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ABSTRACT

This paper is the sequel of the previous papers [1] and [2]. More precisely, we study the regularity of the solutions of
the evolutionary variational inequality governing the general financial evolutionary problem. Specifically we obtain that
such a solution is continuous and Lipschitz continuous with respect to time and we illustrate the achieved result through
numerical examples. Moreover the numerical examples enables us to understand the behaviour of the financial equili-
brium and the impact of the components of the model on the financial equilibrium.
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1. Introduction conditions are considered in dynamic sense and the
governing variational inequality formulation is presented.
Precisely, the variational inequality we are working with
is the following one:

In the previous papers [1] and [2], a general equilibrium
model of financial flows and prices is considered. The
model is assumed evolving in time. The equilibrium

Find(x",y*,r*) e
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where P is the set of feasible assets and liabilities for each sector i =1,---,m given by

R={x9) <l ([0TLE") 26 (=5 (1) acin [0T]

Zi:y”() (Dacin[0.T], X (t)20.y (t)20,acin[0.T]).
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34 A.BARBAGALLO ET AL.

s (t) is the total financial volume held by sector i as
assets, |, (t) is the total financial volume held by sector
i as liabilities, —u, (t,)g (t).y, (t)) is a measure of the
risk of the financial agent, z; (t) is the tax rate levied
on sector i ’s net yield on financial instrument j,
h (t)el” ([O,T]) is a nonnegative function, F,(t) is
the portion of financial transaction per unit employed to
cover the expenses of the financial institutions, R is
the set of feasible instrument prices given by

(=1 (1)=7;(t).,

j=1,---,n,ae.in [O,T]},

R={rel([0.TLR"):r

where r and T are assumed to bein L’ ([O,T],R”) .
Setting, for the sake of simplicity,

=)= (5 W)y ),

AL ([O,T],Rz”‘””) L ([O,T],RZ"‘”“)

defined as:

r(t)<r(t) <7 (), ae.in [0,T]),
then variational inequality (1) becomes the problem:
Find V' = (x*, Y, r*) eK :<A(t,v* ),v—v"> >0,
vvekK.

Variational inequality (1) proved to be a very useful
tool which enables us to study the financial equilibrium
of an economy evolving in time and in the previous
papers [1] and [2] the authors provided an interesting and
useful output as the deficit formula, a general balance
law and the liability formula which could be of great
importance for the theory of equilibrium problems evolv-
ing in time. For the reader’s convenience we recall such
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important formulas:
1) Deficit formula

3 (1-2, ()% (0)-(1+h, (1) y; (1)]

i=1
F (0o (0= 6" (). Vi=lon

where pﬁl)* (t) and p?z)* (t) are the Lagrange vari-

ables associated to the price bounds:
A (05, (017 (1) =0,
P ()(r (0)-1 (1) =0,

The meaning of pj(l)* (t) is that it represents the de-

ficit per unit whereas pﬁz)* (t) is the positive surplus

per unit;
2) Balance law

3) Liability formula

UL 1
§ - (1 i >><1+|<t>>

j
where 4(t) and i(t) are the averages of 7; (t) and

i (1)

h, (t), namely 6(t)= -

Z?:lhj (t)

and

i(t)=

These suggested formulas could be of topical utility
for the management of the world economy and to this
aim in [2] the authors give some suggestions for the
achievement of the world financial equilibrium and for
finding the necessary way to follow in order to reach an
improvement of the economy. It is worth reminding such
suggestions:

Proposition 1.1 When the prices are minimal, namely
they coincide with the floor prices, the economy col-
lapses.

Proposition 1.2 Minimal prices imply the increase in
the public debt.

Proposition 1.3 Minimal prices produce an economic
recession. Thereisno incentive to the economic efforts.

Proposition 1.4 Even if it could be shocking, the

, respectively.
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A.BARBAGALLO ET AL. 35

development of the economy and of the employment re-
sultsfroman increase in the prices.

The value of these propositions can be realized by
taking into account that the increase in prices indicated in
Proposition 1.4 has been forecasted many months before
(June 2011) it happened in our days.

Moreover, in [2] an “Evaluation Index”, that we de-
noted by E(t) , has been introduced as a useful and
simple tool for the evaluation of an economy, given by

>1(0)
E(t)=——"F——,

> 1)+ 2 (1)

where we set

5= (1)

1+i(t)

1+i(t)-0(t)-0(t)i(t)

We remark that if E(t) is greater or equal to 1 the
evaluation of the financial equilibrium is positive (better
if E(t) is proximal to 1) whereas if E(t) is less than
1 the evaluation of the financial equilibrium is negative.

The aim of this paper is to provide new theoretical and
numerical results about solutions of financial equilibrium
problems. In particular, we will prove a continuity result
with respect to time of the solution, namely:

Theorem 1.1 Let SeCO([O,T],Rm),Iet
IeCO([O,T],R”),Iet L,r—eCO([o,T],RQ) and let
AeC"([0,T],R*™") bea strongly monotone map,
namely thereexists « >0 suchthat, for te[0,T],

(A(LY) - ALY, ).V -V, ) = alv -V, ’

v,V e R*™

Then variational inequality (1) admits a unique con-
tinuous solution.

Furthermore, we prove the following Lipschitz con-
tinuity result:

Theorem 1.2 Let AeC°([0,T],R*™") be strongly
monotone, namely there exists a >0 such that, for
te [O,T] R

(A(LV) - ALY, ).V -V, ) = alv -V, ’

2mn+n,
vv,V, € R ;

B

Lipschitz continuous with respect to Vv, namely there
exists >0 such that, for te[0,T]

||A(t,vl )_ A(t,Vz )" < ﬁ"Vl -V, ", ‘v’v] ,V, € RZH‘I’H—n;

and Lipschitz continuous with respect to t, namely there
exists M >0 such that, for t,t, € [O,T],

|A(t.v)- At V)| < MMt —t,], vve RZ™.

