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ABSTRACT

The light propagation through system a polarizer-analyzer is investigated on the basis of quantum conceptions about the
nature of light. It is shown, that Malus law based on principles of classical electrodynamics not completely takes into
account all effects which can occur at the light propagation through system a polarizer-analyzer. The phenomenon of
possible change of frequency of light in particular drops out, for example in the region of X-ray radiation. The deduc-
tion of Malus law based on quantum principles is given. For comparison the differential effective section of interaction of
a photon and electron with take into account of rotation of a plane of polarization of a photon in Compton’s effect is
found.
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1. Introduction

Malus law has experimentally been established by French
physicist E. L. Malus in 1810. He tried to explain it on
the basis of the corpuscular theory of light of Newton.
This law allows calculate propagation of light through
system a polarizer-analyzer, Figure 1. It easily explained
on the basis of the wave nature of light [1].

If to rotate the analyzer A about the axis concerning
polarizer P the intensity of light / leaving the analyzer
will submit to the law:

I=1,c08°0, (1)

where [,—intensity of linearly polarized light falling on
the analyzer, ® —an angle between planes of polariza-
tion of light falling on the analyzer and past through it.
Last formula represents the contents of Malus law.

The purpose of article is the finding of Malus law on
the basis of quantum representations about the nature of
light, the physical analysis of an opportunity and validity
of the given approach.

2. Interaction of Quantums of
Electromagnetic Radiation with Electrons

The physical phenomenon reflected by Malus law in
quantum representation, concerns to the big group of the
phenomena of interaction of quantums of electromag-
netic radiation with electrons. Absorption by substance
of quantums of electromagnetic radiation basically result
in the following processes: quantums can be absorbed
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Figure 1. Passage of light through system a polarizer-ana-
lyzer.

without occurrence secondary electrons when all energy
of quantums is transferred fonons-quantums of mechani-
cal waves in a crystal lattice, and the impulse is trans-
ferred all crystal lattice of substance [2], at an internal
photoeffect [3], Compton’s effect [4] and combinational
scattering [5].

Latter two effects are accompanied by occurrence
secondary, ie. reradiated quantums with changed fre-
quency, in comparison with falling on electron, and ab-
sorption of part energy of a falling photon. In [6] it is
shown, that interaction of the polarized quantum of light
with non-polarized electron can lead to turn of a plane of
polarization reradiated quantum, and to change of fre-
quency of secondary quantum in comparison primary
quantum. From the point of view of Malus law, the phe-
nomenon of turn of a plane of polarization reradiated
quantum in comparison primary one enables this quan-
tum to pass through the analyzer because separation of
quantum as against an electromagnetic wave is consid-
ered impossible. A photo effect and Compton’s effect are
inherent to, basically, for quantums high energy. At
combinational scattering on connected electrons in the
field of seen light also there is a change of frequency of
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light. At this form of interaction the absorption of a part
of a falling on photon energy by substance is observed.

3. Physical Essence of a Problem

At passage of light through the analyzer there is an in-
teraction of photons with connected electrons in a crystal
lattice of substance of the analyzer.

Interaction of electromagnetic radiation with con-
nected electrons of atoms or ions of a crystal lattice is
complex and multiple physical processes. Therefore we
shall consider the elementary physical phenomenon—
interaction of electromagnetic radiation with free or
poorly connected initially motionless electrons at which
the increase in length of wave reradiated quantum can be
observed. If energy of falling radiation is great enough,
for example, X-ray radiation the connection electrons in
atoms it is possible to neglect and assume that electrons
cooperate with radiation, as free particles [7].

Taking into account, that quantum of light or a photon
elementary, i.e. indivisible a particle of an electromag-
netic field, direct division of quantum is impossible.
However such division is present at Compton’s effect (so
usually name interaction of quantum with motionless free
electron), but it occurs by means of other elementary
particle of substance-electron.

Taking into account far incomplete representations,
both about the nature of quantum, and about the nature of
electron, in modern physics it was necessary to enter
concept about “intermediate states” systems a pho-
ton-electron during their interaction. These intermediate
states it is enough unusual. They are characterized, first,
by an opportunity negative electron energy, and second,
infringement of the law of energy conservation.

Whether have intermediate states any physical sense or
are only mathematical reception for calculation? This
question till now has not found the answer. There is no
also an answer to a question, whether used mathematical
receptions are at the given physical preconditions, i.e. at
use of concept of an intermediate state, correct enough?

For more detailed analysis of the set questions we shall
consider transition of an initial state of system a pho-
ton-electron S (k, p,, ha,, E,) to its final state
F(k, p,ho,E). In this case S (start) means an initial
state of system F (finish)-its final state.

