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ABSTRACT 

This paper is the sequel of the previous papers [1] and [2]. More precisely, we study the regularity of the solutions of 
the evolutionary variational inequality governing the general financial evolutionary problem. Specifically we obtain that 
such a solution is continuous and Lipschitz continuous with respect to time and we illustrate the achieved result through 
numerical examples. Moreover the numerical examples enables us to understand the behaviour of the financial equili- 
brium and the impact of the components of the model on the financial equilibrium. 
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1. Introduction 

In the previous papers [1] and [2], a general equilibrium 
model of financial flows and prices is considered. The 
model is assumed evolving in time. The equilibrium 

conditions are considered in dynamic sense and the 
governing variational inequality formulation is presented. 
Precisely, the variational inequality we are working with 
is the following one: 
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          T

1 2, , , , ,i nr t r t r t r t r t      and the instru-  

ment prices held as liabilit tor 

    
      

         

In order to express the time-depen

g the very 
general Lebesgue space 

1 2 2

T

1

, 1 , ,

1 , , 1i i n n

h t r t

r t h t r t

h t r t h t r t



 

  





 

In our problem the prices of each instrument appear as 
unknown variables. Under the assumption of perfect 
competition, each sector will behave as if it has no in- 
fluence on the instrument prices or on the behaviour of 
the other sectors. 

dent equilibrium 
riational in- conditions by means of an evolutionary va

equality, we choose as a functional settin
  2 0, , pL T 

ilities for each sect
. Then, the set of 

feasible assets and liab or 1, ,i m  , 
is 

Now, in order to improve the model of competitive 
.iP  

financial equilibrium described in [1], we consider the 
possibility of policy interventions in the financial equi- 
librium and incorporate them in form of taxes and price 
controls. 

To this aim, denote the ceiling price associated with 
instrument j  by jr  and the nonnegative floor price 
associated with instrument j  by jr , with  
   jjr t r t , a.e. in  0,T . The meaning of the con- 

straint    j jr t r t  a.e. in  0,T  is that to each in- 
vestor a minimal price jr  for the assets held in the in- 
strument j  is guaranteed, whereas each inv - 
que

estor is re
sted to pay for the liabilities not less than the minimal 

price  1 jjh r . Analogously each investor cannot ob- 
tain for an asset a price greater than jr  and as a liability 
the price cannot exceed the maximum price  1 j jh r . 

Denote the given tax rate levied on sector i ’s net 
yield on financial instrument j , as ij . Assume that the 
tax rates lie in the interval  0,1  and belong to  

  0,L T . Therefore, the government in this model has 
the  of levying a stinct tax rate a flexibility

 and in e
di cross both 

sectors strum nts. 
Let us group the instrument ceiling prices jr  into the  

column vector         T

1 , , , ,i nr t r t r t r t     , the in-  

strument floor prices jr  into the column vector  
        T

1 , , ,i nr t r t r t ,r t   , and the tax rates ij   
into the matrix 

 

     

   

     

11 1 1

1

1

.

j n

i ij in

m

t t t

t t tt

t t t

  

  

  

 

 

mj mn

 
 
 
  
 
 
   

 
 

  

    

The set of feasible instrument prices is .  
In order to de optimal termine for each sector  the 

me  liabi- 
sider, as usual, the sk

ocess of optimization of e
onomy, namely the desi o maximize 

the value of the asset holdings and to minimize the value 
of liabilities. Then, we introduce the tility function 

 i

re t

u

composition of instru nts held as assets and as
lities, we con  influence due to ri - 
aversion and the pr ach sector in 
the financial ec

      , , ,i i iU t x t y t r t , for each sector , in thii s way 

           
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1
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1 1

i i i i i i
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j ij ij j ij
j

r t u t x t

r t t x t h t y t


, ,U t x t y t , y t
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w ese ts a mea- 
su

here the term     , ,i i iu t x t y t  repr n
re of the risk of the financial agent and 

           1 1j ij i j ir t t x t h t y t       represents the  

value of the difference between the asset holdings and 
the value of liabilities. We suppose that the sector’s 
utility function     , ,i i iU t x t y t  is defined on  
 0, n nT    , is measurable in t  and is continuous 
with respect to ix  an w t d iy . Moreover e assume tha

i iju x   and i ij  exu y  ist an hey are mea- 
and ntinuous with r ect to 

d that t
espsurable in t   co ix  and 

quire that
iy . 
d Further, 

a.e. in 
we re  1, , ,i m    1,, ,j n   an

0,T  th llo true fo wing growth conditio old ns h e: 

