + −

− −
π

∫ ∫

∑∫
 (179) 

In this expression, we have now dropped higher-derivative terms. The 4-form 
field strength Gαβγδ  is subject to the Bianchi identity: 

 ( ) ( ) ( ) ( ) ( ){ }
2

1 211 115
11 4 2v

GUT

dG J x J x
µ ρσ µνρσ

κ
δ δ ρ

α
= − + − π

π
 (180) 

which follows directly from the 11-dimensional Bianchi identity (163). The cur-
rents ( )iJ  have been defined in Equation (164). The five-dimensional Newton 
constant 5κ  and the Yang-Mills coupling GUTα  are expressed in terms of 11-di-
mensional quantities as: 

 
2 32 2

2
5

4,
2GUTv v

κ κκ α
κ
π = =  

 
. (181) 

Since we have compactified on a Calabi-Yau space, we expect the bulk part of 
the above action to have eight preserved supercharges and, therefore, to corre-
spond to minimal 1N =  supergravity in five dimensions. Accordingly, let us 
compare the result (177)-(179) to the known 1N =  supergravity matter theories 
in five dimensions. In these theories, the scalar fields in the universal hypermulti-
plet parameterize a quaternionic manifold with coset structure  

( ) ( ) ( )2,1 / 2 1Q SU SU U= ×M . Hence, to compare our action to these we should 
dualize the three-form Cαβγ  to a scalar field σ  by setting (in the bulk): 

 ( )( )21 2
2

G V i Aε ε ε ε
αβγδ αβγδεε σ ξ ξ ξ ξ α−= ∂ − ∂ − ∂ − . (182) 

Then, the hypermultiplet part of the action (178) can be written as: 

 
5

2 2
hyper 2

1
32

u v
uvM

vS g h q q Vα
α α

κ
− = − − ∇ ∇ +  ∫  (183) 

where ( ), , ,uq V σ ξ ξ= . The covariant derivative α∇  is defined as  
u u uq q A kα α αα∇ = ∂ +  with ( )0, 2,0,0uk = − . The sigma model metric  

uv u v Qh K= ∂ ∂  can be computed from the Kahler potential: 
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 ( )ln 2 , ,QK S S CC S V i Cξξ σ ξ= − + − = + + = . (184) 

Consequently, the hypermultiplet scalars uq  parameterize a Kahler manifold 
with metric uvh . It can be demonstrated that uk  is a Killing vector on this man-
ifold. 

To analyze the supersymmetry properties of the solutions shortly to be dis-
cussed, we need the supersymmetry variations of the fermions associated with the 
theory (176). They can be obtained either by a reduction of the 11-dimensional 
gravitino variation (166) or by generalizing the known five-dimensional transfor-
mations by matching onto gauged four-dimensional 2N =  theories. It is suffi-
cient to keep the bosonic terms only. Both approaches lead to: 

 

( )

( ) ( )( )
( ) ( ) ( )

1 2
1 2 1 2

1 11
3 3

2 4
8

1
2

2 2
96 12

i i i

i i j
j j

i ij j
j j

iD J

V i i

i V G V x

βγ β γ
α α α α βγ

α α

βγδδ
α βγγδ α

δψ ε γ δ γ ε

ξ τ τ ξ τ τ ε

ε τ ε α ε γ τ ε

−

−

= + −

− ∂ − − ∂ +

− −



  

 ( ) ( )( )
( )( )

2)1 2
1 2 1 2

1 1 11
3

2
48

2

2 2

i i

i j
j j

ii j
j

V G

i V i i

i iV V V x

αβγδδ
αβγγ ε

α
α α

β
β

δζ ε γ ε

γ ξ τ τ ξ τ τ ε

γ ε α ε τ ε

−

− −

=

− ∂ − + ∂ +

+ ∂ −

 (185) 

where iτ  are the Pauli spin matrices. Thence, we see that the relevant five-di-
mensional effective theory for the reduction of Horava-Witten theory is a gauged 

1N =  supergravity theory with bulk and boundary potentials. 
The theory (176) has all of the prerequisites necessary for such a three-brane 

solution to exist. Generally, in order to have a ( )2D − -brane in a D -dimen-
sional theory, one needs to have a ( )1D − -form field, or, equivalently, a cosmo-
logical constant. This cosmological term is provided by the bulk potential term in 
the action (176). From the viewpoint of the bulk theory, we could have multi 
three-brane solutions with an arbitrary number of parallel branes located at vari-
ous places in the 11x  direction. As is well known, however, elementary brane so-
lutions have singularities at the location of the branes, needing to be supported by 
source terms. The natural candidates for those source terms are the boundary ac-
tions. Given the anomaly-cancellation requirements, this restricts the possible so-
lutions to those representing a pair of parallel three-branes corresponding to the 
orbifold planes. It is clear that in order to find a three-brane solution, we should 
start with the Ansatz: 

 ( ) ( )2 22 2
5d d d duvs a y x x b y yµ νη= +  (186) 

 ( )V V y=   

where a  and b  are functions of 11y x=  and all other field vanish. The general 
solution for this Ansatz, satisfying the equations of motion derived from the action 
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(176), is given by: 

 1 2 2 3
0 0 0 0

2, , and
3

a a H b b H V b H H y cα= = = = +  (187) 

where 0 0,a b  and 0c  are constants. We note that the boundary source terms 
have fixed the form of the harmonic function H  in the above solution. Without 
specific information about the sources, the function H  would generically be  

glued together from an arbitrary number of linear pieces with slopes 2
3
α± .  

The edges of each piece would then indicate the location of the source terms. 
The necessity of matching the boundary sources at 0y =  and ρπ , however, 
has forced us to consider only two such linear pieces, namely [ ]0,y ρ∈ π  and 

[ ],0y ρ∈ −π . These pieces are glued together at 0y =  and ρπ . Therefore, we 
have: 

 1 2 2 3
0 0 0 0

2, , and
3

a a H b b H V b H H y cα= = = = +  (188) 

which shows that the solution represents two parallel three-branes located at the 
orbifold planes. We stress that this solution solves the five-dimensional theory 
(176) exactly, whereas the original deformed Calabi-Yau solution was only an ap-
proximation to order 2 3κ . It is straightforward to show that the linearized ver-
sion of (187), that is, the expansion to first order in ( )2 3Oα κ= , coincides with 
Witten’s solution (168)-(169)-(170) upon appropriate matching of the integration 
constants. Hence, we have found an exact generalization of the linearized 11-di-
mensional solution. We still have to check that our solution preserves half of the 
supersymmetries. When gαβ  and V  are the only non-zero fields, the supersym-
metry transformations (185) simplify to: 

 
( ) ( )

( ) ( )

1
3

1 1
3

2
12

2
.

2

ii i j i
j

ii j
j

D y V

i iV V y V

α α α

β
β

δψ ε αε γ τ ε δζ

γ ε αε τ ε

−

− −

= −

= ∂ −
 (189) 

With regard Equations (179), (180), (182), (185) and (187)-(189), we have the 
following mathematical connections with Aurea ratio and with the Ramanujan’s 
modular equations: 

5 7

5 71 5 10.707106781 0.709125
22

−

−  +
= ≅ Φ = =  

 
; 

7.67 7

7.67 72 1 1 5 10.058925565 0.0590213661
24 2 5 2 5 2

−

−  +
= ≅ Φ = =  ⋅ ⋅  

; 

15 7

15 7 5 12 2 2.828427125 2.8043399
2

 +
= ≅ Φ = =  

 
; 

25.33 7

25.33 71 5 10.17677 0.17525
24 2

−

−  +
= ≅ Φ = =  

 
; 
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8.33 7

8.33 71 1 1 5 10.056269769 0.05640
2 5 2 5 24 2

−

−  +
= ≅ Φ = =  ⋅ ⋅π  

; 

25 7

25 72 5 10.176776695 0.179314
8 2

−

−  +
= ≅ Φ = =  

 
; 

31 7

31 72 5 10.11785113 0.118708
12 2

−

−  +
= ≅ Φ = =  

 
; 

18 7

18 72 1 1 5 10.029462782 0.0290137
48 2 5 2 5 2

−

−  +
= ≅ Φ = =  ⋅ ⋅  

; 

28 7

28 72 1 1 5 10.014731391 0.0145898
96 2 5 2 5 2

−

−  +
= ≅ Φ = =  ⋅ ⋅  

; 

11 5

11 52 5 10.47140452 0.469451
3 2

−

−  +
= ≅ Φ = =  

 
. 

Furthermore, the number 8, 12, 24, 48 and 96 are connected with the “modes” 
that correspond to the physical vibrations of a superstring and to physical vibra-
tions of the bosonic strings by the following Ramanujan functions: 

( )

2

2

0
2

4

cos e d 142cosh4 antilog

e18
3 10 11 2 10 7 2log

4 4

x w

w

w

txw x
x

t w
itwφ

∞ ′

′

−π

−

′

π

π 
 π ⋅ 
 
 =

 + + +
 

′

′



′

∫

 

( )
2

0
2

4

cos
142cosh4 antilog

e
24

10 11 2 10 7 2log
4 4

w

w

txw
x

t w
itxφ

π
−

∞

′

′

π ′

′
′


 π ⋅ 
 
 =
 + + +
  

∫

 

We note also that 8 is a Fibonacci’s number. 
The Killing spinor equations 0, 0i i

αδψ δζ= =  are satisfied for the solution 
(187) if we require that the spinor iε  is given by: 

 ( )1 4
0 11 0 3 0, ii i i j

j
Hε ε γ ε τ ε= =  (190) 

where 0
iε  is a constant symplectic Majorana spinor. This shows that we have in-

deed found a BPS solution preserving four of the eight bulk supercharges. 

4.2. On Some Equations Concerning the Colliding Branes and the  
Origin of the Hot Big Bang 

We have derived the five-dimensional effective action of heterotic M-theory in the 
precedent subsection in 3. Now, we shall use a simplified action describing gravity 
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gγδ , the universal “breathing” modulus of the Calabi-Yau three-fold φ , a four-
form gauge field Aγδδζ  with field strength dA=  and a single bulk M5-brane. 
It is given by: 

( )

( )( ) ( ) ( ) ( ) ( ) ( )

5

4

3 2 2
255

3
3 4
5

1

1 3 ed
2 2 2 5!

3 d e ,
4!i

v

i Vi i i i i i
i

MS x g

M h A X X X X

φ

µ κ
φ γ δ ε ζ

γδδζ µ κ λ

φ

εα ξ −

=

 
= − − ∂ − 

 
 

− − − ∂ ∂ ∂ ∂ 
 

∫

∑ ∫

R






(191) 

where , , , 0, ,4; , , 0, ,3γ δ ε ζ µ ν= =   . The space-time is a five-dimensional 
manifold 5M  with coordinates xγ . The four-dimensional manifolds  

( )
4 , 1,2,3iM i =  are the visible, hidden, and bulk branes respectively, and have in-

ternal coordinates ( )i
µξ  and tension 3

5iMα . Note that iα  has dimension of mass. 
If we denote 1α α≡ − , 2α α β≡ − , and 3α β≡ , then the visible brane has ten-
sion 3

5Mα− , the hidden brane ( ) 3
5Mα β− , and the bulk brane 3

5Mβ . It is 
straightforward to show that the tension of the bulk brane, 3

5Mβ , must always be 
positive. Furthermore, one can easily deduce that the tension on the visible brane, 

3
5Mα− , can be either positive or negative. We will take 0α > , so that the ten-

sion on the visible brane is negative. Furthermore, we will choose β  such that 
0α β− > , that is, the tension of the hidden brane is positive. The tensor ( )ihµν  is 

the induced metric on ( )
4
iM . The functions ( ) ( )( )i iX γ µξ  are the coordinates in 5M  

of a point on ( )
4
iM  with coordinates ( )i

µξ . In other words, ( ) ( )( )i iX γ µξ  describe the 
embedding of the branes into 5M . The BPS solution of Lukas, Ovrut and Waldram 
is then given by: 

 ( )( ) ( ) ( )2 2 2 2 2 2 4 2 3d d d d ; es D y N A x B D y y BD yφτ= − + + =
   

 ( )3 1 2
0123   for  Y A NB D y y Yα − −= − <   

 ( ) ( )3 1 2
1123    forv A NB D y y Yα β − −= − − >  (192) 

where 

 ( )     forD y y C y Yα= + <   

 ( ) ( )    forD y y C Y y Yα β β= − + + >  (193) 

and , , ,A B C N  and Y  are constants. Note that , , ,A B C N  are dimensionless 
and Y  has the dimension of length. The visible and hidden boundary branes are 
located at 0y =  and y R= , respectively, and the bulk brane is located at y Y= , 
0 Y R≤ ≤ . We assume that 0C > , so that the curvature singularity at 0D =  
does not fall between the boundary branes. Note that 0y =  lies in the region of 
smaller volume while y R=  lies in the region of larger volume. Note that insert-
ing the solution of the four-form equation of motion into Equation (191) yields 
precisely the bulk action with charge α−  in the interval 0 y Y≤ ≤  and charge 
α β− +  in the interval Y y R≤ ≤ . The formulation of the action Equation (191) 

using the four-form A is particularly useful when the theory contains bulk branes, 
as is the case in ekpyrotic theory. 

The following equation: 
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 ( )2

24 1 Δc
k c c

c c

Ha H k
a H

δ τ
 

= − 
 



, (194) 

expresses the density perturbation in terms of the time delay at the time of colli-
sion, ( )Δ kτ . If we consider the exponential potential e m YV v α−= − , then Equa-
tion (194) yields: 

 ( )
24 2 Δ

2k
m v k
mC
αδ τ≈
+

. (195) 

Now, we compute the spectrum of quantum fluctuations of the brane kYδ  and 
use the result to compute the time delay, ( )Δ kτ . 

