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Abstract 
[1] analyzed the performance of Madoff’s investment strategy using the 
Sharpe ratio. Going a further step, [2] calculated the upper bound of the 
Sharpe ratio given different conditions. The upper bound is the maximum of 
the Sharpe ratio that a portfolio can realize. The US financial market is one of 
the well developed and diversified market across the globe. Significant num-
bers of funds are based on the broader market index and its derivatives. In 
this article, the upper bound of the Sharpe ratio for the portfolio depending 
on the broader index is calculated. The upper bound estimated in this study 
will help investors and regulators in US and across the globe in general to 
evaluate the Sharpe ratio with caution and identify investment vehicles that 
are promising fictitious returns. 
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1. Introduction 

An efficient investment strategy maximizes the returns at a given level of risk or 
minimizes the variability at a given level of returns. [3] was the first to propose a 
quantitative approach to determine the optimal trade-off between risk and re-
turns of an investment strategy. He won the Nobel Prize for original contribu-
tion to the portfolio management. Following the seminal work, [4] proposed the 
Sharpe ratio for performance valuation of investment portfolios. Sharpe ratio 
shows the ability of a fund/portfolio to generate a specific amount of returns at a 
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given level of risk. A higher Sharpe ratio shows superior performance of a fund 
relative to its peers. The lesser amount of input, simplicity and ease in applica-
tion makes the Sharpe ratio very influential in practice. 

In last few decades considerable work has been done to search for investment 
strategies that can optimize the Sharpe ratio. For example, [5] introduced a rank 
measure to pick up the stocks. Applying his strategy in practice, it results a sig-
nificantly higher Sharpe ratio in the Swedish stock market. [6] proposed a 
learning-based trading strategy to maximize the Sharpe ratio. [7] measured the 
Sharpe ratio in Multi-Period settings. [8] introduced an approach which gene-
rates a nonlinear strategy that explicitly maximizes the Sharpe ratio. [9] calcu-
lated the Sharpe ratio in a log-normal framework and the maximum of the 
Sharpe ratio is given in an explicit formulation. [10] bore in mind the investor’s 
expectations and developed a simple and intuitive formula for the squared 
Sharpe ratio. [11] evaluated the probability at which an estimated Sharpe ratio 
can exceed a given threshold in presence of non-normal returns. [12] applied an 
improved bootstrap-based estimator to improve the out-of-sample Sharpe ratio. 
[13] studied the relationship between alpha decay and the Sharpe ratio. Their 
model suggests measuring the performance of fund managers by both alpha de-
cay and the Sharpe ratio in practice. [14] found that regardless of the setting, 
there is no statistically significant difference between MinVar and MaxSR port-
folio performance. [15] made use of the Cornish Fisher expansion to analyze the 
non-normality in portfolio performance. [16] proposed a fast procedure to re-
duce the complexity of covariance measuring. They build a new portfolio per-
forming better than several existing portfolio allocation methods. All these pa-
pers are focusing on improving the Sharpe ratio by developing new statistical 
methods.  

Solutions that are focusing on optimizing the Sharpe ratio can help the inves-
tors find better investment portfolios. However, the process is not a plain-vanilla. 
It requires understanding of different investment priorities, settings and cum-
bersome mathematical estimations. In addition to this, investors should also 
consider the practice oriented outcomes of such optimization techniques as 
some of the proposed techniques can be merely Ponzi schemes. For example, 
one such investment solution was presented by Bernie Madoff. He was success-
ful in attracting a wide following because the proposed investment strategy was 
able to deliver considerably higher returns with very low volatility for an ex-
tended period of time. The consistent low volatility of Madoff’s returns leads to 
an unusually high Sharpe ratio. Thus the strategy was able to report a higher 
Sharpe ratio relative to its peers. He attributes the success of this strategy to a 
split-strike conversion strategy. However, later it was exposed to be nothing 
more than a Ponzi scheme [1]. 

The failure of finance industry to detect fraud in Madoff’s strategy is a matter 
of concern for investors as well as for regulatory bodies. Therefore, research stu-
dies have searched for solutions to caution investors about the success and 

https://doi.org/10.4236/jmf.2022.123030


J. Ye et al. 
 

 

DOI: 10.4236/jmf.2022.123030 568 Journal of Mathematical Finance 
 

transparency of dubious strategies ([17] and [18]). Going a further step, [2] 
found optimal portfolio with the maximum possible Sharpe ratio in the presence 
of different conditions. They argued that upper bounds on the Sharpe ratio can 
be a useful technique for the regulators to detect frauds in investment strategies. 

