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Abstract

It is well known that Malliavin calculus can be applied to a stochastic diffe-
rential equation with Lipschitz continuous coefficients in order to clarify the
existence and the smootheness of the solution. In this paper, we apply Mallia-
vin calculus to the CEV-type Heston model whose diffusion coefficient is
non-Lipschitz continuous and prove the Malliavin differentiability of the
model.
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1. Introduction

Malliavin calculus is the infinite-dimensional differential calculus on the Wiener
space in order to give a probabilistic proof of Hélmander’s theorem. It has been
developed as a tool in mathematical finance. In 1999, Founié et al [1] gave a new
method for more efficient computation of Greeks which represent sensitivities of
the derivative price to changes in parameters of a model under consideration, by
using the integration by parts formula related to Malliavin calculus. Following
their works, more general and efficient applications to computation of Greeks
have been introduced by many authors (see [2] [3] [4]). They often considered
this method for tractable models typified by the Black-Scholes model.

In the Black-Scholes model, an underlying asset S, is assumed to follow the
stochastic differential equation dS, =rS,dt+oS,dW,, where r and o respec-
tively imply the risk free interest rate and the volatility. The Black-Scholes model
seems standard in business. The reason is that this model has the analytic solu-

tion for famous options, so it is fast to calculate prices of derivatives and risk pa-
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rameters (Greeks) and easy to evaluate a lot of deals and the whole portfolios
and to manage the risk. However, the Black-Scholes model has a defect that this
model assumes that volatility is a constant.

In the actual financial market, it is observed that volatility fluctuates. However,
the Black-Scholes model does not suppose the prospective fluctuation of volatil-
ity, so when we use the model there is a problem that we would underestimate
prices of options. Hence, more accurate models have been developed. One of the
models is the stochastic volatility model. One of merits to consider this model is
that even if prices of derivatives such as the European options are not given for
any strike and maturity, we can grasp the volatility term structure. In particular,
the Heston model, which is introduced in [5], is one of the most popular sto-
chastic volatility models. This model assumes that the underlying asset S, and
the volatility v, follow the stochastic differential equations

ds, =S, (rdt+ /v, d8 ), (1.1)
1
dv, = x(u—-v,)dt+0vZdw,, (1.2)

where B, and W, denote correlated Brownian motion s. In the Equation (1.2),
k, p and @ imply respectively the rate of mean reversion (percentage drift),
the long-run mean (equilibrium level) and the volatility of volatility. This vola-
tility model is called the Cox-Ingersoll-Ross model and more complicated than
the Black-Scholes model. We have not got the analytic solution yet.

However, even this model cannot grasp fluctuation of volatility accurately. In
2006 (see [6]), Andersen and Piterbarg generalized the Heston model. They ex-
tended the volatility process of (1.2) to

dv, = x(u—v,)dt+6v]dW,, ye[%,l}. (1.3)

This model is called the constant elasticity of variance model (we will often

shorten this model as the CEV model). Naturally, in the case y e (%,1} , the vola-

tility model (1.3) is more complicated than the volatility model (1.2).
Here, consider the European call option and let ¢ is a payoff function. Then
we can estimate the option price by the following formula V (x)=E [e"rT¢(ST )J .

However, the computation of Greeks is much important in the risk-management.
A Greek is given by L(X) where « is one of parameters needed to compute
the price, such as the initial price, the risk free interest rate, the volatility and the
maturity etc.. Most of financial institutions have calculated Greeks by using fi-
nite-difference methods but there are some demerits such that the results de-
pend on the approximation parameters. More than anything, the methods need
the assumption that the payoff function ¢ is differentiable. However, in business
they often consider the payoff functions such as ¢ (x) = (x—K),_ or ¢(x)=1, ..
Here we need Malliavin calculus. In 1999 Founié et al in [1] gave the new me-
thods for Greeks. To come to the point, they calculated Greeks by the following
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formula N (X)

= E[e"Tqﬁ(ST )-(Weight)]. We can calculate this even if ¢ is

polynomial growth. Instead, we need the Malliavin differentiability of S,.
The solution X, satisfying the stochastic differential equation with Lipschitz
continuous coefficients is known as Malliavin differentiable. Hence we can eas-

ily verify that the Black-Scholes model is Malliavin differentiable. However the

diffusion coefficient x”,y e [%1} is neither differentiable at x =0 nor Lipschitz

continuous and then we cannot find whether the CEV-type Heston model is

Malliavin differentiable or not. In [7], Alos and Ewald proved that the volatility

1
process (1.2), that is the case where y = 2 of (1.3), was Malliavin differentiable

and gave the explicit expression for the derivative. However, in the case y e (%1) ,

we cannot simply prove the Malliavin differentiability in the exact same way.
In this paper we concentrate on the case y e (%,1} that is, we extend the

results in [7] and give the explicit expression for the derivative. Moreover we

consider the CEV-type Heston model and give the formula to compute Greeks.

2. Summary of Malliavin Calculus

We give the short introduction of Malliavin calculus on the Wiener space. For

further details, refer to [8].

2.1. Malliavin Derivative

We consider a Brownian motion {W (t, a))}le[OT] (in the sequel, we often denote

W (t,@) by W,)on acomplete filtered probability space (Q, F.Pi(R )) where

(%) isthe filtration generated by W, and the Hilbert space HL? ([O,T ]) . When

fixing @, we can consider @(t)W (t @) EC([O,T]). Then the It6 integral of

. T T
heH is constructed as jo h(t)dW (t, @)= _[O h(t)de(t) on C([O,T]) . We denote

by C; (R”) the set of infinitely continuously differentiable functions f :R" — R
such that fand all its partial derivatives have polynomial growth. Let S be the

space of smooth random variables expressed as

F(o)=f(W(h),--W(h)), (2.1)
where feC;(R") and W (h)[’h(t)dW, where h,-h cH, n>1. We
denote by C; (R") the set of infinitely continuously differentiable functions

f :R" - R such that fhas compact support. Moreover we denote by C. (R")

the set of infinitely continuously differentiable functions f :R" — R such that

f and all of its partial derivatives are bounded. Denote by §, and &, respectively,

the spaces of smooth random variables of the form (2.1) such that f € C; (R")
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and feC/ (R"). We can find that §;c § S and S is a linear subspace

of and dense in L"(Q) for all p>0. We use the notation ¢, :aﬂ in the
Xi

sequal. We define the derivative operator D, so called the Malliavin derivative

operator.

Definition 2.1. (Malliavin derivative) The Malliavin derivative D,F of a
smooth random variable expressed as (2.1) is defined as the H-valued random

variable given by
DtF:Zaif(w(hl)’”"w(hn))hi (t) (2.2)

We sometimes omit to write the subscript ¢

Since S is dense in L° (Q) , we will define the Malliavin derivative of a gen-
eral Fel’(Q) by means of taking limits. We will now prove that the Mallia-
vin derivative operator D:L°(Q)— L°(Q;H) is closable. Please refer to [8]
for proves of the following results.

