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ABSTRACT

The risk-sensitive asset management problem with a finite horizon is studied under a financial market model having a
Wishart autoregressive stochastic factor, which is positive-definite symmetric matrix-valued. This financial market
model has the following interesting features: 1) it describes the stochasticity of the market covariance structure, interest
rates, and the risk premium of the risky assets; and 2) it admits the explicit representations of the solution to the

risk-sensitive asset management problem.
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1. Introduction
1.1. Risk-Sensitive Asset Management

Consider a continuous-time financial market that consists
of one riskless asset and n risky assets. The price pro-
cess of the riskless asset S° :=(S°)t>o and that of the

T . .
n risky assets S:=(S'-,S") , S ::(S)N, where
(-)T denotes the transpose of a vector or matrix, are
semimartingales defined on a filtered probability space
(Q,7,P,(%),,) - Define the wealth process

T=(X] )t>0 of a self-financing investor governed by
the following stochastic differential equation (SDE):

Xir n ) i n 0
d—:[= nt'd—si+(l—27r:}dio ,
R =R =) s (11)
X5 =X,
where xeR,, istheinitial wealth of the investor, and
ri=(rt "), o =(m)_, is the dynamic invest-
ment strategy of the investor. et

G’ = %Iog X7, (1.2
be the growth rate of the wealth at time t. For given

constants T €(0,0) and y e(0,»), define the risk-
sensitized expected value of G; by

Cr:= (_iT)IogEexp(—yTGﬁ),
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which isrewritten as
exp(-yTGT ) = Eexp(—7TGY )

and interpreted as the certainty equivalent value of G;
with respect to the exponential criterion function
exp(—7T(-)). We areinterested in maximizing Gy , that
is,
I ()= supilogEexp(—yTG;’)
(=T)

TE T

e T (_7T)
which we call the risk-sensitive asset management pro-
blem. Here, 4 is a space of admissible investment
strategies and is a subset of ;. , the totality of
n-dimensional 7, -progressively measurable processes
(P, )15[0’” onthetimeinterval [0,T] such that

(1.3)

logE(X7) ",

IOT| P/’ dt <o amost surely.

Remark 1.1 The risk-sensitive asset management pro-
blem (1.3) has been well-studied under a linear-Gaussian
market model, for example, by [1-7]. In those works, the
price processes (S°,S) are given by the solutions to the
following system of SDEs:

o’ = r(Y)dt, =1,
d§ =diag(S){u(Y)dt+2dW}, S eRl,, (14
dY, =b(Y,)dt+AdW,, Y, eR"
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on a filtered probability space (Q,7,P,(%)_,) en-
dowed with the d -dimensional F -Brownian motion
W= (W2 W) W= (W)L Here,  diag(x)
denotes the diagonal matrix whose (i,i)th element is

equal to the i th element X' of x::(xl,---,x”)TeR”,

SeR™, AeR™, and
r(y)=r+r'y,
u(y)=r(y)1+0(y),
0(y)=6,+0.y,
b(y):=h,+By

with ,eR, reR™, 1:=(1--1) eR", §eR",
0, eR™, b eR™, and B eR™™. We reformulate
(2.3) with (1.1), (1.2), (1.4), and (1.5) as a linear expo-
nential quadratic Gaussian stochastic control problem,
and the optimal investment strategy (portfolio)

A(T) o (2T i ity
T ._(ﬁt )te[O,T] for (1.3) isrepresented explicitly:

(1.5)

S0 L stV v =Y (s3TY PeAT
7! ._m(zz) o(Y,) m(zz) AT (p +RY,).
Here, (R)te[OT] is the solution to a matrix differential
Riccati equation, and (R) _, ., is the solution to a
linear differential equation, including P .
Remark 1.2 Intuitively, recalling the cumulant expan-
sion,

C’ =EG? —%Vﬁe;f +0(y?) asy -0,

where V[-] denotes variance, we interpret (1.3) as a
risk-sensitized optimization of the expected growth rate
maximization,

SUpEG; .

