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Abstract

In this paper, the portfolio management problem with stochastic wage in-
come and inflation risk for CRRA investors is solved. In real life, investors
experience stochastic wage income and inflation risk. This could be due to
events such as COVID-19, fiscal policy, financial policy adjustments, and cli-
mate change. We consider an agent who invests in the financial market with
one risk-free security (e.g. a money market account or bond) and one risky
security (e.g. a stock or stock index). Our goal is to choose the optimal con-
trols that maximize the objective function in order to obtain the value func-
tion. By applying Dynamic Programming Principle, we determine the HJB
PDE. Solving the H]B PDE, we establish the value function and optimal con-
trols.

Keywords
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1. Introduction

In modern finance, stochastic optimal control problems are key in practice. Such
problems are a major concern to individual and institutional investors who seek
to allocate wealth among various assets over a certain or uncertain lifetime.
Our study was motivated by the need to adequately address challenges ema-
nating from randomness and uncertainty in the portfolio management of mod-
ern finance. So far, different researchers have explicitly solved stochastic optimal
control problems via methods, such as the dynamic programming principle, the
maximum principle, the viscosity solution concept, and Backward Stochastic
Differential Equations (BSDEs). Viscosity solutions and BSDE have a strong link
through their PDE representation. This research work builds on the celebrated
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work of [1] [2] who solved the optimal control problem for an agent who invests
in one risk-free asset and one risky asset but under constant interest rate and
volatility.

The celebrated work of [3] was the first to introduce Mean-Variance (MV)
optimal portfolio selection problems in discrete time. Markowitz defined an optimal
portfolio as an efficient portfolio (frontier) for any investor. The Mean-Variance
(MV) model, formulated the portfolio choice problem as an optimization prob-
lem without accounting for the consumption of an investor. According to this
study, the MV model minimizes the variance of the terminal wealth for a desired
level of expectation. This study also showed that there are possibilities for dif-
ferent portfolios to have a different combination of return and risk. The second
pioneer work of [1] [2] investigated portfolio optimization based on the Utility
functions. The theory of portfolio optimization is based on the preferences of an
investor as described by a utility function. Merton solved a stochastic control prob-
lem in continuous time for a financial market consisting of one risk-free asset
and one risky asset. The Hamilton-Jacobi-Bellman equation for the value func-
tion was determined by applying the dynamic programming principle. Merton
showed that closed-form solutions exist for such non-linear partial differential
equations. In the academic literature, there is a wide range of portfolio selection
problems. Most common are problems formulated either in the Mean-Variance
framework pioneered by [3] or problems of expected utility maximization type
pioneered by [1] [2] for a diffusion-type model. In recent years, jump models
have become increasingly popular in academic and financial research to explain
randomness. This is due to the shortcomings of the classical Brownian motion
model developed in [4]. Studies so far have shown that stock market returns
have higher peaks and heavier tails see [5] [6] [7]. Often, jumps occur in the prices
of stocks that cannot be explained by a Brownian motion model. These jumps
also have large down movements in stock prices, but not equally large up move-
ments. Another feature often observed in stock price distributions is that large
changes in prices are often followed by large changes and small changes tend to
be followed by small changes. So far, researchers have solved these observations
using the jump models which capture many of the empirical features of stock
price returns. However, because of the independent increment property (Ze. the
Markov property), jump processes may not model the effect of volatility cluster-
ing. On the other hand, jump models are generally assumed to have finite jumps
during a finite time interval which represent rare events in real life. This is our
motivation to study diffusion-type models.

This study builds on the celebrated work of Merton to include inflation risk
and stochastic wage income. The inflation risk is modeled as a Consumer Price
Index (CPI). In real life, a financial market experience inflation risk and stochas-
tic wage due to uncertain events such as COVID-19, climate change, wars, infla-
tion, natural disasters, fiscal policy, and financial policy adjustments. Inflation
risk parameters as well as stochastic wage affect optimal investment decisions.
We consider the stochastic control problem of a single investor with a portfolio
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consisting of one risky-free security (e.g. a money market account or bond) and
one risky security (e.g. a stock or stock index). Our goal is to choose the optimal
investment policy that maximizes terminal wealth. The investor preferences are
modeled as a Constant Relative Risk Aversion (CRRA) function and trading takes
place in a finite horizon.