Copyright © 2013 SciRes.

Let sl:[0,T]—>R™ be two Lipschitz continuous
functions and let L,F:[O,T]—)]R” be two Lipschitz
continuous functions. Then, the unique financial equili-
brium solution V' =(x", y*,r*) is Lipschitz continuous
in [O,T]. Moreover, let t, #t,, the following estimate
holds:

<112

2
\J CO([O’T]ﬂRZIThi»n) + L j’ (3)

v (tz )_V* (tl )"2 (
— — " <y

|t2 -t |2
where y =y(a,f,M,T, L) and
[P (2= Py (2)]
Y 112510T]|| t2 -1, "
170

The continuity and Lipschitz continuity of solutions to
financial equilibrium problems is a very important pro-
perty for applications. Indeed, it is fundamental to estab-
lish numerical approximate solutions. Such numerical
solutions can be obtained making use of a modified
version of the algorithms (see for instances [3-7]). It is
worth remarking that the Lipschitz continuity allows us
to calculate the error in approximating the solution.

In order to clearly illustrate theoretical results, some
significant examples are provided and, in such a way, the
impact that the components of the model have on the
equilibrium are highlighted.

It is worth mensioning that even in this case vari-
ational inequalities are able to express the time-depend-
ent equilibrium conditions. Then, applying delicate tools
of nonlinear analysis (see [8-11]), it is possible to prove
existence results and qualitative analysis. For other eco-
nomic problems where the time plays an important role
we refer to the papers devoted to the Walrasian equili-
brium problem [12-15], to the oligopolistic market equi-
librium problem [16,17], to the weighted traffic equili-
brium problem [18,19], and to [20].

The paper is organized as follows. In Section 2 we
present the general financial model. In Section 3 we
study the continuity results of the solution to the vari-
ational inequality which characterizes the financial mo-
del. In Section 4 we provide a Lipschitz continuity result
for the solution. Finally, in Section 5 we propose a nu-
merical examples from which we deduce that the solu-
tion, computed by means of the direct method (see [21]),
is Lipschitz continuous.

2. TheModd

We consider a financial economy consisting of m sec-
tors, with a typical sector denoted by i, and of n in-
struments, with a typical financial instrument denoted by
j, in the time interval [0,T]. Let §(t) denote the
total financial volume held by sector i at time t as
assets, and let | (t) be the total financial volume held
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36 A.BARBAGALLO ET AL.

by sector i at time t as liabilities. Then, unlike pre-
vious papers (see [22-27]), we allow markets of assets
and liabilities to have different investments s (t) and
l; (t), respectively. Since we are working in the pre-
sence of uncertainty and of risk perspectives, the volu-
mes §(t) and I (t) held by each sector cannot be
considered stable with respect to time and may decrease
or increase depending on unfavorable or favorable eco-
nomic conditions. At time t, we denote the amount of
instrument | held as an asset in sector i ’s portfolio by
x;(t) and the amount of instrument j held as a
liability in sector i’s portfolio by y;(t). The assets
and liabilities in all the sectors are grouped into the

" X [%0 %0 - %]
X(t)= xf(t) = xli(t) | xji(t) | xni(t)

_><m:(t)_ _Xmlz(t) Xmi:(t) xmn:(t)_

" O] [ i ©) (0]
y(t)= yii(t) = yni(t) yi,-i(t) ymi(t) :

_ym:(t)_ _yml:(t) ym-:(t) yrm:(t)_

We denote the price of instrument j held as an asset at
time t by (t) and the price of instrument j held as a

liability at time t by (I1+h; (t))r;(t), where h is a

nonnegative function defined into [O,T] and belonging
to L” ([O,T]) . We introduce the term h, (t) because
the prices of liabilities are generally greater than or equal
to the prices of assets so that we can describe, in a more
realistic way, the behaviour of the markets for which the
liabilities are more expensive than the assets. In such a
way, this paper appears as an improvement in various
directions of the previous ones [22-27]. We group the
instrument prices held as assets into the vector

r(t) :[I’l (1), 5 (t),- r(t), - r, (t)]T and the instru-
ment prices held as liabilities into the vector
(1+h(t)r(t)

=[(+R O (0).(1+h ()1 (6).,

(1+h () (). (+h (O) R (0]

In our problem the prices of each instrument appear as
unknown variables. Under the assumption of perfect
competition, each sector will behave as if it has no in-
fluence on the instrument prices or on the behaviour of
the other sectors.

Copyright © 2013 SciRes.

In order to express the time-dependent equilibrium
conditions by means of an evolutionary variational in-
equality, we choose as a functional setting the very
general Lebesgue space L ([O,T],]Rp) . Then, the set of
feasible assets and liabilities for each sector i=1,---,m,
is P.

Now, in order to improve the model of competitive
financial equilibrium described in [1], we consider the
possibility of policy interventions in the financial equi-
librium and incorporate them in form of taxes and price
controls.

To this aim, denote the ceiling price associated with
instrument j by T; and the nonnegative floor price
associated with instrument j by r;, with
F(t)>r,(t), ae. in [0,T]. The meaning of the con-
straint 1, (t)<r, (t) ae. in [0,T] is that to each in-
vestor a minimal price I; for the assets held in the in-
strument j is guaranteed, whereas each investor is re-
quested to pay for the liabilities not less than the minimal
price (l+ h; )[ ; - Analogously each investor cannot ob-
tain for an asset a price greater than T; and as a liability
the price cannot exceed the maximum price (l +h, )r_l .