Parameters of system a photon-electron in an initial

hao, . .
state: k, =—"m,—a vector of an impulse of a photon in
c

an initial state, where # —Planck’s reduced constant,
w,—cyclic frequency of an initial photon, c—speed of
light in vacuum, m,—an unit vector in a direction of
radiation of an initial photon; p, =0-—an impulse im-
movable electron in an initial state; Ai@,—energy of a
photon in an initial state; E, =m,c’ —energy immov-
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able electron in an initial state, m, —its rest mass.
Parameters of system a photon-electron in a final state:

hao . .
k =——n—a vector of an impulse of a photon in a final
c

state, @ —cyclic frequency of a final photon, n—a unit
vector in a direction of radiation of a final photon;
p =mV —an impulse of electron in a final state, ¥ —its
speed, m —its relativistic mass; 7o —energy of a photon

in a final state; E =./p’°c’ +mc* —energy of electron in

a final state, p—the module of an impulse of electron in a
final state.

Transition of system a photon-electron from a state
S(ky, pys ho,, E,) in a state F(k, p,hw, E) is possi-
ble under the following schemes [6,8,9].

At first the electron absorbs a photon and transit in an
intermediate state with energy E,. In this state in system
there are no photons. Electron in this case gets an im-
pulse p, =k, which is equal to an impulse of the ab-
sorbed photon. Then electron emit a photon with an im-
pulse k , getting energy E and an impulse p.

The scheme of transition is shown with the help
so-called diagrams of Feynman on Figure 2. The straight
lines designate movement of electron, wavy-photons.
The dotted line specifies that real movement of electron
in this case is absent.

The most unpleasant in this scheme, that it cannot be
realized. First of all, it is experimentally established, that
there is no time interval between acts of absorption and
emission of a photon [10]. There is no instant equality
energy or impulses electron and the falling quantum.

However, there are more serious another objection
against the scheme on the Figure 2. The law of conser-
vation of an impulse at absorption of a photon by elec-
tron in the scalar form looks like k&, = p, or
ha,

=mV,, where V,—speed of electron in an interme-
¢

diate state, m—its relativistic mass. The law of conserva-
tion of energy can be written down as:

_ _ 2 _ 2
hew,=E, - E;=mc” —mc

2
=mc’ [l—ﬂj:mc2 1—1/1—V—I2
m c

Having divided the law of conservation of energy on
the law of conservation of an impulse, we receive ¥, =c,
that, naturally, it is impossible. Hence, one of two laws is
not carried out. Usually there are assume, that the law of
conservation of energy [5,8] is not carried out. It results
also to non-execution of the law of conservation of en-
ergy and at radiation of a photon k since as a whole at
transition of system a photon-electron from a state
S(kys pys 10y, E,) to a state F(k, p,ho, E), laws of
conservation of energy and an impulse should be carried
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out. We shall note also, that energy of electron in an in-
termediate state, formally, taking into account
p; =mV; =mc, satisfies to a condition

E, =\pic’ +mic* — o, sinceat V,=c the mass

m—> o0,

With the purpose of overcoming the given difficulty, is
consisting that free electron cannot absorb the quantum
of light, in system the photon-electron is added, at the
given stage of development of physics, actually the third
substance, namely, vacuum. We shall not stop on the
theory of vacuum, its assume structure, we shall note
only, that the surplus part of energy of electron E, is
transferred for a while to vacuum. Hence, the law of
conservation of energy at interaction of a photon and
electron looks like

ha, =E +E,, =+ pic’ +mjc* +E,,. Then energy of

vacuum return in system a photon-electron, translating it
in a state F(k, p,hw, E). If to accept energy of vac-

h .
uwum £ =% (so-called energy of electromagnetic

vacuum) the impulse of electron in an intermediate state
(under condition of k, = p,) becomes equal to imagi-

. 2myc .. .
nary expression p, = ng , that is inadmissible.
It is possible to assume energy of vacuum

where in this case n—the whole number is

vac

P :nha)o
2

more than unit. In this case energy of electron E, in an
intermediate state to become zero (at n=2) or negative

at n>2) E, :(1—9?@0.

Usually, negative energy of electron in an intermediate
state formally connected with an opportunity of a sign a
minus before a root in expression for energy

E, =—/pic’ +m§c4 [8].

4. Quantum Deduction of Malus Law

Quantum deduction of the Malus law we shall begin with
the analysis of interaction of photons and electron in the
analyzer. Thus we use approximation of free electrons
[7]. At a deduction we shall not pay attention on physical
nonsense, which were discussed earlier.

Research of processes of transition of electron in an
intermediate state S — I rather simple because linear of

the Hamilton’s operator concerning value [ p —E/Alj [5]
c

At use Coulomb’s calibrations of potentials, we have:

131:ca(ﬁ—fjj+m0c2ﬁ=ca13—eaz:1+moczﬂ» (2)
C
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where A is a vector-potential of a photon, e—a charge of
electron, a—so-called a matrix vector (a vector, which
coordinate projections-square matrixes of 4-th order,
with components 0, £1, £i), f—a square matrix of 4-th
order with components 0, =1 [5].

