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ABSTRACT 

The risk-sensitive asset management problem with a finite horizon is studied under a financial market model having a 
Wishart autoregressive stochastic factor, which is positive-definite symmetric matrix-valued. This financial market 
model has the following interesting features: 1) it describes the stochasticity of the market covariance structure, interest 
rates, and the risk premium of the risky assets; and 2) it admits the explicit representations of the solution to the 
risk-sensitive asset management problem. 
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1. Introduction 

1.1. Risk-Sensitive Asset Management 

Consider a continuous-time financial market that consists 
of one riskless asset and  risky assets. The price pro- 
cess of the riskless asset  and that of the  
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where  is the initial wealth of the investor, and 
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x 
 1: , , n

T
   :i i

t 
0t

ment strategy of the investor. Let 

1
: logtG

t
,tX                (1.2) 

be the growth rate of the wealth at time . For given 
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which we call the risk-sensitive asset management pro- 
blem. Here, T  is a space of admissible investment 
strategies and is a subset of 2, , the totality of 
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Remark 1.1 The risk-sensitive asset management pro- 
blem (1.3) has been well-studied under a linear-Gaussian 
market model, for example, by [1-7]. In those works, the 
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on a filtered probability space 
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SDEs: 
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 
   

T T

T T T

T
T T

t t

tY    

TT T T

T

d d

d d

d d

d

d d .

t t t

t t

t t t

t t t t

t t t t

Y LL KY Y K t

Y B Y t

B t Y

LL K Y Y K t

Y B B Y

  



   

  

   

        

   





 

 

Recall that, for , we have 1
T A

 

 
    

1
log

( )

1
log log exp , d ,

T

T

T t t

X

x
0

Y t







 





    




  (2.12) 

where 


   T
   denotes the expectation with respect to 

 
T
 . nsider, for We now co 0 t T    , 

 

 
   

1
,

, d1
: log eesssup

T
u ut

t T

Y uT
t T tV

 

 




    
 

A

 

where 

  ;t T Tt T    1
, ,: 1A 1 .A

The associated HJB equation is written as 

    
 

 

T T

T T

2tr 2 tr

trsup

, 0.

n

D D V yDV D

LL K

V T y





 


    

    




    
TT , ,y K DV y        



tV y V

 (2.13) 

By direct calculation, we can see the following. 
Lemma 2.1 1) If 

y

d n  and  the
Equation (2.13) is rewritten  

T 0   , n HJB 
as

    T 12tr trtV yD D V yDV N DVT

    tr tr ,

 
1 1 0

, 0,

K y yK LL DV yA r 

V T y

     

     (2.14) 


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where we define 

 

1

T

T

T
1

: 2 ,
1

: ,
1

1
: .

2 1

N I

K K1

A R

 


 









 
   

   


   


        (2.15) 

The maximizer for (2.13) is given by 

        1T1
, : 2 ,

1
T t y DV t y .   




     


 

2) If  and , then HJB equation (2.13) d n T 0 
is rewritten as 

    

  
    

T T

2
1T T T T

T T
1 1 0

2tr 2 tr

2
tr

1
y yDV DV

tr tr ,

( , ) 0,

tV yD D V yDV DV

y

K y yK LL DV yA r

V T y



 

    

  

  


(2.16) 

where  and 




   


 

 

1
n dK  d dA 

3) is given
 are given by (2.15)

The m (2.1  by 
. 

aximizer for 

        1T1
, : 2 , .

1
T t y y yDV t y   




     


 

3. Results 

With the help of Lemma 2.1, it is straightforward to see 
the following.  

Proposition 3.1 (Solution to the HJB equation) 1) If 

T       (3.1) 

uivalently (2.14). Here,  

the following system of ordinary differential equations: 

d n , then 

 ˆ T           , : tr TV t y P t y p t   

solves (2.13), or eq
   : : 0,T dP T    and    : : 0,Tp p T    solve P

 

  

1 1

0

0,
d

0,
d

P P N P PK K P A P T
t

p T
t

      



1 T T

T

d
0,

d
tr 0.p PLL r

 

   
 (3.2) 

2) If , then 

T    

solves (2.13), or equivalently (2.16). Here,  
 and  solve 

d n

            Tˆ , : trT TV t y P t y p t      (3.3) 

   : : 0,T nP P T 
the wing s


 follo ystem of ordi

   : : 0,Tp p T  
nary differential equations: 

 

       

   

1 1 1T T T T T

T T

0,

d
tr 0, 0.

A T

p P LL r p T

  

11 T T T T
1

1

0

d

d

0,

d

P P N P P K
t

K P P

t

       

     

     

    

(3.4) 

Using this proposition, we obtain the following.  
Theorem 3.1 (Verification and optimal strategy)  

Define the filtration    0,

B
t t T
  by  

  : ; 0,B
t uB u t  . Let 

   0,
:

- rogr  measurable
Bb

T t Bt T




bounded,

pt essively

    
 

) 

and consider (1.3) wit


A (3.5

h : Bb
T ATA . Then, the following 

assertions hold. 

1) If d n , then , defined by       0,
ˆ ˆ:T T

t
t T

 




     1T1 2  
ˆ : ,

1 1
T T

t P t  
 


  

 
    (3.6)   

is al for  holds that  optim (1.3). It

      0

1 ˆlog 0, .T
T x V Y

T
           (3.7) 

2) If , then , defined by d n       0,
ˆ ˆ:T T

t
t T

 




     1 2
ˆ : ,

1 1
T T

t P t
  

 
 

 


is al for he relation (3.7) h
roof o ove theorem is gi tion 

4.2 after preparing lemmas in Subsection 4.1. 