   , , , ,n
i iu t x x y     (4) 

and 

,y t x y

   

   

, ,

, ,

i

i

u t x y
t y

x








,

,

ij
ij

ij

x

u t y
t x




        (5) 

ijy

where i , ij , ij  are non-negative functions of  

  0,L T . Finally, we suppose that the funct n  

 , ,iu t x y  is concave. 
In or  determine the equilibrium prices, we estab- 

io

r to
lish the equilibrium condition which expresses the
bration of the total assets, the total liabilities a

on of financial transactions per unit 

de
 equili- 
nd the 

porti jF  employed 
to cover the expenses of the financial in tions in- 
cluding possible dividends, as in [1]. He he equi- 
librium condition for the price 

stitu
nce, t

jr  of in
the following: 

strument j  is 

         

 
   
     

 0 if ( )j j

=1i

1 1

if

m

ij ij j ij

j j j

t x t h t y t

0 if jjr t r t

0jF t  r t r t r t

      

 



  (6) 

an

r t r t
 

In other words, the prices are determined taking into 
account the amount of the supply, the dem d of an in- 
strument and the charges 





 


 

jF , namely if there is an actual 
supply excess of an instrument as assets and of the 
charges jF  in the economy, then its price must be the 
floor price. If the 

 
price  instrument is greater than  of an

 jr t , bu not at th , then the market of that 
instrum  must clear. Finally, if there is an actual 
demand cess of an in nt as liabilities and of the 
charges 

t 
ent
 ex

e ceiling

strume

jF  in the ec y, then the price must be at 
the ceiling. 

Now, we can give different but equivalent equilibrium 
conditions, each of which is useful to illustrate particular 

features of the equilibrium. 
Definition 2.1 A vector of sector assets, liabilities and  

instrument prices 

onom

       1
, ,

m

ii
x t y t r t P  


    is  

an equilibrium of the dynamic financial model if and only 
if 1, , ,i m    1, , ,j n    and a.e. in  0, ,T  it 

 satisfies the system of inequalities

 
        1

, ,
1 0,

i

ij j i
ij

u t x y
t r t t

x
 
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


    


  (7) 

 
       

   2

, ,
1 1

0,

i

ij j j
ij

i

u t x y
t h t r t

y

t





 





   



 

    (8) 

and equalities 

 
 

        1
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x t
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ij t

 
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(10) 

where ,  are Lagrange
tions

          1 2 2, 0i it t L T   
, and verify conditions (6) a.e. in 

 func- 
 0,T

bove co
. 

Let us nditions. To 
each financial volumes  and held by secto
associate the functions , related
tively, to the assets and d wh  re- 
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h component 
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ij j
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 

of the disutility is 

equal to , whereas if  1
i t

 
        1

, ,x y 

1
i

ij j i
ij

u t
t r t t

x
 


   


, then 

  0ijx t  . The same occurs for the liabilities and the 
of (6) is already illustrated. 

The functions  and  are Lagr
ns associ

meaning 
   1
i t

ated a.e. in 

   2
i t ange 

functio  0,T  with the constraints 

   1
0

n

ij ij
x t s t


   and  1

n

ij ij
y

   0t l t  , re- 

e pr
is equivalent

spectively. They are unknown a priori, but this fact has 
no influence because w  will ove in the following 
theorem that Definition  to a variational 
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inequality in which    1
i t  and    

b o

reo e multi- 
pliers (see [2]): 

Theorem 2.2 Let 

2
i t  do not appear. 

Theorem 2.1 A vector   1
, ,

m

ii
x y r P  


    is a 

dynamic financial equili rium if and nly if it satisfies 
variational inequality (1). 