As we know, the US financial market is one of the well structured and devel-
oped financial markets across the globe. According to an estimate, there are 
around 3527 hedge funds and 2096 Exchange Traded Funds (ETFs) in the US 
market with almost 3 trillion and 4.4 trillion USD Asset under management 
(AUM) respectively1. The considerable number of hedge funds and ETFs makes 
it one of the most attractive markets for the global investors. These funds are 
implemented following a diverse set of strategies. It is very crucial for investors 
to find, not only an optimum but also a reliable hedge fund. A possible source to 
gather relevant information for investigating the reliability of funds is financial 
statements. No doubt, these statements provide handful of useful information. 
However, the leniency in accounting principles provides a slight edge to the ac-
countants to window dress these statements for creditors and tax purposes. Re-
lying solely on financial statements for performance evaluation can be mislead-
ing in times, thus the reliability of the performance of such hedge funds is an 
open question. 

This research work is an effort to fill this gap by providing robust estimates 
for upper bound on Sharpe ratio in the US market. Our first contribution is that, 
we apply the model of [2] and estimate the maximum possible Sharpe ratio of 
portfolio that depends/tracks the performance of broader market index or its 
ETFs. It is important to mention that the optimum portfolio may not provide 
protection to the investors, specifically in bear markets. In practice, the investors 
reward strategies that offer protection or exhibit some dependence with a 
benchmark. Therefore, following [2] we extend the model by imposing a corre-
lation constraint between the proposed strategy and the overall market. The 
correlation constraints only highlight the linear relationship and fail to charac-
terize the dependence fully. Therefore, we further extend the model and derived 
optimal mean-variance strategy with copula constraint. 

The upper bound estimation of the Sharpe ratio depends on the estimation of 
the expected return and volatility. Previous studies have estimated these para-
meters for whole sample period. In practice, these estimates are time variant. 
Therefore, this study also estimates the time varying expected returns and vola-
tility for the estimation of upper bounds on Sharpe ratio. Such time varying es-
timation enables the model to grasp the effect of regimes on the upper bound. 
Finally, we estimate the upper bound for different indexes altogether. Such anal-
ysis helps to identify an index with higher bound on Sharpe ratio in the presence 
of correlation and copula constraint. 

The results show that the portfolio depending on the Nasdaq Index can reach 
the highest Sharpe ratio in the last decade as compared to Dow Jones Index, S&P 

 

 

1https://www.Statistica.com. 
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500 Index and Vanguard total stock market ETF. The upper bound on Sharpe 
ratio of US market is not constant and it varies across market regimes. This 
study has implications for investors as well as for regulatory bodies. The upper 
bound on Sharpe ratio can help investors to find reliable vehicles of investments. 
The investors also need to pay close attention to the time interval when they es-
timate the upper bound of the Sharpe ratio. Finally, the regulatory bodies can 
use these estimate to report portfolios or their derivatives with dubious or exag-
gerated reported Sharpe ratio. 

The rest of the paper is organized as follows. The optimal portfolio problem 
and the assumptions on the financial market are presented in Section 2. Section 
3 provides explicit expressions for the maximum Sharpe ratio in different condi-
tions. The conclusion is presented in Section 4.  

2. Market Setting 

Our theoretical set-up assumes an arbitrage-free, perfectly liquid and frictionless 
financial market with a fixed investment horizon 0T > . Let ( ), ,tΩ   be the 
corresponding probability space. Let Tξ  be the pricing kernel that is agreed by 
all agents. It has a positive density on { }\ 0+ . The initial cost of a strategy 
with terminal payoff TX  is given by  

 ( ) [ ],T T Tc X Xξ=                           (1) 

where   is the real-world probability measure. We only consider terminal 
payoffs TX  with finite initial cost ( )Tc X . 

In the remainder of the paper, we consider an investor with a fixed horizon 
0T >  without intermediate consumption. We denote the initial wealth of in-

vestor by 0 0W >  initial wealth. For convenience, all the results are illustrated in 
a Black-Scholes market. In the Black-Scholes setting, there is a bank account 
earning a constant risk-free rate 0r > . The dynamics of the Index under the 
physical measure   is given by  

 
d

d d .t
t

t

S
t W

S
µ σ= +                          (2) 

Here tW  is a standard Brownian motion, rµ >  is the instantaneous expected 
return and σ  is the volatility. The unique stochastic discount factor process 
( tξ ) in the Black-Scholes setting is given by  

 
21

2e e , .tW trt
t

rθ θ µξ θ
σ

− −− −
= =                     (3) 

Furthermore, the Market Index *
tS  is characterized in the following dynamics:  

 
*

*

d
1 d d .t

t
t

S
r t W

S
θ θµ θ
σ σ
  = + − +  

  
                 (4) 

*
tS  amounts to a constant mix strategy, where at time t a fraction θ

σ
 is in-
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vested in the Index and the remaining fraction 1 θ
σ

−  in the bank account. 