Denote the given tax rate levied on sector i’s net
yield on financial instrument |, as 7; . Assume that the
tax rates lie in the interval [0, 1) and belong to
L» ([O,T]) . Therefore, the government in this model has
the flexibility of levying a distinct tax rate across both
sectors and instruments.

Let us group the instrument ceiling prices T; into the

column vector T (t)= [r_l(t),---,ﬁ(t),--',r_ (t)]T , the in-

n

strument floor prices I, into theTcolumn vector
r(t)= [[1 (t),---.ri (1)1, (t)] , and the tax rates 7
into the matrix

r“.(t) ‘rln.(t)
o(t)= r”:(t) fm:(t) .
() () (D)

The set of feasible instrument prices is R.

In order to determine for each sector i the optimal
composition of instruments held as assets and as liabi-
lities, we consider, as usual, the influence due to risk-
aversion and the process of optimization of each sector in
the financial economy, namely the desire to maximize
the value of the asset holdings and to minimize the value
of liabilities. Then, we introduce the utility function
U, (t,)g (t),y (t).r (t)) , for each sector i, in this way

Uy (1% (8), 3 (81 (1) = (. ()%, (1))
2 O0-5 0)5 O-(+h (), (0]
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where the term -U (t, x (1), y, (t)) represents a mea-
sure of the risk of the financial agent and

r; (t)(l—z‘ij (t))[)g (t)—(1+ h, (t)) Y, (t)} represents the

value of the difference between the asset holdings and
the value of liabilities. We suppose that the sector’s
utility function U, (t,% (t),y; (t)) is defined on

[O,T]XR" xR", is measurable in t and is continuous
with respect to X and Y. Moreover we assume that
ou; /0x; and du /dy; exist and that they are mea-

surable in t and continuous with respectto X and VY.

Further, we require that Vi=1,---,m, Vj=1,---,n, and
a.e.in [0,T] the following growth conditions hold true:
utxy)<a Oyl vxyeRr" @
and
au (t,%,y)
OX;
au (t,x,y)
8)4'

where «, B;, y; arenon-negative functions of
L~ ([O,T]) . Finally, we suppose that the function

<A (VM.
)

<7; (1)[X

B

U (t,xy) is concave.

In order to determine the equilibrium prices, we estab-
lish the equilibrium condition which expresses the equili-
bration of the total assets, the total liabilities and the
portion of financial transactions per unit F; employed
to cover the expenses of the financial institutions in-
cluding possible dividends, as in [1]. Hence, the equi-
librium condition for the price r; of instrument j is
the following:

o * *
> (1=, )5 (O-(1+h, ()] (0]
>0 if I’j* (t)ZLJ- (t) (6)
+F, (t)1=0 ifr (t)<r (t)<F(t)
<0 ifr/®=r(t)

In other words, the prices are determined taking into
account the amount of the supply, the demand of an in-
strument and the charges F; , namely if there is an actual
supply excess of an instrument as assets and of the
charges F; in the economy, then its price must be the
floor price. If the price of an instrument is greater than
r,(t), but not at the ceiling, then the market of that
instrument must clear. Finally, if there is an actual
demand excess of an instrument as liabilities and of the
charges F; in the economy, then the price must be at
the ceiling.

Now, we can give different but equivalent equilibrium
conditions, each of which is useful to illustrate particular

Copyright © 2013 SciRes.

features of the equilibrium.
Definition 2.1 A vector of sector assets, liabilities and

instrument prices (X' (t),y"(t).r"(t)) e[ R xR is
an equilibrium of the dynamic financial model if and only
if vi=l--,m Vj=L--,n and ae in [0,T], it
satisfies the system of inequalities

au (t, X, y*)
—
au, (t, X, y*)
oY
_ #_(2)* (t) >0,

(-5 ) (-4 20, @

+(1—Tij (t))(1+hi (t))ri* (t) (8)

and equalities

X (t)[_w_(l_ AC) (t)-u" (t)} =0,

(10
where 4" (t), 47" (t) e 2 ([0.T]) are Lagrange func-
tions, and verify conditions (6) a.e. in [0,T].

Let us explain the meaning of the above conditions. To
each financial volumes S and |, held by sector i, we
associate the functions ,ui(l) (t),,ui(z) (t), related, respec-
tively, to the assets and to the liabilities and which re-
present the “equilibrium disutilities” per unit of the sec-
tor i. Then, (7) and (9) mean that the financial volume
invested in instrument | as assets ){Jf is greater than
or equal to zero if the | -th component

ou (t,x*, y")
OX;
equal to ") (t) , whereas if

—(l— 7 (t))rj* (t)> 1" (t), then

au, (t.X.y")
OX;
X; (t)=0. The same occurs for the liabilities and the
meaning of (6) is already illustrated.
The functions " (t) and u? (t) are Lagrange
functions associated a.e. in [0,T] with the constraints

2% (1)-s(t)=0 and 3Ty, (t)-1(t)=0, re-
spectively. They are unknown a priori, but this fact has

no influence because we will prove in the following
theorem that Definition is equivalent to a variational

—(1=z; (t))r/ (t) of the disutility is
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inequality in which 2" (t) and u? (t) do not appear.

Theorem 2.1 A vector (x",y",r*)eHi":'lPi xR isa
dynamic financial equilibrium if and only if it satisfies
variational inequality (1).