All factors of matrix vector « is four-vectors, at which
fourth component is imaginary [5]. Energy of interaction
the photon-electron characterizes only the second addend
(2). In (2) it is supposed, that the vector-potential of a
photon is periodic function of coordinates

27hc®  ~thor . L
A= v ee’ ", e,—a unit vector of polarization of
a)O

an initial photon, /—some normalizing volume. There-
fore it is possible to write down:

2 iy
H,, :—e(a;l):—e 4:)71; (ae,)e s 3
0

The matrix element of transition of the electron states
S —1 looks like:

(]:[i“‘ )51 = jwélflintwldV =—e -

2mhc? ¢ . 2 lgor P
=—e —Juoe " (aey)e " e " dV ,
wV

2mhc® . Sk
=—e :}0; [uo(aeo)ul“.eh 1

2 i
2117‘1; _[gz); (ae,)e o pdV
0

“)

where u, is the conjugate amplitude of wave function
o

Po =uge "
radius-vector. After absorption of a photon we believe,
that position of the electron has not changed, u, is am-

in an initial condition of the electron, r—its

.pir
o
plitude of wave function ¢, =u,e " in an intermediate
state.
Taking into account the law of conservation of an im-
i
;(Prl’o‘"o)’

dr=r.

Believing normalizing volume V7 =1, we shall find a
matrix element of transition S —1:

(ﬁim )SI =—e 27;:126 [u; (aeo)ul] . %)

pulse p,—k,—p,=0, we have Ie

The received expression corresponds, for example, [8].

Let’s consider process of radiation of a photon k in the
scheme on Figure 2, i.e. in process 1— F .

Similar previous the transformations allow to receive a
matrix element of transition I — F :

(I—A[im )IF = —e,fznzzc [u: (ae)u}, (6)
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Figure 2. Diagram of Feynman of the first type for interac-
tion of a photon and the electron.

where u, is the conjugate amplitude of wave function
of the electron in an intermediate state, u—amplitude of
wave function of the electron in a final condition, e —a
unit vector of polarization of a final photon.

For the full description of transition S — F of sys-
tem a photon-electron, it is necessary to consider one
more formal variant of process which can be represented
diagram of Feynman shown on Figure 3.

According to the considered scheme of transition,
Figure 3, motionless ( p, =0) electron having energy
E,, all over again radiates the quantum an impulse & and
energy hw and passes in an intermediate state II. Then
the electron absorbs initial quantum with an impulse k,
and energy %, , getting an impulse p and energy E.

The matrix element of transition S — II with radia-
tion of a photon looks like:

~ 2ahc .
(Him )SH =-e A |:”0 (ae)un} > (7)
and the matrix element of transition Il - F with ab-

sorption of a photon looks like:

(), =2 [ a)a). )

where u;, and u, is the conjugate and primary ampli-
tudes of wave function of the electron in an intermediate
state.

The compound matrix element determining full prob-
ability of transition S — F looks like [5]:

(I:Iint) _ (I:Ii“t )SI (]:Ii“‘ )IF i (I:Ii“t)gu (I:Ii“t)”p .
SF

©)
E,—E +ha, E-E,—ho
Let’s substitute in (9) formulas (5)-(8):
(I:I ) _ 2hle [ug (aeo)ul][uf (ae)u}
" sr kok E,—E, +hao,
(10)

N [u; (ae)un][u; (aeo)u] |

E,—E,—hw

The probability of transition S — F' is in unit of time
proportional to a square of a corresponding matrix ele-
ment [5]:
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Figure 3. Diagram Feynman of the second type for interac-
tion of a photon and the electron.

2|/ A 2
dW:7‘<Him)SF‘ pr (0)dQ2, (11)

where p, (@)—number of final state of system the pho-
ton-electron, contained in a unit interval of energy of a
final state [8], dQ —a solid angle describing a direction
of a start of reradiated photon.

The number of final states reradiated photon contained
in an interval of photon energy corresponding an impulse
interval dk isequal p(w)dk , where

s K
w)= =
olo) (2nc)'n (2mn)'c
tons contained in a unit interval of their energy [5].
Naturally, the number of states of photons will define
number of states of all system:

pr(@)dE, =cp(w)dk, (12)

where dE, is an energy interval of a final state of the
system, corresponding to an impulse interval of photons

dk, E.=ck+E=ck++p’c+mic*.