3. The Sharpe Ratio in US Financial Market 

In order to estimate the upper bound of Sharpe ratio, we collect price data of 
three different broader market indexes and an ETF. These are S&P 500, Nasdaq 
Index, Dow Jones Index and Vanguard total stock market ETF. The back-tests 
are carried out for the time period 2006-2020. The Sharpe ratio is a well-known 
measure balancing risk and return of a portfolio TX  (see [4]). It is defined as  

 ( ) [ ]
( )

0e
,

std

rT
T

T
T

X W
SR X

X
−

=


                       (5) 

where r is the risk-free rate and ( )std TX  is the standard deviation of TX .  

3.1. The Sharpe Ratio’s Upper Bound of the Portfolio without  
Constraint 

In this section we estimate the upper bound on Sharpe ratio in the absence of 
any constraints. For estimating the maximum of Sharpe ratio we need a mean- 
variance efficient portfolio. [2] defines a mean-variance efficient portfolio as 
given in the following definition. 

Definition 1 (Mean-variance Efficient Portfolio). Assume that investor aims for 
a strategy that maximizes the expected return for a given variance 2s  for 0s ≥  
and a given initial cost 0W . The solution of the following mean-variance opti-
mization problem  

 
( )

( )

[ ]
2

0

var
min ,

T

T

T
X s

c X W

X
=
=

                             (6) 

is defined as mean-variance efficient portfolio.  
Using mean-variance efficient portfolio, the maximal Sharpe ratio is given by 

the following equation (See Proposition 3.3 in [2]): 

( )
[ ] ( )*

2

var
e std .T rT

T
T

SR
ξ

ξ
ξ

= =


                    (7) 

In the Black-Scholes market, we can infer from (3) that [ ] e rT
Tξ

−=  and 
22 2e rT T

T
θξ − +  =  . Hence, in this setting the expression (7) for the maximum of 

the Sharpe ratio is  

 
2* e 1,TSR θ= −                            (8) 

where rµθ
σ
−

= . (8) can also be found in [19]. 

To apply (8) in the portfolio depending on the broader Index, the expected 
return µ  and the volatility σ  of S&P 500 Index, Nasdaq Index, Dow Jones 
Index and Vanguard total stock market ETF needs to be estimated. Choosing the 
daily Index data from 2006-2020, the expected return µ  and the volatility σ  
are estimated using the following formulas:  
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where ( )2, ,iI i N= 
 is the daily Index data2. { }( )std ir  is the standard devia-

tion of the time series { }ir . According to the daily index data, the daily log re-
turn ir  is calculated. The annualized returns are estimated by multiplying daily 
returns with 250. Similarly, the annualized volatility is estimated with square 
root of time rule. The estimated µ  and σ  of the three indexes and the ETF 
are listed in the second and third columns of Table 1. The maximum of the 
Sharpe ratio is also estimated in the 4th column of Table 1 using Equation (8). 

The results reported in Table 1 are based on whole sample period. In practice 
the µ  and σ  are time variant. To show this we also report the same statistics 
for an alternative choice of sample period, 2013-1-4 to 2020-9-30. 

Results in Table 1 and Table 2 show that the estimated µ  is different from 
each other. Similarly, we can notice improvement in stability (lower standard 
deviation in returns) in Table 2. This is due to the exclusion of crisis period 
from the estimation window. The improvement in µ  and σ  leads to almost 
50% increase in the value of maximum Sharpe ratio. These results are important 
because it shows that the estimate of maximum Sharpe ratio is time dependent. 
An interesting finding is that in comparison to other indexes, Nasdaq index re-
sults in higher value for maximum Sharpe ratio. A possible reason for such su-
perior performance is relatively higher weights allocation to technology stocks. 

 
Table 1. ,µ σ  are estimated using the daily index data from 2006-1-4 to 2020-9-30. 1-year 
US Treasury yield is the risk-free rate 0.137%r =  and the investment horizon is 1T = . 

Index µ  σ  Maximum of the Sharpe ratio 

S&P500 6.55% 20.30% 0.324 

Nasdaq 10.76% 21.86% 0.516 

Dow Jones Index 6.32% 19.44% 0.326 

Vanguard total stock market ETF 6.70% 20.28% 0.322 

 
Table 2. ,µ σ  are estimated using the daily index data from 2013-1-4 to 2020-9-30. 1-year 
US Treasury yield is the risk-free rate 0.137%r =  and the investment horizon is 1T = . 

Index µ  σ  Maximum of the Sharpe ratio 

S&P500 10.65% 17.13% 0.676 

Nasdaq 16.44% 19.07% 1.038 

Dow Jones Index 9.3% 17.68% 0.555 

Vanguard total stock market ETF 10.46% 17.17% 0.660 

 

 

2The price data is obtained from finance.yahoo.com on daily basis.  

https://doi.org/10.4236/jmf.2022.123030


J. Ye et al. 
 

 

DOI: 10.4236/jmf.2022.123030 572 Journal of Mathematical Finance 
 

The estimation of maximum Sharpe ratio in the 4th column is very important 
because it gives a clear picture of the potential financial performance of a fund. 
Assume a hedge fund that track the performance of S&P 500 index. In order to 
gauge a true picture of its performance we must compare its actual Sharpe ratio 
with its estimated upper bounds. A significant deviation in the actual Sharpe ra-
tio of the hedge fund is a signal for investors and regulators to launch more in-
vestigation about the hedge fund financial performance. 