The study of [1] [2] considered constant interest rate and constant volatility
rate. However, such assumptions are not practical in modern finance. In this
study, we extend Merton’s work to include stochastic wage income and inflation
risk simultaneously. This results in sophisticated HJB PDEs. This paper outlines
some new results in the field of Mathematics of Finance. The development of these
new ideas was motivated by the need to adequately address challenges emanat-
ing from the interaction effects of randomness and uncertainty in the portfolio
management of modern finance. The most important contribution of this study
is that we have extended Merton’s problems with a unique mixture of stochastic

wage income and inflation risk simultaneously.

2. Links to the Literature

The problem of optimal investment has attracted a number of extensions. For
instance, [8] investigated portfolio selection problems in a stochastic environ-
ment including inflation risk, and also apply Dynamic Programming Principle
(DPP) to determine the value function and optimal policies. [9] applied a duality
approach in solving a stochastic control problem. [10] used the duality approach
to portfolio optimization problems with borrowing and short-sale constraints.
[11] considered an optimal investment for a pension fund under inflation risk by
applying the Martingale method for a financial market consisting of a money
account, a stock, and an inflation-linked bond. In the paper by [12], dynamic
asset allocation under inflation was investigated by applying DPP to determine
the value function and optimal policies. [13] investigated a stochastic control prob-
lem with stochastic volatility and constant interest rate. [14] considered op-
timal Investment-Consumption Strategy under Inflation in a Markovian Re-
gime-Switching Market. [15] researched optimal portfolio selection with life in-
surance under Inflation Risk for CRRA investors. This paper analyzed how risk
aversion, the correlation coefficient between inflation and the stock price, the in-
flation parameters, and the coefficient of utility affect the optimal investment
and consumption strategy. [16] investigated optimal investment, consump-
tion and insurance problems. They considered a market with a real zero coupon
bond, the inflation-linked real money account and a risky share following a
jump-diffusion process. They applied a Backward Stochastic Differential Equa-
tion (BSDE) with jumps to derive the explicit solutions. A paper by [17] was the
first to extend Merton’s work to include life insurance in a study titled optimal
consumption, portfolio and life insurance rules for an uncertain lived individual
in a continuous time model. [18] extended Merton’s work by adding life insur-
ance but with constant labor income in the study titled optimal life insurance

purchase and consumption/investment under uncertain lifetime. In their study,
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the agent has initial wealth but also receives an income continuously which can
be terminated upon premature death. In this study, Merton’s work is extended
in a unique way by studying the stochastic control problem for an agent who
faces inflation risk and stochastic wage income. Such assumptions are realistic
and practical in the real financial world. Our goal is to allocate initial wealth be-
tween a risk-free asset account and a risky asset account in order to maximize the
discounted expected utility of terminal wealth.

The outline of this paper is as follows. Section 2 is introduction. Section 3 is
literature review. Section 4 is description of the financial market model. In Sec-
tion 5, the wealth model is determined. Section 6 is optimization criterion de-
scription. In Section 7, the Hamilton-Jacobi-Bellman (HJB) equation for the
value function is derived. In Section 8, we investigate the value function and op-
timal policy. In Section 9, numerical examples and simulations are provided.
Here, the effect of market parameters on the optimal investment policy is illustrated.
In Section 10, the conclusion and suggested possible future research work are
stated.