Moreover, we recall the result about Lagrange multi-
pliers (see [2]):

Theorem 2.2 Let (x*, y*,r*)e [T RxL ([O,T],R’l)
be a solution to variational inequality (1). Then there
exist

A 20" e ([0, T].R™),
ﬂ(l)*,ﬂ(Z)* c LZ ([O,T],RT),
p(])*,p(Z)* c L2 ([O,T],RE)
suchthata.e.in [0,T],
oy (t,x* ),y (t))
OX;
(1= ()7 (O)-4" (1) - ® =0,
v' :laarnavj :17”'5n7
oy (t.X (1).y' (1) :
B oy +(1=7 () (1 (D)1 (1) (11)
i
A7 (6= (1) =0,
Vi =1,---,m, VJ =1,---,n,

> (17, ()% (- (140, (1) (1)]

i=1

+F, () + " (1) = o\ ©), Vj=L-,n,

Vizl’...’m’vjzl’...’n, (12)

Vi=L--,m (13)

P ()(17 (07, (1) 0.

3. Continuity Resultsfor Financial
Equilibrium Solutions

In order to show the continuity result for the financial
equilibrium problem, first of all, let us recall the well-
known property of set convergence due to K. Kuratowski
(see [28]), that is a generalization of the classical Haus-
dorff definition of a metric for the space of closed sub-

Copyright © 2013 SciRes.

sets of a (compact) metric space.
Let (X,d) be a metric space and let {K } = bea
sequence of subsets of X . Recall that

d _hﬁnKn =
{X e X :3{x,} _, eventually in K such that X, L)X}

d—limnK, =
{X e X :El{)%}neN frequently in K, such that X, —d>X}

where eventually means that there exists 6 € N such
that x € K, for any n>¢, and frequently means that
there exists an infinite subset N < N such that
X, € K, for any ne N. Finally we can remind the set
convergence in Kuratowski’s sense.

Definition 3.1 We say that {K,}  converges to
some subset K < X in Kuratwoski’s sense, and we
briefly write K, - K, if d-lim K, =d-lim\K 6 =K.
Thus, in order to verify that K, — K, it suffices to
check that

(K1) Kcd-limK,_,

exists a sequence {X,}

i.e. for any xe K, there

.y converging to X in X such

that X, liesin K, forall neN;
(K2) d —limn K, < K, i.e. for any subsequence
{X.},, converging to X in X, such that X, lies in K,

for all ne N, then the limit X belongsto K.

Now, let us prove that the set of feasible vectors
satisfies the property of the set convergence in Kur-
atowski’s sense.

Proposition 3.1 Let SeCO([O,T],Rm), let
leC’([0,TL,R"), let 1,7 eC’([0,T],R]) and et

{t} .y €[0,T] beasequencesuchthat t —te[0,T],
as k — +o0. Then, the sequence of sets

K(t)
= {v(tk): (x(tk), y(tk),r(tk)) c R2™N .
X (t)=0,y, ()20, Vi =1-,m j=1---,n,
3% (1) =5 (6)- 2% (8) =1, (1), ¥i = L
j=1 j=1
() <1 (t) <7 (t). Vi =1,---,n},
vk e N, converges to
K(t)= {v(t) =(X(t), y(t),r(t) e R*™":
X ()20, Y, (1)>0,Vi=1--,m j=1--n,
r

() <r(t)<T

y; (1) =1 (t), vi=1---.m
1

j

—~ Il

t),Vj=1--.n},
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as Kk — +oo, in Kuratowski’s sense.

Proof In order to prove that the sequence {K(t, )} .
converges to K(t) in Kuratowski’s sense, for any
sequence {t} < [0,T] such that t, >te[0,T], as
Kk — +o0, it is enough to show that conditions (K1) and
(K2) hold.

Let v(t)=(x(t),y(t),r(t))e

us consider the sequence

{V(tk )}keN = {(X(tk )’ y(tk)’ r (tk ))}keN >

Vi=l--,m, Vj=1--,n, VkeN,

i 1) = () + =30

(1) =y, (0 L)L O,

n

K(t) be fixed and let

such that

bl

and Vj=1,---,n, VkeN,
ry (t) =1 () +min{r, (t)=r; (8).7 (6) -1, (t)}-
t

Let us verify that v(t )eK(t,), VkeN. Taking
into account that

tim, 4= 5,0+ 230
=% (1)

lim 5 (t) = gm(y.,( )+ WJ
=¥ (t)20,

there exist two index v, and v, such that for k>v,
we get

% (t)20, Vi=1-,mVj=1--n,
and for k>v, we have
Y (t)20, Vi=1--,mVj=1--,n

Since mln{ () () ( ) ( )}>0

VkeN, it results T, (t,)>r,(t,), VkeN. Moreover,

being
min {r; (8) =1 ()7 (t) =1 (t)f <F (6) =1, (&)
vk eN, it follows r;(t ) <T(t), VYkeN. Finally, it

results

limr, (t )

k—+o0

= lim [ 1, (t)+min{r, (t) =1, (1),7; (t) -1, (8)} ]
=r(t), Vji=L--n.

Then we can consider a sequence {V(t, )}keN such
Vi=1---,m

that for k>v=max{v,,v,},
vj :19."’n3

Copyright © 2013 SciRes.

(1) = (0~
rt)=r, (tk)+min{rj (t)-r; (1)1 () -1, (tk)}=
vi=1,---,m, Vj=1---,n,

v(t )= P]K(tk)v(t)’

)() denotes the Hilbertian projection on

and for k<v,

where P]K(lk
K(t)-
We have limn,..V(t,)=V(t) andfor n> Vi

g&i (t,) = _Zn‘,{xj t)+

j=t

>, (tn>=jzjyu 1)+

Then the first condition has been shown.
For the second one, let {v(t,)}  be a fixed se-

quence, with v(t,)=(x(t,).y(t,).r (t,)) e K(t,).
vneN, such that x(t,)—> x(t) in R™,
y(t,) > y(t) in R™, r(t,)—>r(t) in R". We want
to prove that v(t )—(X(t),y(t) (t))eK(t).Since
v(t,) =(x(t,). ¥(t,).r(t,)) e K(t,), VneN, it results
X(t;)>0,¥neN, (15)
)20

y(t,
r(t,)<r(t,)<t

Passing to the limit as N — +co in (15), (16) and (17),
we obtain

I (tk)_li (t)} =1, (tk)'

n

0,vneN, (16)
(t,),VneN. (17)

X(
(t)z
r(t)<r(t)<r(t).