Mo ver, we recall the result about Lagrang

    2

1
, , 0, ,

m n
ii

x y r P L T  


    

be a olu o variationals tion t  inequality (1). Then there 
exist 

      

   

1 2 2, 0, , mn

n

L T  




 
        1 2 2, 0, , mL T   

   1 2 2, 0, ,L T  
 

,

,

such that a.e. in  0,T , 

    

         
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1
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1
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t r t r t





 
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 
 
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   (14) 

3. Continuity Results for Financial 
Equilibrium Solutions 

In order to show the continuity result for the financial 
equilibrium problem, first of all, let us recall the well- 
known property of set convergence due to K. Kuratowski 
(see [28]), that is a generalization of the classical Haus- 
dorff definition of a metric for the space of closed sub- 

sets of a (compact) metric space. 
Let be a metric space and let  n n

K
 ,X d   be a 

sequence bsets of  of su X . Recall that 

  
lim

: eventually in such that 

n n

d
n n nn

d K

x X x K x x


 

  
 

  
lim

: frequently in such that 

n n

d
n n nn

d K

x X x K x x


 

  

 

 where eventually means that there exists  such 
that n nx K  for any n 

ite su
, and frequentl eans that 

th an infin bset that 
y m

 such ere exists 

n n

N  
x K  for any n N . Fin

wski’s 
ally e set 

n K sense. 
Definition 3.1 We say that  converges to 

some subset

 we can remind th
convergence i urato

  n n
K


 K X

n

 in Ku nse, a
briefly write 

ratwoski’s se nd we 
 if limnd K 

n

K K , limnn nd K 
Thus, in 

K . 
order to verify that K K , it suffices to 

check that 
(K1) limn nK d K  , i.e. for any x K , there  

exists a sequence  n n
x

  converging to x in X

that 

 such 

nx  lies in nK  for all 

(K2) 

n ; 

limn nd K K  , i.e. for any subsequence  

 n n
x

  converging to x in X, such that nx  lies in nK   

for all n , then the limit x  belongs to K .  
Now, let us prove that the set of feasible vectors 

ce in Kur- satisfies the property of the set convergen
atowski’s sense. 

Proposition 3.1 Let  0 0,s C   let  , mT  ,

  0 0, , ml C T  , let   0, 0, , nr r C T    and let  

   0,k k
t T


  be a sequence such that  0,kt t T  , 

as k   . Then, the sequence of sets 

 
 

       

      
   

      

2, ,

0, 0, 1, ,

mn n
k k k kv t x t y t r t

kt

1 1

:

, 1, , ,

, , 1, , ,

, 1, , ,

ij k ij k

n n

ij k i k ij k i k
j j

j k j k j k

x t y t i m



j n

x t s t y t l t i m

r t r t r t j n

 



   

   

 







 

  
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ij ij

n n

ij i ij i
j j

t v t x t y t r t

, ,

x t y t i m j n

x t s t y t l t i m



 

  

    

    



 


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as k   , in owski’s sense. 
Proof In or

 Kurat
der to prove that the sequence   kt k  

converges to  t  in Kurato sense, for any 
sequence  


wski’s 

 0,
n

kt T  such that  0,T  , as 
ns (K

k

   show that conditi 1) and 
t t

ok , it is en  toough
(K2) hold. 

Le         , ,v t x y t r t
us co ider the se ence  

t  be fixed and let t t  
quns

          ,kv t x t y t , r t , such that k k kk k 


 

 1,i m   , 1, ,j n   , k  , ,

       
,i k i

ij k ij

s t s t
x t x t

n


   

       
,ij ky t y t  j k j

ij

l t l t

n




and 1, ,j   , n  , k 

           .jj k k kt r r t   

Let us verify that , . Taking 
into account that 

min ,j jk j jr t r t r t r t 

   k kv t t k 

     

 

     
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limlim
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limlim
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ij k ij
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s t s t
x t x t

n
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l t l t
y t y t

m





 
  

 
 

 
   

 

 

there exist two index 

y t 

1  and 2  such that for 1k   
we get  

  0, 1, , , 1, , ,ij kx t i m j       n

and for 2k   we have  

  0, 1, , , 1, , .ij ky t i m j       n

Since        mi 0j kt  ,  n ,jj j kr t r t r t r 

k  , it results    jj k kr t r t , k  . M  
being 

 

oreover,

          min ,j j jj j k k j k kr t r t r t r t r t r t , 

k  , it follows  
  

 j k j kr t r t , k  . Finally, it 
results 

 

          
 

lim j kr t

lim min ,
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k

jk j j k k
k

j
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


    

   

 

Then we can consider a sequence  such 

that for 

j j t r t

  k k
v t



 1 2max ,k     , 
j n , 

1, ,i m  

       

       

            

,

,

min , ,

i k i
ij k ij

j k j
ij k ij

j j jj k k k
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j j k
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n
l t t

t y t
m

r t r t r t r t r t r t


 


