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Abstract 
This paper mainly discusses the pricing of credit default swap (CDS) in the fractional dimension 
environment. We assume that the default intensity of a firm depends on the default states of coun- 
terparty firms and the term structure of interest rates, but the contagious impact of the counter-
party firm is decreasing over time, until disappears. The interest rate risk is reflected by the frac-
tional Vasicek interest rate model. We model the firm’s default intensity in the looping default 
framework and derive the pricing formulas of risky bonds and credit default swap. 
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1. Introduction 
Credit default swap was one of the most important derivatives in the financial market, which was created by JP 
Morgan in 1995 to manage credit risk. Credit default swap (CDS) is a kind of bilateral agreements. Because it 
was easy to implement standardization which was firstly founded by the ISDA (the international swaps and 
derivatives association) in 1998, the credit default swap market had the rapid expansion. However, some con- 
cealed contradictions exposed gradually, such as the United States subprime crisis and the European sovereign 
debt crisis. They make people realize that credit derivatives bring convenience and contain huge risk at the same 
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time, especially contagious risk. Therefore, the pricing problem of credit default swap became a hot research 
topic in recent years. 

Until now, there have been mainly two basic CDS’s pricing models: the structural model and the reduced- 
form model. Structured model was firstly built by [1] based on the basis of Black-Scholes option pricing theory. 
In this model, the firm’s default is governed by the value of its assets and debts. However, the information of the 
firm’s assets is usually unknown while the default in the reduced-form model is governed by the exogenous 
factor. The information of the firm’s assets is usually unknown and the problem of the valuation of credit de- 
rivatives involving the jump-diffusion process is still difficult to get explicit results in the event of defaulting 
before the maturity date in the structural model. Therefore, comparing with the structural approach, the reduced- 
form approach is more flexible and tractable in the real market. In this paper, we will price the bonds and CDS 
in the reduced-form models. 

Reduced model contains intensity model and non-intensity model. The intensity model was pioneered by by 
[2] and [3]. They introduced exogenous mechanism to describe the firm’s default. Their models considered the 
default as a random event which was controlled by an exogenous intensity process. With the more aggregate 
credit risk in the modern financial markets, we have recognized that the defaults of many firms have direct 
linkage. Thereby the valuation of credit securities with contagious risk has aroused a lot of authors’ interests. 

[4] firstly proposed the model of credit contagion to account for concentration risk in large portfolios of 
defaultable securities (DL Model). Later, motivated by a series of events such as the South Korean banking 
crisis, Long Term Capital Management’s potential default and so on, [5] thought the traditionally structural and 
reduced-form models were full of problems because they all ignored the firm’s specific source of credit risk. 
They generalized the Davis’s contagion model and introduced the concept of counterparty risk which was from 
the default of firm’s counterparties. [6] gave the analytic expression of CDS premium by using the change of 
measure introduced in [7]. Because it was impossible to assume that the impact of one firm’s default to another 
firm’ default kept constant all the time, [8] introduced a hyperbolic function to reflect the attenuation effect and 
generalized the model in [6]. 

Recently, [9] and [10] considered the jump-diffusion risk of the interest rate and discussed the pricing problem 
of CDS in the contagious model. In fact, the interest rates in the real financial market show the properties of 
self-similarity and long-range dependence. However, the interest rates in above papers are all driven by standard 
Brownian motion which dose not reflect these properties. Therefore, [11] used the fractional Brownian Motion 
to describe the interest rate and studied the pricing of the bond and CDS with the contagious risk under the 
fractional Vasicek interest rate model. But they did not consider the case that the contagious effect decreased 
with time. Based on the previous studies, this paper will establish the attenuation model of the contagious risk 
and deduce the pricing formula of credit default swap in the fractional dimension environment. 

2. Preliminaries  
As the fractional Brownian motion has the properties of self-similarity and long-range dependence and many 
phenomena in financial market show these properties in some certain, the fractional Brownian motion becomes 
a very suitable tool in different applications such as mathematical finance. The fractal Brownian motion was 
introduced by Kolmogorov in Hilbert space. This paper also consider the Hurst index ( )1 2,1H ∈ . We will 
give the following definitions and theorems without the proofs. The details can be found in [12]. 

Definition 1. Let :f →   be measurable. Then ( )2f Lφ∈   if 

( ) ( ) ( )2 , d d ,f f s f t s t s t
φ

φ= < ∞∫ ∫ 
 

where ( ) ( ) 2 2, 2 1 Hs t H H t sφ −= − − , , t s∀ ∈ .  