Lemma 2.1. We have E[G(DF,h), |=-E[F(DF,h), [+E[FGW (h)],
for F,GeS and heH.

Lemma 2.2. Forany p>1, the Malliavin derivative operator
D:LP (Q) - LP (Q; H ) is closable.

For any p>1, we denote by D"” the domain of Din L°(Q) and then it

is the closure of S by the norm

nFnl,p:{E[|F|PJ+E[||DF||H}i:{EUFV}E{(L} |D1F|2dt)3};. 9

Note that D"? is a Hilbert space with the scalar product
(F , G>1 ,=E [FG] +E [(DF, DG>H ] . Moreover, the Malliavin derivative

{D,F} is regarded as a stochastic process defined almost surely with the

te[O,T]

measure Pxu where zis a Lebesgue measure in [0,T]. Indeed, we can observe

2

T T
IDF [ = E[ ) (OF )" ot = [[E[(DF ) Jot = [DF [ o) 20
The following result will become a very important tool.

Lemma 2.3. Suppose that a sequence {Fn ‘F e Dl'z,supn E["DFn ||i| J < oo}

converges to F in |*(Q). Then F belongs to D** and the sequence {DF,}
converges to DF in the weak topology of L* (;H).

Similarly, we define the 4th Malliavin derivative of {D:;m’tk F.t e [O,T]} ,
as a Qx[O,T]k -measurable stochastic process defined Pxu*-almost surely
and the operator D* is closable from S —L° (Q;Hk) for any p=>1 and
k >1. As with the Malliavin derivative D, from the closability of D*, we can
define the domain D*P? of the operator D* in L° (Q) as the completion of

S with the norm
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1
" }}p . (2.5)

Moreover we define D** as D" = ﬂ D" . We will now prove the chain
peN

rule and refer to the ([8], Proposition 1.2.4) for details.
Lemma 2.4. For p>1, let F=(F,-,F,)eD"" and y:R" >R bea Lip-
schitz function with bounded partial derivatives, and then we have y ( F) eD"?

IFll., :{E[|F|pJ+gE["D"F

and

Dw (F)=> 0y (F)DF. 26)

2.2. Skorohod Integral

For p,q>1 satisfing 1/p+1/q=1, the adjoint D" of the operator D which is
closable and has the domain on L" (Q) should be closable but with the domain
contained in L’ (Q) Focus on the case p=q=2. We can define the diver-
gence operator 6 =D so called the Scorohod integral which is the adjoint of

the operator D such as
S (4 H)=2(Qx[0,T]) - X (Q). (2.7)

Definition 2.2 (Skorohod integral). Let ue L’ (Q;H). If for all F eD"?,

we can have
E[(0F u), < clFlls - 8)

where ¢ is some constant depending on u, then u is called to belong to the do-
main Dom(&) . Moreover if ue Dom(5), then we have that §(u) belongs to
L?(Q) and the duality relation E[F5(u)]=E [(DF,U)H J ,forall FeD".

We can get the following results.

Lemma 2.5. Let F eD"* and ueDom(s) satisfy Fuel’(Q;H). And
then we have that Fu belongs to Dom(S) and &(Fu)= Fé‘(u)—(DF,u)H .

Lemma 2.6. Let uel’ (;H) be an F, -adapted stochastic process then
ueDom(s) and §(u)= .fOTut dw, .

We give one of famous properties of & . The following property implies the
relationship between the Malliavin derivative and the Skorohod integral. Denote
by D"?(H) the class of processes U & L* (Q;H ) = (Qx[0,T]) such that

u(t)e D“? for almost all ¢ and there exists a measurable version of the two
variable processes D,U, satisfying E UOTLT (D,u, )2 l(ds)/l(dt)} <o,

Lemma 2.7. Let Ue D" (H) satisty that D,u, e Dom(5) and that
5(Du,) e L’ (4 H) . We have then that 5(u) belongsto D“? and

D, (5(u))=u(t)+5(Du). (2.9)

The following result is applied to calculate Greeks. For further details, refer to
([8], Chapter 6).
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Lemma 2.8. Let F,GeD". Suppose that an random variable u(t,-)eH
satisty (DF,u)H 20 as and Gu ((DF,U)H )71 e Dom(&) . For any continuous-
ly differentiable function f with bounded derivatives, we have

E[f'(F)G|=E[f(F)H(F.G)]
where H(F,G):&(Gu((DF,u)H)’l).

2.3. Malliavin Calculus for Stochastic Differential Equations

Consider T >0 and Q=Cj ([O,T]; Rm). Let {W, | be the m-dimensional

}IE[O,T
Brownian motion on filtered probability space (Q,]—" , P,(]—:)) where P is the

n-dimensional Wiener measure and Fis the completion of the o-field of Q with
P.Andthen H =1L? ([O,T ]; Rm) is the underlying Hilbert space. We consider the
solution {Xt}te[O,T] of the following n-dimensional stochastic differential equa-
tionforall i=1---,n

dX! =b' (X, )dt+> ol (X, )W, X} =, (2.10)
=

where b:R" 5> R" and o;:R" - R" satisfy the following : there is a posi-

tive constant K <oo such that

b(x)-b(y)|+|lo(x)-c(y)<K|x-y|, forall x,yeR", (2.11)
[p(x)=b(y)|+[o(x)-a () < K|x-y]
b(x)|+|o(x)|< K (1+]), forallxeR". (2.12)

Here o; is the columns of the matrix o= (O'ij ) We can have the following
result related to the uniqueness and refer to ([8], Lemma 2.2.1) for the detail.
Theorem 2.1. There is a unique n-dimensional, continuous and F, -adapted

stochastic process {X,} | satistying the stochastic differential Equation (2.10)

te[O,T

with E[supogg

X(t)|p}<oo,f0ra11 p>2.

In the case the coefficients are Lipschitz, the solution X, belongsto D"*.

Theorem 2.2. Assume that coefficients are Lipschitz continuous of the sto-
chastic differential Equation (2.10). Then the solution X, belongs to D for
all te[0,T] and i=1,---,n and satisfies

D/X;

supE[sup p}<oo. (2.13)

o<r<t r<s<T

Moreover the derivative DX, satisfies the following

n

DIX! =o' (X, )+ 3 [fo,01 (X,) D} X LW, +ij:akb‘ (X,)D)Xkds, (2.14)
k=11=1 k=1

for r<t ae,and D/X/=0 for r>t ae. Here D’ denotes the Malliavin
derivative for W',

Let X, be the solution of the following stochastic differential equation

dX, =b(X,)dt+o(X,)dW,, X, =x, (2.15)
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where W, denotes a 1-dimensional Brownian motion. Assume that X, e D*.
oX

Welet Y, be the first variation of X, thatis, Y, = a—t We can easily have that
X

Y, satisfies the folloing

dY, =b'(X, )Y, dt+o' (X, )Y, dW,, Y, =1. (2.16)

Considering this as a stochastic differential equation for Y,, we can have the

following solution

tf 1
Yt:exp{jo[b(xs)—z(o—( jds+j dW} (2.17)
The following results will also be useful to calculate Greeks later.