 

   

 
l

y

 , 1, ,i m

,  
1, ,  

   , 1, ,j n   ,  

      ,
kk tv t P v t   

   kt
P where  denotes the Hilbertian projection on 

 kt . 
We have    nv t v t limn jn    and for 

         
1 1

,
n n

i k i
ij n ij i k

j j

s t s t
x t x t s t

n 

 
   

 
   

        
1

.
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i k i
ij n ij i k

j

l t l t
y t y t l t

 

 
    

1j n 
 

Then the first condition has been shown. 
For the second one, let   n n

v t
  be a fixed se-  

th quence, wi           n n n nv t, ,y t r tt x t n ,  

n     nx t x t  in ,  mn, such that 
   ny t  y mn ,  nr t     in r t nt  in . We want  

to prove that         , ,y t r t   tv t . Since x t 
          , ,n n nr t t  , nv t n n x t y t , it results 

  0, ,x t n    n             15)  (

  0, ,n n  y t           (16)     

      , .n n nr t r t r t n         (17) 

Passing to the limit as in (15), (16) and (17), 
we obtain 

n    

  0,x t   

  0,y t   

     .r t r t r t   

   v t t
 is, now, ac

Then . 
The claim hieved.□ 
For what follows, it is convenient to recall that vari- 

ational inequality (1) can be rewritten in the equivalent 
parameterized form: 

    
   

, , 0,

0, ,

A t v t v v t

v t T

  

  
      (18) 

where the constraint set 

, t

 t ,  0,t T
n , 

, is a closed 
 and nonemconvex pty subset of 

  2mn 2: 0, n mn nA T     is a mapping and  ,   
s denote alar product i

that eneral assumptio
the sc Moreo

 under g existence t
n ver, we recall 
n heorems have 

n . 
s 
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been proved in [2] (see Section 6). 
Taking into account the general continuity resu  for 

solutions to parameter variational inequalities in re- 
flexive Banach spaces (see [29], Theorem 4.1) and Pro- 
position, we obtain Theorem 1.1 of Section 1. 

Theorem 1.1 Let 

lt

  0 0, , ms C T  , let  

  0 0, , mC T  , let l  0, 0 , nr r C T  ,  and let  

  0 2, mn n 0,A C T ma
namely there e

 be a strongly monotone p, 
xists 0   such that, for  0,t T , 

    2

1 2 1 ,v v v v  
 1 2 2

2
2

, , ,

.mn n

A t t v v 





Then variational inequality (1) a its a u

tinuous solution. 

4. Lipschitz Continuity Resu

The aim of this section is to provide a Lip
tinuity result for the financial equilibrium so
th eneral re

ns to the parameterized variational inequality 
(18). More precisely, the followin  result holds (see [30], 
Theorem 1): 

Theorem 4.1 Let 

1,v v

A

dm nique con- 

lt 

schitz con- 
lution. For 

is reason, we recall a g sult proved in [30] for 
the solutio

g

A  be stron ly monotone, Lipschitz 
continuous with respect to  Lipschitz continuous with 
respect to   exists  such that, for 

g
v ,

t , and there 0 
 1, 0t t T2 , , 

       
1 2 2

where  

2, ,mn nt z    1t tP z P z t   

   arg mint v tP z z v   ,  0,t T , de-  

notes the projection onto the set . Then, the unique 
solution 

 t
 v t ,  0,t T , to (18 Lipschitz continu- 

ous in 
) is 

 0,t T , 1 2t t , the fo estimllowing ate holds: 

   

    

       
2 1

0 2

1 2
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2
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,supmn n

t t

C T t t T
t t

P z P z
v

t t
 






    
 




 

2 1

1

2

v t v t




w

2 1t t

 

here  , , , ,M T L    . 
For the sake of simplicity, we set  

 
 

     
2 1sup

t tP z P z
L


  

1 2,t t
t t


1 2

0,
2 1

T t t
. 