Definition 2. (Fractional Brownian motion) Let ( ), , PΩ   be the filtered probability space satisfying the 

usual conditions. ( )0,1H ∈  is a constant. The fractional Brownian motion with Hurst index H is a continuous 

Gauss process ( ){ } ( ){ }: 0 , : 0,H H HB B t t B t tω ω= ≥ = ≥ ∈Ω , which satisfies  

1) ( ) ( )( ) ( )0 0, 0H HB E B t t= = > ;  

2) ( ) ( ) ( )22 21
2

HH H
H HE B t B s t s t s= − − −   . 
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Definition 3. (Quasi-conditional expectation) Let ( ) *
0 dn

n
n HnG g s B G∞ ⊗

=
= ∈∑ ∫



, *G  is the random 
distribution space with inductive topology, then the quasi-conditional expectation of G with respect to 

( )( ), 0H
t HB t s tσ= ≤ ≤  is defined by  

[ ] ( ) { }0
0

: | 1 d ,n
H n

t t n Hs t
n

E G E G g s B
∞

⊗
≤ ≤

=

 = =  ∑∫                          (1) 

where { }0

1 0
1 1 0

0 others
s t

s t
t s≤ ≤

≤ ≤
= − ≤ ≤



. For simplicity, we denote it as [ ]0, tχ .  

Definition 4. (Quasi-martingale) Suppose that ( ){ } 0t
M t

≥
 is an adapted stochastic process with respect to 

H
t . If ( ) *, t s M t G∀ ≥ ∈ , ( ) ( ) ,sE M t M s=    then we say that ( ){ } 0

, 
t

M t ω
≥

 is a quasi-martingale.  

From the above definitions, it is easy to prove the following theorems:  
Theorem 1. ([12])  
1) HB  is a quasi-martingale;  

2) Let ( )2f Lφ∈  , then ( ) ( ) ( ) ( ) { }
2

00

1: exp d
2

t
H s tt f s B s f s

φ
ε χ ≤ ≤

 = − 
 ∫  is a quasi-martingale;  

3) Let ( )1, 2f Lφ∈  , then ( ) ( ) ( )
0

, d
t

HX t f s B sω= ∫  is a quasi-martingale.  

The interest rate has an important influence on pricing credit derivatives, especially after the fixed interest rate 
is replaced by the floating interest rate, the impact will be more important. From the point of time, the interest 
rate also has the characteristics of the fractional Brownian motion. Therefore, [13] used the fractional Brownian 
motion to describe the interest rate process which was the fractional Vasicek interest rate model and priced the 
European option. In this paper, we also consider the Vasicek interest rate model:  

( ) ( )d d d ,s s Hr a b r s B sσ= − +                                 (2) 

where ( ){ }: 0HB s s ≥  is the fractional Brownian motion which describes the market risk, σ  is the standard 
deviation which represents the stochastic volatility, parameter b is the long-term average of interest rate, a 
represents the speed of recovery that tr  returns to b from the deviation value of the long-term average. The 
interest rate has the following explicit solution:  

( ) ( )0 0
e e e d ,

sas as at
s Hr b r b B tσ− −= + − + ∫                             (3) 

where 0r  is the interest rate value at time 0. ( )
0
e d

s at
HB t∫  follows the normal probability distribution with 

mean 0 and the variance { }
2

0e 1at
t s φ≤ ≤ . Thus, sr  is the normal stochastic variable with mean ( )0 e asb r b −+ −  

and the variance { }
22 2

0e e 1as at
t s φ

σ −
≤ ≤ . 

To make the formula simple, we suppose that the face value of bond is 1 dollar. The default-free bond’s price 
was obtained in [13] as following:  

Theorem 2. ([13]) Let ( ), P t T  is the time-t value of the default-free bond with the maturity date T. The 
interest rate is derived by the fractional Brownian motion as  

( ) ( )d d d .t t Hr a b r t B tσ= − +                                 (4) 

where a, b and σ  are constant, ( ){ }: 0HB t t >  is Standard Brownian motion, the price of market risk is λ , 
then  

( ) ( ) ( ), , , e ,tr B t T A t TP t T − +=                                   (5) 

where  

( ) ( ) ( ) ( ) ( )2 12 2, , , d ,
T H

t
A t T b B t T b T t H s B s T s

a a
λ λσ σ σ −   = − − − − +   

    ∫  



W. J. Gu et al. 
 

 
250 

( ) ( )( )1, 1 e .a T tB t T
a

− −= −
 

The above conclusions were all obtained by using the classical theory of the fractional Brownian motion in ref. 
[14] and [15]. 