Lemma 2.9. Under the above conditions, we can have

Y= szto-il(xs )Ys '1{551} :

Let {a(t)}te[O,T] be a continuous function in A such that fOTa(t)dt =1.

Lemma 2.10. Under the above conditions, we can have
Y, = ['a(t)DX;07 (X, )Y,dt.
Theorem 2.3. Forany y:R — R of polynomial growth, we have

%E[W(XT )|=E[w(X;)x] where ﬂ:LTa(t)ofl(Xt)Ytth.

For the more general case, the same result is proved as below. Let X, denote
the solution of the following n-dimensional stochastic differential equation just
like as (2.10)

dX, =b(X,)dt+o(X,)dW,, X,=x, (2.18)

where W, denotes m-dimensional Brownian motion. For the sake of simplifica-

tion, we assume that n=m.
Theorem 2.4. Suppose that the diffusion coefficient o 1is invertible and that

T 2+e
E UO |0’1 (X, )Yt| : dt} <o, for some € >0, where Y denotes the first variation

process, thatis, Y =0,X) . Let G € D"" be a random variable which does not
depend on the initial condition x. Then for all measurab]e function ¢ with po-
Iynomial growth we have 0,E [¢ G] E[¢ )J , where a(t) is
an F, -adapted process satistying J t)dt =

7 (6)=3 4" (ca()(o 1<xl>vt)“)

1

kZ( [la(t)(o(X,)Y,)" dw* - ['DkGa(t)(o” (X[)Yt)kids),

(2.19)

and 6* denotes the adjoint to the Malliavin derivative with respect to a Brow-
nian motion W}*.

The following theorem introduced in [9] is useful. From now on, we will now
denote by 0, the once derivative with respect to ¢, by 0, the once derivative
with respect to xand by 0,, the second derivative with respect to x.

Theorem 2.5. Consider a stochastic process X, satistying the 1-dimensional
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stochastic differential equation
dX, = u(t, X, )dt+ o (t, X, )dW,, (2.20)

where W, denotes a Brownian motion and the coefficients
u(t,x)e c' ([O,T]x R) and o(t,x)e c’ ([O,T]X R) satisfy the linear growth
condition and the Lipschitz condition. Moreover, we assume that o is positive
and bounded away from 0, and that 4(t,0) and o(t,0) are bounded for all
te[0,T]. Then X, belongsto D"? and the derivative is given by

D, X, =& (t, X, )exp{j:(axy—%—%(axxa)a—a‘—aj(s, Xs)ds}, (2.21)

o

for r<t and D, X, =0 for r>t.
Proof. We omit the proof. For further details, refer to (Theorem 2.1 [9]).

3. Mean-Reverting CEV Model

Following the construction in [7], we will now prove that the mean-reverting
constant elasticity of variance model is Malliavin differentiable. The mean-reverting

CEV model follows the stochastic differential equation
dv, = x(u—v,)dt+6vdW,, 76(%,1}, (3.1)

with v, =v >0 and where g, k¥ and 6>0.1In [7], Alos and Ewald proved

1
the Malliavin differentiability of the case y = E of (3.1). In the case, the function
1
X% is neither continuously differentiable in 0 nor Lipschitz continuous so they

circumvented various problems by some transforming and approximating.

However, in the case y e [%,1), there are more complex problems. Following

[7], we will extend their results.

3.1. Existence and Uniqueness

We will now prove that the solution to (3.1) not only exists uniquely but is also
positive a.s.

Lemma 3.1. There exists a unique strong solution to (3.1) which satisfies
P(v, 20,t>0)=1. Moreover, let r =inf {t >0; v, =0 or =0} with inf {J} =c0.
Then we have P(7=c)=1.

Proof. Instead of (3.1), consider the following

dv, = x(p—v,)dt+6|v,| dw,, 76(%,1}. (3.2)

If we have concluded that the unique strong solution of (3.2) is positive a.s.,
then (3.2) coincides with (3.1). The existence of non-explosive weak solution for
(3.2) follows from the continuity and the sub-linear growth condition of drift
and diffusion coefficients. Moreover, from ([10], Proposition 5.3.20, Corollary
5.3.23), we have the pathwise uniqueness. From ([10], Proposition 5.2.13), we

can verify that the pathwise uniqueness holds for (3.2).
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We will now prove that the second claim is true. Let
=inf{t>0;v, =00r =00} with inf{&}=co0.In order to use ([10], Theorem
5.5.29), we verify that for a fixed number ceR, lim _, p(x)=—-w where

X) 1is defined as p exp -2 —)dZ dy . Since we have known
( ) 92 2y

that the solution V, of (3.2) does not explode at o, if we could prove that the
above formula holds, we can claim that P(z, =o0)=1, that is, P(r=)=1.
We can assume without restriction that X <1 andlet ¢=1.Then we have

vi(u-12) v KU
2.[ 92 27 - .[ 0%7% 92 27 le
2k 1T 2K 1T
:92(2 _1|: 2;/1} T2 |: 2y2:| (33)
y=ylz77l, o (2-2y)Lz77 ],

2k 1 2K
>— 7 1|+— .
0% (2y -1)\ y¥ 0% (2-2y)
Letting w =y, we can calculate p(x).From the last inequality, there exists a
constant C >0 satisfying the following inequality and then we haveas x —0,

ol

(3.4)
=-C J?%exp {% w2 ‘l}dw — —o0,
3.2. Lr-Integrability
Consider the Stochastic Differential Equation
dv, =b(v,)dt +6v/dW,, (3.5)

with v, =X>0, where b is such that b(0)>0 and satisfies the Lipschitz con-
dition, >0 and ye (%,1) . The following lemma ensures the existence of its

moments of any order.
Lemma 3.2. Consider the solution of the (3.5). For any p =0, we have

E [supte[m] th} <o and E [supte[m v{”} <.
Proof. At first we consider the positive moments. We define the stopping time
=inf{0<t<T;v,>n} with inf{Q&}=oc0.ByItd’s formula,

=t [ v, L p(p -1t (00,
<+ p[! v (v, )ds + o[l v W, 6o

2
+ p( p —1)9 .[t/\rn Vsp72+27dsl
2 0

From the Lipschitz condition of the drift function b(x), there exists a posi-
tive constant K which satisfies b(v,)< Kv, +b(0). By the above inequality and

Young’s inequality, we have
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_ 2
€l Joo o[ ot o PO e 1]

< xP + pKE U;M” vs”ds] + pEU;M” vsp’lb(o)ds]

f— 2 T,
LSRR

2 0 s
E|: tATnVSpdS:| P
<x" + pKE [.[W” vs"ds]+ p k +p b(0) (3.7)
0 p p
p-1
_1\p2 E[ tATnvspds}
L P(p-1)0 I, !
2 p p

p-2+2y 2-2y
=C+C’L:E[vp Jds.