For the calculation of quantum fluctuations, it is sufficient to work at the lowest 
order in β α . Without loss of generality, we can therefore set 1A N= = . In that 
case, the bulk brane Lagrangian is given by: 

 ( ) ( )23
5

13
2

M B D Y Y Y V Yµν
β µ νβ η = ∂ ∂ −  
L . (196) 

Note that this agrees with βL  given in the following equation: 

 ( ) ( )
3 3

2 2 253 1
2

M A B D Y Y N V Y
Nβ

β  = −  
L , (197) 

when we set 1A N= =  and spatial gradients of Y  to zero. Let us first consider 
the spatially homogeneous motion of the brane which will be described by ( )0Y τ . 
It is governed by the following equation of motion: 

 ( ) ( )2 2
0 0 0

1
2

D Y Y V Y E+ = , (198) 

where E  is a constant. Equation (198) is simply the statement that the energy 
E  of the bulk brane is conserved to this order in β α . Since we have chosen 
the visible brane to lie at 0y =  and the hidden universe to lie at y R= , we focus 
on the branch 0Y <  in which case the bulk brane moves towards the visible brane. 
The solution to Equation (198) is then given by: 

 ( ) ( )
( )( )

0

0

d

2

Y D Y Y

E V Y
τ− =

−

′ ′

′
∫  (199) 

with 0τ ≤ , and with the collision occurring at 0τ = . Let us now consider fluc-
tuations around the background solution ( )0Y τ . Namely, if  

( ) ( )0 ,Y Y Y xτ δ τ= +
 , with ( ) ( )0,Y x Yδ τ τ

 , we can expand the action to quad-
ratic order in Yδ : 

 
( )( )

( ) ( )

22 2
0

2
22 2 1 0 0

0 0 0 2
0 0

1
2

d d1 ,
d 2 d

fucL D Y Y

V VD V E D Y
Y Y

δ δ

α α δ− −

 ≈ − + ∂  
 

+ − − + 
 





 (200) 

where we have used Equation (198), and where we have introduced ( )0 0D D Y≡  
and ( )0 0V V Y≡  for simplicity. The key relation is the fluctuation equation as de-
rived from the action (200): 

https://doi.org/10.4236/jmp.2024.1511080


M. Nardelli 
 

 

DOI: 10.4236/jmp.2024.1511080 1912 Journal of Modern Physics 
 

 ( )
2

pert2 2 2
2

pert

d
0;

d
k

k

af
x x f x k

ax
τ τ

 
− − = ≡ − 
  








, (201) 

where 0k kf D Yδ≡ ⋅   and where perta  is defined by: 

 
2

pert 3 0 0
0 0 2

pert 0 0

d d
d d

a V VD D
a Y Y

α−  
≡ − 

 



. (202) 

The fluctuation Equation (201), can be compared with the corresponding equa-
tion for the perturbations of a scalar field with no potential and minimally coupled 
to an FRW background with scale factor ( )a τ : 

 
¨

22 0k k k

a k
a

δ φ δφ δφ+ + =

 



 . (203) 

Defining ˆk k
f a δφ= ⋅ , Equation (203) becomes: 

 
2

2 2 2
2

d
0

d
k

k

f
x x f

ax
aτ − − =  







. (204) 

Let us now discuss the Hubble horizon for the perturbations. Recall that in usual 
4 d cosmology (see Equation (204)), we have: 

 ( ) ( ) ( ) 1
phys phys

kx k a k a k H
a

τ τ τ − = − = ⋅ ⋅ − = ⋅ − ≈ 
 

, (205) 

where 1 2H a a− ≡   is the Hubble radius as derived from the scale-factor a . By 
definition, a mode is said to be outside the Hubble horizon when its wavelength 
is larger than the Hubble radius. From Equation (205), we see that this occurs when 

1x < . Therefore, a mode with amplitude kf   crosses outside the horizon when 
( )1x ≈ . Similarly, in our scenario, we can write: 

 ( ) ( )1 2 1
phys 0 phys pertx k k D k Hτ τ −= − = − ≡ , (206) 

where 1 2
phys 0k k D= . The role of the Hubble radius is replaced by: 

 ( ) ( )
( )( )

01 1 2 1 2
pert 0 0 0

d

2

Y D Y Y
H D D

E V Y
τ− ≡ − =

−
∫ , (207) 

which is to be thought of as an effective Hubble radius for the perturbations. So, 
the length scale at which amplitudes freeze depends on Ba  (rather than perta ), 
but the amplitude itself, as derived from Equation (201), depends on perta . The 
feature of two different scale factors is novel aspect of ekpyrotic scenario. With 
regard the comparison to inflationary cosmology, we have that in inflation, the 
wavelengths are stretched superluminally while the horizon is nearly constant. 
In the ekpyrotic scenario, the wavelengths are nearly constant while the horizon 
shrinks. We can obtain a spectrum which is scale-invariant. Writing the equation 
for the perturbations in the form of Equation (201) is useful since one can read off 
from it the spectral slope of the power spectrum. It is determined by the value of 

( ) 2
pert pertaa τ . In particular, one obtains a scale-invariant spectrum if  

( ) 2
pert pert 2aa τ =  when the modes observed on the CMB cross outside the hori-

zon. 
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Combining Equations (199) and (202), we find: 

 ( )
( )( )

2
2

pert 2 3 0 0
0 0 2 0

pert 0 0

dd d
d d 2

Y D Y YV VD D
a Y Y E

a

V Y
τ α−

    = −   −

′

 

′

 ′ 
∫



. (208) 

The spectrum will be scale-invariant if the right hand side of Equation (208) 
equals 2 when the modes of interest cross outside the horizon. Thence, we have: 

 ( )
( )( )

2
2

pert 2 3 0 0
0 0 2 0

pert 0 0

dd d 2
d d 2

Ya D Y YV VD D
a Y Y E V Y

τ α−
    = − =   − 

′

′ 

′


∫



. (209) 

With regard Equation (209), we have the following mathematical connections 
with the Aurea ratio: 

14 7 14 7

14 7 14 7 5 1 5 1
2 2

22.618034 0.381966 3; 3 2;
3

−

−    + +
Φ +Φ = +      

   

= + = ⋅ =

 

21 7 7 7 28 7

21 7 7 7 28 7 5 1 5 1 5 1
2 2 2

14.236068 1.618034 0.145898 6; 6 2.
3

−

−      + + +
Φ +Φ +Φ = + +          

     

= + + = ⋅ =

 

We note also that 2 is prime number and Fibonacci’s number. 
Thence we can rewrite Equation (209) also as follow: 

( )
( )( )

( )

2
2

pert 2 3 0 0
0 0 2 0

pert 0 0

14 7 14 7

14 7 14 7

dd d
d d 2

2 2 5 1 5 1
3 3 2 2

2 2.618034 0.381966 2;
3

Y D Y YVa VD D
a Y Y E V Y

τ α−

−

−

    = −   −   
    + +  = Φ +Φ = +             

=

′

+ =

′

′
∫



 

We can add a potential ( )V Y  of the form that might result from the exchange 
of wrapped M2branes. We would like to think of V  as the potential derived from 
the superpotential W  for the modulus Y  in the 4 d low energy theory. Typically, 
superpotentials for such moduli are of exponential form, for example, 

 e cYW −≈ , (210) 

where c  is a positive parameter with dimension of mass. The corresponding po-
tential is constructed from W  and the Kahler potential K  according to the usual 
prescription: 

 
2

2
3e plK M ij

i j
pl

V K DWD W WW
M

 
= − 

  
. (211) 

where 2i
i i plD K Mφ= ∂ ∂ +  is the Kahler covariant derivative, i

iK K φ= ∂ ∂ , 
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2 i j
ijK K φ φ= ∂ ∂ ∂  and a sum over each superfield iφ  is implicit. Equations (210) 

and (211) imply that V  decays exponentially with Y . Here, it will suffice to per-
form the calculation using a simple exponential potential, namely: 

 ( ) e m YV Y v α−= − , (212) 

where v  and m  are positive, dimensionless constants. Note that, in the case 
where the potential is generated by the exchange of wrapped M2-branes, the pa-
rameter m  is of the form 3m cTν α= , where c  is a constant, 3T  is the ten-
sion of the M2-brane, and v  is the volume of the curve on which it is wrapped. 
The perturbation modes of interest are those which are within the current Hubble 
horizon. As the wavelengths corresponding to those modes passed outside the ef-
fective Hubble horizon on the moving bulk-brane, the amplitudes became fixed. 
Scale invariance will require 1mD >  during this period. We know that, if the 
potential V  is negligible compared to E , the spectrum of fluctuations is not 
scale-invariant. Hence, we consider the limit where 0E V . This condition, as 
seen from the equation of motion for 0Y , Equation (198), is satisfied if 0 0Y =  
initially, or, equivalently, if the bulk brane begins nearly at rest. For the brane to 
be nearly at rest, one must have 0E V≈  initially. As the brane traverses the fifth 
dimension, V  increases exponentially, whereas E  is constant. Hence, the con-
dition 0E V  is automatically satisfied. The bulk brane beginning nearly at 
rest is precisely what we expect for a nearly BPS initial state. Applying the condi-
tion 0E V< , Equation (199) reduces to: 

 ( )0

0

22
2 2 0

2 20
0

21 2e d 1
2 e

Y m Y
m Y

DD Y Y
v mDm v

α
ατ

α −
′   ≈ ≈ −  ′ ′   

∫ , (213) 

where we have neglected the endpoint contribution at 0Y = . On the other hand, 
Equation (202) gives: 

 
02 2

pert
2

pert 00

e 11
m Ya m v

a mDD

αα −  
= + 

 



. (214) 

Combining the above two expressions, we obtain: 

 
0

2
pert pert20

2 2
0 pert 0 pert 0

1 1 21 , ; 2 1 , 1
e m Y

a aD
mD a mD a mDm v α τ

α −

     
= + = + −     
     

 

  

 pert 2

pert 0 0

1 22 1 1 .
a
a mD mD

τ
  

= + −  
  



 (215) 

The right hand side of Equation (215) is approximately equal to 2 in the limit 
of large 0mD . Thence, we have: 

 pert 2

pert 0 0

1 22 1 1 2
a
a mD mD

τ
  

= + − =  
  



. (216) 

Also here, with regard the numerical result of Equation (216), we have the fol-
lowing mathematical connections with Aurea ratio: 
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14 7 14 7

14 7 14 7 5 1 5 1
2 2

22.618034 0.381966 3; 3 2;
3

−

−    + +
Φ +Φ = +      

   

= + = ⋅ =

 

21 7 7 7 28 7

21 7 7 7 28 7 5 1 5 1 5 1
2 2 2

14.236068 1.618034 0.145898 6; 6 2.
3

−

−      + + +
Φ +Φ +Φ = + +          

     

= + + = ⋅ =

 

Hence, the exponential potential of Equation (212) results in a nearly scale-in-
variant spectrum of perturbations provided that 0E V<  and 0 1mD >  are 
satisfied when modes pass outside the effective Hubble horizon. 

We next compute the perturbation amplitude, by using Equation (201) to cal-
culate Δ kY . The conditions 0E V  and 0 1mD   must be satisfied when 
wavelengths pass outside the horizon. These conditions can be relaxed once the 
mode is well outside the horizon. In the limit that 0 1mD >  when the relevant 
modes cross outside the horizon, Equation (201) reduces to: 

 
2

2 2
2

d
2 0

d
k

k

f
x x f

x
 − − = 



 , (217) 

with solution: 

 ( ) ( ) ( ) ( )( )1 2
1 3 2 2 3 2kf x C k J x C k J x−= + , (218) 

where 3 2J±  are Bessel functions. The coefficients ( )1C k  and ( )2C k  are fixed 
by requiring that modes well-within the horizon (i.e. 1x  ) be Minkowskian 
vacuum fluctuations, that is: 

 
3
5

1 e for 1
6

ik
kf x

k M B
τ

β
−=  . (219) 

Using this initial condition, we find the following amplitude for modes outside 
the horizon (with 1x ): 

 
( ) ( )( )

3 2

3 2 3 2 3
5

Δ
2 2 6

k
k

k f if
M Bτ β

−
≡ =

π − π
. (220) 

Substituting Equation (213) and using 0k kf D Yδ= , we find: 

 
( )

0

23 2 3
05

eΔ
2 2 3

m Y

k
m vY

DM B

αα

β

−

=
π

. (221) 

Finally, we define the time-delay ( )Δ kτ  by: 

 ( )
2

3 2 3
0 05

Δ 2Δ
16 3

kY mk
Y mDM B

ατ
β

 
= =  

π  

, (222) 

where we have used the equation of motion for 0Y , Equation (198). Note that the 
time-dependence of ( )Δ kτ  is mild, a necessary condition for the validity of the 
time-delay formalism. The factor of ( )( )0 0  mD mD Y τ≡  is to be evaluated at time 
τ  when a given mode crosses outside the horizon during the motion of the bulk 
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brane. Let kD  denote the value of 0D  at horizon crossing for mode k . Since 
horizon crossing occurs when 1x = , or, equivalently, when ( ) 1kτ −− = , Equa-
tion (213) gives: 

 
22 elog

2 2

mC

k
m vD

m k
α 

 ≈
 
 

. (223) 

Substituting Equations (222) and (223) into Equation (195), we find: 

 
( )

2 4

3 2 3
5

2 2
4 3 2

k
k

m v
mDM B mC

αδ
β

 
=  

π +  
. (224) 

This expression for kδ  increases gradually with increasing k , correspond-
ing to a spectrum tilted slightly towards the blue. The blue tilt is due to the fact 
that, in this example, D  is decreasing as the brane moves. That is, the spectral 
index, 

 
2d log 41 1

d log
k

s
k

n
k mD
δ

≡ + ≈ + , (225) 

exceeds unity. The current CMB data constrains the spectral index to lie in the 
range about 0.8 1.2sn< < . Therefore, for our results to be consistent with exper-
iments, we must have: 
 20kmD > , (226) 

a constraint that is easily satisfied. 
With regard the value s of sn , i.e. 0.8 and 1.2, we have the following mathe-

matical connections with Aurea ratio: 
7 7

7 7 5 1 31.618033987 1.618034; 1.618034 1.2135255
2 4

 +
Φ = = ≅ ⋅ =  

 
; 

0 42 7 56 7

0 42 7 56 7 5 1 5 1 5 1
2 2 2

31 0.055728 0.021286 1.077014; 1.077014 0.8077605.
4

− −

− −      + + +
Φ +Φ +Φ = + +          

     

= + + = ⋅ =

 

For the value of Equation (226), we have the following mathematical connec-
tions: 

35 7 21 7 14 7

35 7 21 7 14 7 5 1 5 1 5 1
2 2 2

411.090170 4.236068 0.381966 15.708204 20.944272.
3

−

−      + + +
Φ +Φ +Φ = + +          

     

= + + = ⋅ =

 

Thence, we obtain: 

35 7 21 7 14 7

35 7 21 7 14 7

20

5 1 5 1 5 1
2 2 2

411.090170 4.236068 0.381966 15.708204 20.944272.
3

kmD
−

−

>

     + + +
= Φ +Φ +Φ = + +          

     

= + + = ⋅ =
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We note that 20.944272 21≅ ; 21 13 8= + , where 8 and 13 are Fibonacci’s 
numbers. Furthermore, the number 8 is connected with the “modes” that corre-
spond to the physical vibrations of a superstring by the following Ramanujan 
function: 

( )

2

2

0
2

4

cos e d 142cosh4 antilog

e18
3 10 11 2 10 7 2log

4 4

x w

t w

w

txw x
x

t w
itwφ

∞ ′

′

−π

−

′

π

π 
 π ⋅ 
 
 =

 + + +
 

′

′



′

∫

. 

