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Abstract

In this paper, the optimal investment strategy for a defined contribution (DC)
pension scheme was modeled with the assumption that the fund is invested
partly in riskless assets and partly in risky assets. The market has a constant
interest rate, a stochastic volatility that follows the Heston model, the salary is
assumed constant over the entire career of the Pension Plan Participant (PPP)
and the contribution is a constant proportion of the salary. The CRRA utility
function was utilized to obtain a Hamilton-Jacobi-Bellman (HJB) equation.
The resulting HJB equation was solved using the Prandtl Asymptotic Match-
ing Method following the works in the literature.
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1. Introduction

The defined contribution (DC) model is a pension model that has predeter-
mined contribution from the Pension Plan Participant (PPP) and the benefit to
the PPP depends on the return on investment of the pension assets. The DC plan
is fully funded, privately managed, and there is a third party management of the
funds and assets. In this paper, the optimal investment strategies derived with
Constant Relative Risk Aversion (CRRA) utility function was considered, vola-

tility was assumed to follow the Heston model with constant interest rate, while
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salary is stochastic. The PPP in the DC pension plan seeks to maximize certain
utility function based on his attitude to risk. The most commonly used utility
functions are constant relative risk aversion (CRRA), that is, the power or loga-
rithmic utility function, constant absolute risk aversion (CARA), that is, the ex-
ponential utility function and hyperbolic absolute risk aversion (HARA) which
is a combo utility function since under different assumptions it can transform to

the other types. In this work, the CRRA utility function was used.

2. Theoretical Background

It is a well known fact that the conditional variance of asset returns, especially
stock market returns, is not constant over time [1] [2]. Stock return volatility is
serially correlated, and shocks to volatility are negatively correlated with unex-
pected stock returns. Changes in volatility are persistent [3] [4]. Large negative
stock returns tend to be associated with increases in volatility that persist over
long periods of time. Stock return volatility appears to be correlated across mar-
kets over the world [5].

The groundbreaking papers by Merton [6] opened the floodgates of research
on continuous-time portfolio optimization with a constant investment scenario,
others have looked at different stochastic scenarios such as stochastic interest
rates or stochastic volatility. The investment-consumption problems with the
Heston model was considered by [7].

In [8] and [9] optimal control of a defined contribution pension plan where
the guarantee depends on the level of interest rates at the fixed retirement date
were considered. [10] measured the effect of a minimum interest rate guarantee
constraint through the wealth equivalent in case of no constraints and show
numerically the guarantees may induce a significant utility loss for relative risk
tolerant investors. [11] the most widely used utility function exhibits constant
relative risk aversion (CRRA), that is, the power or logarithmic utility function
[12] [13] [14] and [15].

3. The Model

It is assumed that a PPP who is seeking to maximize the expected utility of his
terminal wealth invests in a market made up of risk-free assets and a risky assets.
The risky asset is volatile with which can indeed represent the index of the stock

market. The dynamics of the underlying assets is given by

dB (¢
& = rdt (1)
B(1)

for the riskless asset and
ds(z
a8 _ dt +\Vdw (1) 2)
S(1)

for the risky asset Where ris a constant risk free interest rate, () is the ex-

pected growth rate of the risky asset, JV s the volatility of stock with respect

DOI: 10.4236/jmf.2018.84039

614 Journal of Mathematical Finance


https://doi.org/10.4236/jmf.2018.84039

C. U. Okonkwo et al.

to the market forces.

The salary process L(t) is assumed to be constant over the entire working
career of the PPP. Let ¢(r) be the contribution rate of the PPP at time £ then
the contribution process y satisfy

w(t)=c(t)L(t)dst (3)

Let X (¢,V) be the wealth process of a PPP at time £ We assume that the
fund administrator invests the contribution in 7 riskless assets and 7 risky assets,

then we have the dynamics of the wealth process as

ax (1) :—"zlzt()t ) +—”§‘Et()t) (1) @

substituting (1), (2), and (3) in (4) we have

AX = (X =) rdt + 7 (ude + VAW (£))+ (1) L (1) de (5)
simplifying, we have
dx :(cL(t)+7r(,u—r)+Xr)dt+ﬂx/VdW(t)
dividing through by X we have

%=(00+H(—r+y)+r)dt+H\/;dW(t) (6)

where (L(#, V))/X= G@and 7/ X =II. in addition V() satisfies the Heston model
AV, =k(0-V)de+ESV AW (1) (7)

where:

0 is the long variance at ¢ — oo,

k is the rate at which V, reverts to 0, & Is the volatility of volatility and
determines the variance of V.