1.2. Wishart Factor Model

The main aim of the present paper is to introduce a sim-
ple and tractable market model that satisfies the follow-
ing requirements:

e The model describes the stochasticity of the covari-

ance structure of (d?Si,dY] (i=1---,n), interest

rates, and mean-return ratesof S.
e The model admits an explicit representation of the
optimal investment strategy for (1.3).

For the purpose, we employ a Wishart autoregressive
process as a stochastic factor, which is positive-definite
symmetric matrix-valued. Such matrix-valued processes
have been introduced and studied by [8], and recently,
generalizations have been intensively studied, for exam-
ple, see [9,10], and the references therein. Moreover,
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these processes are now extensively utilized for financial

modeling. We can refer to the examples given below.

e Modeling of multivariate stochastic volatility (covari-
ance) under the risk-neutral probability: see [11-16].

e Modeling of multivariate asset price process under
physical probability with stochastic covariance and
mean-return rates; see [14,17,18].

e Modeling of (term structure of) interest rates and sto-
chastic intensity for credit risk: see[14,17,19,20].

Our market model defined by (2.1)-(2.4) in Section 2
is an extension of the model employed by [18], (see Ex-
ample 2.1), who studied the expected CRRA-utility ma
ximization of terminal wealth, which is essentially equi-
valent to (1.3). A main contribution of the present paper
is arigorous mathematical analysis of portfolio optimiza-
tion problem (1.3) under a flexible Wishart autoregres-
sive stochastic factor model: We strengthen the mathe-
matical results in [18] by formulating an appropriate
space of admissible trading strategies (see (3.5)) and
showing a verification theorem for the candidate of the
optimal strategy (see Theorem 3.1), both of which are
omitted in [18].

In the next section, we introduce our market model
with a Wishart autoregressive factor and present preli-
minary calculations of the associated Hamilton-Jacobi-
Bellman (HJB) equation for solving risk-sensitive asset
management problem (1.3). In Section 3, we introduce
our main results. In Section 4, we show the proof of the
main theorem after preparing lemmas.

2. Setup

2.1. Market Model with Wishart Autoregressive
Factor

Let (Q,7,P,(%).,) be a filtered probability space
endowed with the (dxd)-dimensional 7 -Brownian

motion B:=(B), o, B :=(B/ )Ki’jgd,andthe

d -dimensional % -Brownian motion z:=(z )te[oT] ,

d T - . . .
z:=(z,2') , whichisindependent of B.Usinga

constant vector p:=(p",-, p° )T eR® o that |p|<1,
we define another d -dimensional Brownian motion

W:=(W1,~~,vvd)T, W::(M) by

t>0
W =Bip+y1-|o 7,
which is correlated with B as
d(w ,B*) =g ptd,
where () denotes the quadratic covariation, and &,

denotes Kronecker's delta. We consider the price pro-
esses (S°,S), described by the following system of
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SDEs:
g’ =r(¥)Sdt,
ds, = diag (S ) {4 (¥, )t + =¥ dw |,
dY, = (LL" +KY, + Y,KT )dt + /Y, dB A" + AdB " |JY,,
2.2)
with the initial values § =1, S eR”, and Y, eS?, .
Here, we denote by S¢ the totality of d -dimensional,

real, symmetric matrices, and S, :={M €S M >0}.
Furthermore, for y e S*, we define

r(y)=r,+tr(Ry),
u(y)= r(y)1+(ZyZT)/1,

where r;eR, R eS?, and 2eR". Also, we assume
that =eR™ isfull rank, that is,

¥'x>0ifd<n, and X" >0 if d>n. (2.3

We aso assumethat K e R™? |, and that L, A e R%*
satisfies

2.2)

LL" > (n+1)AAT, (2.4)

Condition (2.4) ensures Y >0 amost everywhere on
(t,®), which was established by Mayerhofer et al. (2011)
using a generalized form of SDE, including a jump
martingale part. The S?, -valued process Y is a sto-
chastic factor process, which linearly depends on the
covariance structureof (S,Y) as

%%ZY@T)” dt 1<i,j<n,
% = {(Z\ﬁ ), (80) +(2X), (Ap), }dt

1<i<n1<jk<d,
d<Yij,YkI >t :{Ytik<AAT)“ v (AAT)jk+Ytjk<AAT)