SATh

By Gronwall’s lemma, we can have E [thﬂn ] <Cexp {C’t} , where both Cand

C' do not depend on n. As N — o, we can obtain the result. Next we consider

. L . 1
the negative moments. Define the stopping time as 7, =inf {O <t<T;u < —},
n

with inf {&} = oo . By Itd’s formula, we have

Voo =X+ LIM" (- p)vs’("“)d v, + %J.own p(p +1)v’(’”2) (dv, )2

_ taTy b(V ) taty l
=X p_ pJ.O ijl dS — pHJ‘O des (38)
S S
p( p —1) 62 tar, 1
+ 5 jo TR ds.

VS
Taking the expectation and using the Fubini’s theorem, we have

_ _ tar, b(VS)dS 92 tar, dS
E[szn ] =x"-pE l:.[o (o) }‘F? p( p +1) E{J‘o V2(1—;/)+p:|

S

_ | 1 v P(P+1)6%  pb(0)
<X P+pK.|'OEL/p ds:l+E{J'0 (21/2(17” - ds |.

SATh

(3.9)

p(p+1)6* pb(0
Here let q(x)= 2(X2(1"7))+p - Xp(+1),

dedness for any X >0

then we can easily evaluate the boun-

2(1-y)+p

a(x)< Dp(zy—_l)az{(z(lvﬁ p) a4 } o (3.10)

2 2b(0)

SAT,

and from Gronwall’s lemma we finally have E Vt—Aan]S(X—p + Dt)exp{pKt}.
Taking the limit N — o, then limz, =oa.s. sowe have
E [V{p] < (X"p + Dt)exp{ pKt}. nPfewnce we can deduce the result.

Remark 1. Since the CEV model satisfies the assumptions of Lemma 3.2, so

Summarizing the calculation, we have E [V{A"Tn :I[g XxP+Dt+ pK_[;E [V*Pn ]ds >
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the result holds for the CEV model.

3.3. Transformation and Approximation

We consider the process transformed as o, 7 . By Itd’s formula, we have

do,=(1-7) K,uo:rt_lyy—y%’zO_i—/co-t dt+(1-y)6dw,, (3.11)

t
with o, =v"7>0.If o, is the solution of the stochastic differential Equation
(3.11), then we can prove that o, 7 = . is also the solution of the stochastic
differential Equation (3.1) satisfying the initial condition 03'% =V, . By this trans-
formation, we can replace (3.1) by (3.11) with the constant volatility term. In or-

1 _r
der to use Theorem 2.5, we must approximate — and X 7 by the Lipschitz
X

continuous functions, respectively. For all € >0, define the continuously diffe-

rentiable functions ® and ¥ as

x ¥7 (for x> €),
®(x)= L (3.12)
_ L e trxy e "7 (forx<e),
1-y 1-y
= (for x>¢),
P(x)=1"% ) (3.13)

- X +2 (for x<e),

€ €

For the functions ® and YW, we can easily verify that for all xeR,
1

|CD’(X)|£17 € 7 and |‘P'( |Si2 and then we have that forall x,yeR,
-7

1

67§|X_y| and |\y(x)_\y(y)|gi2|x—y|. Moreover,
€

[@(x)-@(y)|<

e
a

- 1
note that forall xeR,, @(x) <x ¥ and ‘P(X) < —. Define our approxima-
X

tions oy as the stochastic process following the stochastic differential equation
. 0
doy =(1- )[K,ud)(o]) r

with o; =0, forall €>0. The coefficients of the Equation (3.14) are Lipschitz

(o7)- Kaljdt +(1-y)odw,  (3.14)

continuous because we can have forall X,yeR,

7

(025 () - z«xj—[mm ()]

SK,u|CD( y)| |‘P ‘{’(y)|+rc|x—y| (3.15)
Kuy . 76> 1
[1 7/ g 5 62+/(J|x—y|.
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We will prove that o converges to o, in L° (Q). First we prove that o
converges to o, pointwise.
Lemma 3.3. The sequence o convergesto o, as., forall te[0,T].
Proof. Define for all €>0 the stopping time as 7°inf {0<t<T;o, <¢} with

{&} =0 . By the definition of ®, ¥,and z°, we have

€

tazt

taze

< (l—y)[x,u OWE o-;ﬁ —q)(o-sf) ds
. . (3.16)
+%02J-;M i—‘I—’(O'S‘) ds + KI;AT o, — 0, dsj
US

€

O- € _0 €
SAT

SAT

ds.

v 1
< (1'—)/) K]liir——e Ly *‘75;3‘4‘ﬁf

y [

By Gronwall’s lemma, o, =o; for t<7° and by Lemma 3.1 and the fact that
irrgo]6 =o, forall te[0,T].

71<71? for ¢ 2¢,,wehave limzr‘=cw as.so |
e—0 €

Next we prove that there exist square integrable processes U, and W, with
u <oy <w, forall te[0,T]. Actually, we will see that W, is o,. Before start-

ing with the proof, we prove the following inequality.
7
vy —E. We have,

Lemma 3.4. For ye(%,l) and a,b>0, let f(x):ax

for xeR_,

ay

f(x)z_{b(l—;/

Proof. By differentiating f (x), we can easily have the result.
2

Consider a=xu and b:ﬁ in the above inequality, then we can have

’ﬁ -,
)J a(27/—1)' (3.17)

the below result.
Lemma 3.5. Let U, be the solution of the following stochastic differential

equation
du, = (1-7)(C —xu,)dt + 0 (1 y)dW,, (3.18)

2 1-
e Y Then u <o <o, as.

2y-1
with U, =0,, where C=—
T (92(1—y)J wu(2y -1)

forall te[0,T].
2
Proof. From the definitions of ® and ¥, K,U(D(X)—%‘P( x)=C for all

X €R,, that is, the drift coefficient of U, is smaller than one of & .By Yama-
da-Watanabe’s comparison lemma (see [10], Proposition 5.2.18) and Lemma 3.1,

we have u <o as.
We prove the second inequality. In order to use Yamada-Watanabe’s compar-

ison lemma, we must prove that, for XeR_,
184 Journal of Mathematical Finance
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2 _r 2
K;@(X)—%‘P(X)S/@ux —%.Let

2

o
g(x)rux 7 —%— K (X) +%‘P(x) . We can easily verify

_r 2 Lt 2 _r 2

g(x)=xrux 7 VO | KM —@ x——H 1’y+&, for x<e and
2x | 1-y 2¢ 1-y €

g(x)=0 for x>e.Forall x<e,wehave

1

St 2 1 2
0'(x) =~y (2O ey 1O

— —, 3.19
1-y 2x2 1-y 2¢ (3.19)
2 271
9"(x)=x 7 [ﬁ—y@zx“ ] (3.20)
-7

Then there is a constant 7 >0 with g”(7)<0 for all x<7 and g"(7)>0
forall x>7.For e<n, g'(x) isdecreasing for all Xx<e.Then g(e)=0 and
g'(¢)=0 implyforall x<e, g(x)>0,thatis,for xeR,

2 _r 2
K;@(X)—%‘P(X)SK#X et —Zi. (3.21)
X

By Yamada-Watanabe’s comparison lemma, we have of <o, a.s.

Theorem 3.1. Forall t<[0,T |, the sequence o convergesto o, in L (Q).