Before applying vious result to o  
financial equilibrium p

projec penden n- 
straint set 

 the pre ur dynamic
roblem, it is necessary to estimate 

the variation rate of tions onto time-de t co
   
 t  

e followi

     

   

     

1 : 0, 1, , ,

, , 1,
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ijt x t x t i m j

m j


     






 





 

   

          
1

3

, , , 1, ,

: , 1, , ,

n

ij i
j

n
j j j

n y t l t i m

t r t r t r t r t j n




   



     

 

 

namely 

1

, , , 1, ,
n

ij i
j

n x t s t i m



    

2 : 0, 1,mn
ijt y t y t i


    




1,

       1 2 3 .t t t t       

Making us  of Proposition 1 in [3 e can show that e 0], w
assuming  ,  0,t T

nt 1
iL , for 

is t , is Lipschitz continuous with 
Lipschitz , it results  consta 1, ,i m 

       
2 2 1 1

1
1 2

1

L


 (19) .
m

it t
i

P z P z n t t     

n thaMoreover, under the assumptio t  il t ,  0,t T , 
is Lipsch ntin ith Lipschitz constant 2

iL , for 
1,i m

itz co uous w

describing the problem. It is useful to 
note that can be rewritten as the Cartesian pro- 
duct of th ng set: 

,  ave , we h

       
2 2 1 1

2
1 2

1

.
m

it t
i

P z P z n L t t


       (20) 

Now, taking into account Proposition 4.1 in [31] and 
assuming that  jr t  and  jr t ,  0,t T

stants 
, are Lips- 

chitz continuous with Lipschitz con 3
jL  and 3

jL , 
respectively, for 1, ,j n  , we can prove  

      
3 2 3 1t t 

3
1 2 ,P z P z L t t       (21) 

where  3 3
1, ,max 3

j n j jL L  . L

We can conclude that 
Proposition 4.1 Let  1 2, 0,t t T , let 
 ,s : 0, ml T    be two Lipschitz continuous functions 

and let  , : 0, nr r T    be two Lipschitz continuous 
functions. Let z  be an arbitrary point in mn . Then it 
results to be

 

  

     
2 2 2 1 ,t tP z P z L t t     

1 1

where is the positive constant as in (3).  
As a consequence, it results 

L  

       
2 1

2 1

.
t tP z P z

L
t t





 

 

Hence, applying Theorem 4.1, we get the following 
result. 

Theorem 1.2 Let   0 20, , mn nA C T  
ant 

 be strongly 
monotone (with const  ), Lipschitz continuous with 
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respect to x  (with constant  ), Lipschitz continuous 
with respect t (with constant o t  M ),

 

 and let 
 , : 0,s l T

and let 

m    be two Li ontinuous functions pschitz c
 , : nr r    

ns. Then e unique fi
 , ,y

0,T
, th

r  

be t pschitz continuous 
functio l equilibrium solution 

is Lipschitz continuous in 

w
nancia

o Li

v x   0,T
: 

. More- 
over, let 1 2t t  the fo

 
, llowing estimate holds
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 , , , ,M T L . where   
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Figure 1. Two sectors and two financial instruments net-
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which expresses the financial equilibrium conditions, becomes 
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
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 (22) 

 
Following the direct method (see [21]) in order to find 

the solution, we can derive from the constraints of the 
convex set the values of some variables in terms of 
the others, mely we obtain, a.e. in 

  
na  0,1 , 
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Then, setting 

,1

variational inequality (22) can be expressed in the equi- 
valent form: 
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Let us set 
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As the first step of the direct method suggests, let us search solutions obtained from the system 
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For the sake of simplicity, we assume  
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tions of τ21 . Figure 3. Bound func
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we obtain that they are negative and positive respectively, 
as it can be verified in Figure 4 where the graphs of the 
numerators are represented. 
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 in  ,0 1γ5  and γ6Figure 4. . 
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Figure 5. γ5  and γ6  in  ,0 1 . 

 

 

 in  ,0 1Figure 6.  and γ6 . γ5

Copyright © 2013 SciRes.                                                                                 JMF 



A. BARBAGALLO  ET  AL. 48 

 

   
   
   
   
   
   
 

4 3 2

11 2

4 3 2

12 2

4 3 2

21 2

4 3 2

22 2

3 2

11 2

3 2

12 2

21

7 8 25 128 72
,

5 16

7 23 20 112 8
,

5 16

7 13 51 14 192
,

5 16

7 8 31 66 128
,

5 16

21 61 30 48
,

5 16

26 71 50 62
,

5 16

t t t t
x t

t

t t t t
x t

t

t t t t
x t

t

t t t t
x t

t

t t t
y t

t

t t t
y t

t

y t















   




    




    




   




  




   





 

   
 