+Y) (AAT)k}dt 1<i,j,k,1 <d,

(2.5)
aswell ason the interest rate
r(Y,)=r,+tr(RY,), (2.6)
and on the so-called risk premium of S,
1(%)-r(%)1=(2¥z")4, 2.7

Remark 2.1 From (2.6), we see that the interest rate
process (r(Y,)),, is included in the so-called affine
class: r(Y,) isanaffinefunctionof Y, and the process
Y , whose infinitesimal generator is given by

Lf := 2tr(YDAA'D) f +tr((LLT +Ky+yK")Df ) (2.8)
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where feCZ(Sd) and

D= (ayii )]si,jsd

is indeed an affine diffusion. To review affine processes
and their financial applications, see, for example, [21],
[22], and the references therein.

Remark 2.2 The condition (2.7) on the structure of the
risk-premium vector is rewritten as

A=(2YE) ()T (%))

So we interpret that the so-called mean-variance term
in portfolio optimization theory is assumed to be con-
Stant.

The following are concrete examples of setting up (2.1)
and (2.2).

Example 2.1 (Stochastic Covariance) Let

d=nR=0and Z=1,.

(2.9)

Concretely, we have
d§’ =r,§dt, =1,
d§ =diag(§){(rol+YA)dt+ Y dw}, S e R,

with the third equation in (2.1). Y describes the infini-
tesimal covariance and therisk premiumof S as

_od(s,s)
Yl”dt:i—stjl for1<i,j<n
and
,U(Yt)_rolet/l-

Thisis exactly the model employed in Section 1 of [18]
to study expected CRRA-utility maximization of ter-
minal wealth.

Example 2.2 (Stochastic Covariance and Interest
Rate) We present a slight generalization of Example 2.1
to include stochasticity of interest rates. Let

d=n+1R =(r, )Ki’jgd ,andz=(1,,0),

whereweset r; =0 if 1<i,j<n.Then, letting

Y (t):= (!

and T, :=(ry,2r,, 2, ) eR®, weseethat
(Y () =+ Y, (1)

is the risk-free interest rate with the latent factor Y, (t)
and that

ds; = diag(S)] {1 (¥, (1)) 1+ (1) 2] ot + | (6o |,

S eRL,
where Y, (t) describes the infinitesimal covariance and

Y= (YY)

)Jsi,jsn
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therisk premiumof S as

d<s' s')

Y dt = L for 1<i,j<n

and
#(%)=r (Y, (1)1=Y,(t) 2
Example 2.3 (Cox-Ingersoll-Ross Interest Rate
Factor) Let
d=n=1r,=0 and R =1
Then, we see
ds’ =Y, S'dt, & =1
d§ = § {(1+2%2)Yat+ = Ndw |, >0,
dY, =(L* +2KY, )dt + 2A\Y,dB, Y, >0.
This financial market model with Cox-Ingersoll-Ross's
interest rate 'Y istreated in[23] to study (1.3).
Under the financial market model comprising (2.1)
and (2.2) with the assumptions (2.3) and (2.4), we are

interested in treating the risk-sensitive asset management
problem (1.3).

2.2. Deriving the HIB Equation

To tackle (1.3), we employ a dynamic programming
approach: Recall that wealth process (1.1) of a self-
financing investor, combined with (2.1), is rewritten as

X7 = X7 [ {aa() =1 (%) 1) o+ 2w+ ()t |,
X&=x
So, we see
d(X7) " =(X7) " [-r¢(Yom ot =y =Y aw |,
(x5)" =7,
where we set
((y.z)=r(y)+x'Zyz'A- 12}/ 72'zy2"z. (2.10)
Hence, we have
(X?)_y = exp{ 7] dt}

where we define

2
o L i)

(2.11)
Let

4= {ﬂ'e VZ{‘T;(Mf”’)) isamartingale}.

te[O,T]
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For e .;*, we define the probability measure B!
on (Q,7%) bytheformula

dp™)

dp

By Cameron-Martin-Maruyama-Girsanov's theorem,

we see that the R™" -valued process B:=(B) .
defined by o

=M, te[0T].