It is important to understand that the violation of the upper bound given in (8) 
for the Black-Scholes model, has to be seen as an indication (a signal) that there 
could be a fraud, but not as a formal proof of it. The violation of this upper 
bound does not always imply a fraud subject to model error. 

3.2. The Sharpe Ratio’s Upper Bound of the Portfolio with a  
Correlation Constraint 

By taking into account additional information, the fraud detection mechanism 
can further be enhanced. The maximum of the Sharpe ratio in Section 3.1 do not 
consider the dependence features between the investment strategy and the Mar-
ket Index3. Regulators estimate the Sharpe ratio of a hedge fund but can also in-
vestigate correlations of the fund with the Market Index, and this additional 
source of information may be useful for refining the process of fraud detection. 
A popular strategy amongst hedge funds is the so-called “market-neutral” strat-
egy. One of its key properties is that it typically ensures very low correlation with 
the Market Index. We show that, in the presence of correlation constraint the 
maximum possible Sharpe ratio is reduced compared to the unconstrained case. 
A mean-variance efficient portfolio in the presence of a correlation constraint is 
defined in the following way. 

Definition 2 (Mean-variance efficient portfolio with a correlation constraint). 
Take *

TS  as the market index. Let 1ρ <  and 0s > . The solution to the fol-
lowing mean-variance optimization problem  

( )
( )

( )

[ ]
2

0
*

var

corr ,

min
T

T

T T

T
X s

c X W

X S

X

ρ

=
=

=

                         (9) 

is defined as mean-variance efficient portfolio *
TX  with a correlation con-

straint.  
The maximum possible Sharpe ratio of the mean-variance efficient portfolio 

with a correlation constraint ρ  is given by the following equation (See Propo-
sition 4.2 in [2]):  

 
( )
( ) ( )

*
* *

*

cov ,
e e std .

std
T T TrT rT

T
T T

cS
SR SR

cSρ

ξ ξ
ξ

ξ

−
= ≤ =

−
         (10) 

where *SR  is the unconstrained Sharpe ratio found in (7) and c is determined 
uniquely by the equation ( )* *corr ,T T TcS Sξ ρ− = . 

 

 

3The market index is defined by Equation (4).  
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In Black-Scholes market model, c could be calculated. 

( ) ( )( )
( ) ( )

2

2

2 2 2

2 2 2

1 1 e 1
, 1.

e 1

T

r T
c

θ

θ

ρ ρ ρ
ρ

ρ
+

− − + − −
= <

−
          (11) 

and the maximum of the Sharpe ratio is given by:  

 
( )

( )

2

2

*

2 22 2

e 1 e e
.

e 2 e

T rT rT

r T rT

c
SR

c c

θ

θ

−

+ −

− +
=

+ +
                (12) 

Combined with (11) and (12), the relationship between *SR  and ρ  can be 
plotted in Figure 1. The plot can help us understand the influence of the corre-
lation coefficient ρ  on the Sharpe ratio in the constrained case. 

Four figures are created for the indexes respectively. In each chart, the red 
dash line delegates the relationship between *SR  and ρ  using Equation (12). 
The black solid line in each graph is the maximum of the Sharpe ratio without 
constraint for each index. The black dash line points out the Sharpe ratio when 
the correlation between the portfolio and the market index is low ( 0.1ρ < ).

*SR  reaches the maximum when 0c =  and c is the increasing function of ρ , 
so *SR  reaches the maximum 

2
e 1Tθ −  only when 

2
e Tθρ −= . The proposi-

tion shows that for fraud detection it is useful to incorporate correlation features 
of displayed returns. Figure 1 displays the maximum Sharpe ratio for the un-
constrained case (See Table 1) and constrained Sharpe ratio for different levels 
of correlation constraints ρ  when the market index *

TS  is the benchmark. 
Observe that for low correlation levels [ ]( )0.1,0.1ρ ∈ − , the maximum of the 

Sharpe ratio for S&P 500 Index, Dow Jones Index and Vanguard total stock 
market ETF, is reduced to half in the absence of any constraints. For the Nasdaq 
Index, the maximum of the Sharpe ratio is reduced to 60 percent in the absence 
of any constraints. One of the main reasons for such behavior is the higher ex-
pected return of Nasdaq Index. In terms of volatility all the four indexes exhibit 
similar results. For those investors who prefer the “market-neutral” strategy, 
Nasdaq Index and its derivatives is a better choice as compared to the other in-
dexes considered in this study, for the time period 2006-2020. 