Hence:

—number of states of the pho-

ok
OE,
Substituting (13) in (11), we shall find probability of

transition S — F in unit of time:

) R 2
dw :%‘(Him ).,

pr(@)=cp(o) (13)

ok
»(®) 3

F

Q. (14)

For finding of differential effective section of process,
we shall divide probability of transition in unit of time
into numerical density of a flux of falling quantums [5].
One quantum is absorbed, therefore we assume, that in
normalizing volume ¥ there is only one quantum. Inten-

sity in this case is equal I, :%c. Therefore the nu-

merical density of a flux of photons under condition
IO

=S¢, Hence, differential effec-
ha,

V =1, is equal

tive section of process:
A 2 Ok
(Him )SF

2n
— plo) E,

do=
h

Q. (15)
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Further substituting (10) in (15), with the account
2

p() :(27'[—30 , we shall find:
o Lk cok X{[MS (e ) ][ ; ()]
2" &, OE, E,~E, +ha,
+[u0(ae)ud[ull(ae0)u}} i
E,—E,—ho

Factor 1/2 in (16) is consequence of averaging of dif-
ferential effective section of interaction the pho-
ton-electron on spin states of the electron in its initial
state [5]. It is similarly, for example, averaging of dif-
ferential effective section of scattering of the non-polar-
ized wave on a vector of polarization of an electromag-
netic wave at the deduction of the Thomson’s formula
[7].

Let’s find matrix elements in the formula (16). We
shall consider the first addend in brackets. We shall mul-
tiply numerator and a denominator in it on
E, + E, +ha, . In result we shall receive:

[u; (aeo)u&[ul* (ae)u]
(E0 -E + ha)o)

[13[(ae, ) (ae) Ju] (£, + 1, + E,)

2E ha,

amn

In numerator the known formula
[u; (e, o [ ()] = (e, () Ju]

. h
isused, and also p, =k, = “o

Similarly, multiplication of numerator and a denomi-
nator on (E, + E, —hw) with the account

-py=k= ho , will transform the second addend (16).
c
Hence, the formula (16) gets a form:
e k cok
8c’E,” k, OE,

y [u; [(aeo)(ae)}uJ(Eo +ha,+E,)

ko

[l @) ] 5 -nos £

k

do

(18)

In intermediate states with energy E, and E; the
electron is a free particle on which the electromagnetic
field does not influence, therefore the amplitude of its
wave function satisfies to Dirac’s equation [5]:
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Eyu, = 1:11”1 Eyu, = ]:Inun ) (19)

where Hamilton’s operators follow from the formula (2)
at A=0 since in intermediate states there are no pho-
tons:

H, = cap, +myc* g = cak, + E,f3 , (20)

H, =cap, +m,c*f=—cak +E,f3 1)

where it is taken into account p, =k, , Figure 2, and

py =—k , Figure 3. Hence, it is possible to assume

E +E,=cak, and E;+E,=—cak , where E, —an

initial level of reading of energy equal to initial energy of

the motionless electron. Components of a matrix £ =x=1.

It is used f=-1, since initial and intermediate energy
in additional factors (E,+ha,+E;) and

(E,—ho+E,) it is summarized. Substituting these
values in (18), we shall find:

etk cok
O= s,
8c°E," k, OE,

5 {[u; [(aeo )(ae)]u}(ha)o + c(azk0 ))

ky

[ [(ae)(aeo)]Z](‘h”‘c(“k))}z dQ
(22)

Lk cakx{ 1 *{2(eoe)_(ae0)(ak0)(ae)

2k, OE, |2E, k,

k
_ Lk cok
2k, OE,

) (ae)(ak)(aeo)}u}z o

2

.2
uOQu| dQ.

where it is designated:

0= 1 {2(e0e)— (ae,)(ak,)(ae) ~ (ae)(ak)(aeo)]

k, k

0

(23)

Known rules of work with a matrix vector [5,8] are
used. Property of a matrix vector
2(eye) =(ae)(ae,)+(ae, )(ae) isused. Besides the fol-
lowing properties of action of a matrix vector on mutu-
ally perpendicular vectors (ae,)(ak,)=—(ak,)(ae,),
(ae)(ak)=—(ak)(ae), and also an opportunity of cy-
clic rearrangement of factors are used. In the further
transformations ratio (ae, )2 = (oze)2 =1, (azk)2 =K%,
(ak,)’ =k’ also will be necessary.

Summation in (22) is carried out on two spin, real
states of the electron with positive energy. For distribu-
tion of summation on 4 states of the electron (2 spin and
2 signs on energy) are entered so-called the projective
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operator (at f=1)[5]:

I:I+|E| 3 cap + fmc’ +|E|

R=
21E] 21E]
24)
_cap+Ey+|E| E+|E| (1, E>0
~ o 20E]  20E lo. E<O

where E=E;+cap.

At use of the projective operator a states with negative
energy of the contribution to a total sum do not bring.
Hence, expression (22) can be written down as [5]:

41 k cok w2
dO'—e Ek—oa MOQM| dQ
4 l k C@k * ~ * + A
=e —— R R dQ
‘2% 8EFZ{MOQ up w0 R o)
41k cok A A
= R, > {4, 0RO Ry, } O
_ 41 k Cak * A +
e Ek—OEZ{MOQRQ MO}dQ,
where
o' =L{2(e0e)+(ae)(ako)(aeo)+(ae0)(ak)(ae)}
2E, k, k

is the conjugate operator as result replacement of se-
quence factors of the matrix operator in (23) on return
and change of a sign before addends with matrix vector &
Ey+|-E,|

2|E,|
the initial impulse of the electron is equal to zero
Py =0.