R

B =B +7(I;\/ZZTﬂudU)pT,

isa IP”” ) -Brownian motion. Moreover, we see that
Y hasthe P ) -dynamics

dY, = (LL" +KY, + Y,KT )dt
¥ (B -7z p et ) AT
+A(dB —y\/YTETﬂtpTdt)T Y
:{LLT +(K=Apm 2)Y, +Y, (K —7Ap;zjz)T}dt

+ Y dBAT + AdB Y,
Recall that, for 7 .1, we have
—Iog]E(X”)

) (2.12)

ctogr Ltan ep| v,
=7
where B (-) denotes the expectation with respect to
( Wenowconsder for 0<t<T <o,

\Z(T) = eSSSUp—l IOg E‘(I'M) |:e77!t (g )du |]_;:|

wedr ()
where
/t"lT = {7[1[”]; e /Tl}.
The associated HIB equation is written as
0V = 2tr(yD(AAT D))v ~2ytr(yDVAATDV)

+sup [tr({LLT +(K —}/ApﬂTZ) y

7eR" (2.13)
+ y(K —7Ap7zT2)T} DVj+f(y,7r)]
V(T y)=
By direct calculation, we can see the following.
Lemma 21 1) If d<n and ='=>0, then HIB

Equation (2.13) isrewritten as

—0\V = 2tr(yD(AATD))v ~tr(yDVANATDV)
+tr(<K1y+ yKT + LLT)DV)+tr(yA)+rO, (2.14)

V(T,y)=0,
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where we define

N 27(| —LppT],
1+y

K, =K-—2—ApA"s, (2.15)
1+y
. 1 T, T
A= ALV E+R.
2(1+y)

The maximizer for (2.13) is given by
77 (t,y) = i{z ~22(2"2) "DV(ty) Ap}.
1+y
2)If d>n and =X >0, then HJB equation (2.13)
isrewritten as

3V = 2tr(yD (AAT D))v ~2ytr(YDVAA'DV )
2y ( y=" (sy=") “ZyDVApp AT DV)
1+y

tr((Kyy+ YKT +LLT)DV )+ tr (yA) +1,

V(T= y) = O,
(2.16)

where K, eR™ and AeR*" are given by (2.15).
The maximizer for (2.13) is given by

_ 1 -1
7 (t,y) :=m{/1— 27(y=") zyDV(t, y)Ap}.

3. Resaults

With the help of Lemma 2.1, it is straightforward to see
the following.

Proposition 3.1 (Solution to the HJB equation) 1) If
d <n, then

VO (ty)=tr(PT (1) y)+ o7 (1) (3.2)
solves (2.13), or equivalently (2.14). Here,
P=P":[0T]>S® and p:=p":[0,T] >R solve
the following system of ordinary differential equations:

9 b PANTATP+PK, + K[P+ A=0,P(T)=0,
C(ijt (3.2)
o p+tr(PLLT)+r0 =0,p(T)=0.

2)If d=>n,then
VO (ty)= (TP (1)zy)+ 7 (1) (33)
solves (2.13), or equivaently (2.16). Here,

P=P":[0T]>S" ad p:=p":[0,T] >R solve
the following system of ordinary differential equations:
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d
dt
+(=27) I IR+ (s57) T EAST (527) T = 0,P(T) =0,

P—PEANATEP+ PEK,2T (557)

d T$T
2 prtr(PELL'ST )41, =0, p(T) = 0.
<P r( )+1,=0,p(T)

(3.9
Using this proposition, we obtain the following.
Theorem 3.1 (Verification and optimal strategy)
Define thefiltration (7°) by

te[0,T]

72 =0(B,;ue[0t]). Let

= {(”t )te[O,T]

and consider (1.3) with 4 = .;*. Then, the following
assertions hold.