3. Financial Market Model

Let (Q,IF,}" ,JP’) be a filtered complete probability space with filtration (.7-:)

satisfying the usual conditions such as (]-:)O«T

0<t<T
being right continuous com-

plete filtration and [P -complete. Let all stochastic processes be well-defined and
adapted in the filtered complete probability space (Q,IF, F ,IF’) . Consider a sto-
chastic control problem of a single investor with a portfolio consisting of one
risky-free security (e.g. a money market account or bond) B and one risky secu-
rity (e.g. a stock or stock index) S(r). Let the price dynamics of the risk-free

security Bevolve as follows:

{dB(t)zr(t)B(t)dt, 0
B(0)=1,
with a constant risk-free interest rate r.
Let the dynamics of the stochastic wage income 7() evolve as follows:
{dn(t):,u”(t)r](t)dt-i—o;](t)n(t)dW”, -
n(0)=n.

Let the inflation risk be controlled by price index (e.g. CPI) denoted by 1(r)

representing a fixed basket of goods and evolving as follows:

{dl(t) =, ()I(2)dt +0,1(2)dW" (1),

3
1(0) =1, ®

Let the price dynamics of the risky security stock (or share), S(¢), follow a
Geometric Levy process which is essentially a Geometric Brownian Motion (GBM)

model with an added integral for the discontinuous part given by

dS(t)=S(t)u,dt+o,S(t)dw? (1), @
S(O) >0,
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where W° (t) is a Wiener process modeling the random market risk factor,

is the mean rate of return and o, is the volatility.

4. The Wealth Model

Consider an investor with initial amount of money X'(0)>0 and a time hori-
zon of interest 7. Over the time interval, [0,7], the investor changes his portfo-
lio dynamically. Let C(7) denote the rate of continuous consumption, 1-7(¢)
be the amount invested in the risk-free security and 7(7) denote the wealth to
be invested in the risky asset, S. Note that the pair (C(t),7(¢)) isa trading strat-
egy.
Lemma 1. The net wealth X (¢) for an investor who faces stochastic wage
income evolves as follows:
IO _ (- () LY () B0
X () B(1) S(t)
= [ﬂ,us +(1- ﬁ)l’]dt + 7o, dW* (t)-C(t)dr +n(r)ds,
X(0)>0.

—C(t)dt+n(t)de

Note that the inflation-adjusted real wealth process at time # denoted by X (1)
is calculated as follows:

= X(1)
(f)—m (5)
Applying It6 lemme on 5, we obtain the following real net wealth model
— 1 -X () 1
X (1) = (1) +—— L dI (1)~ —— dI (1) dX (1
O g0 e ) e
~X(1)
+ ~dI(¢)dI(¢)—C(¢)dt+n(t)de
1(1)]
_X|dX() di(e) dI’(e) dx(e)di(e) |
T RO 0 W &) | e
Simplifying further gives:
dx(s) -
m—[ﬂ,us+(1—7r)r—,u,—0'50'1p+d, C(t)+77(t)]dt
o d W ()4 2()o.dW (1) ©
X(0)>0,
where X(¢) is inflation adjusted real wealth, C(¢) is consumption and 7(¢)

is stochastic wage income.
Remark 1. The correlation coefficient pe[-1,1] of W® and W” in4and
2is such that W W" = pdt .

5. The Optimization Criterion

Suppose the set of all admissible strategies is denoted by A.

DOI: 10.4236/jmf.2023.132010

163 Journal of Mathematical Finance


https://doi.org/10.4236/jmf.2023.132010

S.Jereetal.

Definition 5.1. An investment and consumption strategy A =(7(t),C(¢))
is said to be admissible if the following conditions are satisfied.

1) The pair (ﬂ(t),C (t)) is progressively F, -measurable.

2) [ty dt<oo, [ C(t)dt<w, forall T>0.

3)If (7(t),C) is the strategy, the wealth process 6 with X'(0)>0 has a path
wise unique solution.

Remark 2. The investor's objective is to maximize the net expected discounted
utility of terminal real wealth plus consumption.

The objective function for this stochastic control problem is then formulated

mathematically as follows:
J(txm(1),C(t))= E[ [, U, (C(1))de +(1-9)e U, (Q?(T))}. (7)
Definition 5.2. The value function is defined as

V(t,x)=sup U()Tqﬁe’l’Ul(C(t))dt+(1—¢)e’“U2(2?(T))}, (8)
(z(r).C(t))eA
with boundary conditions V(7,x)=(1-¢)e U, (/'?(T)) .