The projective operator of the free electron, according
to a form of the Hamilton’s operator (2) in Dirac’s equa-
tion (at A=0 and P =1) in a final state, taking into
account p=k,—k,is equal:

[6]. The projective operator IAQO = =1 because

P |—(E0 +cap)|+E0 +cap
2/E]

_2E, +c(ky—k)+ca(k,—k)

2[E|

(26)

B

1k cok

do=e¢' —
16E,’E k, OE,

where E=E;+cap .
Substituting (23) and (26) in (25), we shall find:

do—et 1K cok
16E,’E k, OE,
* ae, )(ak,)(ae ae)(ak)(ae,
xzu{z(eoe)i o)) ) )}
.[2E0+c(k0—k)+ca(k0—k)}.

.{z(w(ae)(akoxaeo)+<aeo><ak><ae>}%}dg_

k, k

@7

For calculation of expression under symbol of the sum
we shall take advantage of a rule spur Zu;iuo =SpL,
for example [5], where L -some matrix operator.

After multiplication of brackets, we use the ratio fol-
lowing from properties of a matrix vector: an opportunity
of reverse rearrangement of factors with « and
(ae)(ae,)=(ae,)(ae)=(eye) . In result we have:

(aeo)(ako )(ae) J (ae)(ako )(aeo)

k, k,
(oe){ak) () (s )ak) ()
k k M
(aeo )(mk0 )(ae) 7 (aeo )(ak)(ae) .
k, k
N (ae)(ak)(aeo) 7 (oze)(ozk0 )(aeo) _o.
k k,

Carrying out simple, but bulky transformations, we use
rules of work with spurs [11]: if b and ¢ some vectors,

. . 1
and a is a matrix vector, that ZSp(l) =1,

Sp(b+¢)=Sp(b)+Sp(c), Sp(bc)=Sp(ch),
Sp(7b)=ySp(b) , where y-some algebraic function

%Sp(ab)(ac):bc. Besides spur of addend with odd

number of the factors containing a matrix vector it is
equal to zero. Thus (27) it will be transformed:

xSp [2 (eoe)2 J+ca(k,—k) —2(e0g)w

ko

—2(e0e) P A

where J =2E,+c(k,—k).
Taking into account, that the order of factors with a
matrix vector under a symbol of spur it is possible to
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(ae)(ak)(ae,) N (ae)(ak,)(ae,) 2(309)+M2(808)H dQ |

k

replace on reverse or to rearrange cyclically, and also
linearity of a matrix vector a(k,—k)=(ak,)-(ak),
we shall lead multiplication:
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. 1k cok

do=e =
16E,°E k, OF,.

—2(e0e)

ko

x SP[Z(eOe)2 J+ c{—z(eoe) (aky ) (ae, ) (ak, )(ae)

k

k

(ako)(ae)(ak)(aeo) . (tzzk0 )(ae)(ako )(aeo) 2(e0e)+ (ozk0 )(aeo)(ak)(ae) 2(eoe)
ak

+2(e0e)( )(aeol)cfako)(ae) +2(eqe) (ak)(ae)(ak)(ae, )

k

_ (ak)(ae)(ak,)(ae,) 2(ese)- (ak)(ae, )(ak)(ae) 2(eoe)ﬂ dao.

ko

Then, allocating in everyone two addends in internal square brackets a scalar factor (ko —k) and taking out it of

these brackets, we find:

_ o ;2_
16E,°E k, OF,

k cok

= xSp {2 (e,e)’ J +c(k, —k){z(eoe)(ae)(aeo)+ 2(eye)

—(ae,)(ae)2(ee)- (ak,)(ae,)(ae)(ak) 5

kk,

Expression in internal square brackets is equally zero.
We shall note, that the given result excludes the vector
form of impulses of the photons, falling k, and reradi-
ate k from the further consideration. It is possible to
tell, that zero value of internal square brackets in (28)
specifies an opportunity and validity of Malus law from
the point of view of quantum electrodynamics. Hence,
despite of some, existing now, the ambiguity of the
physical preconditions discussed earlier, the mathemati-
cal base of quantum electrodynamics, at least, at a con-
sidered level, adequately describes physical laws, in par-
ticular Malus law. All further deduction is defined by
absence of angular scattering of photons. Thus:

. 1k cok 2
- = Sp| 2(epe)’ I |d2

77 16EE K, OE, P2V 29)
S LI L TP o)

16E,’E k, OE,

Let’s find a derivative

at absence of angular
F

scattering of a photon. Energy of system the photon-
electron in a final state is equal:

E,=ck+E=ck++p°c+mic’
= ck ++/(k,—k) S +E2.
Derivative of this expression is:

2 —
9 —c+a—E=c—C—(k0 —k)=c[¥}=cﬂ'