Proof. From Lemma 3.5, we have |O'tF —O't| S|Ut —O't| S|Ut|+|0't|. Lemma 3.2

implies |O't| el? (Q). Moreover, the Ornstein-Uhlenbeck process U, € L2 (Q).

By the dominated convergence theorem we can have the convergence.

3.4. Malliavin Differentiability

We will prove the Malliavin differentiability of both o, and v, . To do this, we
consider our approximation sequence o . The approximating stochastic diffe-
rential Equation (3.14) of o] satisfies the assumption of Theorem 2.5, so we
can prove the Malliavin differentiability of o .

Lemma 3.6. of belongsto D“* and we have

€ t ’ € 92 ’ €
D,of =(1- ;/)Hexp{(l— 7)J.r (K,ud) (as ) —%‘I’ (O‘S ) - K‘JdS}, (3.22)
for r<t,and D,o; =0 for r>t.
Proof. By Theorem 2.5, we have the result.
We will now prove the Malliavin differentiability of o,. To start with, we

prove some useful lemmas.

_r
Lemma 3.7. For ye(%,lj and a,b>0, let f(x):ax 1-y _E, then for
X

xeR, we have
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1
i ay(2y -1
f(x)<| —L 7(—72) . (3.23)
2b(1-y) 2(1-y)
Proof. By differentiating f’(x) we can easily have the result.

02
By Lemma 3.7, considering the case where a=xu and b :}/T, we have

for Xx>e,
1

2 2y-1 2y -1
' (%)~ 70w (x) < H uy (27 2) & (324)

2 0°(1-7) 2(1-7)

We have for X<e,
2 1 2 2

Kﬂqy(x)—%qﬂ(xpe wr {—%e o +f_LZJ (3.25)

so there exists a constant ¢, >0 such that for all e<g¢,,

62
' () =7~

for all xeR,. Note that & is independent of €. By this inequality, we have

2
W¥'(x)<0. Hence, for €<¢,, we have K;@'(X)—%‘P’(X)Sf,

the following result.

Lemma 3.8. We have forall te[0,T] and e<¢g,
Do | < (1-7)0exp{(1-y)(¢ - x)(t-T)}. (3.26)

Proof. When r>t, D,of =0 so the result follows. Moreover when r<t,

putting above results together, we obtain the result.
Putting the scenarios together, we can prove the following.
Theorem 3.2. o, belongsto D“* and we have

1 2
Dro-t = (1—}/)9€Xp{(1_7)j:[—%05 v +%—K‘]d5}, (3.27)

for r<t,and D,o,=0 for r>t.

Proof We have proved that of >0, in L*(Q) and of eD"2. Moreover,

2
by Lemma 3.8, we have SUpE["Do{ :|<oo. Here of converges to o, also

pointwise, we can conclude that D,y converges to

1 2

G (1— }/)HeXp{(l— 7)J:[—%GSH + % - KJdS} . Using the bounded

S

convergence theorem, we can have that D o converges to G in L° (QH).
Hence by Lemma 2.4, we can conclude that ¢, e D*? and D,0,=G.

Moreover we can prove the following Malliavin differentiability in more de-
tail.

Theorem 3.3. For all p>1, o, belongs to D", that is, o, belongs to
D",

Proof. We only have to prove that ||0't||5 , <. Wehave
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||at||ip = E[O'tp] + E[‘.[()T(D,O'l )2 dr

et

1 2
- T t xuy o, 70
= E|:Vt(l 7)p:|+ E J.U {(1—7)06Xp{(1—7)'[r(—go'sl 7 +27._2—KJdS}] dr

<E[v 7" ]+E| [ (1-r) O expf2(1-7)(£ - x)(t- r)}drg]

= E[Vt(l—r)p]i_[(l_?’)e (1_6)2)({;_253-)—}/)(5—’()1— })JZ exp{p(l—y)(C —K)t}.

Hence we can conclude that ||0'I ||1p p <.
By the chain rule, we can conclude that v, is also Malliavin differentiable.
Theorem 3.4. For all p>1, v, belongs to D"* and the Malliavin deriva-

tive is given by

02
o exp{(l_y) ([ _Kst}, 69

for r<t,and D,v,=0 for r>t.

Proof. Consider only the case where r <t. Similarly, we can easily prove the
1

case where I >t.We have shown that v, =0, and o, e D"*.ByLemma 2.5,

we have

1

il 92
Dv,=D,0;7 =0V} exp{(l—;f)f:(— (1?;/7)‘/ + 21/72(17” —K]dS}. (3.30)

Forall p=>1,using Young’s inequality and the fact v, € L*(Q) and o, eD"",

we can prove that v, belongsto D"”.Indeed, we have

P
||vt||1p'p = E[vtp]Jr E[UoT(D,Vt)Zdr 2}

e .
= [ j Elo;” _[0 (Do)’ dr|?

L
1-
2py
1 1 = 1y 2 |°
<E (Wj E| =0l +EIO(Dr0t) dr‘ 1 (3.31)
1

l T P
ool

4. CEV-Type Heston Model and Greeks

We will now consider the CEV-type Heston model and Greeks. Fournié et al.

introduced new numerical methods for calculating Greeks using Malliavin cal-
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culus for the first time in 1999 (see [1]). We call this methods Malliavin Monte-
Carlo methods. They focused on models with Lipschitz continuous coefficients,
and then a lot of researchers have considered Malliavin Monte-Carlo methods to
compute Greeks. However, lately, there is need to focus on models with non-
Lipschitz coefficients such as stochastic volatility models. In 2008, Alos and Ewald
proved that the Cox-Ingersoll-Ross model was Malliavin differentiable (see [7]).
We apply Malliavin calculus for calculating Greeks of the CEV-type Heston
model which is one of the important in business but mathematically complex
models. Basically, we consider the European option but we can easily extend this

result to other options.

4.1. Greeks

We introduce the concept of Greeks. For example, consider a European option
with payoff function ¢ depending on the final value of the underlying asset
S; where S, denotes a stochastic process expressing the asset and 7" denotes
the maturity of the option. The price V'is given by V = E[efrT¢(ST )] where r
is the risk-free rate. We can estimate this by Monte-Carlo simulations. Greeks
are derivatives of the option price V'with respect to the parameters of the model.
Greeks are the useful measure for the portfolio risk management by traders in
financial institutions. Most of financial institutions estimate Greeks by finite
difference methods. However, there are some demerits. For examples, the nu-
merical results depend on the approximation parameters and, in the case where
@ is not differentiable, this methods do not work well. In [1], Founié ef al. gave
the new methods to circumvent these problems. The idea is that we calculate

Greeks by multiplying the weight, so-called Malliavin weight, as following

%ix): E[e‘rT¢(ST)~(Weight)]. (4.1)

This methods are much useful since we do not require the differentiability of
the payoff function ¢. Instead, there is need to assume that the underlying as-
sert S, is Malliavin differentiable. From Theorem 2.2, we find that the solution
of the stochastic differential equation with Lipschitz continuous coefficients are
Malliavin differentiable. However, if a model under consideration becomes more
complex just like the CEV-type Heston model, we could not apply this Malliavin
methods. Through Section 4, we consider the Malliavin differentiability of the
CEV-type Heston model in order to give formulas for Greeks, in particular, Del-
ta and Rho. Here, Delta A and Rho p respectively measure the sensitivity of
the option price with respect to the initial price and the risk-free rate. In partic-
ular, A is one of the most important Greeks which also describes the replicat-

ing portfolio.