4. Proofs 

e 

       (3.8) 

 optim (1.3). T olds.  
The p f the ab ven in Subsec

4.1. Lemmas for Exponential Martingal

We prepare the following two lemmas. 
Lemma 4.1 Let  , : d d dF f       be 
B

t -progressively measurable so that  

 2 2

0
d

T

t t
F f t    almost surely for all T  .  0

Define 

       T
1 1 0

; : exp tr d ,
2u ut t B F B

0

1
tr d

t t

u uF F u
    


  


    2

2 2 0 0
; , : exp d d .

2u u ut t B z f z f u   
    

Then,  is an -martingale if and only if  is 
an -m

Proof. Denote 

1t t 

1 2 
artingale. 

t 1
t

  : ; 0,z
t uz u t  . For  
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Recall that     , , tt F t Y0 s t T  

 
, we have 

 
   

       

       

       
   

1 2

1
2 2

1
2 1 2 2

1
2 1 2 2

2 1

, ,

.



 



   

     

    

  

s

t s s

B
t s

l B s

s

t t

t t s

s t t s

s t t l s l

s t








  



 
 


 

    
  

 

Let d  satisfy the 
r each

1 2      B z
t s st t   

2 1

 

  B zs  
  
 





 







Lemma 4.2 
following: fo

,    is progressively 
measurable. The proof of (4.1) consists of several steps. 

First, writing   :y y  , we recall that 




1 1with some ,C C             (4.2) 

where  is defined by (2.8). From this, we can check 
that 



    2
0 eC t

tY Y   

for each  with some constant . Also, we can 
check that 

0t  2C

: d dF 
    

 0t  ,  , ,s y F  , ,s y 
   1 for each 0.t tY L t            (4.3) 

 is 
       This follows from the relation 0, t 



d d   d -measurable, and t 
    T

0, , , for all , ,FF t y C t y t y         

with some bounded , where we write 

d  
 

3
0 e ,

1
t t C t

t t

Y
Y

Y




 
 

  




          (4.4) 
0C  2: try y  

fo ocess  dr dy . Then, th efined by e pr   0
: t t
  ,

     Ttr , d
t t

u0 0

1
: exp tr , d ,

2t u uF u Y B 
    

is a martingale. 
 fo 5 of [24]

xtensio f [25]. Be  
duce the proof for self-containedness. Note that it suf- 
fices to show 

         (4.1) 

FF u Y u
 



where  is arbitrary and the constant 3  is inde- 
pendent of . Indeed, in (4.4), letting  and using 
Fatou’s lemma, (4.3) is deduced. To see (4.4), use (2.1) 
and Itô’s formula to deduce 

0


C
0

  d tr , dt t t t ,F t Y B   Proof. The lemma llows from Lemma 4.1. , 
an e n of Lemma 4.1.1 o low, we repro-

       T Td tr d dt t t t t tY D Y Y B B Y Y       d ,t t

where we use notation (2.8 d (2.9). From these, we ) an
1 for each 0.t t   see, from Itô’s formula, 

   
  

        
    

2

2

dd d
d

1 1

tt t t t t t

t t t t

YY Y Y
2

3

2 d , d
: d d ,

1

t t tt t t
t t

t t

Y Y Y
M A

Y

  



 
 



 


 

where 

Y Y

  
 

  
     

   


 

  
        3 2 T T 3 2

20

1
: tr , d tr d

1

t u
t u u u u u

uu u

M Y F u Y B Y B
YY




        
   





 d u uB Y

is the local-martingale part and is the bounded-variation part, which satisfies   0t t
A


 

 
 

 
  

  
           

 

0

20
0

32
2 T 1 2

3 2

d
1 1

tr
tr , 2 tr , d


 



t u u
t

u u

t uu

uu

Y Y
A u

Y Y

Y
C Y FF u Y Y F u Y Y u

YY

 
 

 


 
 

     
  





 
with some constant , independent of . We can 
check that 

 

4 0 1 
u u u u u

u

4C 

t
M   ; hence, M  is a are-inte- 

grable martingale. Fu , using nd recalling that 
 squ

rther (4.2) a
AB A B  for conformable matrices A  and B , we 

can check that 

 
 0 5 0

d
1

s s
t

s s

t Y
A A C s

Y
 

 
 



with some positive constant , independent of 
So, taking the expectation, w duce that 

5C
e de

0 . 

 
 

 
 

 
 

0
5 0

0

d
1 1 1

tt t s s

t t s s

Y Y Y
C s

Y Y Y

  
  

  
 


  
  


     


 
  

   


 follows fro
tô’s formul llo

and that (4.4) m Gronwall’s inequality. 
Next, use I a for the fo wing computation: 
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   2 3

dd
.

1 1 1
t t 

    

 


  
    (4.5) d t

t t t

  

Here, we see that 

 
  T

640 0

d
tr , d

1 s 

with some constant 6C ; hence, the first term

t ts
sC FF s Y s   


   

 of the right- 
hand side of (4.5) square-intergrable martingale. 
Also, we can deduce that 

 is a 

  730 01
s s

s
 

d
d

t ts C Y s


 


 

whe
Taking t xpectation, we see 

re  is a positive constant, independent of  . 7C
he e

 30

d1
.

1
t s

t 


1 1

t

s

 
 





 

  

Letting and using the dominated conve ence 
theorem, (4.1). 

m

0  
 we obtain 

rg

4.2. Proof of Theore  3.1 

Let    ˆ ˆ: : 0,T dV V T      be given by (3.1). Fix 
   , 0, dt y T   and take 

Bb
T t A . Using these, 

,

define 

        ˆ: exp , , d
s

s s s u u0
M V t s Y Y u           


(4.6) 


where we use (2.10), (2.11), and the process  given 
by (2.1), and we set . Using It rmula, 
we see that 

Y
s fo0

dY y   ô’


 
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(3.7) follows from relation (2.12). 
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