3. Attenuation Model of Bonds’ Pricing in Looping Default Framework  

Suppose that { }
*

0
, , ,

TH
t t

P
=

 Ω 
 
   is a filtered probability space satisfying the usual conditions, where 

*T
=   ( *T  is large enough but finite) and ( ){ }: 0H HB B t t= ≥  is the fractional Brownian motion on 

( ), , PΩ  . H
t  is the σ -field that generated by ( )HB t  and P is an equivalent Quasi-martingale measure on 

{ }
*

0
, , ,

TH
t t

P
=

 Ω 
 
  . There is a  -valued process { }*, 0sX X s T= ≤ ≤  where X represents the economy- 

wide state variable. Denote ( ): 0X
t sX s tσ= ≤ ≤  and ( ): 0i i

t s s tσ ξ= ≤ ≤ , where { }
0

i i
s s

ξ ξ
≥

=  repre- 

sents the default process of company i. When iξ  first jumps from 0 to 1, we call the company i defaults and 

denote iτ  be the default time of company i. Thus, { }1 i
i
t tτ
ξ

≤
=  where {}1 ⋅  is the indicator function. 

As { }H
t  is generated by the economic state variables tX  and the default process of m firms  

1 ,H X m
t t t t= ∨ ∨ ∨                                   (6) 

where ( ), 0X
t sX s tσ= ≤ ≤  and ( ), 0i i

t s s tσ ξ= ≤ ≤  are generated by tX  and i
tξ  respectively. 

Denote  
1 1 1 ,i i i m

t t t t t
− − += ∨ ∨ ∨ ∨ ∨                                (7) 

* * .i i X i
t t T T

−= ∨ ∨                                      (8) 

This paper consider that the interest rate is the only state variable and i
tλ  is the default intensity of i

tξ  that 

adapted to 0
iG , where 

0
d

t i
s sλ < ∞∫ . The default times of company i can be defined as 

{ }0
inf : d

ti i i
st s Eτ λ= ≥∫                                 (9) 

where iE  is the unit exponential random variable. The conditional and unconditional default probability 
distributions of company i is given respectively by  

( ) ( ) *
0 0

| exp d , 0,
ti i i

sP s s t Tτ λ  > = − ∈  ∫                        (10) 

and  

( ) ( ) *
0

exp d , 0,
ti i

sP s E s t Tτ λ   > = − ∈    ∫                        (11) 

In the following, we consider the simple case with two firms: firm A and firm B. Their defaults are mutually 
influenced and both correlated with the market interest rate. We assume that their default intensity satisfy the 
below relations respectively:  

{ } ( )

{ } ( )

2
0 1

3

2
0 1

3

1
1

1 ,
1

B

A

A
t t Bt

B
t t At

aa a r
a t

bb b r
b t

τ

τ

λ
τ

λ
τ

≤

≤

= + +
− +

= + +
− +

                          (12) 

where 0 1 3 0 1 3, , , , , 0a a a b b b > , 2 2,a b  are real, and 0 1 2 0a a a+ + > , 0 1 2 0b b b+ + > . 
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We will give the defaultable bond’s price without the proof (see [5]). Let A B r H
t t t t∨ ∨ =      

Lemma 1. ([5]) Suppose that the bond issued by firm i has the maturity date T and the recovery rate β . Let 
the default time be iτ , the default intensity be i

tλ  and the interest rate be tr , then  

( ) { } { }
d, e 1 1 .

T
st

i i
r si i

t T T
V t T E

τ τ
β−

≤ >

∫  = +    
                        (13) 

Now, we calculate the conditionally marginal distributions of default time Aτ  and Bτ  in [0, T] before 
deriving the prices of bonds. To avoid the looping influences, we firstly apply the change of measure to get the 
joint conditional distributions of Aτ  and Bτ . We define two firm-specific probability measures ( ),iP i A B=  
by  

{ } ( )0

d 1 exp d .
d i

i t Ti i
t t st T

PZ s
P τ

λ
∧

> ∧
= = ∫                           (14) 

Under the new measure ( )A BP P , the intensity 0 1
B
t tb b rλ = +  ( 0 1

A
t ta a rλ = + ) for ( )A Bt tτ τ> > . 