Furthermore, we consider the power-law potential: 

 ( ) ( ) ( )q qV Y vD Y v Y Cα= − = − + , (227) 

where 0v >  and 0q <  are constants. In this case, Equation (208) gives: 

 pert 2
2

pert

21
2 2

41

a q
a

q

τ

 
− 

 ≈ ≈
 
− 

 



 (228) 

for 1q > . Hence, a power-law potential can also lead to a nearly scale-invari-
ant spectrum provided that its exponent is sufficiently large. We can straightfor-
wardly extend our analysis to an arbitrary potential ( )V Y . Let us suppose that 
( )V Y  satisfies: 

 ( ) ( ) ( )
2

2
d d d,
d dd
V V VD Y V Y D Y
Y YY

α α  . (229) 

Then, Equation (208) reduces to: 

 pert 2
2

pert

2
a VV
a V

τ  ≈  ′ 

′′

. (230) 

Hence, the conditions for scale invariance are Equations (229) as well as: 

 2 1VV
V

≈
′
′′

. (231) 

Also, for the numerical value of Equations (228) and (231), we have the follow-
ing mathematical connections with the Aurea ratio: 

14 7 14 7

14 7 14 7 5 1 5 1
2 2

22.618034 0.381966 3; 3 2;
3

−

−    + +
Φ +Φ = +      

   

= + = ⋅ =

 

21 7 7 7 28 7

21 7 7 7 28 7 5 1 5 1 5 1
2 2 2

14.236068 1.618034 0.145898 6; 6 2;
3

−

−      + + +
Φ +Φ +Φ = + +          

     

= + + = ⋅ =

 

https://doi.org/10.4236/jmp.2024.1511080


M. Nardelli 
 

 

DOI: 10.4236/jmp.2024.1511080 1918 Journal of Modern Physics 
 

14 7 14 7

14 7 14 7 5 1 5 1
2 2

12.618034 0.381966 3; 3 1.
3

−

−    + +
Φ +Φ = +      

   

= + = ⋅ =

 

If gµν  is the unperturbed, homogeneous metric (see Equation (192) with A  
and N  functions of time), the perturbed 5d  metric can be written as: 

 ( ) ( ) ( )2 , , ,g g A t D y t h x tµν µν µν= +
  (232) 

where , 0, ,3vµ =  . We can treat the tensor perturbations hµν  as functions of 
x  and t  only. We are interested in the tensor perturbations which satisfy the 

conditions: 0 0h µ = , 0i
jh = , and 0i

ijh∂ = . The perturbed 5 d Einstein action to 
quadratic order is: 

 ( )
3 2

5 4 25 5
fluct d d

2 8
T v i v

v i v
M MS x gR xa h h h hµ µ

µ µ≡ − = − ∂ ∂∫ ∫    (233) 

where the second expression is obtained by integrating over y . The tensor action 
is analogous to the scalar action given in Equation (200). From the action, we can 
derive the tensor analogue of the scalar fluctuation equation of motion, Equation 
(201): 

 
2

2 2 2
2

d
0

d

T
Tk

k

f
x x f

ax
aτ − − =  







, (234) 

where 

 
( )

( )
3

3
d
2

v
v k

kh hµµ ε τ≡
π

∫  (235) 

and 

 T
k kf ah≡   (236) 

The critical difference between this tensor equation and the scalar fluctuation 
equation, Equation (201), is that the effective scale factor perta  in Equation (201) 
has been replaced by a . 

We introduced a potential to insure that perta  led to a nearly scale-invariant 
spectrum, ( ) 2

pert pert 2a a τ ≈ . However, ( )a τ  in the tensor equation is approx-
imately constant (recall that ( )( ) ( )

1 20
3 5 Oa BI M β α = + 


. Consequently, the root 

mean square tensor fluctuation amplitude: 

 
( ) ( )

3 2

3 2 3 2Δ
2 2

k
k

k h kh ≡ ≈
π π



 . (237) 

is not scale-invariant. 
With regard Equation (237), we have obtained the following mathematical con-

nections with the Aurea ratio: 

( )3 22 15.74960995π = ; 

32 7 40 7

32 7 40 7 5 1 5 1 15.75004243 15.75
2 2

−

−    + +
Φ +Φ = + = ≅      

   
; 
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( )

19 7

19 7 5 1 0.2708618458;
2

180arcsin 0.2708618458 15.715558;

−

−  +
Φ = =  

 

⋅ =
π

 

28 7 14 7 0

28 7 14 7 0 5 1 5 1 5 1 10.472136
2 2 2

     + + +
Φ +Φ +Φ = + + =          

     
; 

310.472136 15.708204
2
⋅ = . 

The cyclic story can be described in terms of an ordinary four-dimensional field 
theory, which can be obtained by taking the long wavelength limit of the brane 
picture. The distance between branes becomes a moduli (scalar) field φ . The in-
terbrane interaction is replaced by a scalar field potential, ( )V φ . The different 
stages in the cyclic model in the brane picture are in one-to-one correspondence 
to the motion of the scalar field along the potential. Then, the action S  describing 
gravity, the scalar field φ , and the matter-radiation fluid is: 

 ( ) ( ) ( )24 41 1d
16 2 RS x g V

G
φ φ β φ ρ = − − ∂ − + π ∫  , (238) 

where g  is the determinant of the Friedmann-Robertson-Walker metric gµν , 
G  is Newton’s constant and R  is the Ricci scalar. 

The β  factor has the property that β ∞→  as 0a →  such that aβ →  con-
stant. The revised solution to the equation of motion is ( )41R aρ β∝  which ap-
proaches a constant as 0a → . The energy, once thinned out during the dark en-
ergy dominated phase, remains thinned out at the bounce. The β -factor simply 
reflects the fact that the extra-dimension collapses but our three-dimensions do 
not. As a result, entropy produced during one cycle is not concentrated at the 
crunch and does not contribute significantly to the entropy density at the begin-
ning of the next cycle. Hence, cycles can continue for an arbitrarily long time and 
there is no practical way of distinguishing one cycle from the next. 

If the cyclic model can be described in terms of ordinary field theory, then it 
may seem surprising that it is possible to generate a nearly scale invariant spec-
trum density perturbations. There are actually three distinct ways of producing a 
nearly scale-invariant spectrum, and that inflation represents only one of them. The 
three ways can be characterized by: 

2

2

1
2 ,
1
2

V
w

V

φ

φ

 − 
 ≡
 + 
 





 

the effective equation of state of the scalar field. Case I is where 1w ≈  and the 
universe is expanding, the example of inflation. Case II is a contracting universe 
with 0w ≈ . Case III is a contracting universe with 1w , that is the situation 
that applies in the cyclic model. 
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What is required to obtain 1w ? From the expression for w , it is apparent 
that this is only possible if the potential is negative. In particular, for a negative 
exponentially steep potential ( )expV cφ≈ − , the solutions to the equation of mo-
tion have a scaling solution in which 2 2Vφ  is constant and approximately −1. 
Consequently, w  is much greater than unity and nearly constant. The generation 
of fluctuations for 1w  can be understood heuristically by examining the per-
turbed Klein-Gordon equation: 

 2
,k k

ak V
a φφδφ δφ = − + +



′



′
′′  (239) 

where ( ),tφ x  has been expanded in Fourier components ( )k tδφ  with wave-
number k  and prime is derivative with respect to conformal time η . The a a′′  
term is due to gravitational expansion, and the last term is due to the self-interac-
tion of the scalar field. This equation applies equally to inflation and to cyclic 
models. The cyclic model corresponds to the limit where the gravity term is neg-
ligible and, instead, the perturbation equation is driven by the potential term. For 
the negative exponential potential, for example, the scaling solution corresponds 
to 2

, 2Vφ φ η≈ . 
We have defined that 1w . We take the following values: 4.97w =  and 

4.23w = . We obtain the following mathematical connections with the Aurea ratio: 
7 7 7 7 21 7 63 7

1.618034 0.618034 0.236068 0.013156 2.485292;

− − −Φ +Φ +Φ +Φ
= + + + =

 

5 12.485292 2 4.970584 for
2

 +
⋅ = Φ =  

 
; 

21 7

21 7 3

3

21 7 3

5 1 4.236067977;
2

5 1 0.236067977;
2

−

− −

 +
Φ = Φ = =  

 

 +
Φ = Φ = =  

 

 

( ) ( )180 180arcsin 0.236067977 13.654585; arcsin 0.23 13.29 13⋅ = ⋅ = ≅
π π

. 

We note that 3, 21 and 13 are Fibonacci’s numbers. 
For inflation, the most stringent constraints are on the flat part of the potential, 

the range of the inflaton field where the density perturbations are generated. The 
constraints are commonly expressed as bounds on two “slow-roll” parameters: 

 
2

1V
V

ε  =  
 

′
  (240) 

and 

 1V
V

η =
′′
  (241) 

For the cyclic model, the analogous constraints are on the steep portion of the 
potential where perturbations are generated. The constraints can be expressed in 
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terms of two “fast-roll” parameters: 

 
2

1V
V

ε  =  
 ′

  (242) 

and 

 
( )21 1V V
V

η
′′

′
= −  . (243) 

The first constraint forces the slope to be steep and the second fixes the curva-
ture, where each applies to the range of φ  where the fluctuations are generated 
that are within the horizon today. The result is that the constraints in the two 
models are remarkably similar. 

We note that if we take for 0.090170η = , we have the following mathematical 
connections with the Aurea ratio: 

21 7 49 7

21 7 49 7 5 1 5 1
2 2

0.236068 0.034442 0.270510;

− −

− −    + +
Φ +Φ = +      

   
= + =

 

10.270510 0.090170
3
⋅ = ; 

35 7

35 7 5 1 0.090169944
2

−

−  +
Φ = =  

 
; ( ) 180arcsin 0.090169944 5.173384 5⋅ = ≅

π
  

that is a Fibonacci’s number. 
(For the various analyzed equations, see Ref. [6]-[8]). 

5. On Some Equations Concerning the “Null Energy Condition”  
(NEC) Violation regarding the Inflationary Models 

The metric of the higher dimensional theory is  -flat (RF) or  -flat up to a con-
formal factor (CRF): 

 ( )( )2 2 2 2 2d e d d d dm n
mns t a t x g y yΩ= − + + , (244) 

where the x  are the non-compact spatial dimensions; { }my y≡  are the extra di-
mensions; ( )a t  is the usual FRW scale factor; and 

 ( ) 2, emn mng t y g− Ω=  (245) 

where mng  has Ricci (scalar) curvature 0= , as evaluated in the compact di-
mensions. We call the metric R -flat (RF) if Ω  = const. and conformally R -flat 
(CRF) if ( ) ( ), ,t y t yΩ =Ω . 

Now we develop some basic relations that make it possible to detect easily when 
a higher dimensional theory is forced to violate the NEC. 

To describe a spatially-flat FRW spacetime after dimensional reduction, the met-
ric ( ),mng t y  and warp function ( ),t yΩ  must be functions of time t  and ex-
tra-dimensional coordinates my  only. We parameterize the rate of change of mng  
using quantities ξ  and mnσ  defined by: 
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 d1 1
2 d

mn
mn mn

g g
t k

ξ σ= +  (246) 

where 0mn
mng σ =  and where ξ  and σ  are functions of time and the extra di-

mensions. 
The space-space components of the energy-momentum tensor are block diag-

onal with a 3 3×  block describing the energy-momentum in the three non-com-
pact dimensions and k k×  block for the k  compact directions. The 0 0−  com-
ponent is the higher dimensional energy density ρ . 

Associated with the two blocks of space-space components of IJT   are two 
trace averages: 

 3 3
1 1and
3

v mn
v k k mnp T p T

k
µ

µγ γ≡ ≡ , (247) 

where 3,kγ  are respectively the 3 3×  and k k×  blocks of the higher dimensional 
space-time metric. Violating the NEC means that 0M N

MNT n n <  for at least one 
null vector Mn  and at least one spacetime point. We find simple methods for iden-
tifying a subset of cases where the NEC must be violated. For this purpose, the fol-
lowing two lemmas are very useful: 

Lemma 1: If 3pρ +  or kpρ +  is less than zero for any space-time point, then 
the NEC is violated. 

The second lemma utilizes the concept of A-averaged quantities: 

 ( ) ( )Ω Ωe d e dA k A k
AQ Q g y g y= ∫ ∫ ; (248) 

that is, quantities averaged over the extra dimensions with weight factor eAΩ  
where, for simplicity, we restrict ourselves to constant A . Using the fact that the 
weight function in the A -average is positive definite, a straightforward conse-
quence is: 

Lemma 2: If 3 0Apρ + <  or 0k Apρ + <  for any A  and any { },t x , then the 
NEC must be violated. 

To illustrate the utility of A -averaging, we introduce the CRF metric into the 
higher-dimensional Einstein equations, and then try to express terms dependent 
on a  in terms of the 4 d effective scale factor using the relation ( ) ( )2ea t a tφ≡ , 
where: 

 2e e dk kg yφ − Ω≡ ∫  (249) 

and   is the 4 k+ -dimensional Planck length. The 4 d effective scale factor, 
( )a t , obeys the usual 4 d Friedmann equations: 

 
2

4
1
3 d

a
a

ρ  = 
 



 (250) 

 
2

42 d
aa p

a a
  + = − 
 

 

 (251) 

Note that the 4 d effective energy density 4dρ  and pressure 4dp  are generally 
different from ρ  and 3p  in the higher dimensional theory if the warp factor is 
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non-trivial. Then, using the Einstein equations, we obtain: 

( ) ( ) ( )222 2
3 4 4

2 2e e
2 2d d A A AA A

k kp p
k k

φ ρ ρ ξ ξ ξ σ− Ω + +
+ = + − − − −  (252) 

 

( )

( ) ( )

( ) ( )

2

2 2 2
4 4

22 3
3

e e

1 2 23 2 1
2 4 2 2

10 6 2 1 d5 3 e .
2 d

k A

d d A AA A

AA

p

A k kp
k k

kk A a
k k k ta

φ ρ

ρ ξ ξ ξ σ

ξ

− Ω

Ω

+

+ + = + + − − − − 
 

  + + − + + + − + ∂Ω +    

 (253) 

There is a range where: 

 
2

*
10 54

3 6
k kA A

k
− +

≥ ≥ ≡
−

, (254) 

which is the case for 13 3k≥ ≥  (for CRF). Some theorems below rely on choos-
ing 2A = ; for this value to be within the range given in Equation (254), it is nec-
essary that 8 3k≥ ≥ . Since this includes the relevant string and M-theory models, 
we will implicitly assume this range of k  for CRF models. We note that 3, 8 and 
13 are Fibonacci’s numbers. 

The two relations in Equation (252) can be rewritten: 

 
( )

( )

2
3

2
4

e e

21 non-positive terms for all
2

A

d A

p

kw A
k

φ ρ

ρ ξ

− Ω +

+
= + − +

 (255) 

 
( )

( ) ( )

2

3
4 3

e e

1 2 1 d1 3 non-positive terms for some ,
2 2 d

k A

d A

p

kw a A
k ta

φ ρ

ρ ξ

− Ω +

+
= + + +

 (256) 

where the values of A  that make the last term non-positive are those that are in 
the range in Equation (254). Recall that w  represents the ratio of the total 4 d ef-
fective pressure 4dp  to the total 4 d effective energy density 4dρ . 

On the left hand side of Equations (255) and (256), both φ  and A…  depend 
on the warp factor, Ω, but the combination is invariant under shifts CΩ→Ω+ , 
where C  is a constant. Furthermore, the combination tends to have a weak de-
pendence on Ω. For example, if kpρ +  is homogeneous in { }my , the left hand 
side reduces to ( )kK pρ + , where the dimensionless coefficient K  is not very 
sensitive to Ω or A ; in particular, 

( ) ( ) ( )2 2kK I A I A I= +  

where 

 ( ) e dA kI A g yΩ≡ ∫  (257) 

In this notation, the k -dimensional volume of the compact space is ( )0kV I= ; 
then, K  is equal to k

kV , a coefficient which is strictly less than unity. Simi-
larly, if kpρ +  is smooth and Ω has a sharp maximum on some subspace of 
dimension m  and volume mv , then the left hand side of Equation (256) is 
( )( )( )max

O 1 m
m kv pρ +  , where ( )maxkpρ +   is the value of kpρ +   evaluated 
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on the subspace where Ω is maximal. 
If the NEC is violated, it must be violated in the compact dimensions; it must 

be violated strongly ( kw  significantly below the minimally requisite value for 
NEC violation); and the violation in the compact dimensions must vary with time 
in a manner that precisely tracks the equation-of-state in the 4 d effective theory. 
The magnitude of the NEC violation is proportional to 4dρ  according to Equa-
tion (256), which is roughly 10100 times greater during the inflationary epoch than 
during the present dark energy dominated epoch. Hence, the source of NEC vio-
lation for inflation must be different and 10100 stronger. 

