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Abstract 
This paper addresses the role of international reserves in mitigating the ad-
verse effects of potential “sudden stops” on economic growth. As holding of 
reserves implies a cost in terms of domestic consumption, we calculate the 
optimal level of reserves that helps hedge against such eventuality. Treating it 
as an optimization problem, we employ the Martingale Optimality Principle 
to estimate the optimal values of reserves and consumption. For Egypt, we 
find that optimal consumption is trending upward when the optimal level of 
reserves is trending downward. Using stochastic control, we obtain another 
approximate or suboptimal set of values for both variables. These values closely 
mimic Egypt’s observed reserve and consumption measurements. Our find-
ings indicate that Egypt’s actual reserves during 1985-2017 exceed estimated 
optimal levels of reserves, even under a highly risk averse scenario, and point 
out to the implied consumption costs. 
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1. Introduction 

Developing countries’ international reserves have increased dramatically in re-
cent years, growing by more than 60 percent since the Asian financial crisis of 
1997 [1] and [2]. Some policy makers have argued that this is the best practice to 
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insure against a future Balance-of-Payments crisis [3]. The implications of such 
self-insuring strategy are that a significant level of deadweight losses would non-
etheless be incurred [4] and [5]. Despite the ongoing debate on reserve issues, 
there is little consensus about how to assess reserve holdings in different econo-
mies, even though this is an important aspect of any country’s external stability 
assessment [6]. 

“Sudden stops” of net international capital flows to an economy can throw it 
to a financial crisis, often manifested by high interest rates, a sharp exchange rate 
depreciation, and a run on the banks, that can eventually lead to an economic 
crash typically evidenced by inflation increases, inability to pay for imports and 
service the debt, asset price corrections, declines in consumption, and ultimately 
a shrinkage in economic activity. Even developed economies have suffered from 
“sudden stops” and crashes. The recent 2010-2018 European sovereign debt cri-
sis that engulfed Cyprus, Greece, Ireland, and Portugal is a proof of this. The 
situation can be even worse for emerging market (EM) economies, as the past 
seven decades have amply shown. Argentina is one of the most prominent EM 
cases, but Egypt has also experienced such adverse conditions. Funding of the 
government’s fiscal accounts and foreign direct investments (FDI) to finance 
long-term projects, especially in emerging markets, is usually hard to find. In 
case of a crash, these economies face also intensified capital outflows, as it hap-
pened to Egypt in 2011. These serious repercussions on the economy might very 
well trigger a recession. In a typical “sudden stop,” external funding declines by 
10% or more, and persists for about a year [7]. 

In general, countries with poor economic performance, fixed exchange rate 
regimes and financial openness (high integration with financial markets) tend to 
be more vulnerable to “sudden stops” from global investors. To avert the nega-
tive impacts of a “sudden stop” should it occur, adequate reserves would need to 
be readily available to finance the country’s current account deficit. Such deficit, 
however, would tend to narrow as a result of the reduced net capital inflows 
from the “sudden stop.” Also, if a “sudden stop” is followed by an exchange rate 
depreciation, this would further diminish the current account deficit as exports 
would typically increase and imports decrease. It should be stressed that the 
availability of reserves to cover emergency balance-of-payments needs, including 
from “sudden stops,” is over and above the required amount of reserves by 
monetary authorities to heighten resiliency against possible concomitant specul-
ative attacks on the domestic currency.  

In the last few years, there has been considerable effort to identify guidance on 
the appropriate level of reserves for less-mature market economies such as that 
of Egypt. The traditional adequacy rules for reserves are relatively intuitive and 
simple, yet at the same time they are partial and narrow in scope. Such rules in-
clude:  

1) For countries with less open capital accounts, three months’ coverage of 
imports is a typical benchmark.  

2) The “Greenspan-Guidotti” rule of 100 percent cover of short-term debt is 
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also a widely-used standard. 
3) For countries with large banking sectors and very open capital accounts, 

the ratio of reserves to broad money (often proxied by M2) is typically set at 20 
percent (which should be about 5% of the GDP).  

4) The expanded Greenspan-Guidotti rule, consisting of short-term debt plus 
the current account deficit, is intended to reflect funding coverage of 12-month 
potential financing needs. 

While there is substantial agreement on the kind of policy adjustments that 
reduce domestic risk, there is less consensus on what external asset management 
strategies should be followed to secure adequate reserves to deal with external 
shocks or “sudden stops.” More recently, optimal reserve models were developed 
to integrate cost and benefit considerations. A widely used model is that of [8], 
where the optimal level of reserves is determined by balancing the economic cost 
(the potential loss in output and consumption, given the size and probability of 
the “sudden stop”) with the opportunity cost of holding reserves, and reflecting 
the degree of risk aversion. An issue with this approach is that it can result in a 
wide range of estimated optimal reserve holdings, depending upon its calibra-
tion by the policy maker or analyst. 

Recently it has been suggested that emerging economies should reduce the 
non-contingent part of reserves and replace it with what is known as contingent 
reserves [9] and [10]. Contingent reserves is a set of contracts in the stock mar-
ket that move with the volatility index (VIX). The VIX index has proven to be 
highly correlated with the appearance of “sudden stops.” The cost of buying such 
contracts is almost 10% or less of the cost of holding reserves. Once a “sudden 
stop” is detected and the VIX increases, such contracts are due and their amount 
is used to offset the loss in the emerging economies’ current account [11]. 