Adding correlation constraint has the advantage that it provides more infor-
mation to the model, thus enabling it to detect fraud with relatively higher accu-
racy. Observing that for negative correlation levels, the maximum Sharpe ratio 
can be negative4, thus if hedge fund returns display a negative correlation with 
the financial market and a positive Sharpe ratio, then there could be some suspi-
cion about these returns. This is strongly different from what we observed in the 
unconstrained case as the maximum Sharpe ratio is always positive. 

Figure 1 reports the upper bound on the Sharpe ratio for full sample period.  

 

 

4At first, it might look counter intuitive that an optimal strategy has a lower return than what we can 
achieve by investing in risk-free securities. However, enforcing a negative dependence with the 
market comes at some cost. A similar observation can be drawn for the put option: it has a low ex-
pected return but provides protection when markets fall.  
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Figure 1. Maximum Sharpe ratio *SR  for different values of the correlation ρ  when the benchmark is *

TS . The parameters are 
taken from Table 1. The maximum of the Sharpe ratio for the unconstrained case is calculated in Table 1 and it is the flat black 
solid line in this Figure. (a) S&P 500 Index; (b) Nasdaq Index; (c) Dow Jones Index; (d) Vanguard total stock market ETF.  

 
To shows that the estimation of upper bound is time varying, we plot the results 
for an alternative choice of time period in Figure 2. 

Based on the parameters in Table 2, the maximum Sharpe ratio *SR  is cal-
culated in Figure 2. Note that for low correlation levels [ ]( )0.1,0.1ρ ∈ − , the 
maximum of the Sharpe ratio for S&P 500 Index, Dow Jones Index and Van-
guard total stock market ETF, is reduced to around 70 percent in the absence of 
any constraints. The case of Nasdaq Index is a bit different as the upper bound 
on its Sharpe ratio is decreased to 90% as compared to the case when there was 
no constraint. This is interesting because we can infer that the decrease in Sharpe 
ratio for market neutral strategy is time dependent. These findings also suggest 
that proper timing is very important for the success of any investment decision. 

In Figure 1 and Figure 2, the relationship between the maximum of the 
Sharpe ratio and the correlation coefficient ρ  are drawn for different indexes 
separately. In order to compare the upper bound of indices for different value of 
the correlation, we plot Figure 3. This Figure also highlights the importance of a 
suitable timing strategy for investors. 
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Figure 2. Maximum Sharpe ratio *SR  for different values of the correlation ρ  when the benchmark is *

TS . The parameters are 
taken from Table 2. The black solid line represents the maximum of the Sharpe ratio for the unconstrained case, reported in Ta-
ble 2. (a) S&P 500 Index; (b) Nasdaq Index; (c) Dow Jones Index; (d) Vanguard total stock market ETF. 
 

 
Figure 3. Maximum Sharpe ratio *SR  for different values of the correlation ρ  when the benchmark is *

TS . The parameters are 
taken from Table 1 and Table 2 in Panel A and Panel B respectively. (a) Panel A; (b) Panel B.  
 

For the two different time intervals, we can put the Sharpe ratio’s upper 
bound of the portfolio with correlation constraint for the three indexes and one 
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ETF together. The upper bound of the Sharpe ratio for S&P 500 Index, Dow 
Jones Index and Vanguard total stock market ETF are more or less the same, 
however the upper bound of the Sharpe ratio for Nasdaq Index is higher than 
the other three indexes when 0.8ρ > −  in Panel A. Nasdaq index is still the best 
choice in Panel B. The Sharpe ratio’s upper bound for the Nasdaq Index is much 
higher than the other three indexes. Due to the lower expected return of Dow 
Jones Index comparing to S&P 500 Index and Vanguard total stock market ETF, 
the Sharpe ratio’s upper bound for Dow Jones Index is lower than S&P 500 In-
dex and Vanguard total stock market ETF in Panel B. The Sharpe ratio’s upper 
bound for S&P 500 Index, Dow Jones Index and Vanguard total stock market 
ETF are similar from 2006-1-4 to 2020-9-30, however the Sharpe ratio’s upper 
bound for the three indexes are different from 2013-1-4 to 2020-9-30. It proves 
that timing is very important. 

From Figure 3, we can find the optimal choice for the portfolio with correla-
tion constraint is still the portfolio depending on Nasdaq index. The main rea-
son is that the expected return of Nasdaq index is much higher than the other 
three indexes, however their volatility is slightly different. 

3.3. The Sharpe Ratio’s Upper Bound of the Portfolio with a  
Copula Constraint 

Correlation is only one property related to dependence. It measures the linear 
relationship between strategies but falls short in depicting dependence fully. A 
useful device for reflecting the interaction between the strategy’s payoff TX  
and *

TS  is the copula. Sklar’s theorem shows that the joint distribution of 

( )* ,T TS X  can be decomposed as  

( ) ( ) ( )( )*
* , , ,

TT
T T XS

S y X x C F y F x≤ ≤ =  

where C is the joint distribution (also called the copula) for a pair of uniform 
random variables U and V over ( )0,1  and where *

TS
F  and 

TXF  denote re-
spectively the (marginal) cdf of *

TS  and TX . A copula is a function containing 
full information about the interaction between the two variables. 