Here, /'F(t) >0 for all ¢ with Tbeing the date of death, f(T) is the value
at time 7 of a trading strategy. The parameter A is the subjective discount rate
and ¢ determines the relative importance of the intermediate consumption and
the bequest. E denotes the conditional expectation operator. U, (C(t)) and

U, ()? (T )) are consumption and bequest functions respectively.

6. The Hamilton-Jacobi-Bellman Equation

By applying Dynamic Programming Principle, we obtain the Hamilton-Jacobi-
Bellman equation (HJB equation) for the value function. The fully HJB PDE as-
sociated with the stochastic control problem 8 is the second-order nonlinear PDE
given as follows:

V. + sup {[ﬂ,us +(1-7)r—p, —o,0,p+0; —C(t)+77(t)]z’?V)C
(7.C)eA

+[%7r203 +O',2 —Zﬁasa,p}\_,’zVu +,u,777(t)V,] +%O‘;772 (t)V,m 9)
+71'0'50'[77(t)/'?l/x,] +¢e MU, (C)} =0,

where V,

During the phase of retirement, the investor consumes from the accumulated

Voo Vs V,» V,, and V,_  denote partial derivatives.

surplus. The HJB PDE in the retirement phase is as follows:

V. + sup {[ﬂ,ux +(1-7)r—p, ~o,0,p+0; —C(t)]é\_,’Vx
(7.C)eA
(10)

+|:%ﬂ'20}2 +o} - Zﬂo-so-lp:l‘szrx +¢e U, (C)} =0.

Thus, the candidate optimal controls for 10 are as follows:
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_(lus B F)X_I/x B Zaso-lp‘)c'_szx

(t)=- — 11
7 (1) e (11)
and
_
)
C*z{X_V;,} , (12)
ge

where the utility function is defined as
Ul(x):Uz(x):lx—é, §>0, 5#1, (13)
with & being the risk aversion factor.

7. The Value Function and Optimal Policies

Assume the solution Vfor 10 take the form

1-6

1-6

V(t.x)=2—G(t). g(T)=1. (14)

Partial derivatives for Vare as follows:

1-5
V=X G,V =x7°G, V, =-5x""G. (15)
1-6 '
Note that 11 and 12 can be simplified further having known 14 and 15 as fol-
lows:
. . —r)+20,0,p0
P (t):(;uA r) Gao-lp (16)
o
and
-1
. )?—(341 5

Substituting 15, 16 and 17 into 10 gives:

1-6 _ S _ S
X G, +su p H =T +zo-s oy P 4, +1=- Hy—T +20s O P r
1-6 reA O, o O, )

2
| -7+ 0
_ ﬂ,_asa,pmﬂxxémgl(%J ol +0; (18)
O-Y

- Z[L;‘YO-MJ O'XO'I,D:| x’ (—5x'5_'G)J +0(1)=0,
GS

where,
O(t)=-C(t)XV, + ¢ U, (C). (19)

Equation (18) is still a Differential Equation (DE) which is difficult to solve.
Inspired by [19] [20], we assume Gis given by:

G= jtr Gdu +G. (20)

This implies18 reduces to the following DE with well-defined solutions:
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x4 M, —r+0,0,p0 U —r+0.0,p0
G, +su R T [ P Lty 2
T i ) s cls

2
~ 1 —r+ )
_ﬂl_asg,pmf}xxamal[%J o 4o o1
O-Y

_2(Lg@pﬂaﬁ,p}z(_5xw@)]:o_
GS

Simplifying further gives the following DE which has a well-defined solution:

A 2
G U, —r+0,0,p o}
—G’ 2(1_5){_%_(,,_#[ -oc.o,p+0; + ; ]] (22)

Solving 22, we obtain the following solution:

2 2
. U —r+0,0,p ;0
G(t)=exp (1—5){—%—[r—y[—o'salp+o',2+ é D(T—t) .(23)