Then v(t)eK(t).

The claim is, now, achieved.o

For what follows, it is convenient to recall that vari-
ational inequality (1) can be rewritten in the equivalent
parameterized form:

<A(t,v* (t)),v—v* (t)> >0,

vwekK(t),te[0,T],

(18)

where the constraint set K(t), te[0,T], is a closed
convex and nonempty subset of R",

A:[0,T]xR*™" - R*™" is a mapping and (,)
denotes the scalar product in R". Moreover, we recall
that under general assumptions existence theorems have
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been proved in [2] (see Section 6).

Taking into account the general continuity result for
solutions to parameter variational inequalities in re-
flexive Banach spaces (see [29], Theorem 4.1) and Pro-
position, we obtain Theorem 1.1 of Section 1.

Theorem L.1Let seC’ ([O,T],R"‘), let

|eC"([0.T],R"), let r,FeC([0,T],R]) and et
AeC’([0,T],R*™") be a strongly monotone map,
namely thereexists « >0 suchthat, for te[0,T],
2

B

(A(tV)-ALY,).v, —v,) z v, -V,

v,V € RP™

Then variational inequality (1) admits a unique con-
tinuous solution.

4. Lipschitz Continuity Result

The aim of this section is to provide a Lipschitz con-
tinuity result for the financial equilibrium solution. For
this reason, we recall a general result proved in [30] for
the solutions to the parameterized variational inequality
(18). More precisely, the following result holds (see [30],
Theorem 1):

Theorem 4.1 Let A be strongly monotone, Lipschitz
continuous with respect to v, Lipschitz continuous with
respect to t, and there exists x>0 such that, for
t,t, €[0,T],

“ PK(‘I) (Z) - PK(tz) (Z)” = K|t1 -,

where B (z)=arg min, g ) ”Z_V” . te[0.T], de-

2
,VzeR*™",

notes the projection onto the set K(t) . Then, the unique
solution V' (t), te[0,T], to (18) is Lipschitz continu-
ousin te [O,T] , t, #t,, the following estimate holds:

4 (tz ) -V (tl )”

|t2 _t1|

2

CO([O,T],]RZ'WH”

*

1
N\
P]K(tz) (Z) - P]K(tl) (Z)" ’
tz _tl ’

<y

+ o]
) Y ,tze[O,T]”
t =ty
where y =y(a,5,M,T,L).
For the sake of simplicity, we set

R -P
L= SUP, ¢ o] H K(t,) (:2) - tllK(tl) (Z)

7t

||
I

Before applying the previous result to our dynamic
financial equilibrium problem, it is necessary to estimate
the variation rate of projections onto time-dependent con-
straint set [P ] describing the problem. It is useful to

note that K(t) can be rewritten as the Cartesian pro-
duct of the following set:

Copyright © 2013 SciRes.

K(t) =K, (t)XKz (t)XKz (t)
Making use of Proposition 1 in [30], we can show that

assuming § (t), te[0,T], is Lipschitz continuous with
Lipschitz constant L, for i=1,---,m, it results

Pesiy (2P (2)] < Jﬁgju It -t]. (19

Moreover, under the assumption that |, (t), te[0,T],
is Lipschitz continuous with Lipschitz constant L, for
i=1---,m, we have

“ Py (2P, (z)” < Jﬁg& t-t| (0

Now, taking into account Proposition 4.1 in [31] and
assuming that r,(t) and T (t), te[0,T], are Lips-
chitz continuous with Lipschitz constants I__3j and L_3J,
respectively, for j=1,---,n, we can prove

1P (DR (2 <Ll -t), @D
(C+L)-

We can conclude that

Proposition 4.1 Let t,t, €[0,T], let
s1:[0,T]—>R™ be two Lipschitz continuous functions
and let r,F:[0,T]—>R" be two Lipschitz continuous

functions. Let z be an arbitrary point in R™ . Then it
resultsto be

HPKZ(IZ) (Z)_ PKI(II) (Z)” < L|t2 _t1|»

where L is the positive constant as in (3).
As a consequence, it results

H P (2)- Few) ( Z)H
|t2 _t1|

where L’ =max_

<L

Hence, applying Theorem 4.1, we get the following
result.

Theorem 1.2 Let AeC’([0,T],R*™") be strongly
monotone (with constant « ), Lipschitz continuous with
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respect to x (with constant ), Lipschitz continuous
with respectto t (with constant M ), and let

s1:[0,T] >R™ be two Lipschitz continuous functions
and let r,F:[0,T]—>R" be two Lipschitz continuous
functions. Then, the unique financial equilibrium solution
V' :(x*,y*,r* is Lipschitz continuous in [O,T]. More-
over, let t, #t,, the following estimate holds:

v’ (tz ) -V (tl )"2

& -t
2

2
< 7/[ \ CO([O,T],RZ”“*”) + L J’

where y =y(a,,M,T,L).

s

5. Some Numerical Examples

Let us study some numerical financial examples in which
we consider as the risk aversion function the one sug-
gested by H.M. Markowitz in [32] and [33], which
expresses at each instant te [O,T] the risk aversion by
means of variance-covariance matrices denoting the
sector’s assessment of the standard deviation of prices
for each instrument. We will see that the solutions of the
examples are regular and we illustrate the impact of the
components of the model on the financial equilibrium,
especially for what regards F and F, and the deficit
and the surplus.