The fact that NEC violation is required to have inflation in theories with extra 
dimensions is unexpected since this was not a requirement in the original infla-
tionary models based on four dimensions only. Curiously, a criticism raised at 
times about models with bounces from a contracting phase to an expanding 
phase, such as the ekpyrotic and cyclic alternatives to inflationary cosmology, 
is that the bounce requires a violation of the NEC (or quantum gravity correc-
tions to GR as the FRW scale factor ( ) 0a t →  that serve the same function). 

If is true that the violation of the condition NEC (condition of null energy) is 
required for the inflationary universe model and for the cyclic universe model, 
then it is possible that for the cyclic model the acceleration and initial exponential 
expansion of the inflationary phase, is equivalent to the collision between the two 
Brane-worlds and to the consequent acceleration of the expansion of space imme-
diately after the Big Bang. This could be the explanation of the various cosmo-
logical and mathematical connections between the two models. Then, the infla-
tion and the Big Bang would be only phases of the cyclic universe. Every cycle 
has its phase of Big Bang and its phase of inflation. 

On Some Equations Concerning the Evolution to a Smooth  
Universe in an Ekpyrotic Contracting Phase with w > 1 

With regard the evolution to a smooth universe in an ekpyrotic contracting phase 
with 1w > , we find that the ekpyrotic smoothing mechanism is robust in the 
sense that the ratio to the proper volume of the smooth region to the mixmaster-
like region grows exponentially fast along time slices of constant mean curvature. 

In this system, the spacetime is described in terms of a coordinate system 

( ), it x  and a tetrad ( )0 , αe e  where both the spatial coordinate index i  and the 
spatial tetrad index α  go from 1 to 3. Choose 0e  to be hypersurface orthogonal 
with the relation between tetrad and coordinates of the form 1

0 tN −= ∂e  and 
 i ieα α= ∂e  where N  is the lapse and the shift is chosen to be zero. Choose the 

spatial frame { }eα  to be Fermi propagated along the integral curves of 0e . The 
commutators of the tetrad components are decomposed as follows: 

 [ ] ( )0 0,e e u e H eβ β
α α α α βδ σ= − +   

 ( )[ ], 2e e a n eγδγ
α β α β αβδ γδ ε  = +   (258) 

where nαβ  is symmetric, and αβσ  is symmetric and trace free. The scale invariant 
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tetrad variables are defined by 0 0e H∂ ≡  and e Hα α∂ ≡  while scale invariant 
versions of the other gravitational variables are given by: 

 { } { },Σ , , , , ,i iE A N e a n Hα α
α αβ αβ α αβ αβσ≡  (259) 

Note that the relation between the scale invariant tetrad variables and the coor-
dinate derivatives is: 
 1

0 t
−∂ = ∂    

 i
iEα α∂ = ∂  (260) 

where NH=  is the scale invariant lapse. The matter model is a scalar field φ  
with potential V  of the form: 

 ( ) 0e
cV V φφ −= − , (261) 

where 0V  and c  are positive constants. The scale invariant matter variables are 
given by: 
 0W φ= ∂    

 Sα αφ= ∂  (262)  

 2V V H= . (263) 

The time coordinate t  is chosen so that 
 e 3t H− = . (264) 

Note that this means that the surfaces of constant time are constant mean cur-
vature surfaces. Note also that the singularity is approached as t →−∞ . Due to 
Equation (264) the scale invariant lapse satisfies an elliptic equation: 
 ( )22 3 Σ Σ 3A W Vα α αβ

α α αβ∂ ∂− + ∂ + + + − =   . (265) 

We note that 3 is a Fibonacci’s number. Furthermore, we have the following 
mathematical connection with the Aurea ratio: 

14 7 0 14 7

14 7 0 14 7 5 1 5 1 5 1
2 2 2

2.618034 1 0.381966 4

−

−      + + +
Φ +Φ +Φ = + +          

     
= + + =

 

34 3
4
⋅ = . 

The gravitational quantities , ,iE A Nαβ
α α   and Σαβ   satisfy the following hyper-

bolic evolution equations: 
 ( )Σi i i i

t E E E Eβ
α α α α β∂ = − +  (266) 

 1 1Σ Σ Σ
2 2t A A A Aβ β β

α α α β α β α α α β
 ∂ = + ∂ − ∂ + ∂ − − 
 

    (267) 

 ( )( ) ( ) ( )2t N N N Nαβ αβ γδ α β αβ α β γ γδ α β
δ γ γ γ δε ε∂ = − Σ ∂ + − + Σ − ∂ Σ   (268) 

 

( )

( )

( ) )

3 2

2

t A N

A N N

N N N A N S S

δ γ
αβ αβ α β α β γδ α β

γ
αβ α β α β γ

γ γ δ γ δ
γ γδ α β β α βαβ

ε

ε

< > < >

< > < >

< >

∂ Σ = Σ + ∂ ∂ + ∂ + ∂

+ − Σ − ∂ −
+ + ∂ − + 

  

  (269) 

Here, parentheses around a pair of indices denote the symmetric part, while 
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angle brackets denote the symmetric trace-free part. The equations of motion for 
the matter variables are as follows: 

 t Wφ∂ =   (270) 

 ( )t S S W W S Sβ
α α α α α α β

 ∂ = + ∂ + ∂ − + Σ    (271) 

 3 2t
VW W S S W A Sα α α

α α α φ
 ∂

∂ = + ∂ + ∂ − − − ∂ 
   (272) 

In addition, the variables are subject to the vanishing of the following constraint 
quantities: 

 ( )com
i i i iE A E N Eλ αβλ λγ

α β α β γε  = ∂ − − C  (273) 

 ( ) 2J N A A Nγ αγ αβγ αγ
α α β αε= ∂ + ∂ −e  (274) 

 ( ) 3C A N WSβ β βδ γ
β α α β αβγ δ αα

ε= ∂ Σ − Σ − Σ −C  (275) 

 
( )2

2

2 1 11
3 6 12

1 1 1 1
6 6 6 3

G A A A N N N

W S S V

α α αβ γ
α α αβ γ

αβ α
αβ α

= + ∂ − − +

− Σ Σ − − −

C
 (276) 

 ( )S Sα αα
φ= − ∂C  (277) 

With regard the value 12 of Equation (276), we have the mathematical connec-
tion with the following Ramanujan’s modular equation: 

The number 12 = 24/2, is related to the physical vibrations of the bosonic strings 
by the following Ramanujan function: 

( )

2

2

0
2

4

cos e d 142cosh4 antilog

e
24

10 11 2 10 7 2log
4 4

x w

t w

w

txw x
x

t w
itwφ

∞ ′

′

−π

−

′

π

π 
 π ⋅ 
 
 =

 + + +
 

′

′



′

∫

. 

For simplicity, we choose the initial conformal metric to be flat and ( ), ,x y z  
to be the usual cartesian coordinates for that metric, and we choose the spatial 
triad to lie along those spatial directions. Thus, the scale free spatial triad becomes: 

 1 2 .i iE Hα αψ δ− −=  (278) 

It then follows from Equation (258) that: 

 12 i
iA Eα αψ ψ−= − ∂    

 0Nαβ = . (279) 

The shear is essentially the trace-free part of the extrinsic curvature, and the 
constraint equations simplify for a particular rescaling of the trace-free part of the 
extrinsic curvature with the conformal factor. We therefore introduce the quantity 
Zαβ  defined by: 

 6Σ Zαβ αβψ −= . (280) 
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Similar considerations apply to the matter variables, leading us to define the 
quantity Q  given by: 

 6W Qψ −= . (281) 

Here, we will specify ,Q φ  and a part of ikZ  and solve the constraint equations 
for the conformal factor ψ  and the rest of ikZ . From Equation (275) and our an-
satz for the scale invariant variables we obtain: 

 i
ik kZ Q φ∂ = ∂ . (282) 

In the vacuum case, this equation simply becomes the conditions that ikZ  is 
divergence-free, which is in turn simply an algebraic condition on the Fourier co-
efficients of ikZ . Note that since Σαβ  must be trace-free, so must ikZ . A simple, 
but still fairly general divergence-free and trace-free ikZ  is the following: 

 
2

1 1 2

2 1 2 1

0
cos cos

0 cos cos
ik

b
Z a x b a x

a x b b a x

κ
κ

 
 = + 
 − − − 

, (283) 

where 1 2 1, , ,a a bκ  and 2b  are constants. We still keep this divergence-free part of 

ikZ  but now add to it a piece that has a non-zero divergence. We simply specify 
the Fourier coefficients of φ  and Q  via: 

 ( ) ( )1
1 1, 0 cosfQ x t m x d

H
= = + , ( ) ( )2 2 2, 0 cosx t f m x dφ = = +  (284) 

where 1 1 1 2 2, , , ,f m d f m  and 2d  are constants. This turns Equation (282) into 
an algebraic equation for the Fourier coefficients of this non-zero divergence 
piece of ikZ  which we then solve. Now imposing Equation (276) our ansatz 
yields: 

 ( ) ( )2 5 2 2 73 1 1 1
4 4 8 8

i i ik
i i ikH V Q Z Z Hψ ψ φ φ ψ ψ − ∂ ∂ = − − ∂ ∂ − + 

 
, (285) 

which is solved for the conformal factor ψ  using the numerical methods. 
With regard Equation (285), the number 8 is connected with the “modes” that 

correspond to the physical vibrations of a superstring by the following Ramanujan 
function: 

( )

2

2

0
2

4

cos e d 142cosh4 antilog

e18
3 10 11 2 10 7 2log

4 4

x w

t w

w

txw x
x

t w
itwφ

∞ ′

′

−π

−

′

π

π 
 π ⋅ 
 
 =

 + + +
 

′

′



′

∫

. 

The constraint Equations (273) and (274) are automatically satisfied by this an-
satz. We then satisfy Equation (277) by using the given value of φ  to compute 
the initial value of Sα . 

Now we show results from a single example that demonstrates the generic 
behaviour: evolution from a highly inhomogeneous, anisotropic universe with 
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significant curvature at the initial time to a universe containing distinct vol-
umes of either smooth, homogeneous 1w >   matter dominated regions, or 

1w =  mixmaster-like regions. Whenever a 1w  region forms it grows ex-
ponentially fast in proper volume relative to 1w =  regions. The particular initial 
conditions for this example are (283)-(284): 

 1 2 1 2 10.70, 0.10, 0.01, 1.80, 0.15, 2.00a a b b fκ= = = = = − = ,  

1 1 2 2 21, 1.7, 0.15, 2, 1.0m d f m d= = − = = = − , and 0 0.1, 10V c= =  (286) 

for the scalar field potential parameters (262). 
With regard the values of (286), we take the following: 0.10 1.15 0.70 1.70 1.80 

and 10. We have the following mathematical connections with the Aurea ratio: 
35 7 49 7 63 7

35 7 49 7 63 7 5 1 5 1 5 1
2 2 2

30.090170 0.034442 0.013156 0.137767; 0.137767 0.103326
4

− − −

− − −      + + +
Φ +Φ +Φ = + +          

     

= + + = ⋅ =

 

28 7 42 7 56 7 84 7

28 7 42 7 56 7 84 7
5 1 5 1 5 1 5 1
2 2 2 2

20.145898 0.055728 0.021286 0.003106 0.226018 0.150679
3

− − − −

− − − −

Φ +Φ +Φ +Φ

       + + + +
= + + +              
       

= + + + = ⋅ =

 

7 7 21 7 35 7

7 7 21 7 35 7 5 1 5 1 5 1
2 2 2

30.618034 0.236068 0.090170 0.944272 0.708204
4

− − −

− − −      + + +
Φ +Φ +Φ = + +          

     

= + + = ⋅ =

 

7 7 7 7 42 7

7 7 7 7 42 7 5 1 5 1 5 1
2 2 2

31.618034 0.618034 0.055728 2.291796 1.718847
4

− −

− −      + + +
Φ +Φ +Φ = + +          

     

= + + = ⋅ =

 

7 7 21 7 49 7 84 7

7 7 21 7 49 7 84 7
5 1 5 1 5 1 5 1
2 2 2 2

0.618034 0.236068 0.034442 0.003106
0.891649 2 1.783298 0.90 2 1.80

− − − −

− − − −

Φ +Φ +Φ +Φ

       + + + +
= + + +              
       

= + + +
= ⋅ = ≅ ⋅ =

 

35 7 14 7

35 7 14 7 5 1 5 1
2 2

311.090170 2.618034 13.708204 10.281153.
4

   + +
Φ +Φ = +      

   

= + = ⋅ =

 

Now, let ( )1 nχ  be a complex character to the modulus 5 such that ( )1 2 iχ = , 
and let: 

 10 2 5 2 0.284078227
5 1

κ − −
= =

−
. (287) 
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The function: 

 ( ) ( ) ( )1 1
1 1, ,

2 2
i if s L s L sκ κχ χ− +

= + ,   

where ( ) ( )
1

, s
n

n
L s

n
χ

χ
∞

=

=∑ , is called the Davenport-Heilbronn function and satis-

fies the Riemann-type equation: 

 ( ) ( ) ( )
2 1

1
5 2

s s
f s g s

− + π  Γ = −  
   

. (288) 

We note that 10.281153 10κ− ≅ . Furthermore: 
14 7

14 7 5 1 0.381966
2

−

−  +
Φ = =  

 
 ; 30.381966 0.286475

4
⋅ =  . Thence, we can 

write also: 
14 7

10 2 5 2 5 1 30.284078227 0.2841 0.2865
2 45 1

κ
−

 − − +
= = ≅ ≅ ⋅ ≅  −  

 

It is enlightening to visualize the evolution via the behaviour of the matter 
( )mΩ , shear ( )sΩ  and curvature ( )kΩ  contributions to the normalized en-
ergy density, defined as: 

 21 1 1
6 6 3m W S S Vα

αΩ ≡ + +    

 1
6s

αβ
αβΩ ≡ Σ Σ  (289) 

 ( )22 1 1
3 6 12k A A A N N Nα α αβ γ

α α αβ γγΩ ≡ − ∂ + + − , (290) 

where 1m s kΩ +Ω +Ω =  by (276). 
We note that Equation (290), i.e. 12 = 24/2, is related to the physical vibrations 

of the bosonic strings by the following Ramanujan function: 

( )

2

2

0
2

4

cos e d 142cosh4 antilog

e
24

10 11 2 10 7 2log
4 4

x w

t w

w

txw x
x

t w
itwφ

∞ ′

′

−π

−

′

π

π 
 π ⋅ 
 
 =

 + + +
 

′

′



′

∫

. 