Thus, the default model can be simplified and the calculation of the default probabilities and bonds’ prices 
will be relatively easy.  

Theorem 3. Let Aτ  and Bτ  be the default times of firm A and B. Assume the interest rate tr  follows the 
Vasicek interest rate model (2) and the default intensities A

tλ , B
tλ  satisfy attenuation model (12). If no  

defaults occur up to time t, then the joint conditional distribution of Aτ  and Bτ  on [ ] [ ]0, 0,T T×  is given by 
the following,when 1 2t t t T≤ ≤ ≤ , then  

( )
( ) ( ) ( ) ( ) ( )

( ) ( ) ( )( ) ( )

( )

*

20 2 1 , 0 2 1 1 , 0 1 1 , 0 2 1 ,2 1 2 1 2

1

1 , 1 , 1 ,0 2 0 2 1 0 22 1 2 2

20 2 0

1

1 2

2 1

2 1

, |

e e 1 e d e

e e 1 e e

e e

t t t t t s t t

t t t t t t

A B H r
t T

tb t t b R a t t a R a s t a R a t t a RB B
t

b R a R b Rb t t a t t b t tB

tb t t a sB
t

P t t F F

C t t C s

C t t

C

τ τ

− − − − − − − − − − − −

− − −− − − − − −

− − −

> > ∨

 = − + − + − +  

= − + − +

−

∫

∫ ( ) ( )( ) ( )1 , 1 , 1 1 ,0 0 21 2 1 2e d e et t t s t tb R a R a b Ra b t tt s− − − +− + −− +

       (15) 

when 2 1t t t≤ ≤ ≤ , and  

( )
( ) ( ) ( )( ) ( )

( ) ( ) ( )( ) ( )

*

1 , 1 , 1 ,0 1 0 1 2 0 11 2 1 1

1 1 , 1 , 1 1 ,0 0 10 1 0 2 1 2 2

2

1 2

1 2

)

, |

e e 1 e e

e e e d e e

t t t t t t

t t t s t t

A B H r
t T

a R b R a Ra t t b t t a t tA

t a R b R a b Ra b t ta t t b s tA
t

P t t F F

C t t

C s

τ τ
− − −− − − − − −

− − − +− + −− − − −

> > ∨

= − + − +

− +∫

              (16) 

The proof can be found in the Appendix. 
Corollary 1. Let Aτ  and Bτ  be the default times of firm A and B. Suppose that the default intensities A

tλ  

and B
tλ  satisfy attenuation model (12). If no defaults occur up to time t, then the conditionally marginal dis- 

tributions of Aτ  and Bτ  on [ ]0,T  are given by  

( )
( )( ) ( ) ( ) ( )

*

11 , 1 , 1 ,0 1 0 1 01 1

1

1

|

1 e e e e e dt t t t t s

A H r
t T

ta R a R b Ra t t a t t b s tA A
t

P t F F

C t t C s

τ
− − −− − − − − −

> ∨

= − + − ∫
            (17) 

( )
( )( ) ( ) ( ) ( )

*

2 1 , 1 ,1 ,0 2 0 2 0 2

2

2

|

1 e e e e e dt t t st t

B H r
t T

t b R a Rb Rb t t b t t a s tB B
t

P t F F

C t t C s

τ
− −−− − − − − −

> ∨

= − + − ∫
            (18) 

Proof. We can obtain the corollary from Theorem 3, so omit the process. 
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Now, we apply the above results to price the bonds issued by firm A and B in the looping default framework. 
We firstly give the other form of pricing formula for the bond. Later, we will price the bonds based on this 
formula.  

Lemma 2. ([5]) The defaultable bond price can also be expressed as  

( ) ( ) { } ( ) ( )( ), , 1 1 exp d , .i

Ti i i i
t s st t

V t T P t T E r s t T
τ

β β λ
>

 = + − ⋅ − + ≤  ∫             (19) 

In this paper, we will not consider the risk from the recovery rate. Therefore, without loss of generality, we 
suppose that the recovery rates 0A Bβ β= =  and the face value of bond ( ) 1, ,i i n=   is 1 dollar.  