In this paper we present exact expressions for the optimal levels of reserves 
and consumption. We also derive an approximate relation between consump-
tion and reserves. For Egypt, it turns out that this suboptimal relation mimics, to 
a great extent, its consumption and reserves patterns. Treating reserves as assets 
with risk-free interest, we are able to derive an exact expression for the optimal 
reserves and optimal consumption. The objective function or the optimality cri-
terion is the discounted utility of the normalized consumption. The normaliza-
tion is with respect to nominal GDP. The used utility function is a constant rela-
tive risk aversion (CRRA) representation, with a parameter “ γ ” reflecting the 
degree of risk aversion. This approach sets the optimization problem, without 
being concerned about the usage of reserves, while the Martingale Optimality 
Principle is used for the derivations [12] [13] [14]. 

This study is organized as follows: Section 2 presents a mathematical model 
for “sudden stops,” outlining the behavior of the main economic agents of an 
emerging market economy facing a “sudden stop” and discusses the optimiza-
tion problem for Egypt. Section 3 presents the results of the Martingale approach 
for the optimal normalized (to GDP) levels of reserves and consumption, and 
Section 4 discusses the results for the Egyptian economy. Section 5 provides some 
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concluding remarks. 

2. “Sudden Stops”—The Mathematical Model 

We study a representative agent economy with a responsible government that 
seeks to maximize the expected present value of the society’s utility from con-
sumption C(t): 

( )( ) ( )e dr s t

t

E U C s s
∞

− − 
 
 
∫ ,                  (2.1) 

where r is the riskless interest rate and the discount factor. The utility function 
U(C(t)) has many shapes, using in this analysis the CRRA shape as given in [15] 
[16]: 

( )
1

1
CU C

−

=
−

γ

γ
, 1, 1< ≠γ γ                   (2.2) 

2.1. Emerging Market Economies and World Capital Markets 

This section presents an analytical framework of behavior of domestic absorp-
tion, output, and reserves in emerging market economies (EMs) experiencing 
sudden stops in their capital flows.  

Let Y(t) represent the country’s income (GDP) in its pre-development phase, 
and assume that it follows the Geometric Brownian motion model. The stochas-
tic differential equation (SDE) of Y(t) is given by: 

( ) ( ) ( ) ( )d d dY YY t Y t t Y t B t= +µ σ                 (2.3) 

where Yµ  is the growth rate of GDP, Yσ  is the growth rate volatility, and B(t) 
is the Brownian motion or the Wiener process. 

Y(t) SDE has the solution: 

( )
( ) ( )

2

ln
0 2

Y
Y Y

Y t
t B t

Y
   

= − +       

σ
µ σ  

For Egypt, and expressing all variables in current US Dollar terms, we get:  
2

2
0.07724Y

Y
 

=− 
 

σ
µ . Using the maximum likelihood method, we get:  

0.08Y =µ , 2 0.0062Y =σ . 

In its developing stage, a country would like to borrow against its post develop-
ment income. Potential financing agents include: 1) broad world capital market 
creditors (WCM), and 2) specialized in EMs creditors (specialists). Unlike special-
ists, WCM have limited understanding of emerging markets and hence do not ac-
cept contracts related to EMs. At this stage, the country can also accumulate in-
ternational assets X(t). Both assets and liabilities pay a return r per unit of time. 

2.2. “Sudden Stops” and Specialists  

Specialists, as investors familiar with EMs at large, are willing to invest in many 
areas where WCM investors do not feel comfortable (e.g., due to lack of exper-
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tise) or are not permitted (e.g., due to risk management considerations) to invest. 
In practice, they deal with equity investments, FDI, the riskiest tranches of GDP- 
indexed bonds, and toxic-assets in general. Thus, during non-sudden stop times 
“NSS” or normal times, the maximum flow of resources received is “ ( )fY t ”: 

( )max NSSf t f=                        (2.4) 

During sudden stops, the maximum flow of resources received from special-
ists is “ ( )fY t ” with: 

f f<                             (2.5) 

Thus, 

( )SSf t f=                           (2.6) 

We define now A(t) as the sum of income and contingent flows from special-
ists: 

( ) { } { }( ) ( )1 1NSS SSA t NSS SS Y t= +θ θ               (2.7) 

where 

( ) ( )1NSS t f≤ +θ                        (2.8) 

( ) ( )1SS t f≤ +θ                         (2.9) 

{ }
1    Country in normal times

1
0           elsewhere 

NSS 
= 


            (2.10) 

{ }
1    Country in sudden stop times

1
0             elsewhere 

SS 
= 


           (2.11) 

Note that SS NSSθ θ<  
The net asset accumulation or reserves X(t) is now described by: 

( ) ( ) ( ) ( )d dX t rX t C t A t t= − +                 (2.12) 

( ) ( ) "net foreign accumulation"A t Y t= +  

The change in reserves is due to (1) interest on reserves at r (%), and (2) the 
difference between the “GDP + net foreign accumulation”, A(t), and the con-
sumption C(t). Using the conventional national income accounting definitions, 
the consumption, C(t), is defined as the sum of government consumption, 
household consumption, plus private investment, while C(t) equals to GDP + 
Current Account balance. Note that Equation (2.12) shows a negative relation-
ship between international reserves, X(t), and the domestic absorption or the 
consumption C(t). 