If 2k6>¢&* then, V, is strictly positive and is said to satisfy the Feller con-

dition.

W, and W, are correlated with correlation coefficient p.

4. The Optimal Control and Value Function
4.1. The Admissible Portfolio Strategy

The investor will choose the optimal investment and optimal contribution rate
that will maximize the expected utility of terminal wealth of the operation. For
an arbitrary admissible strategy f(.)= {H(t,v),c(t,v):tzO}. The objective
function G(.) follows:

G(xvu)=E[F(T,Xv)|X(t)=xV(t)=v]
For admissible portfolio strategy in stocks I1(z,V),r€[0,7]: we have
T
E[ TH(6,V)TI(1,V)dt <o

For admissible contribution rate strategy c(z,V),7€[0,T], we have
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Definition. A strategy f(.)={TI(,v),c(t,v):t=0} which is progressively
measurable with respect to {W(t) s=t
strategy.

Let the collection of all admissible strategies be denoted by A. It then follows
that the set A can be defined as follows:

A=f(V)={((tV),C(V))eR" xR}

, ’ , (8)
E[ TI(t,V)I1(1,V)dt <o E[ c(t,V) dt <o
4.2. The Value Function
Let the value function be defined as
—pt oy 1—- Py
max E| €€ C'"7dt . (I-a)ae ©)
e I-y I-y

X, isthe value at time 7'of a trading strategy that finances {C, }trzo .

y is the risk aversion coefficients.

p is the subjective discount rate.

a determines the relative importance of the intermediate consumption when
a =0, expected utility only depends on the terminal wealth.

The problem confronting the PPP at time ¢is to select the portfolio weights

and contribution rate processes {H(t,v),c(t,v)} that maximize the expected

tsT
utility of terminal wealth of the investor subject to:

%:(c@+H(—r+,u)+r)dt+Hx/VdW(t)
AV, =k(0-V,)dt +&Jv,am;

We now consider an investor that chooses power utility function. By applying
stochastic dynamic programming approach and Ito Lemma our Hamilton-Jacobi-
Bellman equation characterized by the optimal solutions to the problem of the
investor becomes [5]

62
ox?

0 H(t,X,V)+%X2H2x/7\/7

< H(LILY
po (£.1LV)

+ X (T (=r+p) + r)aiXH(t,X,V)+ caiXH(t,X,V)
(10)

H(t,X,V)

o’ 1, =2 0
+ XTIV pEV ——H (6, X,V ) +=EV
pe oxov ( ) 25 or?

—pt -y
k(-1 L (e x )+ 2
ov -y
With boundary condition
X

H (1 XV)=(1-a)

H is conjectured to have a solution of the form
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1=y
H(t,X,V)=e" f(_—y[F(X,r)]’
2 2

where QH(t,X,V),iH(t,X,V),a—zH(t,X,V) and
ot oX oxX

7 H(t,X,V) are
the partial derivatives with respect to £ Xand V.
With the above assumptions and the fact that contribution cannot be negative,

then the optimal values of the portfolio weight and contributions are:

0
— Vpgwa(t,V)—F(t,V)(r—,u)

VyF(t,V) =
and
" Xa;
¢ CF(LY) (12)

Substituting the derivatives as well as the optimal values in (10) resultsin the
HJB Equation (7)

2

0 0 0
_ap(t,V)Jr SIVWF(z,V)+(92V+ SS)WF(z,V)

0 (13)

2
V| —F(tV i
ol f

£ +(SV +9)F(tV)+a” =0

with boundary conditions

F(0.7)=(1-a)

5. Solving the PDE

The HJB PDE so derived has no closed form solution, this is mainly as a result of
1 2
> F,

the presence the non homogeneous terms «’”F;,, and 7'/ in (13).