 

3 2

2

3 2

22 2

1

2

35 43 44 88
,

5 16

40 58 36 152
,

5 16

0,

7 8,

t t t

t

t t t
y t

t

r t

r t t





























   





     
 
  

 

is solution of the variational inequality in the interval 
 3 4,t t , because ,ij ijx y   fulfil the constraints and 

 
 

   

5 4 3 2

5 2

1

5 4 3 2

6 22

182 427 351 128 380 128

5 16

0,

66 114 86 266 44 128
0,

25 16

t t t t t

t

F t

t t t t t
F t

t

    
 



 

    
   



 

for any  1F t  non negative  2F t and for  small 
en er ough. In fact, if we consid

 

 

5 4 3 2

5 2

5 4 3 2

6 2

182 427 351 128 380 128
,

5 16

66 114 86 266 44 128
,

25 16

t t t t

t

t t t t t

t





    




    




 

w they are positive ative respectively
in Figures 7 and 8 where the graphs 

f the numerators are represented in detail. 
If we remember that, in this case, 

t

e obtain that and neg , 
as it can be verified 
o

   11 0 ,r t r t    

   2 27 8r t t r t     ,

from (23), we obtain  

   1 2
1 1( ) 0, ( ) 0,t t     

       1 2
2 20, 0.t t     

So, from (24), we get  

   1
1 5 0,t      

   2
2 6 0,t      

 2F t  is small enough and for any  1F t  provided that 
non negative.

In this situation, we can assert that, in the interval 
 

 3 4,t t ,
and the 

 for the instrument , we have minimal price 
deficit is given by 

1j 
 

       1
1 11 5 0.t r t r t      

 2F t  small enough, price 2r
Whereas, for  is maxi- 

mum and the arket has a surplus n by 
 

financial m give

            
6 5 4 3 2

2
2 2 6 2 22

462 605 514 2550 1820 1248 1024
7 8

25 16

t t t t t t
t r t r t F t t

t
        

    


 .

 
Now let us proceed to the calculation of the Evaluation 

Index. We have 
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Then the Evaluation Index is 
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 in  ,0 1Figure 7.  and γ6γ5 . 

 

 

 in  ,0 1Figure 8.  and γ6γ5 . 

 

As a consequence, in the interval 
4

0,
9

 
  

, if 

       1 220 6 11 4 9F t F t t t t     

the economy has a positive average evaluation. The same 
situation happens if 

       1 220 6 11 4 9F t F t t t t     

in the interval 
4

,1
9
 
  

 (where ). From this  

example we see that we can get useful information from 
the 

4 9 0t 

 E t
Now, 

, which requires simple calculations. 
we would like to study another example in 

which we assume  

   11 123 , 1,t t t t      

   21 22

1 1
, .

2 2
t t t t      

Under these assumptions, there exist  
 5 0,638;0,640t   and  6 0,997;0,999t  , such that 
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Copyright © 2013 SciRes.                                                                                 JMF 



A. BARBAGALLO  ET  AL. 50 

 

 

 

 

 

 

 

 

 

 

2

11 2

3 2

2

3 2

21 2

2

22 2

2

11 2

3 2

2

21 2

3 2

22 2

1

2

2 28 8
,

16

3 3 20 8
,

16

6 2 32
,

16

2 14 32
,

16

6 10 16
,

16

8 6 16

2 16 24
,

1

5 24
,

16

0,

0,

t t
x t

t

t t t

t

t t t
x t

t

t t
x t

t

t t
y t

t

t t t

t t
y t

t

t t
y t

t

r t

r t



















  




   


  




 




 




   

 




  



































 

is solution of the variational inequality in the interval 
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 and  2F t  non negative. In fact, if we con- 
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we obtain that they are both positive, as it can be verified 
in Figure 9 where the graphs of the numerators are 
represented. 

We observe that, in our case 
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As regards the calculation of the Evaluation Index, we 
have 

 

 

 in  ,0 1Figure 9.  and γ6 . γ5
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As a consequence, the Evaluation Index is  
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the economy has a positive average evaluation because 
. From this example we see that it is easier to 

nancial balance if 
1 0t 
achieve fi ij  and jh  are more or 

e Law and Liability Formula,” Nonlinear 
Analysis: Theory, Methods & Applications
2012, pp. 1104-1123. doi:10.1016/j.na.2010.10.013

less equal. 
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