2.3. An Illustrative Country Case—Egypt 

We define the normalized variables ( ) ( ) ( )( )c t C t Y t= ψ  and  
( ) ( ) ( )( )x t X t Y t= ψ , where ψ  is a constant value that could be 1 or assume 
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other values. It can be noted that the relation between c(t) and x(t) follows what 
is known as a “prey-predator” equation [17]. As c(t) increases, x(t) decreases and 
then c(t) decreases and x(t) increases in a cyclical behavior. We have calculated 
this cycle, using Fourier transform, to be around 7 years. This is shown in Fig-
ure 1, where we present the data for 1985-2017. 

2.4. The Optimization Problem 

To study the impact of a “sudden stop” (temporary shock) on an economy, we 
will first study the case that the economy is normal, i.e., does not face “sudden 
stops” (NSS). 

We define:  

( ) ( )( )
( )

( )( ) ( ) ( )( )
0

value function in the normal state

0 , 0 max e d ,
SS

rs SS SS

C s
V X Y E U C s s X Y−

  = + 
 

=


∫
τ

ϕ τ τ  (2.13) 

( ) ( )( ) Utility of the desired value of reserves at the o, nset of SS SS SSX Y =ϕ τ τ (2.14) 

SSτ  = time to sudden stop, which is random  

( )
1

, 0, 1
1
CU C

−

= > ≠
−

γ

γ γ
γ

                 (2. 15) 

Transition from normal times to sudden stops occur with a constant hazard 
rate λ  at the random time SSτ . The constraints and the system dynamics are 
(see Equation (2.3)):  

( ) ( )NSSA t Y t=θ  
NSSθ  for developing countries is around 1.2 [10]. 

It turns out that NSSθ  for Egypt is around 1, but is changing over time (it is 
taken to be A(t)/Y(t)). 

( ) ( ) ( ) ( )d dNSSX t rX t C t Y t t = − + θ  

( ) 0X t ≥  
 

 
Figure 1. Normalized true consumption and reserves for Egypt. 
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In vector format, Equations (2.3), (2.11) and (2.12) are written compactly as: 

( )
( )

( )
( )

( )
( ) ( )

0d
d d

d 00

NSS

YY

X t X t C tr
t B t

Y tY t Y t
       −  = + +        
         

θ
σµ

   (2.16) 

Then, the country is faced with the decision of how much to consume ( )C t  
in order to maximize the utility function ( )U C  and at the same time to end 
with a desired level of reserves ( )SSX τ , with a utility function  

( ) ( )( ),SS SSX Yϕ τ τ . The final value of reserves ( )SSX τ  could be defined by the 
decision maker or optimally estimated. The reserves, ( )X t , play the role of 
providing the country with adequate financial resources to cope with a reduction 
or complete stop of capital inflows during a “sudden stop.” Accumulating re-
serves, however, is costly and deprives the economy from precious resources that 
could be used for GDP growth and development. 

The optimization problem entails the finding of the optimal consumption 
path and at the same time satisfying the level of the desired level of reserves at 
the end time of a “sudden stop” SSτ . After normalization with respect to ( )Y tψ , 
we get (see Appendix A): 

( ) ( )( ) ( ) ( ) ( )2d d d
NSS

Y Y Yx t x t r c t t x t B t
   

= − + + − −        

θµ σ σ
ψ

 

where ( ) ( ) ( )c t C t Y t= ψ  and ( ) ( ) ( )x t X t Y t= ψ . 
An approximate solution is obtained by assuming time-invariance of the ob-

jective function. Then, the optimal normalized consumption c(x) as function of 
the normalized x(t) reserves is derived as (see Appendix A):  

( )

2

1 2 2

1

Y

Y

xc x K K

x

= +

−

σ γ

σ γ

 

where 1K  and 2K  are constants to be determined from the boundary conditions 
or by minimizing the sum of squared error between the observed c(t) and the esti-
mated c of Equation (A.8) and using the observed x(t). The relationship between c(t) 
and x(t) of Equation (A.8) is close to the “prey-predator” model [17]. This implies 
that the approximate optimal solution reflects what we observe in reality. 

An approximate SDE of the normalized reserves becomes see Equation (A.9). 
From Equations (2.12) and (A.8), we may observe that we have two mechan-

isms at play: one generating a negative correlation between international re-
serves and absorption (the SDE of Equation (2.12)) and another generating a 
positive correlation between absorption and reserves (the optimization Equation 
(A.8). This constitutes what is known as a feedback mechanism, which ensures 
that the economy is stable. 

3. Optimal Outcomes 
3.1. Optimal Normalized Reserves and Optimal Normalized  

Consumption—The Martingale Approach 

In this section, we define the objective function as (see Appendix A, Equation 
(A.11)). 
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Here we maximize the discounted utility function of c(s), ( )( )e sU c s−ρ , and 
minimize the utility function of the final value of the normalized reserves  

( )( )SS
xU x τ . Through the maximization (see Appendix A), we are able to de-

termine the exact optimal values of c(t) and the corresponding optimal reserves 
( )x t . Unlike with other methods, we do not give a prescribed desired value for 

( )SSx τ . The derived equation for the optimal values sees Equation (A.23).  
Equation (A.23) shows that the optimal normalized consumption c(t) follows 

a Geometric Brownian motion with a linear trend coefficient. For the estimated 

values of Egypt, the trend is 
( ) ( ) 221 11 0

2
Y Y

Y

r
  −+    + − >         

µ σγ
ρ

γ σ
. The value 

of γ  reflects the level of conservatism—as γ  increases, we get more conserv-
ative results. 