Definition 3 (Mean-Variance Efficient Portfolio with a Copula Constraint). 
Take *

T tB S= . For 0s > , a solution of the following constrained mean-variance 
optimization problem  

 
( )

( )

[ ]
2

0
*

var

:copula between and

min
T

T

T t

T
X s

c X W

C X S

X
=
=

                      (13) 

is defined as a mean-variance efficient portfolio *
TX  with a copula constraint.  

Assume the copula between mean-variance efficient portfolios *
TX  and the 

market index *
tS  is the Gaussian copula with correlation 0ρ , the Black-Scholes 

setting allows to derive an explicit expression for the Maximal Sharpe ratio (See 
Proposition 5.5 in [2]):  
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( )0

* *
,

e
.

std

rT c c
T T T

G c
T

G G
SR SR

Gρ

ξ   −   = ≤
 

              (14) 

Here ( )* *
T t TG S S

α
= , 0 2

0

1 1
1

T t
t

α ρ
ρ

−
= −

−
, 

( ) ( )21
t Tc
t T t

α
α

+
= −

+ + −
,  

2e
VMc

TG
+

  =   and ( ) ( ) 2var e 1 ec V M V
TG += − , with  

( ) ( )
2

: ln
2

c
TM G c r t Tθ α

  = = + +    
  and  

( )( ) ( )2 2 2: var ln 2c
TV G c t T tθ α α= = + + . Moreover  

( ) ( )
2

ln ln
2

c
T TG M rT Tθξ + = − −   and  

( ) ( )( ) ( ) ( )( )22 2 2var ln ln 1 2 1c
T TG c t c T c c tξ θ α α+ = + − + −  so that c

T TGξ     

reflects the expectation of a lognormal which can be computed from these two 
first log-moments similarly as we did for c

TG . Using the parameters of the Index 
in Table 1, the maximum of the Sharpe ratio could be drawn related to  

1 ,1t
T

ρ
 

∈ − −  
 

. 

It is not easy to see the relationship between ρ  and the maximum of the 
Sharpe ratio, so Figure 4 is plotted to describe the relationship between ρ  and 
maximum of the Sharpe ratio. 

( ) ( )

( ) ( )

( )( ) ( )
( ) ( )( )

( )

22 2 22

0

2

2

2

2 2 2

1 2 1

2 2 2
*

,
2

1 1
1

1

ln
2

var ln 2

e e

e 1 e

c
T

c
T

c t c T c c t VrT M rT T M

G
V M V

T t
t

t Tc
t T t

M G c r t T

V G c t T t

SR

θ α αθ

ρ

α ρ
ρ

α
α

θ α

θ α α

+ − + −
+ − − + +

+

 −
= −

−
 +

= −
+ + −


   = = + +    

 = = + +




− = −

        (15) 

For the same reason as Figure 1 and Figure 2, different time periods are cho-
sen to estimate the maximum of the Sharpe ratio. 

Figure 4 and Figure 5 are plotted based on two different time intervals. In 
each chart, the red dash line delegates the relationship between 

0

*
,GSRρ  and ρ  

using Equation (15). The flat black solid line in each graph is the maximum of the 
Sharpe ratio without constraint for each index. Observe that the constrained case 
reduces to the unconstrained maximum Sharpe ratio when the correlation in the 
Gaussian copula is 0 t Tρ = . The reason is that the copula between the un-
constrained optimum and *

tS  is the Gaussian copula with correlation 0 t Tρ = . 
The constraint is thus redundant in that case. Figure 6 reports the upper bound 
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on Sharpe ratio *SR  for different values of the correlation ρ  when the bench-
mark is *

TS . 
 

 

Figure 4. Maximum Sharpe ratio *
,GSRρ  given by (14) for different values of the correlation ρ  when the benchmark is *

T tB S= . 

Besides the parameters from Table 1, we also use the following parameters: 1 2t = , 0.707t T = , 1 0.707t T− − = − , 1T = . 
The maximum of the Sharpe ratio for the unconstrained case is in Table 1 and it is the flat black line in the Figure. (a) S&P 500; (b) 
Nasdaq; (c) Dow Jones Index; (d) Vanguard total stock market ETF.  
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Figure 5. Maximum Sharpe ratio *
,GSRρ  given by (14) for different values of the correlation ρ  when the benchmark is *

T tB S= . 

Besides the parameters from Table 2, we also use the following parameters: 1 2t = , 0.707t T = , 1 0.707t T− − = − , 1T = . 
The maximum of the Sharpe ratio for the unconstrained case is in Table 2 and it is the flat black line in the Figure. (a) S&P 500; (b) 
Nasdaq; (c) Dow Jones Index; (d) Vanguard total stock market ETF. 
 