E

Ok Ok E

The law of energy conservation is used as
E-Ey=c(ky—k)=cp.
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(ak,)(ae,)(ae)(ak)

kk,
(28)
(eoe)HdQ
o E
Substituting =——, we shall find:
F Sk
J k 2
do=e¢'———(ee) dQ. 30
o= S ) (0)

Using J=2E;+c(k,—k) and ee=cos® where
® is an angle of turn of polarization plane of quantum
after interaction with the electron, we shall receive:

! ko —k
do=2 G Gl | ST
E 2E, |k,

For the further transformation of the formula (31) it is
convenient to enter so-called classical radius of the elec-

2 2
tron r=——=<-=2818-10""m [7]. In result we
myc” K
have:
k, —k
do=r| 1SRk o0, (32)
2E, |k,

Using determination of effective section of interaction

dO':E where dP is energy flux of radiation in a
0

solid angle dQ:% [7], we shall transform the for-
mula (32):

dP
—=r |1+ —CO0s
I, 2E,

k, R
The solid angle dQ cuts out on sphere of arbitrary
radius R the area dS. Taking into account, that intensity

c(ko—k)} ko095 a3
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of light after interaction with the electron [ :j—g, and

also, accepting arbitrary radius equal to classical radius
of the electron with which there was an interaction of
quantum R =7, , we receive a quantum variant of Malus

law:
ky—k
I=1, {1+M}icos2 C]

2E
. 0 0 (34)
=1, 1+(a)0——2w) 2 cos>@.
2myc @,

If at interaction of quantum with the electron its fre-
quency does not vary @, = ® , we receive Malus law (1)
in the classical form.

The formula (34) is received as a result of strict
mathematical transformations physical problems of a
deduction have been discussed earlier. In a basis of a
deduction (34) there are lay the method of small pertur-
bations [5], therefore the formula (34) is essentially in-
exact. Its form specifies expansion into a series of some
function dependent on frequency of photons.

Change of reradiated photon frequency appreciable in-
fluences on intensity of light which has left the analyzer
if the second addend in square brackets (34) makes ap-
proximately 10% from unit. Under condition of
h(w, - )

>—~0,1 adifference of waves lengths falling on

2myc
the electron and reradiated a photon it is possible to find
from a ratio L—% <02 , where A~243-107 nm is

Compton’s length of a wave. Thus, appreciable influence
of change of a photon frequency at passage of light
through the analyzer begins only in the region of rigid
X-ray radiation.

Let’s transform (34) to a form:

y:%=[1+%§(l—y)}/cosz®,

0

/] A
where &= a)02 =_—,avalue ;/:3. Naturally y <1,
myc™ Ay @

since the part of energy of a photon will be transformed
to energy of movement of the electron.

Let’s assume, that the electron interact with a photon
which Compton’s lengths of a wave. Hence, £=1 and

,uz[%j;/cosz(a. On Figure 4 calculation of de-

pendence y =y(®) isshownat £=05 and x=08.

From Figure 4 it is visible, that at direct reradiated a
photon on the electron, there is a proportional depend-
ence between energy reradiated a photon and a angle of

Copyright © 2012 SciRes.

02 1 I 1 1

0 0.2 0.4 0.6 0.8 0, rad

Figure 4. Dependence of relative change of frequency rera-
diated photon from an angle on its of turn of polarization
plane.

turn of its polarization plane.

5. Formula of Klein-Nishina

During a deduction of the formula (34) we did not take
into account angular scattering of light, i.e. a deviation of
a photon from an initial direction after interaction with
the electron.

Formula of Klein-Nishina [6] allows to calculate dif-
ferential effective section of scattering of quantums for
the electron depending on a angle of scattering &

1, o’

do=—r 2[&+3—sm29]dg. (35)
27 w,

ONNON

Experiments well confirm the formula (35) [12].

It is possible to find also the similar formula expressed
through an angle of turn of a polarization plane of photon
® at interaction with the electron. Frequently this for-
mula also frequently name of Klein-Nishina [8]. For
comparison with a deduction of the formula of Malus law
(34) we shall consider a deduction of the formula of
Klein-Nishina in more detail.

Expression in internal square brackets (28) has result
equal to zero in connection with the following circum-
stance. Found differential effective section (28) generally
determines probability of turn of a polarization plane of a
photon on some angle ® at scattering of a photon on
the electron. The internal square bracket characterizes
similarity of probability of turn of a polarization plane of
a photon, as an angle ® and on an angle —-©®, also
identical probability of scattering of a photon on angle
6 and on an angle —6.

If to equate expression in internal square brackets to
zero we come to dependence (32). For reception of dif-
ferential effective section of a photon and the electron
interaction which taking into account both turn of a po-
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larization plane of a photon, and its scattering on some
angle is necessary to use some physical preconditions
(condition).