Theorem 4. Assume the interest rate tr  follows the Vasicek interest rate model (2) and the default in- 
tensities A

tλ , B
tλ  satisfy attenuation model (12). If no defaults occur up to time t, then the time-t prices of 

bonds issued by firm A, B with the same maturity date T are respectively given by 

( ) ( ) ( ) ( )1 2 3, , , , ,A A A AV t T V t T V t T V t T= + +                          (20) 

( ) ( ) ( ) ( )1 2 3, , , , ,B B B BV t T V t T V t T V t T= + +                          (21) 

where 

( ) ( )( ) ( ) ( ) ( )

( ) [ ] ( ) [ ]

0 11 ,
1

2 2

1 10, 0,

, 1 e

1 1exp 1 , , 1 1 , , 1 ,
2 2

a T t a h t TA A

T t

V t T C T t

f a T u f a t u
φ φ

− − − += − +

 ⋅ + − +  

 

( ) ( ) ( ) ( ) ( )( )
( )( ) [ ] ( )( ) [ ]

( ) ( ) [ ] ( ) [ ]

0 0 1 01 ,
2

2 2

1 10, 0,

2 2

1 1 10, 0,

, e 1 e

1 1exp 1 , , 1 1 , , 1
2 2

1 1, , , 1 , , 1 d
2 2

Ta T t b t a h t T b sA A B
t

T t

s t

V t T C C s t

f a T u f b t u

b h t s f b s u f b t u s

φ φ

φ φ

− − + − + −= − − +

⋅ + − +
− + − 

∫

 

( ) ( ) ( ) ( ) ( ) ( ) [ ]

( ) [ ] ( ) ( ) [ ] ( ) [ ]

( ) ( ) [ ] ( ) [ ]

0 0 0 1 0 0
21 ,

3 1 0,

2 2 2

1 1 1 10, 0, 0,

2 2

1 1 10, 0,

1, e e exp 1 , , 1
2

1 1 11 , , 1 , , , 1 , , 1
2 2 2

1 1, , , , , 1 d d
2 2

T sa T t a b t a h t T b s a vA A B
Tt t

t s t

v t

V t T C C f a T u

f a t u b h t s f b s u f b t u

a h t v f a v u f a t u v s

φ

φ φ φ

φ φ
χ

− − + + − + − − = +

− + − + −

− + − 

∫ ∫

 

( ) ( )( ) ( ) ( ) ( ) ( ) [ ] ( ) [ ]
0 1

2 21 ,
1 1 10, 0,

1 1, 1 e exp 1 , , 1 1 , , 1 ,
2 2

b T t b h t TB B
T tV t T C T t f b T u f b t u

φ φ

− − − +  = − + ⋅ + − +  
 

( ) ( ) ( ) ( ) ( )( )
( )( ) [ ] ( )( ) [ ]

( ) ( ) [ ] ( ) [ ]

0 0 1 01 ,
2

2 2

1 10, 0,

2 2

1 1 10, 0,

, e 1 e

1 1exp 1 , , 1 1 , , 1
2 2

1 1, , , 1 , , 1 d
2 2

Tb T t a t b h t T a sB B A
t

T t

s t

V t T C C s t

f b T u f a t u

a h t s f a s u f a t u s

φ φ

φ φ

− − + − + −= − − +

⋅ + − +
− + − 

∫

 

( ) ( ) ( ) ( ) ( ) ( ) [ ]

( ) [ ] ( ) ( ) [ ] ( ) [ ]

( ) ( ) [ ] ( ) [ ]

0 0 0 1 0 0
21 ,

3 1 0,

2 2 2

1 1 1 10, 0, 0,

2 2

1 1 10, 0,

1, e e exp 1 , , 1
2

1 1 11 , , 1 , , , 1 , , 1
2 2 2

1 1, , , , , 1 d d
2 2

T sb T t b a t b h t T a s b vB B A
Tt t

t s t

v t

V t T C C f b T u

f b t u a h t s f a s u f a t u

b h t v f b v u f b t u v s

φ

φ φ φ

φ φ
χ

− − + + − + − − = +

− + − + −

− + − 

∫ ∫
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where 

( ) ( ) ( )0, e eaT atr bh t T b T t
a

− −−
= − − −  

( ) ( )( ), , 1 e a t uf t u
a
ασα − −= − −  

The proof can be found in the Appendix. 