The corresponding optimal values of the normalized reserves x(t) are obtained 
by the substitution of Equation (A.23) into the following: 

( ) ( )( ) ( ) ( ) ( )2d d d
NSS

Y Y Yx t x t r c t t x t B t
   

= − + + − −        

θµ σ σ
ψ

 

Note that ( ) 0
NSS

c t
  

− >     

θ
ψ

, with this being a constraint on c(t). The value 

of 
NSS 

 
 

θ
ψ

is around 1.0 in most of the analysis. Remember that  

( ) ( )
NSS

A t Y t
 

= 
 

θ
ψ

. 

3.2. Portfolio Decision 

In 2017, Egypt’s reserves stood at around 14 percent of GDP. We set as an objec-
tive the gradual reduction of this amount to a fixed level over a few years. At the 
same time, Egypt should possess assets at an amount that attends to the central 
bank’s liquidity operations and is enough to ensure the coverage of several 
months of imports in case that a “sudden stop” (SS) occurs. The basic premise is 
that existing reserves exceed required reserves for these functions. In essence, 
starting with a high value of reserves, X(t), we need to reduce this quantity 
gradually to a final fixed value XC. At the time of an SS, we assume that there will 
be a certain payoff obtained from an external sovereign fund. The sum of the 
two, i.e., XC and external payoff, should be close to a target value that might be 
equal to, for example, 10 months of imports. This policy will reduce the needed 
cash reserves from the current high levels to the value XC, with the reduction in 
reserves freeing resources to be infused in the economy. This will act as a stimu-
lus to the domestic economy, leading to higher GDP growth rates.  

4. Discussion of Results for the Egyptian Economy 

In this section we present scenarios that result in optimal reserves, by 2021, of 5% 
and 10% of the GDP, along with the corresponding optimal consumption. (Oth-
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er scenarios could have been designed using the same approach.) Then, we com-
pare the obtained optimal levels of consumption to the actual measured levels 
during the period 1985-2017. During this period, we use  

( ) ( )
NSS

A t Y t
 

= 
 

θ
ψ

, with 1=ψ . Also, we present forecasts until 2021. In the 

forecast period, 2018-2021, we set 
NSS 

 
 

θ
ψ

 of Equation (A.3) to be exactly 1. All 

figures have the average values of c(t) and x(t). 
We find that the optimal consumption is in the same order of magnitude as 

the actual one in most of the period under study (see Figure 2).  
Note that the optimal normalized consumption, c(t), is around 1. This is con-

sistent with the findings of [8] and [10]. 
We also find that the optimal levels of the normalized reserves are lower than 

the actual ones for most of the time (see Figure 3).  
The above results in Figure 2 and Figure 3 were obtained by setting 15=γ . 

For a more conservative approach, we present the same results with 25=γ  (see 
Figures 4-6). 

We note that even in the conservative approach, where the monetary authori-
ties’ risk aversion is high, 25=γ , as compared to a more risk taking approach, 

15=γ , the levels of the estimated optimal normalized reserves are lower than 
the true (actual, observed) reserves for the period 1985-2017 (see Figure 7). 
Based on our methodology, these results indicate that monetary authorities had 
been excessively prudent in setting international reserve targets during the stu-
died period. However, the observed reserve levels may be justified if the authori-
ties presumed that required reserves had to be higher than the common ten- 
month import coverage that we assumed in our analysis. The assessment of the 
adequacy of reserves at times tends not to follow conventional norms, but rather 
to be subjective due to perceived risks and circumstantial due to domestic and 
external economic and political conditions [2]. In such cases, monetary authorities 
would need to be transparent by disclosing the reasons for setting higher-than- 

 

 
Figure 2. True and optimal normalized consumption (gamma = 15). 
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Figure 3. True and optimal normalized reserves (gamma = 15). 

 

 
Figure 4. True and optimal normalized consumption (gamma = 25). 

 

 
Figure 5. True and optimal normalized reserves (gamma = 25). 
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Figure 6. Comparison between conservative (gamma = 25) and risky (gam-
ma = 15) optimal consumption. 

 

 
Figure 7. Comparison between conservative (gamma = 25) and risky (gam-
ma = 15) optimal reserves. 