In internal square brackets (28) there are two types of
addends. The first and the third addends depend only on
an angle of turn of a polarization plane of a photon. The
second and the fourth addends depend as on an angle of
turn of a polarization plane of a photon, and from an an-
gle of scattering of a photon, and, hence, characterize
change of its impulse.

s 1 i cOk
16E,’E k, OE,

o =€

We use the strict mathematical formula
2(e,e) =(ae)(ae, )+ (ae,)(ae) for transformations to
the first and the second addends. Both addends in the
used formula are equal and characterize only turn of a
polarization plane on angle ® and —© . Equality ad-
dends is defined by property cos® =cos(-0). There-
fore for the account of turn of a polarization plane of a
photon only in one direction it is used physical (but not
strictly mathematical) a condition 2(eye)=(ae,)(ae) .

In result we shall find:

e+l . el o o)

k,

—(ae,)(ae)2(ee)- (aky)(ae, ) (e) (k) z(eoe)ﬂ dQ

kk,

The given formula has been found in [8]. Further,
summation the second and the fourth addends, with use
of the full formula

s 1k cok
do=¢"—————x
16E,’E k, OE,

2(epe) = (ae)(ae, ) +(ae, )(ae)
(further transformations have strictly mathematical char-
acter), we shall receive:

Sp[2(e0e)2 J+c(ky,—k)

(36)
.{1—(aeo><ae)z(eoe)_(ako)(aeo)(aagakxae)(aeo)ﬂdg

The formula (36) can be received, proceeding from (28),
easier. The second addend in the internal square brackets
(28), antisymmetrical to the fourth it is liquidated, i.e. we
assume the unidirectional turn of a polarization plane and
scattering of a photon. In the first and the fourth addends
it is used a physical condition 2(e,e)=(ae)(ae,), that

P k cok

e ———
16E,’E k, OE,

~2(ege)c(ky —k)(ae, )(ae)-c k(;d:

again, with the account (ae)(ae,)=(ae,)(ae), results to
(36). The physical condition 2(e,e)=(ae)(ae,) allows
to keep also the general normalization of probabilities of
a photon’s scattering at ignoring in the formula (28) its
scattering in one of the sides.

Using J =2E, +c(k,—k), from (36) we shall find:

225 xsp| 4(ege) By +2(ene) ¢k —k)+c(k, k)

[(ako)(aeo )(ae)(ak)(ae)(ae, ):@ dQ.

0

Further taking into account %Sp [ (ae,)(ae)|=(e,e) . we have:

do ot Lk cok
16E,’E k, OE,

x 16(e0e)2 E, +4c(k, —k)—ck0 —k

Sp [(ock0 )(ae, )(ae)(ak)(ae)(ae, )ﬂ dQ.

0

Taking into account (at use of cyclic transposition and (aze0 )2 = (aze)2 =1), that

_%Sp[(ako )(ae, )(ae)(ak)(ae)(ae, )] = —%Sp [(aeo)(ako )(ae)(ae)(ak)(ae, )]

— 5 So[ (ak, ) (k)| =~ (k).

we receive:

Copyright © 2012 SciRes. JMP
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1k cok
16E Ek 6E

1k cok

do=¢*

[16((30 )2 E, +4c(ky—k)+c=°

ky—k

[—4(k0k)]} dQ

37
k

2 k,—
—et 4E02E EGEF ><|:4E0 (eoe) +c (;(ko (kok —(kok)):| dQ.

Further we use the formula of change of a photon fre-
quency at Compton’s effect [12]:

w= “ : (38)

hao
1+ mocoz (I-cos®)

where 6 is an angle of a deviation of a secondary pho-
ton from an initial direction.
Transition to an impulse of photons, we have:

kymyc® B k,
myc? +cky (1-cos @) 14 K o (1- cosﬁ)

mc

After simple transformations, we shall find:
kok —(kok ) = kok (1—cos @) = myc (ky k) . 39)
Hence, the formula (37) receives a form:

ky—k)’
=¢ %iﬁx AE, (eoe)2 +myc? u do
4EE k, OE, kk,

2
:e4—1 K cok 4(e0e)2+—(k0_k) dQ
4EE k, OE, kk,

= s 1k cok £+£—2+4cosz® dQ.
4E\E k) OE, \ k Kk,

(40)

Let’s find a derivative at an opportunity of an-

F
gular scattering of a photon. Energy of system the pho-
ton-electron a final state is equal:

E.=ck+E=ck++p’c®+mic’

= ck+|(ky— k)  * + E?

= ck +\[k2c? —2kke? cos O+ K3 + .

Derivative of this expression:

2
OF, =c+8—E:c—C—(k0 cos@—k)
ok ok E
Ek—c(kykcos0— k)
=C
Ek

Ek—c(

—moc(ko—k)+k0k—k2)]

Ek

ok —kyc+E + ke _ckOE0
0 Ek Ek

Copyright © 2012 SciRes.

At the deduction the formula (39) and the law of en-
ergy conservation E;+k,c=FE+kc 1isused.