1)If d<n,then 7" ::(fzf”) oy defined by
te|0,

bounded,
5 i (35
F.”-progressively measurable

a0 L 2 s (sTs) RO (1A 36
T 1+}/ 1+7/ ( ) () e ()

isoptimal for (1.3). It holds that
1 A
T (7) :?{Iog x+V (™ (o,vo)}. (3.7)

2)If d>n,then 7" ::(fzf”) oy Gefined by
tel0,

A= L4 2 pM(y)sap, (38)
1+y 1+y

is optimal for (1.3). Therelation (3.7) holds.
The proof of the above theorem is given in Subsection
4.2 after preparing lemmas in Subsection 4.1.
4. Proofs
4.1. Lemmasfor Exponential Martingale

We prepare the following two lemmas.
Lemma 41 Let (F,f):R,xQ->R™ xR’ be
F® -progressively measurable so that

I;(|Ft|2+|f|12)dt <o almostsurelyforall T>0.
Define

&(t)=&(tB):= exp{j;tr(FudBu)—%j;tr(Fu FUT)du},

t e, 2
(1)=& (;B,2)= exp{joffdzu _E-U fi| du}.
Then, &£&, isan F -martingale if and only if & is
an F -martingae.
Proof. Denote 7* = o(z,;ue[0,t]). For
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Lemma 4.2 Let F:R,
following: for each t>0,

B([o.t])®B(B°) ®]~'/B(Rd
FF™ (Ly,0)|<Cy(t.o)|y] fordl (t,y,0)eR, xS*xQ

with some bounded C,, where we write |y|:= [tr(y?)
for yeS®. Then, theprocess &:=(¢,),_, ., defined by

Et::exp{j';tr( (u.Y,)dB,)- 2j’tr(FF )(u, )du},

isamartingale.

Proof. The lemma follows from Lemma 4.1.5 of [24],
an extension of Lemma 4.1.1 of [25]. Below, we repro-
duce the proof for self-containedness. Note that it suf-
ficesto show

xS xQ —R™ satisfy the

Ssy, o)~ F(sy,0) is
*?) -measurable, and

E& =1 foreacht > 0. 4.1)

¢(%)d& +EdG (V)

(A0)"d(E) + 2 (%) Sd(E.4(Y)), + &g (Y))

Recal that (t,0)H F(t,Yt(a)),a)) is progressively
measurable. The proof of (4.1) consists of several steps.
First, writing ¢(y):=|y|, werecall that

L¢ <C¢ withsomeC, eR_,, 4.2

where L is defined by (2.8). From this, we can check
that

BH(Y) < 4(Y,)e™

for each t>0 with some constant C,. Also, we can
check that

E4(Y,) e L'(P) foreacht>0. (4.3
Thisfollows from the relation
Y,
B| 2P0 I Y| €%, (4.4)
1+ eé’t¢(Yt)

where ¢>0 is arbitrary and the constant C, is inde-
pendent of . Indeed, in (4.4), letting ey 0 and using
Fatou's lemma, (4.3) is deduced. To see (4.4), use (2.1)
and [t&' sformula to deduce

d& =&tr(F(1Y,)dB),

dg (¥, )—tr(D¢ )(VYdBAT +AdBT \/—))+]L¢

where we use notation (2.8) and (2.9). From these, we
see, from [t0's formula,

d(ms(/()vt)j

where

(1+e£4(Y,))°

M ::It—g“
U (1eegb(Y,))

isthe local-martingale partand (A),_,
), p_ELe00

> du
Lred(Yo) “(1+eE0(Y,))

A<

C Jt GSUZ
O (1+eE0(Y,))

with some constant C,, independent of ¢. We can
check that E(M) <oo; hence, M is a square-inte-
grable martingale. Further, using (4.2) and recalling that
|AB|<|A/|B| for conformable matrices A and B, we
can check that

t &g (S)
ASA“CJOH H(Y.)