4.2. CEV-Type Heston Model

In [5], Heston supposed that the stock price S, follows the stochastic differen-

tial equation
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ds, = S, (rdt + \Jv,dB, ), (4.2)

where B, rand /v, respectively mean a Brownian motion , the risk-free rate
and the volatility. Moreover Heston assumed that the volatility process v, be-

comes a mean-reverting stochastic process of the form
dv, = k(- v, )dt + Ov W, (4.3)

where W,, x, x¥ and @ respetively mean a Brownian motion , the long-run
mean, the rate of mean reversion and the volatility of volatility. This model is
called the Cox-Ingersoll-Ross model. Here B, and W, are two correlated Brow-

nian motion s with

dBdW, = pdt, pe(-1,1), (4.4)

where p is the correlation coefficient between two Brownian motion s. More-
over we assume that the dynamics following stochastic differential Equations
(4.1), (4.2), and (4.3) are satisfied under the risk neutral measure. However even
the Heston model cannot grasp the fluctuation of the volatility accurately. In [6],
Andersen and Piterbarg extended the Heston model to the model of which dy-

namics follow

ds, =, (rdt+ /v, d8,), (4.5)
dv, = x(u—v,)dt + Ov7 dW,, )/e{%,l}, (4.6)
dB.dW, = pdt, pe(-1,1), (4.7)

with the initial conditions S;=X and v, =v. We call this model the CEV-type
Heston model. For the Equation (4.5) with y =1, the Malliavin differentiability

1
obviously follows by Theorem 2.2. In the case y =2 Alos and Ewald proved

the Malliavin differentiability in [7]. In Section 3, we have proved the Malliavin

differentiability in the case y e (%1) . Fron now on, we concentrate on y e (%1) .

In order to give the formulas for the CEV-type Heston model, we will now prove
the Malliavin differentiability of the model. Before considering the Malliavin
differentiability, we now prove that there is a following Brownian motion V\A/t
which will become useful later.

Lemma 4.1. There exists a Brownian motion W, independent of W, with

B, = pW, +/1— p°W, .

Proof. From the definition of W,, we have W, =

! -2 _w. At
J1-p* " \1-p
first we prove that W, is independent of W, . Since we easily have E [WtV\A/tJ =0,
so W, is independent of W,. Using Léby’s theorem, we conclude W, is a Brow-

nian motion. We can easily verify that W, is also martingale. Consider the qua-

dratic variation <V\7 >t of W, . Then we have
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~ 1 P
W) = B- W) =t 4.8
< >: <\/1_p2 \/1—/32 >t (4.8)

Hence by the Lévy’s theorem, W

t

Instead of the dynamics (4.5), (4.6) and (4.7), replacing B, by V\7t, then we

is a Brownian motion.

can consider the following
ds, =S[(rdt+\/v»t (paw, + - pzdwt)), (4.9)
dv, =x(u—v)dt+0vdW,, (4.10)

where W, and W, are independent. Note that we assume that S, and v, fol-

low the dynamics (4.7) and (4.8) under the risk neutral measure.

4.3. Arbitrage

Under the real measure, the CEV-type Heston model follows the following dy-

namics
ds, :St(udt+\/v>[(pdwl+ 1—p2dV\A/[)), 4.11)
dv, =x(u—v,)dt+Ov{dW,, (4.12)

where W, and W, are independent. Here u denotes the expected return of S,.
In business, u is assumed to equal to the risk free rate. In order to do this, we will
change the real measure Pto the measure Q called the risk-neutral measure. We
consider the arbitrage but this problem is complicated, since the volatility is not
tractable. However, we obtain the following theorem.

Theorem 4.1. The CEV-type Heston model following (4.9) and (4.10) is free

of arbitrage and there is a risk-neutral measure Q
ds, :St(rdt+\/7t(det+ 1—p2dvx7t)), (4.13)
dv, =k (u—v,)dt+6v/dW,. (4.14)

Proof. We consider the interval [0,T ]. First we solve the equation

u-r= \/vit\/l—pz Z + \/vath . In order to solve this, we put z?=0. From

. . u-r
Lemma 3.1, v, is positive a.s. so we have z; = \/—

1—,02\/17t

progressively measurable. Moreover, we can easily see that z' is locally

.Here z; is obviously

bounded and in L (Q). Let e(M), exp{MI —%(M >t} where M, = —I;z:dws.

It is well-known that if we can prove that ¢(M), is a martingale, then the mar-
ket is free of arbitrage and under the risk neutral measure Q with

Q(A)= Ep[e(M )T -lAJ,Ae F; . Note that W, is replaced by W, which is a
Brownian motion under Q. Here we must prove that forall t>0, E [G(M )J =1.
Fix t>0 and let 7, =inf {S >0; Ztl| > n} with inf {@}: w . Here 7* is
bounded, so we have <M o >I = J t(z1 )zds is bounded. From Novikov’s crite-

Ty A
o\ “sar,

ria, we have that e(M n )t is a uniformly integrable martingale for any t>0.
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Moreover, from the continuity of z' and Lemma 3.1, 7, increases to infinity.

n

Since ¢(M ), is positive a.s, €(M) -1, , convergesto ¢(M), as N— o0, and

then by using the monotone convergence theorem

E[e(M)]=lmE[e(M), -1, ] (4.15)

n—o

Here we have ¢(M) -1, = e(M nat )T ‘1., ,» o letting Q" be the meas-

n

dQ = e(M tatn ) , and then we have
p T

E[e(M),]=limE[e(M) ]-1,.,,

n—ow

=limE[e(M"7) |1, (4.16)

n—o

=limQ"(t<r,).

n—o

We must prove r!i_l:[)loQ"(tSZ'n):l. First we prove Q"(t<r7,)=P(t<7,).

ure satisfying

~ t
From Girsanov’s theorem, the processes W, + .[Ozi-l[h .q(s)ds and W, are

F. -Brownian motion s under the measure Q" . Note that W, is an F
-adapted Brownian motion under Q" for all n. We have known that under the

measure P, v, follows the equation
dv, =x(u—v)dt+6v] dW,. (4.17)

Integrals under P and Q" are the same, so Vv, also satisfies the above sto-
chastic differential equation under Q". From Lemma 3.1, the solution v, is
unique. Hence the distribution of v, under the measure Q" must be the same
as the distribution of v, under the measure 7, and then we can conclude that
the distribution 7, is the same under Pand Q", thatis, Q"(t<7,)=P(t<7,).
Since 7,, tends to @ ass,, lim P(t<r,)=1. Hence we can conclude E [e(M )J =1
and ¢(M), isamartingale. Then the market is free of arbitrage.