Substituting in (40) ok = _Ek , we shall find:
OE. ck,E,
2

do= 1 zkz Ky £—2+4cosz® dQ

4 ky\ k K,
(41)

:lrz“’— D4 @ ) 4dcos?O |dO

4 a)o ),

Let’s note that the formula (41) is deduced with use of
the formula (38), i.e. at existence of angular scattering of
a photon. Therefore it characterizes basically compton’s
effect.

6. Physical Reason of Variation of the
Photon Frequency after Its Direct
Reradiated on the Electron

For an explanation of the physical reason of variation of
a photon frequency of after its direct, without change of a
direction reradiated on the electron, we shall consider in
more detail the formula (28) for differential effective
section of interaction of a photon and the electron. The
second addend in external square brackets (28) appeared
equal to zero. Keeping formally this addend, we shall
lead some transformations (28).
Using rules of work with spurs [5]:

%Sp [(ae,)(ae)]|=(e,e) and

o[ (k) (0, ) (ae) (k)]
—[ k e0 ek) (kok)(eoe)—(koe)(eokﬂ
=[(kok) (ese) = (Koe) (eok )]
=[k, x e, |[kxe]=kok (L) = kok (ese),
and also the formula of vector algebra [7] where [, and

[ -unit vectors, we shall find:

1 &
O = 84 ﬂk—OX[S(eoe)z J+C(k0 —k)

.[8 (e,e)’ +8(ese)” —8(epe)’ —8(epe)’ ﬂ dQ

s 1 2 k
=e F{)s(eoe) E[J+c(k0—k)(2—2):|d§2
(42)
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It is used, also, that at direct reradiated of photons a

=——. Besides it is

r o CEy
taken into account, as k, Le, L/, and kLlell is
the right three of vectors. Turn of a plane of polarization
of photons is carried out around of vectors of an impulse
k, and k, therefore (I/)=(eye).
Substituting in (42) size J =2E, +c(k,—k), we shall
find:

derivative in Malus law is

do=¢' %(eoe)z L3
Ey ko
(43)

[EO +M+c(ko —k)(l—l)}dQ.

Transit from an impulses of photons to their frequen-
cies, we receive:

do=¢ L3(e0e)2 —
0 2)
(44)

{EO +hAw(l—l)+w}dQ,

where Aw=0,-w.

The formula (44) allows to draw a conclusion, that the
electron is not in a motionless state before interaction
with a photon. Its energy varies in limits Ej+/Aw .
This fluctuation in free space can occur only due to in-
fluence on the electron of vacuum energy. For example,
it is similar due to influence of vacuum energy on orbital
electrons in atom there is a thin structure of Lamb’s
spectrum [5]. Rather conditionally fluctuations of the
electron energy are shown on Figure 5.

After absorption of a photon with energy #%w,, and
transition of the electron to the intermediate state £, the
oscillating electron then, according to the diagram on

1 &
n
A ho
A S A W
N7 "V A
v v
(73
) A 2
= x
" hAw
L‘(v
hAw
P F4Y
A\ - ALY
- J N\ -~y 7
=7 LV
s hd
ho hwo
ol
w

i

Figure 5. The scheme of energy transitions of the electron at
its interaction with a photon.

Copyright © 2012 SciRes.

Figure 2, transit to a final state with energy E. Thus the
photon is radiated by energy #® . The second variant, in
conformity about Figure 3, consists that the electron at
first radiates a photon %@ and transit to an intermediate
state E; . After that the electron absorbs a photon energy
ha, , transit to final state E. Levels of intermediate states
on Figure 5 are shown conditionally for presentation.
Apparently, these states cannot be placed on a linear
scale of energy.

Transition of the electron after interaction with a pho-
ton on a level of energy E is defined by performance of
the conservation law of energy before and after interac-
tion of a photon with the electron. Whether transition of
the electron to a level £, —Aw, to this question experi-
ment is possible can answer only. However existence of
the combinational scattering [13] at interaction of an
electromagnetic wave with oscillating charged structures
of atoms and molecules allows to assume, that the level
E,—Aw can be important at interaction of a photon
with the electron.

7. Conclusions

It is shown, that, despite of some ambiguity of physical
preconditions existing now, the mathematical base of
quantum electrodynamics, at least, at a considered level,
adequately describes physical laws, in particular Malus
law.

The used Malus law (1) based on principles of classi-
cal electrodynamics not completely takes into account all
effects which can occur at passage of light through sys-
tem a polarizer-analyzer. The phenomenon of possible
change of light frequency in particular drops out, especial
at high frequency, for example in the region of X-ray
radiation.

Malus law based on principles of quantum electrody-
namics (34), allows to estimate influence of change of
light frequency on intensity of passage of light through
system a polarizer-the analyzer. This effect is necessary
taking into account, for example, by development of
X-ray lasers.

Variation of a photon frequency at its direct reradiated,
without change of a direction, on the electron occurs due
to interaction of the electron with energy of vacuum.

The formula for differential effective section of scat-
tering of a photon on the electron (41) has narrower
range of use (connected only with Compton’s effect),
than the formula (32) resulting to Malus law for X-ray
radiation (34).
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