5. Concluding Remarks 

We have developed a mathematical model that describes the behavior of inter-
national reserves and the corresponding consumption, when reserves are used to 
hedge a country’s exposure to potential capital market sudden stops and emer-
gent recessions. The model allows the decision maker to change the different 
economic parameters and track their effects on the optimal values of reserves 
and consumption. Based on minimal assumptions, the derived optimal levels in-
dicate that, for Egypt, the monetary policy maker had opted for higher reserves 
than their optimal values estimated even for the higher risk aversion approach. 
However, by taking a less aggressive approach, reserves would have been freed 
and propelled into the economy, leading to an increase in Egypt’s GDP rate of 
growth. Nevertheless, we recognize that special circumstances may have neces-
sitated the tilting of the inherent trade-off towards higher levels of reserves to 
secure economic stability and consequently lower economic activity and con-
sumption. Ideally, such decisions by monetary authorities should be commu-
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Appendix A. Optimal Consumption and Optimal Reserves 

In this appendix, we derive the consumption C(t) that will optimize the expected 
value of the utility function subject to the constraints of the system dynamics. 
Instead of working with the reserves X(t), we will, for mathematical convenience 
purposes, use the normalized reserves, x(t), and the normalized consumption, 
c(t), defined as: 

( ) ( )
( )

X t
x t

Y t
=
ψ

                       (A.1a) 

( ) ( )
( )

C t
c t

Y t
=
ψ

                       (A.1b) 

GDP, Y(t), and reserves, X(t), evolve according to the SDE’s: 

( ) ( ) ( ) ( )d d dY YY t Y t t Y t B t= +µ σ , 0 Yr< < µ      

( ) ( ) ( ) ( )d dNSSX t rX t C t Y t t = − + θ            

( ) 0X t ≥  

An SDE for x(t): 

We will derive an SDE for ( ) ( )
( )

X t
x t

Y t
=
ψ

, for a non-sudden stop, using Ito’s 

lemma:  

( ) ( )
2 2 2

2 2
2 2

1 1d d d d d d d d
2 2

x x x x x xx t X Y X X Y Y
t X Y X YX Y
∂ ∂ ∂ ∂ ∂ ∂

= + + + + +
∂ ∂ ∂ ∂ ∂∂ ∂

(A.2) 

Since ( ) ( )
( )

X t
x t

Y t
=
ψ

 

then, 0x
t
∂

=
∂

 

1x
X Y
∂

=
∂ ψ

 

( )2 2

x X X
Y YY
∂ − −

= =
∂

ψ
ψψ

 

2

2 0x
X
∂

=
∂

 

2

2

1x
X Y Y
∂ −

=
∂ ∂ ψ

 

2

2 3

2x X
Y Y
∂

=
∂ ψ

 

( )2 2 2d dYY Y t= σ  

( )2d 0X =  
d d 0X Y =  

https://doi.org/10.4236/jmf.2021.113024


A. S. Abutaleb, M. G. Papaioannou 
 

 

DOI: 10.4236/jmf.2021.113024 430 Journal of Mathematical Finance 
 

Substituting for the partial derivatives in Equation (A.2), we get: 

( )2
2 2 3

1 1d d d d d dX Xx X Y X Y Y
Y Y Y Y

= − − +
ψ ψ ψ ψ

 

Substituting for the complete derivatives, we get: 

( ) ( ) ( ) ( ) ( ) ( )2

2 2
3

1d d d d

0 d

NSS
Y Y

Y

Xx rX t C t Y t t Y t t Y t B t
Y Y

X Y t
Y

 = − + − +   

+ +

θ µ σ
ψ ψ

σ
ψ

 

which is reduced to: 

( )
( )
( )

( )
( )

( )
( ) ( ) ( )

( )
2d d d d d

NSS

Y Y Y

C t Y t X t X tXx r t t B t t
Y t X t X t Y t Y t

 
= − + − + +    

  

θ
µ σ σ

ψ ψ ψ
 

By rearranging terms, we get: 

( ) ( )
( )

( )
( ) ( ) ( ) ( )

( ) ( ) ( )
( )

( )
( ) ( ) ( )

( ) ( ) ( )
( ) ( ) ( ) ( )

2

2

2

d d d d d

d d

1 d d

NSS

Y Y Y

NSS

Y Y Y

NSS

Y Y Y

C t Y t
x x t r t x t t B t x t t

X t X t

C t Y t
x t r t x t B t

X t X t

c t
x t r t x t B t

x t x t

 
= − + − + +    

  
 

= − + − + − 
  
  

= − + − + −  
   

θ
µ σ σ

θ ψ
µ σ σ

ψ

θµ σ σ
ψ

 

and 

( ) ( )( ) ( ) ( ) ( )2d d d
NSS

Y Y Yx t x t r c t t x t B t
  

= + − + − −  
   

θ µ σ σ
ψ

    (A.3a) 

Equation (A.3) is the desired SDE that describes the evolution of normalized 
reserves x(t). 

Exact Solution for the Normalized Variables: 
Because all the components are explicitly independent of time and the diffu-

sion is independent of the control, we will be able to derive an exact ODE for the 
control, c(x) [12] and [14]. The SDE describing the normalized reserves is given 
by: 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )2 1d d dY Y Y

c t
x t x t r t x t B t

x t x t
 

= − + − + − 
  

µ σ σ       (A.3b) 

where we have set 1
NSS 

= 
 

θ
ψ

 

The normalized utility function is given by [15]: 

( )
1

, 0, 1
1
cU c

−

= > ≠
−

γ

γ γ
γ

                    (A.4) 

The objective function is given by: 

( )( )
( )

( )( ) ( )( )1max d
SS

SS

c s
t

V x t E U c s s x
  = + 
  
∫

τ

ϕ τ            (A.5) 
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where all variables involved are normalized and, for simplification and to find a 
closed form solution, the discount factor ( )e r s t− −  is eliminated.  