Copyright © 2013 SciRes.

zx{qﬁ(Yu)tr(F(u,Yu)dBu)+

3{¢(Y“ Y ir(FET(uY,))+26(Y, |

3 L=dM, +dA,
(1+e&4(Y))

L)tr (Y°dB,AT + AdB] Y )}

u

is the bounded-variation part, which satisfies

(F(uY)Y"?)

tr(Y?
+(—2 du

(%)
with some positive constant C., independent of ¢>0.
So, taking the expectation, we deduce that

o) 1. 4% o ES(Y)
E{l+65t¢(Yt):|_1+e¢(Y0)+C5'[OE|:1+658¢(YS):|dS

and that (4.4) follows from Gronwall’ sinequality.
Next, use 1t0’s formula for the following computation:
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d( & j=( d& —€ d<g>t3. (4.5)

1+e& 1+€& )2 (l+ €& )
Here, we see that
d(&
E, (), <CE[r(FFT(sY,))ds< oo

0 (1+¢€&, )4

with some constant  Cy; hence, the first term of the right-
hand side of (4.5) is a sguare-intergrable martingale.
Also, we can deduce that

Ejt d<5>s

0 (1+ €&, )3

<C, [&.[Y,|ds

where C, is a postive constant, independent of e .
Taking the expectation, we see

& _ 1 _ g e,
1+e&§ 1+e 0(1+655)

Letting e+ 0 and using the dominated convergence
theorem, we obtain (4.1).

4.2. Proof of Theorem 3.1

Let V=V [0T]><Sd — R be given by (3.1). Fix
(t,y)e[0,T]xS{, and take 7e 4% . Using these,
define

ﬂu)du}},
(4.6)
where we use (2.10), (2.11), and the process Y given
by (2.1), and we set Y, =yeS?, . Using It&'s formula,
we see that
dq)s(ﬂ') B d&, (7[)
o (7)  &(7)

@ (7)=M) exp[—y{v (t+ s,Ys)+J'05!é(Yu

_},(4”)\7)(t+s,Ys)ds, 4.7

where we define the process £(7):= (&, (ﬂ))SE[OT_t] by

(see below)
Combining (4.6)-(4.8), we have, for se[0,T -t],

®,(7)

=5S(7r)><exp[— [V (t.y)+ j(bW)(uuv)dU}]

Here, note that (Es(;z))se[m_t] is a martingale for any

re +® by using Lemma 4.1 and 4.2 and that
(L(S’”\?)(t +5,Y,) <0 amost everywhere on
(s®)e[0,T-t]xQ since V  solves HIB-equation
(2.13). So we deduce that (@ (7))_ is a submar-

se[0,T-t]

tingale for each 7 e ;% . Taking the expectation, we

see that

eXp{_ﬂ/\; (t’ Y)} <ED,, (77)
=R exp{—;/_[omé (Y, 7, )du}.

Thus, we see that

—Iog]E/” exp{ )/J' (Y, 7, )du}s\?(t,y) (4.9)

(=7)

forany 7z e ... Furthermore, if we define
~ Bb

4 :z(ﬁS)SE[O,Tfl] €y by

~ ~(T)
Ty = Tiyss

then, wededucethat d >V t+sY) 0 amost every-
where on (s, ) t]x €, from which we see that

((Ds(ﬁ))sqo,m] |s a martmgale. Therefore, taking the

expectation, we see that
eXp{_7\7 (t, Y)} =B, (%)

By el [ (¥, 7,)du},

that is,
mlogE’” exp{ yj )du} V(t,y). (4.10)
Combining (4.9) and (4.10), we deduce that
V(t,y)= Sup( )Iog]Ey” exp{ yj LI)du}.
(4.11)

Thus, letting t =0 in(4.11), we have that

dgs(”)=—ytr(\/Zst{2ATD\7(t+s,YS)+p;r§z}) -l 7l Nz, & (7)=1 (4.8)

and write

(L@\?)(t +8,y):= oV (t+

S y)+2tr ( yDAAT D)\7 (t+sy)—2ptr ( yDVAAT D\7)(t +s,Y)

+tr({LLT +(K —;/Apfrgz)y+ y(K —;/ApﬂSTE)T} D\7)(t+s, y)+ (Y. 7).

Copyright © 2013 SciRes.
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1 x
reg
#(T)
:&IogE(Ty )exp{—yﬁé(Yu,frﬂT))du}.

(3.7) follows from relation (2.12).
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