The effective equation of state parameter w  takes the following form in Hub-
ble normalized variables: 

 
2

2

1 1
2 2
1 1
2 2

W S S V
w

W S S V

α
α

α
α

+ −
=

+ +
. (291) 

It is evident that at late times the region that has smoothed out and become 
matter dominated coincides with 1w , whereas the mixmaster-like regime 
evolves to 1w = . We can calculate the behaviour of the solution in the asymptotic 
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matter dominated region as follows. At late times, all spatial derivatives have be-
come negligible. The constraint (276) then reduces to: 

 
2 2 1 0

6
W V+

− ≈ , (292) 

and slicing condition for   (265) becomes: 

 33
3 V

≈
−

 , (293) 

Furthermore, V  is finite and non-zero. This implies from (262), (265), (266) that 
asymptotic form: 

 ( ) ( )0
2, tx t x
c

φ φ≈ +  (294) 

and thus W  (263) tends to: 

 2W
c

≈


. (295) 

Combining these relations gives: 

 W c≈ , (296)  

 
2

3
2
cV ≈ − , (297)  

 2
2
c

≈ , (298) 

and from (291): 

 2 3 1w c≈ − . (299) 

We have that 2 1.414213562c = = ; W c≅  and 2V = . Thence, we have the 
following mathematical connections with the Aurea ratio: 

7 7 21 7 35 7

7 7 21 7 35 7 5 1 5 1 5 1
2 2 2

30.618034 0.236068 0.090170 0.944272 1.416408;
2

− − −

− − −      + + +
Φ +Φ +Φ = + +          

     

= + + = ⋅ =

 

14 7 14 7

14 7 14 7 5 1 5 1
2 2

22.618034 0.381966 3; 3 2;
3

−

−    + +
Φ +Φ = +      

   

= + = ⋅ =

 

21 7 7 7 28 7

21 7 7 7 28 7 5 1 5 1 5 1
2 2 2

14.236068 1.618034 0.145898 6; 6 2.
3

−

−      + + +
Φ +Φ +Φ = + +          

     

= + + = ⋅ =

 

Let S  denote the proper spatial volume element associated with the spatial 
metric ijh  of t  = const. slices, i.e. detS h= . The fractional change of S  with 
respect to time is: 
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 1ln
2

ij
t ij tS h h∂ = − ∂ , (300) 

which can be written as: 

 ln 3t S∂ =  . (301) 

In the asymptotic regime where spatial gradients are negligible,   approaches 
a constant (293), and thus (301) can be integrated to give: 

 
26e , 1t c

mS w∝  , e , 1t
vS w∝ =  (302) 

where we have used (293) where 1w  , and note that 0V ≈   when 1w =  . 
Thus, at late times the ratio   of the proper volume of matter to mixmaster-like 
regions of the universe grows as: 

 ( )21 6d
e

d
t cm

v

S x

S x
− −

= ∝∫
∫

 . (303) 

Thus, as long as 6c >  (which is equivalent to 1w > ), →∞R  as t →−∞ . 
We note that 6 2.449489743= , is related to the following mathematical con-
nection with the Aurea ratio: 

7 7 28 7 42 7

7 7 28 7 42 7 5 1 5 1 5 1
2 2 2

0.618034 0.145898 0.055728 0.819660 3 2.458980

− − −

− − −      + + +
Φ +Φ +Φ = + +          

     
= + + = ⋅ =

 

(For the various analyzed equations, see Ref. [9] [10]). 

6. On Some Equations Concerning the Approximate  
Inflationary Solutions Rolling Away from the Unstable  
Maximum of p-Adic String Theory 

The action of p-adic string theory is given by: 

22
4 4

24 1 4 1
2 2

1 1 1 1d d e
2 1 2 1

ps mm p ps s

p p

m mS x p x
p pg g

φ φ φ φ φ φ
−−

+ +
  
  = − + ≡ − +
  + +   

∫ ∫




(304) 

where 2 2
t= −∂ +∇  in the flat space and we have defined: 

 
2

2 2
1 1

1p s

p
pg g

≡
−

 and 
2

2 2
ln

s
p

mm
p

≡ . (305) 

The dimensionless scalar field ( )xφ  describes the open string tachyon, sm  
is the string mass scale and sg  is the open string coupling constant. Though the 
action (304) was originally derived for p  a prime number, it appears that it can 
be continued to any positive integer and even makes sense in the limit 1p → . 
Setting 0=  in the action, the resulting potential takes the form: 

 
4

2 1
2

1 1
2 1

ps

p

mV
pg

φ φ + 
= − + 

. (306) 

The action (304) is a simplified model of the bosonic string which only qualita-
tively reproduces some aspects of a more realistic theory. That being said, there 
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are several nontrivial similarities between p-adic string theory and the full string 
theory. 

The field equation that results from (304) is: 

 
2

e pm pφ φ− =  (307) 

We are interested in perturbing around the solution 1φ = , which is a critical 
point of the potential, representing the unstable tachyonic maximum. 

One may wonder whether the field theory (304) naively allows for slow roll in-
flation in the conventional sense. Naively one might expect that for a slowly roll-
ing field the higher powers of   in the kinetic term are irrelevant and one may 
approximate (304) by a local field theory. The action (304) can be rewritten as: 

 ( )4 1d
2

S x Vχ χ χ = − +  ∫    (308) 

where we have defined the field χ  as: 

 0χ χ φ=    

 
( )0
ln

2 1 s
s

p p m
g p

χ =
−

 (309) 

and the potential is: 

 ( )
12 4 2

2
2 2

0ln 1

p
s s

s

m m pV
p g p

χχ χ
χ

+
 

= −  −  
. (310) 

In (308), the   denotes terms with higher powers of  . Thence, Equation (308) 
can be rewritten also: 

 
( ) ( )

2
4 2

14 2

2 2
0

1 ln lnd
2 2 1 2 1 ln

.
1

s
s s

s s

p
s

s

mp p p pS x m m
g p g p p

m p
g p

φ φ χ

χ
χ

+


= −

− −
 
− + −   

∫ 



 (311) 

Working in the context of the action (308) let us consider the slow roll param-
eters describing the flatness of the potential (310) about the unstable maximum 

0χ χ= . It is straightforward to show that: 

 
( )

( )

0

22

2
0

1 0
2

pM V

V
χ χ

χ
χχ

=

∂ 
= ∂ 

 (312) 

 
( )

( )

0

22 2 2
2

2 2
0

41 1
ln

ps
p

s

MV g pM
V p mp

χ χ

χ
χ χ

=

∂  −
= −  ∂  

 (313) 

With regard the approximate solution for the classical background, we must 
solve the Friedmann equation: 

 2
2

1
3 p

H
M φρ=  (314) 

to second order in u . To find the energy density φρ , we turn to the stress energy 
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tensor for the p-adic scalar field. A convenient expression for Tµν  is: 

 

( )

( )

( )

2 2 2

2 2

2 2

1
4

11
2 2 0

1
1

2 0

1
4

1

2 2 0

2 1e d e e
12

1 d e e

d e e .

p p p

p p

p p

m m mps

p p

m m

p

m ms

p p

mT g
pg m

m

m
m g

ττ

µν µν

ττ

α
α

ττ

µ ν

φ φ φ τ φ φ

τ φ φ

τ φ φ

−
− − −

+

−
− −

−
− −

   
   = − +   +     

  
  + ∂ ∂       

  
  − ∂ ∂     

∫

∫

∫



 











 (315) 

One may verify that the Tµν  is symmetric by changing the dummy integration 
variable 1τ τ→ −  in the last term. For homogeneous ( )tφ , the above expression 
simplifies, and for 00T , we find: 

 

( )

( )

2 2 2

2 2

1
4

11
00 2 2 0

1
1

2 0

2 1e d e e
12

1 d e e .

p p p

p p

m m mps

p p

m m
t t

p

mT
pg m

m

ττ

φ

ττ

ρ φ φ φ τ φ φ

τ φ φ

−
− − −

+

−
− −

   
   = − = − +   +     

  
  + ∂ ∂      

∫

∫



 







 (316) 

One can evaluate the above expression term by term, keeping up to ( )2 2O e t uλ ≈ . 
The final result reads: 

 
( ) ( ) ( ) ( )

( )
( ) ( )

1 1
4

2
00 2

4
2

2

2 1 1
1 1 e e 1 O

12

1
O .

2 1

s

p

s

p

p umT u u u
pg

m p
u

g p

µ µ
 − +  = − + − + − + 

+  
−

= +
+

 (317) 

The ( )O u  terms cancel out and matching the coefficients in the Friedmann 
equation gives us the simple results: 

 
( )

4
2
0 2 2

1
6 1

s

p p

m pH
M g p

−
=

+
 (318) 

and 

 1 0H =  (319) 

for zeroth and first order respectively. The ( )2O u  contribution to 00T  is quite 
complicated but once we use (319) it simplifies greatly. Matching coefficient at order 

( )2O u  in the Friedmann equation gives: 

 1

24 3

2 2 2 2 2
1 lne

14 8
s s

pp p p s

m mp pH
p Mg m M g

µλ
λ

 
= =   −  

. (320) 

We note that the number 8 in Equation (320) is a Fibonacci’s number and can 
be connected with the “modes” that correspond to the physical vibrations of a su-
perstring by the following Ramanujan function: 
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( )

2

2

0
2

4

cos e d 142cosh4 antilog

e18
3 10 11 2 10 7 2log

4 4

x w

t w

w

txw x
x

t w
itwφ

−π

π
−

∞ ′

′

′

π 
 π ⋅ 
 


′

′
=

 + + +


′

∫

. 

Because of our sign convention for rH , the fact that 2 0H >  means that the 
expansion is slowing as φ  rolls from the unstable maximum, as one would ex-
pect in a conventional inflationary model. 

We are approximating the background dynamics as de Sitter which amounts to 
working in the limit 0u → , so that: 

 
( )

4
2 2

0 2 2
1

6 1
s

p p

m pH H
M g p

−
≡ =

+
 (321)  

 0 1φ φ≡ ≡ . (322) 

We expand the p-adic tachyon field in perturbation theory as: 

 ( ) ( ) ( ) ( ) ( )0, , 1 ,t x t t x t xφ φ δφ δφ= + = +
   . (323) 

The perturbed Klein-Gordon Equation (307) takes the form: 

 
2

e pm pδφ δφ− = . (324) 

One can construct solutions by taking δφ  to be an eigenfunction of the operator. 
If we choose δφ  to satisfy: 

 Bδφ δφ− = +  (325) 

then this is also a solution to (324) if: 

 2 2ln 2p sB m p m= =  (326) 

where in the second equality we have used (306). 
For fields which are on-shell (that is, when (325) is solved) the field obeys: 

 
( ) ( ) ( ) ( )

( )

2 2 2

2

2

11 e 1 e 1 e

1 11 e .
2

p p p

p

m B m B m

B m

s

B
B

p
B m

δφ δφ δφ

δφ δφ

−− = − = − −
−

−
= − =

−



 

 (327) 

Thus, for on-shell fields the kinetic term in the Lagrangian can be written as: 

 ( )24 4

on-shell 2 2 2
1 1 1 11 e
2 2 22

pms s

p p s

m m p
g g m

φ φ φ φ ϕ ϕ− −
= − + = + = +

      (328) 

In (328), we have defined the “canonical” field: 
 Aϕ φ≡  (329) 

where 

 
2
s

s

m pA
g

≡ . (330) 

The field ϕ  has a canonical kinetic term in the action, at least while (325) is 
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satisfied. Now, let us return to the task of solving (325), bearing in mind that 
Aδϕ δφ=  is the appropriate canonically normalized field. We write the quantum 

mechanical solution in term of annihilation/creation operators as: 

 ( )
( )

( )3
3 2

1, d e . .
2

ikx
k kt x k a t h cδϕ ϕ = + π

∫
  (331) 

and the mode functions ( )k tϕ  are given by: 

 ( ) ( ) ( )1 2 12
3

00

1 e
2

i v

k v
kt H

aHa H
ϕ

π
+  π

=  
 

 (332) 

where the order of the Hankel functions is: 

 
2

2 2
0 0

29 9
4 4

smBv
H H

= + = +  (333) 

and of course 0eH ta = . In the second equality in (333) we have used (326) and 
(306). In writing (331) we have used the usual Bunch-Davies vacuum normaliza-
tion so that on small scales, 0k aH , one has: 

 
1

2k
a

k
ϕ

−

≅   

which reproduces the standard Minkowski space fluctuations. This is the usual 
procedure in cosmological perturbation theory. On large scales, 0k aH , the 
solutions (331) behave as: 

 
3 2

3
02

v

k
H k

aHk
ϕ

−
 

≅  
 

  

which gives a large-scale power spectrum for the fluctuations: 

 
12

0

02

sn
H kP

aHδϕ

−
  =   π   

  

with spectral index: 

 1 3 2sn v− = −   

From (333) it is clear that to get an almost scale-invariant spectrum we require 

0sm H . In this limit, we have: 

 
2

0

41
3

s
s

mn
H

 
− ≅ −  

 
 (334) 

which gives a red tilt to the spectrum, in agreement with the latest WMAP data. 
For 0.95sn ≅  one has 00.2sm H≅ . Comparing (331) to the corresponding so-
lution in a local field theory we see that the p-adic tachyon field fluctuations evolve 
as though the mass-squared of the field was 22 sm−  which may be quite different 
from the mass scale which one would infer by truncating the infinite series of de-
rivatives: ( )2 2

0V χ χ χ∂ ∂ = . 
We note that for 0.95sn = , from Equation (334), we obtain that  
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2

2
0

2 0.075sm
H

= . Thence, we have the following mathematical connections with the 

Aurea ratio: 
7 7 35 7

7 7 35 7 5 1 5 10.95
2 2

40.618034 0.90170 0.708204 0.944272
3

− −

− −    + +
≅ Φ +Φ = +      

   

= + = ⋅ =

 

From Equation (333), we have that: 
2

2
0

29 9 0.075 2.25 0.075 2.325 1.524795068
4 4

smv
H

= + = + = + = = ; 

0 28 7

0 28 7 5 1 5 11.52480
2 2

41 0.145898 1.145898 1.527864
3

−

−    + +
≅ Φ +Φ = +      

   

= + = ⋅ =

 

We note that for Equations (287)-(288)-(289), we have that: 

10 2 5 2 0.00284078227;1.527864 0.002840 1.525024
100 5 1
κ − −

= = − =
−

 

We now want to fix the parameters of the model by comparing to the observed 
features of the CMB perturbation spectrum. There are three dimensionless pa-
rameters, ,sg p  and the ratio s pm M . The important question is whether there 
is a sensible parameter range which can account for CMB observations, i.e. the 
spectral tilt and the amplitude of fluctuations. Using (318) in (334), we can relate 
the tilt to the model parameters via: 

 
( ) ( )

22 2
2

2 2

8 1 8 1
1

1
p s s

s s
s p s

Mp pm gn g
m M np p

 + + 
− = ⇔ =     −   

. (335) 

Also, for this equation, we note that the number 8 is a Fibonacci’s number and 
is connected with the “modes” that correspond to the physical vibrations of a su-
perstring by the following Ramanujan function: 

( )

2

2

0
2

4

cos e d 142cosh4 antilog

e18 .
3 10 11 2 10 7 2log

4 4

x w

t w

w

txw x
x

t w
itwφ

∞ ′

′π

′

−π

−

π 
 π ⋅ 
 
 =

 + + +


′

′



′



∫

 

Thus, one can have a small tilt while ensuring that the string scale is smaller 
than the Planck scale, provided that 2 1sg p . Henceforth we will use (335) to 
determine s pm M  in terms of , sp g , and 1 0.05sn − ≅ . All the dimensionless 
parameters in our solution, 0 2, ,s sm H mλ φ  and 2 sH m , are likewise functions 
of 1,sn p−  and sg . From (318) and (335) we see that for 1p , 
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0

6 16 3 1
2

p ps
p s s

s s

M Mm g g n
H m p m

≅ ≅ ≅ − . (336) 

It may seem strange to have H  exceeding sm  since that means the energy 
density exceeds the fundamental scale, but this is an inevitable property of the p-
adic tachyon at its maximum, as shown in Equation (317). This is similar to other 
attempts to get tachyonic or brane-antibrane inflation from string theory, since 
the false vacuum energy is just the brane tension which goes like 4

s sm g . 
Next, we determine smλ , where λ  is the mass scale appearing in the power 

series in e tλ  which provides the ansatz for the background solutions. We con-
sider the following equation for λ  in the 0 sH m  limit: 

 ( )2 2
01

3
e e pH m

p
λµ +

= =   

The positive root for λ  gives: 

 1
3

s

s

n
m
λ −

≅
∣. (337) 

In order to fix the amplitude of the density perturbations we consider the cur-
vature perturbation ζ . We assume that: 

 Hζ δϕ
ϕ

≈ −


  

as in conventional inflation models. To evaluate the prefactor H ϕ   we must 
work beyond zeroth order in the small u  expansion. We take 1 uφ = −  to eval-
uate the prefactor, even though the perturbation δχ  is computed in the limit 
that 1φ = . This should reproduce the full answer up to ( )O u  corrections. The 
prefactor is: 

3 2
10 2 1 1

1
s

s
s

H gH m
A u p n uϕ λ

−− ≅ ≅
−

 

With regard Equations (336) and (337), we have the following mathematical 
connections with the Aurea ratio: 

0

6 16 3 1 0.193649167
2

p ps
p s s

s s

M Mm g g n
H m p m

≅ ≅ ≅ − = ; 

28 7

28 7 5 1 40.19365 0.145898 0.194531
2 3

−

−  +
≅ Φ = = ⋅ =  

 
. 