The optimal normalized consumption c(t) satisfies the ordinary differential 
equation (ODE) [12]: 

( )
2 2 2 2

2 2

d d d
d d d 2 d dd d d

d d dd d d d dd d
d d d

u u u

u u
u

F F Fbc b F F bc c cF
b b bx x c x c xc c
c c c

   
   

− = − + −   
   
      

σ
   (A.6) 

where ( ) ( )u x c x=  

( )
1

, 0, 1
1

u cF c
−

= > ≠
−

γ

γ γ
γ

 

( ) ( )2 1, Y Y
cb x c x r
x x

 = − + − +  
µ σ  

( ) Yx x= −σ σ  

We need the following derivatives: 

( )d
d

uF c
c

c
−= γ  

( )2
1

2

d
d

uF c
c

c
− −= − γγ  

( )2d
0

d d

uF c
c x

=  

( )d ,
1

d
b x c

c
= −  

( )2

2

d ,
0

d
b x c

c
=  

( )2d ,
0

d d
b x c
c x

=  

Substituting the different elements in Equation (A.6), we get: 

( )
1

1 2d 2 1
d 1Y Y

Y

c c cc x r c
x x x x

−
− − −    = − − − + − + −    −  

γ
γ γγ µ σ

σ γ
 

Dividing both sides by c−γ  and rearrange, we get: 

( )

( ) ( )

( ) ( )

( ) ( ) ( )
( )

2

2
2

2

2

d 2 1
d 1

2 1 2
1

2 1
1

1 12
1

Y Y
Y

Y Y
Y Y

Y Y
Y

Y Y
Y

c c c cx r
x x x x

c c cr
x x x

c c cr
x x x

c cc r
x

  = − + − + +   −  

 = − + − + +  − 

 
= − + − + + 

−  
 − − + − +

= − + + 
−  

µ σ
σ γ γ

µ σ
σ γ σ γ γ

µ σ
σ γ γ

γ γ
µ σ

σ γ γ
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( ) ( )
( )

( ) ( )
( )

( ) ( )
( )
( )

2

2

2

12
1

12
1

12
1 1

Y Y
Y

Y Y
Y

Y Y
Y

cc r
x

cc r
x

c cr
x x

 + −
= − + + 

−  
 + −

= − + + 
−  

 −
= − + + + 

− −  

γ γ
µ σ

σ γ γ

γ γ
µ σ

σ γ γ

γγµ σ
σ γ γ γ

           (A.7) 

( ) ( )
2d 2 1

d 1Y Y
Y

c c cr
x x x

  = − + + +   −   

γµ σ
σ γ γ

 

This is the desired ODE for the optimal normalized consumption c(x), as 
function of the normalized reserves x.  

Some approximations: 
We know that c is in the order of 1, while x is in the order 0.2, and assuming 

that 1�γ  and ( )2 1
Y Yr

x
 − +  
 

�µ σ , then 

d 2 1
d Y

c c c
x x

+ ≈  
 σ γ

 

Separating variables, we get: 

( )
d 2 d

1 Y

c x
c c x

 ≈  +  σ γ
 

which has the solution: 

( ) ( )d 2ln ln 1 ln ln ln
1 1 Y

c Kcc c K x
c c c

= − + + = ≈
+ +∫ σ γ

 

where K is the constant of integration, determined from the boundary condi-
tions. 

Thus,  
2

1
Y

Kc x
c

≈
+

σ γ  

which yields 

2

2

Y

Y

xc

K x

=

−

σ γ

σ γ

, 

A better approximate formula is:  
2

1 2 2

1

Y

Y

xc K K

x

= +

−

σ γ

σ γ

                     (A.8) 

Substituting in the normalized reserves equation, we get: 

( ) ( ) ( ) ( ) ( )

( ) ( )

2

2
1 2 2

1 1d d

1

d

Y

Y

NSS

Y Y

Y

xx t x t r K K t
x t x t

x

x t B t

  
   

= − + − + +    
   −  

−

σ γ

σ γ

θµ σ
ψ

σ

  (A.9) 
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In the simulation, we define the desired final value of ( )ssx τ  and find the 
corresponding optimal values for 1K  and 2K  that satisfy, in the minimum 
squared error sense, this final value. We also estimate the optimal normalized re-
serves through the SDE of ( )x t , and the consumption that satisfies the equation  

( )

2

1 2 2

1

Y

Y

xc t K K

x

= +

−

σ γ

σ γ

. 

The Martingale Approach with c(t): 
In this subsection we use the Martingale Optimality Principle [12] [13] and 

[16] to find the optimal values of the normalized consumption and consequently 
the optimal levels of the normalized reserves. 

The system dynamics are: 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( )( ) ( ) ( ) ( )

2

2

1d d d

d d

NSS

Y Y Y

NSS

Y Y Y

c t
x t x t r t x t B t

x t x t

x t r c t t x t B t

  
= − + − + −  

   
   

= − + + − −        

θµ σ σ
ψ

θµ σ σ
ψ

 

The normalized utility function is given as: 

( )( )
1

, 0, 1
1
cU c t

−

= > ≠
−

γ

γ γ
γ

                 (A.10) 

In this analysis, we define the objective function as:  

( )( )
( ) ( )

( )( ) ( )( )
, 0

0 max e d
SS

SS

s SS
x

c s x
V x E U c s s U x−

  = − 
  
∫

τ
ρ

τ
τ       (A.11) 