Therefore, the value function Vhaving solved 22 is given by:

x]_ﬁ [ILIA _r+o-so-1p]2
V(1) = ewp (1-6)| 22T

- 20768
(29)
2
_|:”_,U1 ~0,0,p+0] + G;5:|J(T_t):|‘
In addition, the optimal controls are given as follows:
. —-r)+2 0
T (t): (/uv r) G.vo-[p (25)
o
and
-1
Y-+l A s
c {%} , (26)
where,
. [, —r+o 0'[,0]2 , 08
G(t)=exp|(1-9) —#— =i, —0,0,p+0; +# (T—-1)|.(27)
O-S

8. Numerical Examples and Simulations

In this section, we determine how parameters affect optimal investment 7~ (1)
and optimal consumption C* (t) controls. We first assess the effects of correla-
tion coefficient p on optimal investment 7z (1) and optimal consumption
C* () over time through surface analysis.

Figure 1 shows the effect of the correlation coefficient p on the investment
x (t) The curve results indicate that the correlation coefficient p affects in-
vestment in a positive way over time. In summary, optimal investment 7 (¢)
increases as the correlation coefficient p heads to a perfect positive correlation

over time.
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In Figure 2, the optimal investment T (t) increases with larger values of risk
aversion factor & as this lead to smaller relative risk aversion 1-¢6 for the in-
vestor. The investor becomes vigorous in investing resulting in more investment
in risky assets.

Figure 3 shows the effect of interest rate r on optimal investment 7 (). The
curve results indicate that interest r affects optimal investment in a positive way
over time.

In Figure 4, the optimal investment strategy 7 (¢) increases with increases
in growth rate g of the risky asset over time. When the growth rate of the stock
is high, an agent invests more in the stock for more wealth and consumption.
This agrees with practical investments and our intuition.

In Figure 5, the optimal investment strategy 7 (¢) increase with an increase
in inflation volatility o,. When the inflation volatility is increasing, an agent be-

comes aggressive and invests more in the risky asset for more wealth.

Optimal investment 17(t)

02
0 o Time t

correlation coefficient p

Figure 1. The effects of the correlation coefficient p on op-

timal investment 7" (7) over time

2.5+

Optimal investment 71(t)

0 o ’ Time t

correlation coefficient p

Figure 2. The effects of risk aversion factor § on optimal
investment " (r) over time £
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Optimal investment 77(t)
o
o
L

0.5 06

0.4

Interest rate r 0 ¢ 02

Time t

Figure 3. The effects of interest rate r on optimal investment
7 () over time t.

Optimal investment 7r(f)

0.2
0 o Time t
Growth rate y_

Figure 4. The effects of growth rate x,  of the risky asset on

optimal investment 7" (r) over time £

I o o
£ o (o2
2 2 /

Optimal investment m(t)
o
N

<)
-v o
A'a L

0.2
0 o0 Time t

Inflation volatility o,

Figure 5. The effects of inflation volatility o, on optimal in-

vestment 7 (1) over time ¢
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9, Conclusion

In this study, we investigated stochastic optimal control problems with stochas-
tic wage income and inflation for CRRA investors. The agent invested in the fi-
nancial market. The goal was to allocate initial wealth between investment se-
curities in order to maximize the expected discounted utilities derived from in-
termediate consumption and terminal wealth. This stochastic optimal control prob-
lem was linked to the non-linear second-order PDE called the HJB PDE via Bell-
man’s optimality principle. Upon solving HJB PDE, the value function and op-
timal controls were obtained. Numerical results showed that the correlation coef-
ficient p has a positive effect on optimal investment 7 (7). Furthermore, an
increase in the risk aversion factor ¢, the growth rate of risky asset x4 and an
increase in inflation volatility o, affected the optimal investment 7z (¢) in a
positive way. When the inflation volatility is increasing, an agent becomes aggres-
sive and invests more in the risky asset for more wealth. There are many related
topics that may be worthy to study in the future, for example, employing other
techniques such as viscosity solutions and Backward Stochastic Differential Equ-

ations (BSDEs) would yield interesting results.
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