1 0.129099444
3

s

s

n
m
λ −

≅ =
∣ ; 

28 7 49 7 63 7

28 7 49 7 63 7

0.12901

5 1 5 1 5 1
2 2 2

0.145898 0.034442 0.013156
20.193496 0.128997 0.1290.
3

− − −

− − −

≅ Φ +Φ +Φ

     + + +
= + +          
     

= + +

= ⋅ = ≅
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We should evaluate u  at the time of horizon crossing, *t , defined to be ap-
proximately 60 e-foldings before the end of inflation endt , assuming that the en-
ergy scale of inflation is high. The inflation ends when 1/21 /u p≈ . From Equa-
tions (336)-(337), we see that 0 2 1sH nλ = − ; therefore, we can write the scale 
factor ( ) 0eH ta t ≅  in the form: 

 ( ) ( )2 1sna t u t −≅  (338) 

so that 60
* endea a−=  corresponds to: 

 30 1 30 1
* end 1 2

1e es sn nu u
p

− − − −= ≡  (339) 

We note that 0 2 1sH nλ = −  for 0.95sn =  is equal to 40. This value can be 
related with the following mathematical connections with the Aura ratio: 

14 7 0 35 7

14 7 0 35 7 5 1 5 1 5 1
2 2 2

42.618034 1 0.090170 3.708204 4.944272;
3

−

−      + + +
Φ +Φ +Φ = + +          

     

= + + = ⋅ =

 

35 7 7 7

35 7 7 7 5 1 5 1
2 2

411.090170 1.618034 12.708204 16.944272;
3

   + +
Φ +Φ = +      

   

= + = ⋅ =

 

35 7 14 7

35 7 14 7 5 1 5 1
2 2

411.090170 2.618034 13.708204 18.277605;
3

   + +
Φ +Φ = +      

   

= + = ⋅ =

 

0 2 1 40; 4.9 16.9 18.2 40sH nλ = − = + + = . 

The power spectrum of the curvature perturbation is given by: 

 
12

2

0

sn
H kP P A

aHζ δϕ ζϕ

−
 

= ≡  
 

 (340) 

where the amplitude of fluctuations Aζ  can now be read off as: 

 
60 12

2
2 3

8 e
3 1

sn
s

s

gA
p n

ζ

−

=
π −

 (341) 

Thence, we can rewrite Equation (340) as follows: 

 
2 60 12

2 3
8 e

3 1

sn
s

s

gHP P
p n

ζ δϕϕ

−

= ≡
π −

. (342) 

As an example, taking 0.95sn ≅  one can fix the amplitude of the density per-
turbations 2 1010Aζ

−≅  by choosing: 

 70.48 10sg
p

−≅ × . (343) 
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Setting 2 1010Aζ
−=  and using (341), we obtain an expression for sg  in terms 

of p  and 1sn − : 

 
2

3 230 1 53 e 1 10
8

sn
s sg p n− − −π
= − × . (344) 

Combining (342) with (335), we also obtain: 

 30 12 513 e 1 10sns
s

p

m p n
M p

− − −+
= π − × . (345) 

The string scale is bounded from above as 60.94 10s pm M −≤ ×  and that for 
typical values of , sp n , it is close to 60.61 10s pm M −≅ × . Furthermore, from 
(342) that sg  is unconstrained and that sg , p  are not independent parame-
ters. 

Now we define the Hubble slow roll parameters Hε , Hη  by: 

 
2

2 2
1

2H
pM H
ϕε ≡


, H H H
ϕε η
ϕ

− ≡






. (346) 

These are the appropriate parameters to describe the rate of time variation of 
the inflaton as compared to the Hubble scale. Using the solution 1 uφ ≅ −  (recall 
that Aϕ φ= , ( )2s sA m p g= ) we find that: 

 60 11 1e 1
2

n
H s

p n
p

ε − −+
≅ − , 

1
2

s
H

n
η

−
≅ − . (347) 

We see that the Hubble slow-roll parameters are small. This means that p-adic 
tachyon field rolls slowly in the conventional sense. One reaches the same conclu-
sion if one defines the potential slow roll parameters using the correct canonical 
field, which is ϕ  (329): 

 
22 1 0

2
p

A

M V
V

ϕ
ϕ

=

 ∂
= ∂ 

, 
2

2
2

1 1 1
2p

nA

VM
V

ϕϕ
=

∂
= − −

∂
. (348) 

With regard Equations (347) and (348), we have that: 

1 1 0.025
2 sn− − = ; 

21 7 35 7 70 7

21 7 35 7 70 7 5 1 5 1 5 1
2 2 2

30.236068 0.090170 0.008131 0.334369 0.250776;
4

− − −

− − −      + + +
Φ +Φ +Φ = + +          

     

= + + = ⋅ =

 

1 0.250776 0.0250776
2 5

× =
⋅

 

On the other hand, consider the potential slow roll parameter which one would 
naively define using the derivative truncated action (308): 

 
0

22 1 0
2

pM V
V

χ χ
χ

=

 ∂
= ∂ 

, 
0

2
2

2
1 1 1 1

ln 2p s
V pM n

V pχ χχ
=

 ∂ −
= − − ∂  

 (349) 
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where in (349), we have used Equations (313) and (335). We see that (349) can 
be enormous, though the tachyon field rolls slowly. Taking the largest allowed 
value of p  , 1410p ≈  , and 0.95sn ≅  , we have 2 1 2 2 1110pM V V χ− ∂ ∂ ≈  . Since 
large values of p  are required if one wants to obtain 1sg ≈ , it follows that it is 
somewhat natural for p-adic inflation to operate in the regime where the higher 
derivative corrections play an important role in the dynamics. 

(For the various analyzed equations, see Ref. [11]). 

7. On Some Equations Concerning p-Adic Minisuperspace  
Model, Zeta Strings, Zeta Nonlocal Scalar Fields and p-Adic  
and Adelic Quantum Cosmology 

Consider the standard Minkowski signature minisuperspace model of a homoge-
neous isotropic universe with a cosmological constant λ . The usual parametri-
zation of the metric: 

 2 2 2 2 2
3d d ds N t a= − + Ω  (350) 

leads to classical solutions which are trigonometrical functions of time. In the p-
adic case, we prefer to work with rational functions. We shall use the following 
ansatz: 

 ( )
( ) ( )

2
2 2 2

3d d d
N t

s t q t
q t

= − + Ω  (351) 

Here, N  and a  are functions of time and 2
3dΩ  is the metric on the unit 3-

sphere. The action for this metric is the same as the corresponding usual case: 

 ( ) 2

1

2
2

2
1 d 1
2 4

t

t

qS q t t N q
N

λ
 

= − −    
 

∫


 (352) 

We assume that the cosmological constant λ  is a rational number. The clas-
sical equations of motions have the form: 

 2q λ= . (353) 

The solution of this equation for the boundary conditions: 

 ( ) ( )1 20 ,q q q T q= = , (354) 

is the following: 

 ( ) 2 2 1
1

q qq t t T t q
T

λ λ
− = + − +  

. (355) 

Here, ( ) ( ), pq t p t Q∈ . The Green function corresponding to the transition from 
the point 1q  to the point 2q  has the form: 

 ( ) ( )1 2 1 2, d ,0 | ,
p

p TQ
G q q T K q q T= ∫  (356) 

where ( )1 2,0 | ,TK q q T  is the propagator: 

 ( ) ( ) ( )1 2,0 | , dT p
t

K q q T S q tχ= ∏∫ . (357) 

In the path, integral one integrates over trajectories with the boundary conditions 
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(354). One can perform the Gaussian path integral (357) in the usual way using 
shifting to the classical solution. One gets: 

 ( ) ( ) ( )1 2,0 | ,T p clK q q T c T Sχ=  (358) 

where clS  is the action calculated on the trajectories (355). 

 ( ) ( ) ( )22 3
1 2

2 1 1 2, , 2
24 4 8cl cl

q qT TS S q q T q q
T

λ λ
−

= = − + + − +   . (359) 

The factor ( )c T  is the same as for a free particle: 

 ( ) ( )
1 2

p

p

T
c t

T

λ
= . (360) 

Therefore, one has the Green function: 

 ( ) ( ) ( ) ( )22 3
1 2

1 2 1 21 2, d 2
24 4 8p

p
p pQ

p

T q qT TG q q T q q
TT

λ λχ λ
 −
 = − + + − +   
 

∫ . (361) 

The corresponding wave function has the form: 

 ( ) ( ) ( )
2 2 3

1 2 2
1Ψ d 2

8 4 24p

p
pQ

Plp

T q T Tq T q
TlT

λ λχ λ
  

= + − −     
∫  (362) 

where we restore the explicit dependence on the Planck length. 
We note that the number 24 in Equation (362) can be related to the physical vi-

brations of the bosonic strings by the following Ramanujan function: 

 
( )

2

2

0
2

4

cos e d 142cosh4 antilog

e
24

10 11 2 10 7 2log
4 4

x w

t w

w

txw x
x

t w
itwφ

∞ ′

′

−π

−

′

π

π 
 π ⋅ 
 
 =

 + + +
 

′

′



′

∫

.  

Now let us estimate the integral on T  applying the stationary phase approxi-
mation. The saddlepoint equation has the form: 

 
2 2 2

2
1 0

8 4 28
T q qS

T
λ λ

= − − + − =′  (363) 

which yields: 

 
( )2

2
1,2 2

1 1 q
T

λ

λ

± −
= − . (364) 

As is known, for ( )1 mod 4p ≡ , there is the square root of −1 in pQ , so we get 
nontrivial saddle points. For ( )3 mod 4p ≡ , we have no saddle point at all. To 
make sense of the saddle points in the case ( )1 mod 4p ≡ , we should be sure that 
the square root 1 qλ−  also has a sense. For this purpose, we have to assume that 

1pqλ < . The corresponding actions have the form: 

 ( )3 21 1 1
3

S qλ
λ
 = − ± −  , ( )3 21 1 1

3
S qλ

λ
 = ± −  , (365) 
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In order that these expressions are rational, we have to assume that λ  is rational 
as well as that 2qλ ξ=  is such a rational that the solution of the equation: 

 2 2 1ξ η+ =  (366) 

in respect to η  is also rational. Let us consider the Euclidean metric: 

 ( )
( ) ( )

2
2 2 2

3d d d
N t

s t q t
q t

= + Ω . (367) 

The Euclidean action for this metric is the same as the corresponding action in 
the usual case: 

 ( ) 2

1

2
2

2
1 d 1
2 4

t

t

qS q t t N q
N

λ
 

= − + −    
 

∫


. (368) 

We shall prove that it is possible to restore: 

 ( ) 2
2d exp dE E

Pl

iq T S q
l

 π
Ψ = ∏ 

 
∫ ∫  (369) 

when 0Pll →  in the corresponding p-adic wave function. Indeed, in the p-adic 
case for Euclidean metric, we get a basic Green function: 

 ( ) ( ) ( ) ( )22 3
1 2

1 2 1 21 2, d 2
24 4 8

p
p p

p

T q qT TG q q T q q
TT

λ λχ λ
 −
 = + − − −   
 

∫ . (370) 

Now let us estimate the integral on T  in: 

 
( ) ( )

2 3 2

1 2d 2
24 4 8p

p
pQ

T T T qT q
TT

λ λχ λ
 

+ − − 
 

∫  (371) 

applying the stationary phase approximation. Formally, there are the following sad-
dle points: 

 ( )1 21 1 1T qλ
λ
 = ± −  , ( )1 21 1 1T qλ

λ
 = − ± −  , (372) 

for 

 1pqλ <   

with corresponding actions: 

 ( )3 21 1 1
3

S qλ
λ
 = − ± −  , ( )3 21 1 1

3
S qλ

λ
 = ± −  . (373) 

Note that now these stationary points have sense for all p  and for q  satisfy-
ing (192) according our general formula for the wave function of the universe: 

 ( ) ( ) ( )3
p p p

am p
S gµνχΨ =∑ ∏∫  , (374) 

we write: 

 ( ) ( )3 2
1

2,3,5,
1 1

11
3

p p
E

p
p

q q
q

λ λ
λ

λ
λ

=

 Ψ = − ±   − ±    

∏

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( )

( )
1 2

3 2
1

1 1 2exp 1 1 .
3

q i q
λ

λ
λ λ

− ± π  = ± − ±   
 (375) 

7.1. Zeta Strings and Zeta Nonlocal Scalar Fields 

The exact tree-level Lagrangian for effective scalar field ϕ  which describes open 
p-adic string tachyon is: 

 
2

12
2

1 1 1
1 2 1

p
p

p p
p pg

ϕ ϕ ϕ
− + 

= − + − + 



 , (376) 

where p  is any prime number, 2 2
t= −∂ +∇  is the D-dimensional d’Alamber-

tian and we adopt metric with signature ( )− + + . Now, we want to show a 
model which incorporates the p-adic string Lagrangians in a restricted adelic way. 
Let us take the following Lagrangian: 

 12
2 2

1 1 1 1

1 1 1 1
2 1

n
n n n

n n n n

nL C n
nn g

φ φ φ
− +

≥ ≥ ≥ ≥

 −
= = = − + + 
∑ ∑ ∑ ∑



  . (377) 

Recall that the Riemann zeta function is defined as: 

 ( )
1

1 1
1s s

n p
s

n p
ζ −

≥

= =
−∑ ∏ , s iσ τ= + , 1σ > . (378) 

Employing usual expansion for the logarithmic function and definition (378) 
we can rewrite (377) in the form: 