 
Figure 6. Maximum Sharpe ratio *SR  for different values of the correlation ρ  when the benchmark is *

TS . The parameters are 
taken from Table 1 and Table 2 in Panel A and Panel B respectively. (a) Panel A; (b) Panel B. 

 
From Figure 6, we find the Sharpe ratio’s upper bound for Nasdaq Index is 

much higher than the other three indexes. The Sharpe ratio’s upper bound for 
Dow Jones Index is lower than S&P 500 Index and Vanguard total stock market 
ETF in Panel B. This is similar to what we find in Figure 3.  

4. Conclusions 

The Sharpe ratio is a widely used index in the financial industry. To maximize 
the Sharpe ratio is an interesting topic. Applying the model in [2], the maximum 
of the Sharpe ratio to three indexes and one ETF (S&P 500 Index, Nasdaq Index, 
Dow Jones Index and Vanguard total stock market ETF) are calculated in this 
study. The Sharpe ratio of a hedge fund is estimated in three different conditions: 
no constraint, correlation constraint and copula constraint. This study estimates 
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the time varying expected returns and volatility for the estimation of upper 
bounds on Sharpe ratio. Such time varying estimation enables the model to 
grasp the effect of regimes on the upper bound. We also estimate the upper 
bound for different indexes altogether. Such analysis helps to identify an index 
with higher bound on Sharpe ratio in the presence of correlation and copula 
constraint. In our example, the Sharpe ratio’s upper bound for Nasdaq index is 
higher than the other three indexes. It is a good choice to invest in Nasdaq index 
in the last decade. 

The maximum of the Sharpe ratio could be seen as a signal for the regulator to 
monitor the performance of the hedge funds. However, it is important to men-
tion that such an estimation does not provide a solid proof for detecting frauds. 
When the correlation constraint is added, we can find the maximum of the 
Sharpe ratio decreases when the hedge fund is market-neutral or negative corre-
lation with the market index. One point we need pay attention to is that the drop 
percentage of the Sharpe ratio for the market-neutral strategy depends on the 
time interval used for expected return and volatility estimation. 

Future studies should extend the findings of this study to other markets (e.g. 
China, Russia, Brazil, India and South Africa). The upper bound of the Sharpe 
ratio for these countries needs to be estimated and compared to ETFs and 
broader market indexes. 

Conflicts of Interest 

The authors declare no conflicts of interest regarding the publication of this pa-
per. 

References 
[1] Bernard, C. and Boyle, P.P. (2009) Mr. Madoff’s Amazing Returns: An Analysis of 

the Split-Strike Conversion Strategy. Journal of Derivatives, 17, 62-76.  
https://doi.org/10.3905/JOD.2009.17.1.062 

[2] Bernard, C. and Vanduffel, S. (2014) Mean-Variance Optimal Portfolios in the 
Presence of a Benchmark with Applications to Fraud Detection. European Journal 
of Operational Research, 234, 469-480. https://doi.org/10.1016/j.ejor.2013.06.023 

[3] Markowitz, H. (1952) Portfolio Selection. Journal of Finance, 7, 77-91.  
https://doi.org/10.1111/j.1540-6261.1952.tb01525.x 

[4] Sharpe, W.F. (1966) Mutual Fund Performance. Journal of Business, 39, 119-138.  
https://doi.org/10.1086/294846 

[5] Hellstr, T. (2001) Optimizing the Sharpe Ratio for a Rank Based Trading System. 
Progress in Artificial Intelligence, Knowledge Extraction, Multi-Agent Systems, 
Logic Programming and Constraint Solving, 10th Portuguese Conference on Artifi-
cial Intelligence, EPIA 2001, Porto, 17-20 December 2001, 1-13.  
https://doi.org/10.1007/3-540-45329-6_16 

[6] Liu, Y., Yu, X.H. and Han, J.Q. (2002) Sharpe Ratio-Oriented Active Trading: A 
Learning Approach. Mexican International Conference on Artificial Intelligence, 
Yucatan, 22-26 April 2002, 331-339. https://doi.org/10.1007/3-540-46016-0_35 

[7] Cvitanic, J., Lazrak, A. and Wang, T. (2008) Implications of Sharpe Ratio as a Per-

https://doi.org/10.4236/jmf.2022.123030
https://doi.org/10.3905/JOD.2009.17.1.062
https://doi.org/10.1016/j.ejor.2013.06.023
https://doi.org/10.1111/j.1540-6261.1952.tb01525.x
https://doi.org/10.1086/294846
https://doi.org/10.1007/3-540-45329-6_16
https://doi.org/10.1007/3-540-46016-0_35


J. Ye et al. 
 

 