This theorem implies that the dynamics for the volatility process is preserved,
and the drift term of the underlying asset is changed from u to r. In the sequel,
we will consider the CEV-type Heston model under the risk-neutral measure

denoted by Pnot by Q.

4.4. Malliavin Differentiability of the CEV-Type Heston Model
(Logarithmic Price)

From now on, we denote by D and D two Malliavin derivatives with respect
to W, and W,, respectively. We now consider the logarithmic price X,logs,.
First, we will prove that X, is Malliavin differentiable. By Itd’s formula, we

have

dX, =(r—%jdt+\/vfdst, (4.18)

with X, =logx. Here \/V_t is neither differentiable at v, =0 in 0 nor Lip-
schitz continuous. Hence we will now approximate this stochastic differential
equation by one with Lipschitz continuous coefficients and prove the Malliavin
differentiability of X, . Let
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e —e“ +e (X<€),
X (6<X<lj
¢ (x)= ) (4.19)
1
e ¢ +£+1 (ES x}.
€ €

Here we can easily verify that ¢°(X) is bounded and continuously differentiable.

1 1
Moreover we can verify that both (¢E(X))E and (¢5(X))@ are Lipschitz

continuous. In Section 3, we have used the stochastic process o with Lipschitz
continuous coefficients, instead of v,. We will now prove the Malliavin diffe-
rentiability of the two stochastic processes o and the following approxima-
tion process X° of X with Lipschitz coefficients. Naturally, instead of X, , we

consider the following stochastic differential equation
1 1
X = (r S(# (@) Jdt #(¢(or)J 7 0By (420)

with Xg =logx.
Lemma 4.2. We have X — X, in L*(Q).

Proof From the inquality (a+b)’ < Z(a2 + bz) , we have
2

2 1t 2 L
i<t (o (o) [
, (4.21)
_1 1
+2 _[;{0':(17) ~(# (o-é))z(ly)Jst .
We have using Cauchy-Schwarz’s inequality and It6’s isometry,
2 1 1 2
EUX; - xﬂ < %E [olos =(#(o2)) 7| as
(4.22)
1 1 [?
+2E _[; ol —(¢6 (0"5))2(17’” ds |.

For the second term, since both o, and o} are positive a.s. and for a,b>0,
(a-b)’ s|a2 -b?

EUX{—Xtﬂg%E f;

, we have

2

ds

+2E{f; ds].

By the scenarios in Subsection 3.3 and Subsection 3.4, we have that for almost

(o)

1 1

o7 (¢ (et))

(4.23)

all @eQ there exists a positive constant ¢, (@) such that for all e<¢ (®),
e<of(w)=0,(w)<=.Forsuch ¢,let

7z =Iinf {tZO;O'{ =€ Or of =1} (4.24)
€
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with inf {&J} =0, then we have |G{ —O't|=0 for t<7. Hence we can have
1 —

(¢ (e ) ot

=0a.s., for t<7r.Andthen we canhave 7—>® as

1 1

S

=0as. forall t>0.Since ¢°(X)<X and

1

1
- — 1
oy <o, (¢f(of))l’7 -0l 7|< 2|o-l |§ Here o, is L’ -integrable for all

1 1

(9 (e)) 7 —ot

X{=X|—>0 in *(Q).

p>1 so we can conclude that for all p>1, =0 in L°(Q).

We have from Fubini’s theorem,

The following theorem implies that X, is Malliavin differentiable.

Theorem 4.2. X, belongs to D"* and the Malliavin derivatives are given

by
1 2y-1
DX, =- ! J.taﬂ%Dsasds+pof(lfy) + ! J.tasz(:*y)Duasst, (4.25)
207" 217
1
D,X, = 1-p?c’t7), (4.26)

for u<t,and D X,=D,X, =0 for u>t.

Proof. Since the coefficients of stochastic differential equations for o and
X; are Lipschitz continuous, we can use Theorem 2.2. At first, we can conclude
that of € D"* and the derivatives are given by

Doy =(1- 7)99XI0{(1— 7)f:(i<ﬂ<b’(a§ ) —%OZLP’(o;) - Kjds}’ (4.27)

D,ot =0, (4.28)

for u<t and D,of =D,of =0 for u>t.
Moreover we can also conclude that X e D"* and the derivatives are given

by the following

DX = _[:Du {r _%(¢E (O';))lldeS + p(¢E (o‘j))z(llﬂ)

[0 (o) e,

1 - . (4.29)
=— 2(1_ ) L (¢‘ (0';))177 D,oids + p(¢e (O_; ))2(177)
1 t 21
+mfu(¢ﬁ(0§))m-ﬂ D,o:dB,,

1

B, X; =1-p (¢ (o327, (4.30)

for u<t,and DX =D,X =0 for u>t.
We only consider the case u<t. First we consider the Malliavin derivative
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1 _1
D, X . By Lemma 4.2 and the proof, we have (qﬁ‘ (of ))w — o7 in P(OH)
1
and X¢—> X, in L (Q). Moreover, (¢‘(X))m is bounded, so we can use

1

2(1-7)

Lemma 2.4. Hence we can conclude [A)uXt =\1-p°c;""). We consider the

Malliavin derivative D, X, . For the first term, we need prove
t . R
[}(# ()7 Dotds - ['o "Dyoyds inL(Q:H). (4.31)
Here we have that

jt<¢‘ (o;f ))1’% D,o.ds - J.utat%yDucrt ds

u

Y

=II' (¢ (o2)) DUO'SE—O'S%DUGS ds

1 1
- I: ((155(1755))ﬁ D,o; —o-tl%’Duoj + O'FDUO' —oﬁ"DuquS (4.32)
t - Z r
<|[}| (¢ (e:)) 7 Doz ~at Do s+ [63 ‘D, -0l Duas]ds
<Jt (¢((GF))ﬁ—Uﬁ ds| sup [D,o%|+(t—u) sup |D,o% — Do, | su aﬁ
= Ju S t SE[UE] u-’s SE[UF,)I] u-’'s us SE[LP[] s .

This converges to 0 in  L* (Q) by the proof of Lemma 4.2, Lemma 3.8, Theo-

rem 3.2, and Lemma 3.1. Hence we can conclude

v N
J‘:(ﬁ(o-;))lfy Duas‘ds—>J‘:0'tl'7 D,o.ds in L*(€;H). For the second term, as
1 7

well as the case for D,X,, we can prove that p(¢5(05))2(1’7) — po?®) in

L2 (Q; H ) . For the third term, we will prove

271 2L
f: (¢‘ (0;))2(1*7) D,o:dB, > j: o27)D,ofdB, in L*(Q;H). We have from 1to’s
isometry,

2
2y-1 2y-1

[(#(c2))"" D,o:dB, - [ 077D, 0, 0B,

u

. 2y-1 2y-1 2y-1 2y-1 2
=], [(¢f(os))2“‘” D,0 ~o!7'Dyo1 |+ ol*7'D 0 - 57/ Dg, | ds
(4.33)

2 2
2y-1 2y-1 . 2y-1 2y-1
t — — -y
<2[ |(¢° (%)) Do 027D 05| ds+2[ |04 D,05 — 0l 7D, ds
t 1l 2 t 2 2z
€ € - 1- € & 1-
<2f (¢ (as))l 1 —ol dsiﬁﬁ] D,o;| +2[ |D,0! - Do, dsssgtjﬁ] ol |.
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This converges to 0 in L (Q) as well as the first term, so we can conclude
that
2y-1

[{(e (as))% D,o:dB, - [ 627)D,0tdB, inL*(QH). (4.34)

By Lemma 2.4, we have
1 271

1
* - 1 -
th—;/ DUO'SdS "rthZ(l ) +m.|‘: 0'52(1 ) DuO'SEdBS (4.35)

1 t
DX, =—
u’tt 2(1_7/)_'.”