Notice that ( )( )SS
xU x τ  is not defined, because it will be of no use for the 

derivation of the SDE of the optimal c(t). 
In the martingale approach, we need to find the process H(t) such that  

( ) ( ) ( ) ( ) d
NSS

H t x t H t c s s
  

− −     
∫

θ
ψ

 is a martingale. Assume that H(t) has the 

SDE:  

( )
( ) ( )

d
d dH H

H t
t B t

H t
= +α β                     (A.12) 

where B(t) is a Brownian motion. 
Using Ito Lemma, we get: 

( )

( ) ( )( ) ( ) ( ) ( )

( ) ( )[ ] ( )[ ]

( )( ) ( ) ( ) ( )

2

2

d d d d d

d d

d d d d

d d

NSS

Y Y Y

H H H H

NSS

Y Y Y

Hx H x x H H x

H t x t r c t t x t B t

x t H t t B H t t B

x t r c t t x t B t

θµ σ σ
ψ

α β α β

θµ σ σ
ψ

= + +

     = − + + − −           
+ + + +

     × − + + − −           
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( )( ) ( ) ( ) ( )

[ ]

2 d d

d d d

NSS

Y Y Y

H H H Y

H x t r c t t x t B t

xH t B Hx t

θµ σ σ
ψ

α β β σ

     = − + + − −           
+ + −

 

Collecting terms, and dropping the dependence on t, we get: 

( ) ( )

( )

2d d

d

NSS

Y Y H H Y

Y H

Hx H x r c x x t

xH B

   
= − + + − + −        
+ − +

θµ σ α β σ
ψ

σ β
 

Moving d
NSS

c t
  

−     

θ
ψ  to the left-hand side, we get: 

( )

( ) ( )2

d d

d d

NSS

Y Y H H Y Y H

Hx H c t

H x r x x t xH B

  
− −     

 = − + + − + − + 

θ
ψ

µ σ α β σ σ β
 

For d
NSS

Hx H c s
  

− −     
∫

θ
ψ  to be a martingale, we need the drift term to be 

0. 
Thus,  

( ) ( )d d d
NSS

Y HHx H c t xH Bθ σ β
ψ

  
− − = − +     

        (A.13) 

and 

( )20 Y Y H H YH x r x x = − + + − µ σ α β σ  

This suggests that: 

( ) ( )2 2
H Y Y Y H Y Y Hx x r x x r   = − + + = − + +   β σ µ σ α µ σ α  

Setting H r= −α , we get: 

i.e., 
2

Y Y
H

Y

− +
=

µ σ
β

σ
 

Thus,  
2

, H
Y Y

H
Y

r− +
= = −

µ σ
β α

σ
                 (A.14) 

and, ( ) ( )d d d
NSS

Y HHx H c t xH B
  

− − = − +     

θ σ β
ψ

 

where the SDE for H(t) becomes: 
( )
( )

2d
d dY Y

Y

H t
r t B

H t
−

= − −
µ σ
σ

                 (A.15)
 

which has the solution: 
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( )
( ) ( )

( )0

22 2d

0 0

1e exp d d
2

t
t tr s Y Y Y Y

Y Y

H t s B s
−∫

  − −−  = − 
    
∫ ∫

µ σ µ σ

σ σ
   (A.16)

 

Note that ( ){ } 1E H t = , for all values of t.  
The new Optimization Problem: 
The new system dynamics become: 

( ) ( )d d d
NSS

Y HHx H c t xH B
  

− − = − +     

θ σ β
ψ

        (A.17) 

Integrating both sides, between 0 and 
SSτ , we get: 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )( ) ( )

0

0

0 0 d

d

SS

SS

NSS
SS SS

Y H

H x H x H s c s s

x s H s B s

  
− − −     

= − +

∫

∫

τ

τ

θτ τ
ψ

σ β
 

i.e., 
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )( ) ( )

0

0

d

0 0 d

SS

SS

NSS
SS SS

Y H

H x H s c s s

H x x s H s B s

  
− −     

= + − +

∫

∫

τ

τ

θτ τ
ψ

σ β
 

Taking the expectation of both sides, we get: 

( ) ( ) ( ) ( )

( ) ( ){ } ( ) ( ){ } ( )
0

d

0 0 0 0 0

SS NSS
SS SSE H x H s c s s

E H x x E H x

    − −        
= = =

∫
τ θτ τ

ψ         (A. 18) 

where we used the fact that ( ){ }0 1E H = .  
The optimization problem could now be stated as follows: 
Find c(t) that maximizes ( )( )0V c : (Equation (A.11)) subject to the con-

straint: (Equation (A.18)) with (Equation (A.10)) 
Using the Lagrange multiplier method, we need to find: 

( ) ( )
( ) ( )( )

( ) ( ) ( ) ( ) ( )

1

, 0

0

max e d
1

d 0

SS

SS

SS

s SS
x

c s x

NSS
SS SS

c s
E s U x

H x H s c s s x

−
−

 −
−

    −Λ − − −          

∫

∫

γτ
ρ

τ

τ

τ
γ

θτ τ
ψ

 

which has the form: 

( ) ( )
( ) ( ) ( )

( )( ) ( ) ( ) ( )