 ( )2
1 1 ln 1

2 2
L

g
φζ φ φ φ  = − + + −    

 , (379) 

where 1φ < . 
2

ζ  
 
 

  acts as pseudodifferential operator in the following way: 

 ( )
( )

( )
2

2 2 2
0

1 e d , 2
2 22

ikk
D

kx k k k k kζ φ ζ φ ε
   = − − = − > +  

  π  
∫





 , (380) 

where ( ) ( )e dikxk x xφ φ−= ∫  is the Fourier transform of ( )xφ . 
Dynamics of this field φ  is encoded in the (pseudo)differential form of the 

Riemann zeta function. When the d’Alambertian is an argument of the Rie-
mann zeta function we shall call such string a “zeta string”. Consequently, the 
above φ  is an open scalar zeta string. The equation of motion for the zeta string 
φ  is: 

 
( )

( )2 2
0

2

2

1 e d
2 2 12

ixk
D k k

k k k
ε

φζ φ ζ φ
φ− > +

   = − =   −  π  
∫ 



  (381) 

which has an evident solution 0φ = . 
For the case of time dependent spatially homogeneous solutions, we have the 

following equation of motion: 

 ( ) ( ) ( )
( )

0

0

2 2
0

0 02

1 e d
2 2 2 1

ik tt
k

tkt k k
tε

φ
ζ φ ζ φ

φ
−

> +

   −∂
= =   π −   

∫  . (382) 
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With regard the open and closed scalar zeta strings, the equations of motion are: 

 
( )

( )
( )12

2

1

1 e d
2 22

n n
ikk n

D
n

k k kζ φ ζ φ θ φ
−

≥

   = − =  
  π  

∑∫ 

 , (383) 

 
( )

( )

( )
( )

( )

( )2

2

1
1 12

1

1 e d
4 42

1
1 ,

2 1

ikk
D

n n
n n

n

k k k

n n
n

ζ θ ζ θ

θ θ φ
−

− +

≥

   = −  
  π  

 −
= + − 

+  

∫

∑





 (384) 

and one can easily see trivial solution 0φ θ= = . 
The exact tree-level Lagrangian of effective scalar field ϕ  , which describes 

open p-adic string tachyon, is: 

 
22

2 1
2

1 1
1 2 1

p
D

mp p
p

p

m p p
p pg

ϕ ϕ ϕ
−

+
 
 = − +
 − +
 



 , (385) 

where p  is any prime number, 2 2
t= −∂ +∇  is the D-dimensional d’Alamber-

tian and we adopt metric with signature ( )− + + , as above. Now, we want to 
introduce a model which incorporates all the above string Lagrangians (385) with 
p  replaced by n N∈ . Thence, we take the sum of all Lagrangians n  in the 

form: 

 
2

2
2 1

2
1 1

1 1
1 2 1

n
D

m nn
n n n

n n n

m nL C C n
n ng

φ φ φ
−+∞ +∞

+

= =

 
 = = − +

− +  
∑ ∑



 , (386) 

whose explicit realization depends on particular choice of coefficients nC , masses 

nm  and coupling constants ng . 
Now, we consider the following case: 

 2
1

n h
nC
n +

−
= , (387) 

where h  is a real number. The corresponding Lagrangian reads: 

 2 12
2

1 1

1
2 1

D hh
nm

h
n n

m nL n
ng

φ φ φ
−+∞ +∞− −

+

= =

 
= − + 

+  
∑ ∑



 (388) 

and it depends on parameter h . According to the Euler product formula, one can 
write: 

 2

2

2

1 2

1

1

h
m

hn p m

n
p

∞+ − −

− −=

=

−
∑ ∏





. (389) 

Recall that standard definition of the Riemann zeta function is: 

 ( )
1

1 1 , , 1
1s s

n p
s s i

n p
ζ σ τ σ

+∞

−
=

= = = + >
−∑ ∏ , (390) 

which has analytic continuation to the entire complex s  plane, excluding the 
point 1s = , where it has a simple pole with residue 1. Employing definition (390), 
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we can rewrite (388) in the form: 

 1
2 2

1

1 .
2 12

D h
n

h
n

m nL h
ng m

φζ φ φ
−+∞

+

=

  = − + +   +  
∑  (391) 

Here, 22
h

m
ζ  + 
 

  acts as a pseudodifferential operator: 

 ( )
( )

( )
2

2 2
1 e d

2 22
ixk

D
kh x h k k

m m
ζ φ ζ φ

  + = − +  
  π  

∫


 , (392) 

where ( ) ( )e dikxk x xφ φ−= ∫  is the Fourier transform of ( )xφ . 
We consider Lagrangian (391) with analytic continuations of the zeta function 

and the power series 1

1

h
nn

n
φ

−
+∑

+
, i.e. 

 1
2 2

1

1
2 12

D h
n

h
n

m nL h AC
ng m

φζ φ φ
−+∞

+

=

  = − + +   +  
∑ , (393) 

where AC  denotes analytic continuation. 
Potential of the above zeta scalar field (393) is equal to hL−  at 0= , i.e. 

 ( ) ( )
2

1
2

12 1

D h
n

h
n

m nV h AC
ng

φφ ζ φ
−+∞

+

=

 
= − + 

∑ , (394) 

where 1h ≠  since ( )1ζ = ∞ . The term with ζ -function vanishes at  
2, 4, 6,h = − − −  . The equation of motion in differential and integral form is: 

 2
12

h n

n
h AC n

m
ζ φ ϕ

+∞
−

=

 + = 
 

∑ , (395) 

 
( )

( )
2

2
1

1 e d
22

D
ixk h n

D R
n

k h k k AC n
m

ζ φ φ
+∞

−

=

 
− + = 

π  
∑∫  , (396) 

respectively. 
Now, we consider five values of h , which seem to be the most interesting, re-

garding the Lagrangian (393): 0h = , 1h = ± , and 2h = ± . For 2h = − , the corre-
sponding equation of motion now read: 

 
( )

( ) ( )
( )

2

2 2 3

112 e 2 d
2 22 1

D
ikk

D R

k k k
m m

φ φ
ζ φ ζ φ

φ

+  − = − − =  
  π − 

∫


 . (397) 

This equation has two trivial solutions: ( ) 0xφ =  and ( ) 1xφ = − . Solution 
( ) 1xφ = −  can be also shown taking ( ) ( )( )2 Dk kφ δ= − π  and ( )2 0ζ − =  in 

(397). 
For 1h = − , the corresponding equation of motion is: 

 
( )

( )
( )

2

2 2 2
11 e 1 d

2 22 1
D

ixk
D R

k k k
m m

φζ φ ζ φ
φ

  − = − − =  
  π − 

∫


 . (398) 

where ( ) 11
12

ζ − = − . 

The equation of motion (398) has a constant trivial solution only for ( ) 0xφ = . 
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For 0h = , the equation of motion is: 

 
( )

( )
2

2 2
1 e d

12 22
D

ikk
D R

k k k
m m

φζ φ ζ φ
φ

   = − =   −  π  
∫



 . (399) 

It has two solutions: 0φ =  and 3φ = . The solution 3φ =  follows from 
the Taylor expansion of the Riemann zeta function operator: 

 ( )
( ) ( )

2 2
1

0
0

!2 2

n n

n nm m
ζ

ζ ζ
≥

   = +   
   

∑  , (400) 

as well as from ( ) ( ) ( )2 3Dk kφ δ= π . 
For 1h = , the equation of motion is: 

 
( )

( ) ( )
2

2
2

1 1e 1 d ln 1
222

D
ikk

D R

k k k
m

ζ φ φ
 
− + = − − 

π  
∫  , (401) 

where ( )1ζ ∞=  gives ( )1V φ = ∞ . 
In conclusion, for 2h = , we have the following equation of motion: 

 
( )

( ) ( )22

2 0

ln 11 e 2 d d
222

D
ikk

D R

wk k k w
wm

φ
ζ φ

− 
− + = − 

π  
∫ ∫ . (402) 

Since holds equality: 

( ) ( )1

20
1

ln 1 1d 2
n

w
w

w n
ζ

∞

=

−
− = =∑∫  

one has trivial solution 1φ =  in (402). 

Now, we want to analyze the following case: 
2

2
1

n
nC

n
−

= . In this case, from the 

Lagrangian (386), we obtain: 

 
2

2 2 2
1 1 .
2 12 2

DmL
g m m

φφ ζ ζ φ
φ

     = − − + +      −     

   (403) 

The corresponding potential is: 

 ( ) ( )
231 7

24 1

DmV
g

φφ φ
φ

−
= −

−
. (404) 

The equation of motion is: 

 
( )
( )

2

2 2 2

1 1
1

2 2 1m m

φ φ
ζ ζ φ

φ

 − +      − + =        − 

  . (405) 

Its weak field approximation is: 

 2 21 2 0
2 2m m

ζ ζ φ    − + − =        

  , (406) 

which implies condition on the mass spectrum: 

 
2 2

2 21 2
2 2
M M
m m

ζ ζ
   

− + =   
   

. (407) 
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From (407) it follows one solution for 2 0M >  at 2 22.79M m≈  and many 
tachyon solutions when 2 238M m< − . 

With regard the extension by ordinary Lagrangian, we have the Lagrangian, po-

tential, equation of motion and mass spectrum condition that, when 
2

2
1

n
nC

n
−

= , 

are: 

 
2 2

2
2 2 2 21 1 ln

2 2 12 2

DmL
g m m m

φ φ φζ ζ φ φ
φ

     = − − − − + +      −     

   , (408) 

 ( ) ( ) ( )
2

2
2

11 0 1 ln
2 1

DmV
g

φφ ζ ζ φ
φ

 
= − + + − − − 

, (409) 

 
( )

2
2

2 2 2 2
21 1 ln

2 2 1m m m
φ φζ ζ φ φ φ φ
φ

  −   − + − + = + +        − 

   , (410) 

 
2 2 2

2 2 21
2 2
M M M
m m m

ζ ζ
   

− + =   
   

. (411) 

In addition to many tachyon solutions, Equation (411) has two solutions with 
positive mass: 2 22.67M m≈  and 2 24.66M m≈ . 

Now, we describe the case of ( ) 2
1

n
nC n
n

µ −
= . Here ( )nµ  is the Mobius  

function, which is defined for all positive integers and has values 1,0, 1−  depend-
ing on factorization of n  into prime numbers p . It is defined as follows: 

 ( ) ( )
( )

2

1 2

0,

1 , ,
1, 1, 0

k
k i j

n p m
n n p p p p p

n k

µ

 =


=  − = ≠
 = =



 (412) 

The corresponding Lagrangian is: 

 
( ) ( ) 1

0 0 2
1 1

2

1
2 1

2

D
n

n n

n nmL C
ng

m

µ

µ µ
φ φ φ

+∞ +∞
+

= =

 
 

= + − + + 
 

∑ ∑


  (413) 

Recall that the inverse Riemann zeta function can be defined by: 

 
( )

( )
1

1 , , 1s
n

n
s it

s n
µ

σ σ
ζ

+∞

=

= = + >∑ . (414) 

Now, (413) can be rewritten as: 

 ( )0 0 2 0

2

1 1 d
2

2

DmL C
g

m

µ φ φ φ φ
ζ

∞

 
 
 = + − +

  
    

∫


  , (415) 

where ( ) ( ) 2 3 5 6 7 10 11
1

n
nM nφ µ φ φ φ φ φ φ φ φ φ+∞

=
= = − − − + − + − −∑    The cor-

responding potential, equation of motion and mass spectrum formula, respectively, 
are: 
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 ( ) ( ) ( ) ( )2 2 20
2 0

0 1 ln d
2

D CmV L
g

φ
µ µφ φ φ φ φ φ = − = = − − −  ∫  , (416) 

 ( ) 0 02

2

1 2 ln 0

2

C C
m

m

φ φ φ φ φ
ζ

− − − =
 
 
 





 , (417) 

 
2

0 022

2

1 2 1 0

2

MC C
mM

m
ζ

− + − =
 
 
 

, 1φ  , (418) 

where usual relativistic kinematic relation 2 2 2 2
0k k k M= − + = −



 is used. 
Now, we take the pure numbers concerning Equations (407) and (411). 

They are: 2.79, 2.67 and 4.66. We note that all the numbers are related with  
5 1
2
+

Φ = , thence with the aurea ratio, by the following expressions: 

 15 7 13 7 21 7 22 7 30 72.79 ; 2.67 ; 4.66− −≅ Φ ≅ Φ +Φ ≅ Φ +Φ . (419) 

7.2. p-Adic and Adelic Quantum Cosmology 

Adelic quantum cosmology is an application of adelic quantum theory to the uni-
verse as a whole. In the path integral approach to standard quantum cosmology 
starting point is Feynman’s idea that the amplitude to go from one state with in-
trinsic metric ijh , and matter configuration φ  on an initial hypersurface Σ , to 
another state with metric ijh′ , and matter configuration φ′  on a final hypersur-
face ′Σ , is given by a functional integral of ( )| ,S gµνχ∞ ∞ − Φ  over all four-ge-
ometries gµν , and matter configurations Φ, which interpolate between the initial 
and final configurations, i.e. 

 ( ) ( ) ( ), , | , , ,ij ijh h g S gµν µνφ φ χ∞ ∞ ∞∞∞
′  Σ Σ = Φ − Φ′ ′  ∫  . (420) 

The ,S gµν∞ Φ    is the usual Einstein-Hilbert action: 

 
( )( )

( )

4 3

4

1, d 2 2 d
16

1 d
2

v M M

v
M

S g x g R x hK
G

x g g V

µ

µ
µ ν

∂
 Φ = − − Λ +  π

 − − ∂ Φ∂ Φ + Φ 

∫ ∫

∫
 (421) 

for the gravitational field and matter fields Φ. In (421), R is scalar curvature of 
four-manifold M , Λ is cosmological constant, K  is trace of the extrinsic curva-
ture ijK  at the boundary M∂  of the manifold M . To perform p-adic and adelic 
generalization, we first make p-adic counterpart of the action (421) using form-
invariance under change of real to the p-adic number fields. Then, we generalize 
(420) and introduce p-adic complex-valued cosmological amplitude: 

 ( ) ( ) ( ), , | , , ,ij ij p p ppp
h h g S gµν µνφ φ χ′  Σ Σ = Φ −′ ′ Φ ∫  . (422) 

The space of all 3-metrics and matter field configurations ( ) ( )( ),ijh x xφ   on a 
3-surface is called superspace (this is the configuration space in quantum cosmol-
ogy). Superspace is the infinite dimensional one with a finite number of coordinates 

( ) ( )( ),ijh x xφ   at each point x  of the 3-surface. One useful approximation is 
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to truncate the infinite degrees of freedom to a finite number, thereby obtaining 
some particular minisuperspace model. Usually, one restricts the four-metric 
to be of the form ( )2 2 2d d d di j

ijs N t t h x x= − + , where ( )N t  is the laps function. 
For such minisuperspaces, functional integrals (420) and (422) are reduced to 
functional integration over three-metrics, matter configurations and to one usual 
integral over the laps function. If one takes boundary condition ( )2 2q t qα α= , 

( )1 1q t qα α=  then integral in (420) and (422), in the gauge 0N = , is a minisuper-
space propagator. In this case, it holds: 

 ( )2 1 2 1d , | ,0| v vq q N q N qα α α α= ∫  , (423) 

where 

 ( ) ( )2 1, | ,0v v vq N q q S qα α α αχ  = −  ∫   (424) 

is an ordinary quantum-mechanical propagator between fixed qα  in fixed time 
N . For quadratic classical action ( )2 1, | ,0cl

pS q N q , (424) becomes: 

 ( ) ( )( )
1 22 2

2 1 2 1
2 1 2 1

, | ,0 , | ,0
2

cl cl
p p cl

p p p p

p

S S
q N q S q N q

q q q q
λ χ

 ∂ ∂
= − −  ∂ ∂ ∂ ∂ 

 . (425) 

If system has n  decoupled degrees of freedom, its p-adic kernel is a product: 

( ) ( )( )
1 22 2

2 1 2 1
1 2 1 2 1

, | ,0 , | ,0
2

cl cln
p p cl

p p p p

p

S S
q N q S q N q

q q q q
α α

α α α α
α

λ χ
=

 ∂ ∂
= − −  ∂ ∂ ∂ ∂ 
∏ . (426) 

p-adic and adelic wave functions of the universe may be found by means of the 
following equation: 

 ( ) ( ) ( ) ( )U t x E t xαβ α αβψ χ ψψ= , (427) 

where ( )xαβψ  are adelic wave eigenfunctions, ( )2, , , ,pE E E E∞=    is the 
corresponding adelic energy, ( )2, , , ,p∞α α α α=    and  

( )2, , , ,p∞β β β β=    are indicies for energy levels and their degeneration, re-
spectively. 