Remark 2. For o, as well as Theorem 4.1, we can more easily prove
1 2
t\ kuy o, y0
D, =(1- 7)99XP{(1— 7)[{‘@% v +27‘52—K]ds}, (4.36)
D,o, =0, (4.37)

for u<t,and D,o,=D,05,=0 for U>t.

4.5. Malliavin Differentiability of the CEV-Type Heston Model
(Actual Price)

From now on, we will concentrate on the underlying asset S, and the volatility
|

In Subsection 4.4, we proved the Malliavin differentiability of the logarithmic
price X, and the transformed volatility o,. Here we can prove that both of the
underlying asset S, and the volatility v, are Malliavin differentiabile by the
chain rule.

Theorem 4.3. S, and v, belongto D“* and we have

1.t 1.0 -2
DS, =S, (_E [.Devids +pylv, +3 [.ve ZDt,deBS], (4.38)
D,S, = Siy1-p* vy, (4.39)
2
Dt'Vt = 9‘/:7 exp {(1 - },)J.:,[_fﬂvs-l + %V;Z(lﬁ) - KJ ds}, (4.40)
-7
D,v, =0, (4.41)

for t'<t,and D,S,=D,S, =D, =D, =0 for t'>t.
Proof. First we consider the Malliavin derivative for v,. By Lemma 2.5, we

have
o 1 i 1
D, =D,| a7 :1—011’7 D,o, =——V/ Do, (4.42)
v
DV, =——V/D,0,. (4.43)

We have by Theorem 4.2

v/ (1—7)6’exp{(1—7/) jtﬂ[_l’%gsl—r +7_2_,<st}
(4.44)

S
_ vy expl (L) [~y 200200 g
= Ov] exp4 ( 7/).[t' 1_}/"5 e K |ds¢,

1
D, = 1
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D.v, =0, (4.45)

for t'<t,and Dy, =D,v, =0 for t'>t. Next, we consider the Malliavin de-

rivative for S,. By Lemma 2.5, we have

D,S, = D,e* =e*'D, X, =S,D, X,, (4.46)
D,S, = SO, X,. (4.47)
Hence by Theorem 4.2, we have
¥ 1 1 2y-1
1 t
D,S, = I 0} Do, ds + pol™ 207) —L,Gsz(lfy)Dt,ogst
20-7) (4.48)
1.t 1.t —%
=S, _E-[" D,v ds + p/vy +§L'V5 D,v,dB; |,

DS, = Siy/1- pat“ = S1-p* I, (4.49)

for t'<t and D,S,=D,S, =0 for t'>t.

4.6. Delta and Rho

Using Theorem 2.4 and Theorem 4.4, we can calculate Greeks of S,. We now

consider the following stochastic differential equations
dS, = rS,dt + p/v, S, AW, + 1 - p /v, S,dW,, (4.50)
dv, =« (u—v,)dt+ 6] dW,. (4.51)

Rewrite the stochastic differential Equations (4.15) and (4.16) as the integral

form, and then we have
(S‘jz(x}rf( S stﬁé[\ﬂ 7S, P\/Tssj{dWJ (4.52)
12 Vo dw,

o\ w(u—vy) ov!
We now give the formula for Delta of this model.
Theorem 4.4. Consider the CEV-type Heston model following the dynamics
(4.15) and (4.16). We have for any funtion with polynomial growth ¢:R — R

(4.53)

1 A
A, =E|eTp(S T—dW .
S l: ( T)IO XT\/l_plevt t]
Proof Let Y be the diffusion matrix Y=(“1 7/ VVsSs - Vs SJ then

ov?
1 __r
1-42 S 1- %7
we can have the inverse Y= \/ 4 \/‘Z s \/ rvs . We can have from
0 1
ov!

the Itd’s formula

S, = xexp{ﬁ(r —%)ds + pf;\/ZdWS +4/1- p? j;\/ZdVVS}. (4.54)
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Hence we can directly calculate the first variation process Z, of ( tj as
V'[

o (s[>
Zt—( tj: X |. Then we can have
ox\ v, 0
Ny fs °
(ra) =2 (5 o) T

o ) 4
Xof1— p? \/VT .
1 4 .
By Lemma 3.2, we have —————¢e L' (Qx|0,T|). As with Theorem 4.3,
Y X ll_pz \/V_t ( [ ])

let dW, be the column with the form [gwt

t

~

j. Since S, and v, are Malliavin

differentiable we have from Theorem 2.4

As=E _e-fT¢(sT)Tl [[(xrz) dvvt}

et o

(4.56)

=E|e ™"

r ¢(3T)ﬂﬁdv@}.

Moreover we can calculate a Greek, Rho p .
Theorem 4.5. Consider the CEV-type Heston model following the dynamics
(4.15) and (4.16). Then for any ¢:R — R of polynomial growth, we have

ot

Proof. By the definition of p , we have

_ a -7 _ -7 =T 41 as
p=Lele ¢(sT)]_E[(—T)e #(S: ) +e ¢(ST)a_rT} (4.58)
S TS
and By as By _of>r [T = XTZ; . Here we have
or or or\v 0

%ST ;[xexp{j (r——jds+pj Jvsdw, +\/l—pj N H=T-ST-(4.59)

By the above formula, we have

p=E[(-T)eg(S,)+e g (5 )xTZ,

[“ {0 - H
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5. Conclusions

From Sections 3 and 4, it is proved by using unique transformation and ap-
proximation that we can apply Malliavin calculus to the CEV model and the
CEV-type Heston model both of which have non-Lipschitz coefficients in their
processes. Then we can provide the formulas to calculate important Greeks as
Delta and Rho of these models and contribute to finance, in particular for trad-
ers in financial institutions to measure market risks and hedge their portfolios in
terms of Delta Hedge.

In the future, it will be required how to calculate the Vega, one of the most
important Greeks, for general stochastic volatility models including the CEV-type
Heston model. Vega is the sensitivity for volatility but it is difficult to measure
Vega for the stochastic volatility models since the volatility is also stochastic
process. After the financial crisis, the necessity to grasp the behavior of volatility
is increasing. We believe that we can calculate the vega of some important sto-
chastic volatility models such as the Heston model or the CEV-type Heston

model by using our results in Sections 3 and 4.
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