1

, 0

max e d
1

0 0

SS

SS

NSS
s

c s x

SS SS SS
x

c s
E H s c s s

U x H x x

−
−

     + Λ −     −     
 − −Λ − = 


∫
γτ

ρ

τ

θ
γ ψ

τ τ τ

 

where Λ  is the Lagrange multiplier. Assuming that the conditions for the ex-
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change of the derivative and expectation are satisfied, taking the derivative for 
c(t), we get: 

( )
( ) ( ) ( )

1

0

e d 0
1

SS NSS
s c s

E H s c s s
c s

−
−

    ∂  + Λ − =     ∂ −      
∫

γτ
ρ θ

γ ψ
 

i.e., 
( )

( ) ( ) ( )
1

e 0
1

NSS
s c s

H s c s
c s

−
−

   ∂
+ Λ − =    ∂ −    

γ
ρ θ

γ ψ
 

which yields: 

( ) ( )e 0sc s H s−− − Λ =γρ  

i.e., ( ) ( )e sc s H s− = Λγ ρ  

Taking the ln of both sides, we get: 

( ) ( )ln lnc s s H s− = + Λγ ρ  

and 

( ) ( )1ln lnsc s H s −
= − + Λ 

 

ρ
γ γ

 

Thus, 

( ) ( )( ) ( )( )( )11e ,  0t SSc t H t t
−−−= Λ < ≤

γγρ γ τ           (A.19) 

Note that Λ  is a constant deterministic value. 
An SDE for c(t): 
We now derive an SDE for the optimal normalized c(t), 0 SSt< ≤τ . Since Equ-

ation (A.19) then,  

( ) ( )( ) ( )( )( )

( ) ( )( ) ( )( )( )

11

11

d e d

e d ,  0

t

t SS

c t H t

H t t t

−−−

−−−

= Λ

+ − Λ < ≤

γγρ γ

γγρ γρ γ τ
   (A.20) 

since Equation (A.15). 
If we define y H= α , using Ito Lemma, we get: 

( )

( )
( )

( )

( )
( )

( )

2
2

2

22 2
1 2 2

22 2

1d d d
2

1d d 1 d
2

1d d 1 d
2

Y Y Y Y

Y Y

Y Y Y Y

Y Y

H Hy H H
H H

H H r t B H H t

H r t B H t

− −

∂ ∂
= +

∂ ∂

   − −
   = − − + −
   
   

   − −
   = − − + −
   
   

α α

α α

α α

µ σ µ σ
α α α

σ σ

µ σ µ σ
α α α

σ σ

 

Finally, we get: 

( )( ) ( )( ) ( ) ( ) ( )
( )

22 21
d d d

2
Y Y Y Y

Y Y

H t H t r t B t
   − −−   = − + +        

α α µ σ µ σα
α

σ σ
(A.21) 
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Setting ( )1= −α γ , we get: 

( )( )( ) ( ) ( )( )( ) ( ) ( ) ( )
( )

22 2
1 1/ 1 1

d 1 d d
2

Y Y Y Y

Y Y

H t H t r t B t
− −

   − −+   = + +        

γ γ µ σ µ σγ
γ

σ σ
 

(A.22) 

Substituting “ ( )( )( )1
d H t

− γ
” into the Equation of dc(t) (A.20), we get: 

( ) ( )( ) ( ) ( )( )( ) ( ) ( ) ( )
( )

( ) ( )( ) ( )( )( )

22 2
11

11

1 1
d e 1 d d

2

e d ,   0

Y Y Y Yt

Y Y

t SS

c t H t r t B t

H t t t

−−−

−−−

   − −+   = Λ + +        

+ − Λ < ≤

γγρ γ

γγρ γ

µ σ µ σγ
γ

σ σ

ρ γ τ

 

By collecting terms, we get:  

( ) ( )( ) ( ) ( )( )( ) ( ) ( ) ( )
( )

22 2
11 1 1

d e 1 d d , 0
2

Y Y Y Yt SS

Y Y

c t H t r t B t t
−−−

   − −+   = Λ + − + < ≤        

γγρ γ
µ σ µ σγ

γ ρ τ
σ σ

 

Since ( ) ( )( ) ( )( )( )11e ,0t SSc t H t t
−−−= Λ < ≤

γγρ γ τ  

then,  

( ) ( ) ( ) ( ) ( )
( )

22 21 11d d d , 0
2

Y Y Y Y SS

Y Y

c t c t r t B t t
   − −+    = + − + < ≤            

µ σ µ σγ
ρ τ

γ σ σ
 

(A.23) 

Equation (A.23) shows that the optimal normalized consumption, c(t), follows 
a Geometric Brownian motion, with linear trend coefficient  

( ) ( ) 221 11
2

Y Y

Y

r
  −+    + −         

µ σγ
ρ

γ σ
. For the estimated values of Egypt,  

( ) ( ) 221 11 0
2

Y Y

Y

r
  −+    + − >         

µ σγ
ρ

γ σ
. The value of γ  reflects the level of  

conservatism. As γ  increases, we get conservative results. 

The corresponding optimal values of the normalized reserves x(t) are obtained 
by the substitution of Equation (A.23) into the following equation: 

( ) ( )( ) ( ) ( ) ( )2d d d
NSS

Y Y Yx t x t r c t t x t B t
   

= − + + − −        

θµ σ σ
ψ

 

Notice that ( ) 0
NSS

c t
  

− >     

θ
ψ

, which is a constraint on c(t). 
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