Let us consider an economy with two sectors and two
financial instruments, as shown in Figure 1, but this
setting is not restrictive since we can consider a general
economy by an iteration of this significant case, and
assume that the variance-covariance matrices of the two
sectors are the following:

1 0 -05t 0
0 1 0 0
1
t)= ,
Q ( ) -0.5t 0 1 0
0 0 O 1

Sectors
s1(t) Asset s, (1)
Subproblems

x,, (t) x,(t) x, (t) x,, (1)

y, (1) y, (1) ¥y (1) Y, (1)
Liability
Subproblems
Iy (t) I, (t)

Sectors

Figure 1. Two sectors and two financial instruments net-
work a.e.in [0,1].

1 0 0 0
0 1 -0.5t 0
2
t)= .
Q' ) 0 -0.5t 1 0
0 0 0 1

Let us choose as the feasible set

K= {(x“ ()5 % (1), %01 (1), % (1), Y2 (1), a2 (1),

Yor (8) ¥ (1)1 (1)1 (1)) € L ([0.1]. R
X, (t)+x,(t)=3t+1, ae.in[0,1],
%, (1) + X, (t =t+4, ae.in[0,1],

a.e.in [0,1],
< rz( )S 7t+8,a.c.in[0,1]}.

The variational inequality

J.;Zz:i{z((qn)i (t))T X (t)+(Q(in)J (t))T 24 (t))_(l_fij (t)r] (t)}

Copyright © 2013 SciRes.
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which expresses the financial equilibrium conditions, becomes
fl{[“fl( )= ()= (1= ()1 (1) ] (%, (1) =%, (1) +[ 25, ()= (1= 7 ()5 (D ](x2 ()= %2 (1)
(1 le(t)) ()] (% ()= %, (1)) +[ 256, (1) =y, (1) = (1= (1)) 15 (1) ] (% (1) = %5, (1))
+h () (1=7, ()1 (©) (v (-5, (1))

)

t) =03, (t)+(1+h (1)) (1-2,, (1)1 )= ¥ (1)) (22)
+ (1+hZ(t))(1_Tzz(t))rz*(t)](yzz (t)- ¥z (t))
+ (I-7, t)X”(t)+ I_Tzl(t))xal(t)_(l+h1(t)
)%, (1)

)[1 7, (1) i, (t)+ (1—121(t))y;(t)}rFl(t)](rl(t)—rl*(t))
1= (6))% (1) = (1+ 1y () (1=732 (8) Yo () + (1= 72 (1) ¥ () ]+ R (1)

Following the direct method (see [21]) in order to find

the solution, we can derive from the constraints of the
convex set K the values of some variables in terms of
the others, namely we obtain, a.e. in [0,1],

R = {(%1: %0 Yoo Yoty ) € L ([0 1LY
0<%, (t)<3t+1,0<x, (t)<t+4, ac.in[0,1]
0<y, () <t+2, 0<y, (t)<t+3, ae.in[0,1]

Copyright © 2013 SciRes.

X, (1) =3t+1-x,(t), X, (t)=t+4-x,(t),
Yo () =t+2-y,(t), vy, (t)=t+3-y,(t).
Then, setting

0<r(t)<4t+3, 0<r, (1)< T7t+8, a.e.in[o,l]},

variational inequality (22) can be expressed in the equi-
valent form:

Jo{[4% (=00 ()= (1=7, ()5 (1) +(1=7 ()15 (1) =6t =2] (%, (1) =X, (1))
+[ 456, (1) +ty3, (1) = (1= 23, (1)1 (£) + (1755 (1)) 15 (1) =2t =8] (% (1) = %, (1))
+[ 4y (0)-05, (1) +(1+ R (0) (1= 7, (D) ()= (1+ by () (1=, (1)1 (1) -2t - ](y“() vi (1))
+[t +4y21(t)+(1+ t)(1- )rl (t)=(1+h, (1))(1-7p (1)1 (1) -t* -6t — 6}()’ ()—y;(t))
+(1-7,(t (t )+(1- rﬂ(t))x2 1+h (0)((1=7,, (0) 7, (0)+ (1= ( )y2, (t))+ ()}(r,(t)—rl*(t))
+[ 1-7, (1)), (t)- (1 7, (t)) () 1+hz(t))((1 112())y”(t)+(1 122())y21(t))
+(1-7,(t )(3t+1 (1+hy () (t+2))+ (1= (1)) [ t+4 = (14, (1)) (t+3) 4R, ()] (1 (8) -1 (1))} dt = 0,
(x,y,r)eK.
Let us set

I, 4x1,(t) ty;‘,(t) (1- r“(t))rl*(t)+(1—rlz(t))rz*(t)—6t—2,

(1 Ty (t
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As the first step of the direct method suggests, let us search solutions obtained from the system

T =4x, (1) -ty), ()= (1=7, ()17 (t)+(1=7, (t))r, (t)-6t-2=0

Ty =4, (t )+th1() (1= ()1 (1) +(1- Tzz(t)) (1) -2t-8=0

Ty =4y, (1) -0, (1) +(1+h (1)) (1-7,, (8))r7( (1+h2( ))(1-7,, ()1 (t)—2t-4=0
r4=tx’2“1()+4y21 (1+h1 )(1 z'21 ) (1+hz())(1_722(t))r2*(t)_t2_6t_6=0
We get the values of the variables X; and Y, intermsof z;,r; and h;, namely

xl*l(t):l6l_ {228t 481, (6) (173, (1) [4-t (140 (1) ]+ 1 () (1732 (1)) 4+t (1 by (1)) ]}
-3t =3t 420t + 81, (1) (1-73, (1)) 4=t (1+ Ry (1)) ] = () (1= 730 (1)) [ -4+t (1 1y (1) ]}