The corresponding adelic eigenstates have the form: 

 ( ) ( ) ( ) ( )p p p p
p S p S

q q q qα α α αψ ψ∞ ∞
∈ ∉

Ψ = Ω∏ ∏ . (428) 

A necessary condition to construct an adelic model is existence of the p-adic 
(vacuum) state ( )p

qαΩ , which satisfies: 

 ( ) ( )
1

2 1 1 21
, | ,0 d

p
pq p

q N q q qα
α α α α

≤
= Ω∫   (429) 

for all but a finite number of p . 
Now, we describe the p-adic and adelic model with cosmological constant in 

3D =  dimensions. This model has the metric: 

 ( ) ( )( )( )2 2 2 2 2 2 2 2d d d sin ds N t t a tσ θ θ ϕ= − + + , (430) 

where Gσ = . The corresponding v-adic action is: 
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 [ ] ( )
21 2

2 2 20

1 1d
2v

aS a t Na t
N a a

λ
 

= − + − 
 

∫


, (431) 

where 2λ σ= Λ . The Euler-Lagrange equation of motion: 

 
¨

2 0a N aλ− =   

has the solution: 

 ( ) ( ) ( ) ( )( )2 1 1 2
1 e e e e

2sinh
N N t N N ta t a a a a

N
λ λ λ λ

λ
− −= − + − , (432) 

where the boundary conditions are ( ) 10a a= , ( ) 21a a= . For the classical action, 
it gives: 

 ( ) ( ) ( )
2 2

1 2 1 2
2 1

21, | ,0
2 sinh tanh

cl
v

a a a aS a N a N
N N

λ λ
λ λ λ

  +  = + −
  
   

. (433) 

Quantum-mechanical propagator has the form: 

( ) ( ) ( ) ( )( )
1 2

2 1 2 1, | ,0 , | ,0 .
2sinh sinh

cl
v v v v

v

a N a S a N a
N N
λ λλ χ

λ λ

 
 = − −
 
 

 (434) 

Equation (429), in a more explicit form, reads: 

( ) ( ) ( ) ( )

( ) ( )1

1 2

2
2 2

2
1 2 1 11

22sinh sinh 2 tanh

d
2tanh

.
sinhp

p pp

p

pa

Na a
N N N

a a a a
N N

λ λ λλ χ
λ λ λ

λ λχ
λ λ≤

   
   Ω = − − +
   
   

 
 × −
 
 

∫

(435) 

We note that the p-adic Gauss integral over the region of integration v
px p−≤  

is: 

 ( ) ( )2 2d , 1;v
p

v v v
p p px p

x x x p p pχ α β β α−
− − −

≤
+ = Ω ≤∫  (436) 

( ) ( )
2

1 22 2d 2 , 1;
4 2v

p

v v
p p pp px p

p

x x x p pβ βχ α β λ α α χ α
α α−

− −

≤

  
+ = − Ω      

>


∫ (437) 

where ( )uΩ  is defined as follows: 

( ) 1, 1u uΩ = ≤ ; ( ) 0, 1u uΩ = > . 

Using (437), for   0v = , we obtain: 

 ( ) ( ) ( )2
2 2 2tanh

2 2pp p

Na N a aλχ λ
 

Ω = − + Ω  
 

 (438) 

with condition 
( )

1
2 tanh

p
N
λ

λ
>  , i.e. 1pN <  . For 2p ≠  , left hand side is 

equal to ( )2 paΩ  if 1pλ ≤  holds. Applying also the (436) to (435), we have: 

https://doi.org/10.4236/jmp.2024.1511080


M. Nardelli 
 

 

DOI: 10.4236/jmp.2024.1511080 1951 Journal of Modern Physics 
 

 

( ) ( ) ( )

( ) ( )

1 2

2

2
2 2

2sinh sinh

.
2 2coth sinh

pp

p

p

p

a
N N

a aN
N N

λ λλ
λ λ

λ λ
χ

λ λ

 
 Ω = −
 
 

  
  × − + Ω       

 (439) 

It becomes an equality if condition 1pN ≤  take place. 
Thence, we can rewrite Equation (435) as follow: 

 

( ) ( ) ( )

( )

( ) ( )

( ) ( )

( ) ( )

1

1 2

2

2
2

2
1 2 1 11

1 2

2
2 2

2sinh sinh

2 2 tanh

d
2 tanh sinh

2sinh sinh

.
2 2coth sinh

p

pp

p

p

pa

p

p

p

p

a
N N

N a
N

a a a a
N N

N N

a aN
N N

λ λλ
λ λ

λχ
λ

λ λχ
λ λ

λ λλ
λ λ

λ λ
χ

λ λ

≤

 
 Ω = −
 
 

 
 × − +
 
 

 
 × −
 
 

 
 = −
 
 

  
  × − + Ω       

∫  (440) 

The de Sitter minisuperspace model in quantum cosmology is the simplest, 
nontrivial and exactly soluble model. This model is given by the Einstein-Hilbert 
action with cosmological term (421) without matter fields, and by Robertson-
Walker metric: 
 ( ) ( )( )2 2 2 2 2 2

3d d ds N t t a tσ= − + Ω , (441) 

where 2 2
3
Gσ =
π

 and ( )a t  is the scale factor. Instead of (441), we shall use: 

 ( )
( ) ( )
2

2 2 2 2
3d d d

N t
s t q t

q t
σ

 
= − + Ω  

 
. (442) 

The corresponding v-adic action for this one-dimensional minisuperspace model 
is: 

 [ ] 2

1

2

2
1 d 1
2 4

t
v t

qS q t N q
N

λ
 

= − − + 
 

∫


, (443) 

where 
2

3
σλ Λ

= . The classical equation of motion ( )1N =  2q λ= , with the 

boundary conditions ( ) 10q q=  and ( ) ( )2 2 1,q T q T t t= = −  gives: 

 ( ) 2 2 1
1

q qq t t T t q
T

λ λ
− = + − + 

 
. (444) 
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After substitution (444) into (443) and integration, one obtains that the classical 
action is: 

 ( ) ( ) ( )22 3
2 1

2 1 1 2, | ,0 2
24 4 8

cl
v

q qT TS q T q q q
T

λ λ
−

= − + − −   . (445) 

Since (445) is quadratic in 2q  and 1q , quantum-mechanical propagator has 
the form: 

 ( ) ( ) ( )( )2 1 2 11 2

8
, | ,0 , | ,0

4
v cl

v v v

v

T
q T q S q T q

T

λ
χ

−
= − . (446) 

Equation (429) reads: 

 
( ) ( )

1

22 3
2 2

2 1 2

2
1 2

1 11

8
24 2 4 84

d .
8 4 4p

p
pp

p

pq

T q T qT Tq
TT

q qT q q
T T

λ λλχ

λχ
≤

−  
Ω = − − + + 

 

  × + −  
  

∫
 (447) 

(For the various analyzed equations, see Ref. [12]-[16]). 

8. Mathematical Connections 

Now, we describe some possible mathematical connections. We take Equation (31) 
of Section 2. We note that can be related with Equations (315), (316) of Section 6, 
hence we have the following connections: 

 

( )

( )

( )

2 2 2

2 2

2 2

2
,

1
4

11
2 2 0

1
1

2 0

1
4

1

2 2 0

ed

2 1e d e e
12

1 d e e

d e e

c

p p p

p p

p p

c

e

m m mps

p p

m m

p

m ms

p p

VN
V c

m g
pg m

m

m
m g

φ

φ

ττ

µν

ττ

α
α

ττ

µ ν

φ

φ φ φ τ φ φ

τ φ φ

τ φ φ

−
− − −

+

−
− −

−
− −

= ≈

   
   ⇒ − +   +     

  
  + ∂ ∂       

 
 − ∂ ∂

 
 

∫

∫

∫

∫



 











;



  


  

 
( )

( )

2 2 2

2 2

2
,

1
4

11
2 2 0

1
1

2 0

ed

2 1e d e e
12

1 d e e .

c

p p p

p p

c

e

m m mps

p p

m m
t t

p

VN
V c

m
pg m

m

φ

φ

ττ

ττ

φ

φ φ φ τ φ φ

τ φ φ

−
− − −

+

−
− −

= ≈

   
   ⇒ − +   +     

  
  + ∂ ∂        

∫

∫

∫



 





  (448) 

Thence, there is a mathematical connections between the slow-roll formula re-
garding the number of e-foldings eN  of inflation and the equations of the stress 
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energy tensor for the p-adic scalar field in padic inflation. 
Now, we take Equations (48), (50), (117) and (119) of Section 3. We note that 

can be related with Equation (447) of Section 6, hence we obtain the following 
connections: 

 ( )3 3 2 2 2 2
5

1d d 3
2 mS t x M L a Ka a Sφ = − − + +  ∫ 

   

( )
1

2 22 3
2 2 1 2

1 11 2 1

8
d

24 2 4 8 8 4 44 p

p
p pq

p

T q T q q qT T T q q
T T TT

λ λλ λχ χ
≤

−     ⇒ − − + + × + −    
    

∫ ; (449) 

 ( )
2 24 4 1d

2 2 m m
MS x g R S g S gµφ

− − + + 
   = − − ∂ + +     

 
∫   

( )
1

2 22 3
2 2 1 2

1 11 2 1

8
d

24 2 4 8 8 4 44 p

p
p pq

p

T q T q q qT T T q q
T T TT

λ λλ λχ χ
≤

−     ⇒ − − + + × + −    
    

∫ ; (450) 

 

( ) ( )
( )

( ) ( )( ) ( ) ( )( )

2
4

1
1 4 40 4 4 40 42

2 21 2
4

4 0 0 4 0 0 4 0 1 4 0 1 42
4

2
e d

1

1 8 4
31

xm nx x x xd
L b x

kx A J kx B Y kx A J kx B Y kx
x

ξ ξδ
ω

−

−
= =

−

 = + − + −  

∫

    

  

( )
1

2 22 3
2 2 1 2

1 11 2 1

8
d

24 2 4 8 8 4 44 p

p
p pq

p

T q T q q qT T T q q
T T TT

λ λλ λχ χ
≤

−     ⇒ − − + + × + −    
    

∫ ; (451) 

 
2
40

0

1
1 4 4 2

21
d e d

xym
Ly

d nxnt y
L b

δ ξ
ω

−

− −
= Γ =∫ ∫   

( )
1

2 22 3
2 2 1 2

1 11 2 1

8
d

24 2 4 8 8 4 44 p

p
p pq

p

T q T q q qT T T q q
T T TT

λ λλ λχ χ
≤

−     ⇒ − − + + × + −    
    

∫ . (452) 

Thence, mathematical connections between some equations concerning cosmo-
logical perturbations in a Big Crunch/Big Bang space-time and M-theory model 
of a Big Crunch/Big Bang transition (48)-(50), some equations concerning the so-
lution of a braneworld Big Crunch/Big Bang cosmology (117)-(119) and the equa-
tion concerning the de Sitter minisuperspace model in p-adic quantum cosmology 
(447). 

Now, we take Equations (315), (316), (334), (341) and (349) of Section 6. We 
note that can be related with Equations (151), (153), (155), (213), (223) and (225) 
of Section 4, hence we obtain the following mathematical connections: 

 ( )0

0

22
2 2 0

2 20
0

21 2e d 1
2 e

Y m Y
m

DD Y Y
v mDm v

α
αγτ

α −
′   ≈ ≈ −  ′  

′


∫   

 

( )

( )

2 2 2

2 2

1
4

11
2 2 0

1
1

2 0

2 1e d e e
12

1 d e

p pm m mps

p p

m m

p

m g
pg m

e
m

ρ

ρ ρ

ττ

µν

ττ

α
α

φ φ φ τ φ φ

τ φ φ

−
− − −

+

−
− −

   
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Thence, there are mathematical connections between some equations concern-
ing the generating ekpyrotic curvature perturbations before the Big Bang, some 
equations concerning the colliding branes and the origin of the hot Big Bang and 
some equations concerning the approximate inflationary solutions rolling away 
from the unstable maximum of p-adic string theory. 

Now, we take Equations (306), (315) and (316) of Section 6 and Equations 
(381), (396) and (415), of Section 7. We obtain the following mathematical con-
nections: 
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Thence, mathematical connections between some equations concerning the ap-
proximate inflationary solutions rolling away from the unstable maximum of p-
adic string theory and some equations concerning the zeta strings and the zeta non-
local scalar fields. 

In conclusion, with regard Section 7, we have the following mathematical 
connections between Equations (440) and (447) and Equation (213) of Section 
4: 
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9. Conclusion 

In this work, we have described mathematical connections between the slow-roll 
formula regarding the number of e-foldings eN  of inflation and the equations of 
the stress-energy tensor for the p-adic scalar field in padic inflation. We have de-
scribed mathematical connections between some equations concerning cosmo-
logical perturbations in a Big Crunch/Big Bang space-time and M-theory model 
of a Big Crunch/Big Bang transition (48)-(50), some equations concerning the so-
lution of a braneworld Big Crunch/Big Bang cosmology (117)-(119) and the 
equation concerning the de Sitter minisuperspace model in p-adic quantum cos-
mology (447). We have described mathematical connections between some 
equations concerning the generating ekpyrotic curvature perturbations before 
the Big Bang, some equations concerning the colliding branes and the origin of 
the hot Big Bang and some equations concerning the approximate inflationary 
solutions rolling away from the unstable maximum of p-adic string theory. We 
have described mathematical connections between some equations concerning 
the approximate inflationary solutions rolling away from the unstable maxi-
mum of p-adic string theory and some equations concerning the zeta strings 
and the zeta nonlocal scalar fields. In conclusion, with regard to Section 8, we 
have the following mathematical connections between Equations (440) and (447) 
and Equation (213) of Section 4. Thence, there are mathematical connections 
between some equations concerning the p-adic quantum cosmology and the 
fundamental equation concerning the colliding branes and the origin of the hot 
Big Bang. 
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