DOI: 10.4236/jmf.2022.123030 581 Journal of Mathematical Finance 
 

formance Measure in Multi-Period Settings. Journal of Economic Dynamics & 
Control, 32, 1622-1649. https://doi.org/10.1016/j.jedc.2007.06.009 

[8] Choey, M. and Weigend, A.S. (1997) Nonlinear Trading Models through Sharpe 
Ratio Maximization. International Journal of Neural Systems, 8, 417-431.  
https://doi.org/10.1142/S0129065797000410 

[9] Lettau, M. and Uhlig, H. (2002) The Sharpe Ratio and Preferences: A Parametric 
Approach. Macroeconomic Dynamics, 6, 242-265.  
https://doi.org/10.1017/S1365100502031036 

[10] Kourtis, A. (2016) The Sharpe Ratio of Estimated Efficient Portfolios. Finance Re-
search Letters, 17, 72-78. https://doi.org/10.1016/j.frl.2016.01.009 

[11] Bailey, D.H. (2012) The Sharpe Ratio Efficient Frontier. Journal of Risk, 15, 3-44.  
https://doi.org/10.21314/JOR.2012.255 

[12] Rosch, D. and Kircher, F. (2021) A Shrinkage Approach for Sharpe Ratio Optimal 
Portfolios with Estimation Risks. Journal of Banking and Finance, 133, Article ID: 
106281. https://doi.org/10.1016/j.jbankfin.2021.106281 

[13] Ou-Yang, H. and Guo, M. (2021) Alpha Decay and Sharpe Ratio: Two Measures of 
Investor Performance. Economic Modelling, 104, Article ID: 105558.  
https://doi.org/10.1016/j.econmod.2021.105558 

[14] Auer, B.R. and Vinzelberg, A. (2022) A Comparison of Minimum Variance and 
Maximum Sharpe Ratio Portfolios for Mainstream Investors. Journal of Risk Finance, 
23, 55-84. https://doi.org/10.1108/JRF-02-2021-0021 

[15] Barthelemy, F. and Amedee-Manesme, C.-O. (2022) Proper Use of the Modified 
Sharpe Ratios in Performance Measurement: Rearranging the Cornish Fisher Ex-
pansion. Annals of Operations Research, 313, 691-712.  
https://doi.org/10.1007/s10479-020-03858-4 

[16] Lian, Y.M., Wang, C.D., Chen, Z. and Chen, M. (2022) Asset Selection Based on 
High Frequency Sharpe Ratio. Journal of Econometrics, 227, 168-188.  
https://doi.org/10.1016/j.jeconom.2020.05.007 

[17] Gregoriou, G.N. and Lhabitant, F. (2009) Madoff: A Riot of Red Flags. Social Science 
Electronic Publishing, Rochester. https://doi.org/10.2139/ssrn.1335639 

[18] Clauss, P., Roncalli, T. and Weisang, G. (2009) Risk Management Lessons from 
Madoff Fraud. In: Choi, J.J. and Papaioannou, M.G., Eds., Credit, Currency, or De-
rivatives: Instruments of Global Financial Stability or Crisis? International Finance 
Review, Vol. 10, Emerald Group Publishing Limited, Bingley, 505-543.  
https://doi.org/10.2139/ssrn.1358086 

[19] Goetzmann, W.N., Ingersoll Jr., J.E., Spiegel, M.I. and Welch, I. (2002) Sharpening 
Sharpe Ratios. Working Papers, Yale School of Management, New Haven.  
https://doi.org/10.3386/w9116  

 
 

https://doi.org/10.4236/jmf.2022.123030
https://doi.org/10.1016/j.jedc.2007.06.009
https://doi.org/10.1142/S0129065797000410
https://doi.org/10.1017/S1365100502031036
https://doi.org/10.1016/j.frl.2016.01.009
https://doi.org/10.21314/JOR.2012.255
https://doi.org/10.1016/j.jbankfin.2021.106281
https://doi.org/10.1016/j.econmod.2021.105558
https://doi.org/10.1108/JRF-02-2021-0021
https://doi.org/10.1007/s10479-020-03858-4
https://doi.org/10.1016/j.jeconom.2020.05.007
https://doi.org/10.2139/ssrn.1335639
https://doi.org/10.2139/ssrn.1358086
https://doi.org/10.3386/w9116

	The Sharpe Ratio’s Upper Bound of the Portfolios in the Presence of a Benchmark: Application to the US Financial Market
	Abstract
	Keywords
	1. Introduction
	2. Market Setting
	3. The Sharpe Ratio in US Financial Market
	3.1. The Sharpe Ratio’s Upper Bound of the Portfolio without Constraint
	3.2. The Sharpe Ratio’s Upper Bound of the Portfolio with a Correlation Constraint
	3.3. The Sharpe Ratio’s Upper Bound of the Portfolio with a Copula Constraint

	4. Conclusions
	Conflicts of Interest
	References