4. CDS’s Pricing  
In this section, we apply the results in section 3 to price CDS related to the zero coupon bond issued by firm A. 
Firm C holds a bond issued by the reference firm A with the maturity date T. To seek protection against the 
possible loss, firm C buys a default swap with the maturity date ( )1 1 T T T≤  from firm B on condition that firm 
C gives the payments to seller B at a fixed swap rate in time while seller B promises to compensate buyer C for 
the loss caused by the default of firm A at a certain rate. Each party has the obligation to make payments until its 
own default. The source of credit risk may be from three parties: the issuer of bond, the buyer of CDS and the 
seller of CDS. 

In the following, we discuss a simple situation which only contains the default risk from reference firm A and 
the CDS’s seller B. At the same time, to make the calculation convenient, we suppose the recovery rate of the 
bond issued by firm A is zero and the notional is 1 dollar. In the event of firm A’s default, firm B compensates 
firm C for 1 dollar if he doesn’t default, otherwise 0 dollar. 

Now, we give some notations. Denoted the swap rate by a constant c and interest rate by tr . Let the default 
times of firm A and B be Aτ  with the intensity Aλ  and Bτ  with the intensity Bλ  respectively. We analyze 
the values of two legs: contingent leg and premium leg. The time-0 market value of buyer C’s payments to seller 
B is  
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E C s C V s s
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>
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the time-0 market value of firm B’s promised payoff in case of firm A’s default is  
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Then, in accordance with the arbitrage-free principle, we obtain  
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                           (22) 

Theorem 5. Suppose the interest rate tr  follows the Vasicek interest rate model (2) and the default in- 

tensities A
tλ , B

tλ  satisfy attenuation model (12). Then, if no defaults occur up to time t, the swap rate C has 
the following expression  
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where  

( ) ( )1 1 1 11 0, ,a b h Tη = − + +                             (24) 

( )( ) [ ]1

2

2 1 1 1 0,
1 1 , , 1
2 Tf a b T u

φ
η = + +                           (25) 

and ( )10,BV T , ( )0, dAV s s  are the simple forms of (21) and (20) in Theorem 4.  
Proof.  
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          (26) 

To derive the swap rate of CDS in the looping default framework, we define a firm-specific probability 
measure BP  by  
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then  
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                (27) 

Substituting the quasi-conditional expectation into the above formula of the swap rate C, we deduce (40).  

5. Conclusions  
This paper studies the pricing of the defaultable bonds and credit default swap when contagious risk has the 
attenuation effect in the fractional dimension environment. We consider that the default intensity is correlated 
with the counterparty’s default and the interest rate following fractional Vasicek model. Moreover, we mainly 
discuss the CDS’s pricing that the default of the firms has an impact on each other and the default intensity has 
linear correlation with short-term market interest rates. In fact, we can also consider other more complex cases, 
such as: 

Case 1: The default intensity has nonlinear correlation with short-term market interest rate; 
Case 2: We can consider other economic state variables than short-term market interest rate; 
Case 3: In our model, we only study two counterparts, however, there are many counterparts in the financial 

market and we can discuss the case of three counterparts or more in further studies. 
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Appendix  
1) Proof of Theorem 3  
Proof. Let , d

T
t T st

R r s= ∫ . When 1 2t t t T≤ ≤ ≤ , from the properties of quasi-conditional expectation ([12]), 

we have  
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and when 1 2t t t T≤ ≤ ≤ ,  
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and when 2 1t t t T≤ ≤ ≤ ,  
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2) Proof of Theorem 4  
Proof. Firstly, according to the pricing formula on fractional quasi-martingale in [12] and Lemma 2, we can 

obtain the price of bond issued by firm A at time t on { },A Bt tτ τ> >  is 
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According to Corollary 1, and then  
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And we find that the key step is to calculate the three quasi-conditional expectation 
( )1 ,1e t Ta R

tE − + 
 

 , ( )1 , 1 ,1e t s t Tb R a R
tE − − + 
 
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tE − − − + 
 

 . 

As shown in the definition above, we deduce  
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Let ( ) ( ) ( )0, e eaT atr bh t T b T t
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− −−
= − − − ,then  
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, 1 e d 1 e d .
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So  
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          (40) 

where α  is constant. 

Let ( ) ( )( ), , 1 e a t uf t u
a
ασα − −= − − , by the definition of quasi-martingale, we show  
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is quasi-martingale, so  
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and, we can deduce  
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So we can get ( ),AV t T  as (20). The pricing formula (21) of bond issued by firm B can be derived though 

the similar proving process of ( ),AV t T . Hence, we omit it. The proof is complete.  
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