=6t + 2643241, (1) (1=, (1)) [4+ (10 (1)) ] 1, (1) (1- 7 (1)) [ 4+t (14, (t))]},

2% +14t+32 -1, (1) (1= 2 (1)) [ 4+ (1 Ry (1)) ]+ 1 (D) (1= (1)) [ 4+ 1 (14 by (8 ]}
)

-t =88+ 6t +16— 1, () (1-7,, (1)) t=4(1+ B (1) ]+ 1 () (17,2 (1)) =4 (1+ e (1) ]}
28 +16t+24 -1, (1) (1= 75, (1)) [ t+4(1+ B (1) ]+ 1 (1) (17 (1)) [t + 4 (14 by (1)) ]}
ya (t) = 7 =5t +24 41, (1) (1= 75, (1)) £+ 4(1+ 1 (1) ]+ 1, (D) (1= (1)) L+ 4(1 4, (t))]}.

For the sake of simplicity, we assume

1
16-t*

{-
-
{
Vi (0) = 6 4106+ 161, (1) (17, (1) [t=4(1+ 0 (6)] -1, () (1-2, (1) [t-4 1+ ¢
{
{
-

R()=2  h(D)=t

We get

(0= g 20+ 288 (01, (0)(4-1-20 )1, (91— (0) (€ +1-4))
(1) =303 208, (01, () (41201, (01—, )€ +1-4)
161t2{ =6t #2432, (8) (1=, (1)) (26 +t44) =1, (1) (12 (1)) (£ = 4)}
161t2{2t 1404321, (1) (1= (6) (26 +t+4) 41, (1) (1= 7 (1)) (£ ~t=4)},

Vi (1) = {6 #1004 1641 ()1 7, (1) (7= 4) =1 (1) (155 () (e 4).

Al 161t2{_t3 82+ 6t +16 -1, (1)(1-17,, (t))(-7t=4)+ 1, (1) (1-7,, (1)) (3t +4)},

il 161tz{2 #16+ 241, (1) (123, (0) (-9 -4+, (D1~ 2 (1) (5t +4),

Vi (£) = - =56 4 24, (61 2 (1) (-9 -4) =1 (1)1 (1) (54}

Copyright © 2013 SciRes. JMF
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In the following, we study various examples of finan-
cial equilibrium for which the deficit (namely pgl)*) and

There exist t, € ]0.650,0.652[ and tze]0.975,0.977[ s
such that the vector

surplus (namely pgz)*) are different from zero in certain . 8t4 + 263 —19t% + 57t + 28
time intervals. Such examples depend on the choose of X (t) = 2(1 6—t2)
suitable values of the data. In the first example, we con-
sider values of 7 such that X (1) = —8t* —8t* +17t* +39t +4
’ 2(16-t%) ’
max 227 +27t-4  SU+TC+Tt-4 | _ 2 (1) St 30 150 1+t 444
> s . —8t* —3t” - +9t+
4t+3)(7t+4)" (4t+3)(2t* +1-4)| " X, (t)= — ,
4 3 2
CSU 48 —41t-20 —£ 4208 +43t+28 X, (t)= S AU HHIU 470420
T |(ate3) (2 +t-a) (4t43)(Tt+4) [ .6t
i (t) = 28t° +21t° =5t +20
11 - s
| 8048 +5t-20 34 +27t-12| © 2(16-t7)
(4t+3)(2 +t+4) (4+3)(O+4) |~ 7 yi (1) 2 00 25 37t 44
3 2 3 2 ’ 2(16_t2) ’
< min T +4t7 +21t+44 7 +31t7 +43t+36 , )
> (4t+3)(2t2+t+4)’ (4t+3)(9t+4) y;l(t)=36t +19; —t§5t+12’
as Figures 2 and 3 show. vor(t) = =37t —12t* +31t +36
In particular, we assume 2 16—t ’
t+1 r(t)=4t+3,
()= m()=3t £ (t)=0,
. (t):t . (t): 5t+1 is solution of the variational inequality in the interval
2 B 2 Jti.t.[ . because x;,y; fulfil the constraints and
Bound function of T,
2 T T T T
S Lower boud function of T,,
= - b i
18 L7 < RS < = = = = Upper boud function of T,
v ~ =
16 [ R 1
14 [ R 1
12 F i S
1 i
08 [ .
0 Il 1 L 1
0 0.2 0.4 0.6 0.8 1

Figure 2. Bound functions of

Copyright © 2013 SciRes.
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Bound function of T,,

3 T T

25 N

15

05

-05

Lower boud function of T,,

= = = = Upper boud function of T, —

Time

Figure 3. Bound functionsof z,, .

_184t° —36t* —145t° —14t> — 57t + 68

T. = +F (t)<O0,
’ 2(16-t*) (1)
—291t° —329t* +123t> +423t> +98t — 56
T, = -

2(16—t )
+F, (t)>0,

for F (t) small enough and for any F,(t) non nega-
tive. In fact, if we consider

184t° —36t* — 1457 —14t* — 57t + 68

y - ]
i 2(16-1)

. = —291t° —329t* +123t° + 423t + 98t — 56
’ 2(16-17) ’

we obtain that they are negative and positive respectively,
as it can be verified in Figure 4 where the graphs of the
numerators are represented.

Let us remember that, by virtue of Theorem 2.2,
Vj =1,2, the following relationships are satisfied

A" (O, (017 (1) =0,
P (1)(17 (1)1, (1) =0

S (1= (O)) % (O-(1+h, (1) y; (0]

= (24)
+F 0+ 27 (1) = 2" (1),

(23)

Copyright © 2013 SciRes.