A closed-form approximate solution for the PDE was derived by Zhang and
Ge [7]. This they did by using the Prandtl’s assymptotic matching method. the

1
trick is, first remove the constant term «” solve the resulting PDE and call the
solution F,.Thus F satisfy the PDE

2

0 0 0
_EF(Z‘,V)+191VWF(I,V)+(V192 +193)5F(l‘,V)

94V(6F(I,V)j (4
oV

F(1,V)

+(V8+8,)F(1.V)=0

The second step is to remove the two non linear terms while retaining the non
homogeneous term, solve the resulting PDE and call the solution F,, thus F,
satisfy the PDE

_gF(z,V)+(V92+33)8%F(t,v)+(ms+96)F(t,v)+af1:o (15)
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The third step is to factor out the common termsin F; and F, and call that
F, . The solution of the original HJB equation will then be given by
F=F(,V)+F(,V)-F(t,V) (16)

Following [5] and [16], F, is

F(tV)=(1-a) eV )
where
v _{(I_O{Y1 G +¢, a,#0
1= -1
(l_a)7 G+¢y a,=0
and
e ) o
2 Hm-———— |t ®>0
’ % |(D| a,
a ln(;azt—lj
L I D=0 q,
a7
a 1 Sin(; V_(Dl‘)az
~ S n||-cos| =t [+ —2 7 . ® <0
a, cos(2 J-i— = m -
1 Alv =1 1
= _54:2512 :M_ka3 = Oka, 2552 (_pz +1)(}/—1)a5
1(1_7/)’42 B (l—y)r
_E 2 ag=——+=
Y v V4
with
oot @ (Tb ()T (o (7)e))
1= , &, = ’

a, (b, (7))" ")

P L e O G R Y

b0
F, is given by
o (l—oz)yi1 v+a’ v, a,#0 (18)
’ (l—a)w v+a’ v, a,=0

where

_ eazblt+b2(V)e“2’—1

1y 5 = >
| v, a (_bz (V))bl e1;2(1/)
Aot R | Vr(erfi(byt+b, (V) -erfi(b, (V)
? ! 2 b3e(b4(V))2
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F, then becomes

(=a)” a4

5

a,#0
F= a, (e -1) ? (19)

(l—a)yil ezb3b4(V)t+b32t2 a,=0

with
a,a, —a.a a,a. —a,a
b1=26235,b2(V)=25235,
a a

\/E(aSV+a6)m g _l%

V2 1
b =—/a,a and b B
3 b \ 43ds 4 5 (—a3a5 6 5 a

The derivatives are given by

EV (t,V) = (1 _a)y" el//[(l‘)VHl/z(t)(//l (l‘) o0
with
a5eazb't+b2(v)(eazq) as (F (b1 > 1) -T (bl ,e™ )) b,
m= ayt > T = 2 b by(v) 1+b R
a, (e —1) a, (—b2 (v)) e ) (v)
;= e2b3b4(V)t+b32t2 and 7, = a3_1 " \/;b4 (V)(e}/fi(b3t + b4 (‘2})) —e}/fi(b4 (V)))
a.e)
3
O L
(I-a) m-a"n, a#0
F2V = . ! } 2 2 o
(1—a) ny+a’ ', a,=0
(1 — a)f] s (e(azt) - 1)ea2blt+b2(v)(eu2t71)02
a,#0
i a, (e -1) (22)
(1 _a)}/*l 62b3b4(V)t+b32t2 . )
TN e X e B
* F r — #
el Nz (24)
F Vy
and
1
o X' -
F +F,~F,
H*ngFiV‘FFZV_F}V_r—/u o6

h+b-F Ty

6. Optimal Investment Policy

Proposition 1. The optimal stock investment policy with the portfolio weight IT
is given as (17), (18) and (19)
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. F +F, —-F, _
M=pet"2 % /2 (27)
F+F-F Ty

Proposition 2. The optimal contribution rate of a PPP strategy is
1
* Xa’
c a

S (28)
h+b-F

with Fand F, given by (17), (18), (19), (20), (21), and (22)

From proposition (1) and (2) it follows that for optimality of the stock in-
vestment and contribution to exist, the following must hold:

1) F+F,#F, 2) y#0. In addition, for IT" to be positive, then, p,&
and F;, +F, —F, mustnotbeO,else u>r.

Vv Vv Vv

The 3D plot for the optimal contribution and optimal stock allocations are
given in Figure 1(a) and Figure 1(b) respectively using the following parame-
ters; a=0,

A4=05,8=1y=05¢=0.5,p=-054k=10,r=0.05,0 =0.05

Figure 1. (a) Optimal contribution; (b) Optimal stock allocation.
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7. Conclusion

This paper considered the optimal investment problem for a pension plan par-
ticipants in a defined contribution (DC) plan. It was assumed that the interest
rate and salary are constant over time and stock price follows a Heston volatility
model. The HJB equation was obtained and solved assuming that the CRRA util-
ity function and following the works of [5] and [16].
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