Taking into account that, in our case,
r(t)=4t+3=7(t),
n(t)=0=r,(t),
from (23), we obtain
A (1)=0, o (1)20,
P ()20, " (1)
So, from (24), we get
P (t)=-T, >0,

0.

A (t)=T¢ >0,

provided that F (t) is small enough and for any F, (t)
non negative.

The importance of this example remains in the fact
that, in the interval |t t,[, for F(t) small enough,
price 1’ is maximum and the financial market has a
surplus given by

AT (T (1)

=-Isn (t)

_ —736t° —408t> + 688t* + 491> +270t> —101t — 204
- 2(16-%)

~F (1)(4t+3).
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Y and Y, in[0,1]

Time

Figure4. y, and p, in [0,1].

Whereas, for the instrument j =2, we have minimal the economy has a positive average evaluation. The same
price and the deficit is given by situation happens if
A (), (1) =T,r, () =0. 8(F (t)+F, (1)) >t(6t+11)(3-7t)

Now, we would like to calculate the Evaluation Index

. . 3
for this financial problem. More precisely, we have in the interval }7’ 1} (where 3-7t<0).

o(t)= Tt+1 i(t)= 3 t Now let us consider the case where the values of 7
’ are such that
S 3 2 3 2
iZz;l (t)=2t+5, Zs() 4t+5, max ) JE 17t +8t—24’t +29t° +46t+16 | _ ()
(7t+8)(* +t—4) " (7t+8)(3t+4)
2
S (t
is(t):; ():2(4”5) 10U 1812 40t -40 27t +62t +48
- 1+i(t) 243t =m (7t+8)(C +t-4) "(7t+8)(3t+4) [
2
ZF- (t) 3 2 3 2
ZZZF] )= 11 j _8(R(1)+ Fz(t)). max ] & +21t2 +34t €140t +68t:8 <rn(t)
= (1+i(©))(1-6(t)) ~ (3-7t)(2+3t) (7t+8)(* +t+4)" (Tt+8)(5t+4)
As a consequence, the Evaluation Index is given by: . {7,[3 ST 450t + 64 372 + 84t + 56
2t+5 - 2 s s
E(t) = (7t+8)(t +t+4) (7t+8)(5t+4)
(1= 2(4t+5) 8( F(t)+F, (1)) ( )
2+3t (3 7t)(2+ t) as Figures 5 and 6 show.
In particular, we assume
1
= - 1, 6
N 8(F, (t)+F,(t))—t(6t+11)(3-7t) 7, (t)=3t, rlz(t)=—§t+g,
(3—-7t)(2t+5)(2+3t)
1. 6
t)=t, t)=——t+—.
In the interval [0,; ,if TZI( ) 122( ) 5 5
There exist t,€]0.946,0.948] and t,€]0.997,0.999],
( ()+Fz(t))<t(6t+1l)(3—7t) such that the vector

Copyright © 2013 SciRes. JMF
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Bound function of 1.,

1.5

131

117

- -
-~ -
- -
- i I R
---_---
e wm o .

Lower boud function of T,,

Upper boud function of T,,

1 1 Il

1

0.5

0.2 0.4 0.6
Time

0.8 1

Figure5. y, and p, in [0,1].

Bound function of Ty,

1.8

141

08

04 r

-~

-~ -
-~ -
-~
-
-
-
-
-
-

Lower boud function of T ,, _

Upper boud function of T ,,

1 1 1

0.2
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0.2 0.4 0.6
Time

0.8 1

Figure6. y, and p, in [0,1].
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7t 4+ 8t - 257 +128t+72

X, (t) = ,
a0 5(16-t2)
< (t):—7t4—23t3+20t2+112t+8
: 5(16-1%) ’
< (t):—7t4—13t3—51t2+14t+192
: 5(16-t7) ’
N, (t):7t4+8t3+3lt2+66t+128
2 5(16-t?) ’
v (t):21t3+61t2+30t+48
! s(16-t)
i, (t) = —26t* —=71t> + 50t + 62
. 5(16-t2) ’
i (1) = 35t% +43t% + 44t + 88
2 5(16-t%)
vir (t) = —40t —58t% +36t +152
2 5(16-t7)
rl*(t)ZO,
r(t)=T7t+8,

is solution of the variational inequality in the interval
Jt;.t, [, because x;,y; fulfil the constraints and

1826 +427t* +351t° —128t% —380t +128

I.=
’ s(16-t%)
+F (t)>0,
5 4 Qi3 2
F6:66t +114t* —86t° — 266t +44t+128+F2(t)<0,
25(16—t2)

for any F(t) non negative and for F,(t) small
enough. In fact, if we consider

_182t° +427t* +351t° —128t% —380t +128

7 - )
° 5(16-t7)
66t° +114t* —86t° —266t% + 44t +128
76 = 2 )
25(16—t )

we obtain that they are positive and negative respectively,
as it can be verified in Figures 7 and 8 where the graphs
of the numerators are represented in detail.

If we remember that, in this case,

r(t)=0=r,(t),
n(t)=7t+8=",(t),
from (23), we obtain
A" ®=0, o (1)=0,
P (t)=0, A2 (1)>0.
So, from (24), we get
PV (t) =T >0,
P (t)=-T >0,

provided that F, (t) is small enough and for any F,(t)
non negative.

In this situation, we can assert that, in the interval
]t3,t4[ , for the instrument j =1, we have minimal price
and the deficit is given by

pl(l)* (t)Ll (t) =Isr, (t) =0.

Whereas, for F,(t) small enough, price r, is maxi-
mum and the financial market has a surplus given by

Now let us proceed to the calculation of the Evaluation
Index. We have

o+6 .
0()=="1°. i(t)=1t

Copyright © 2013 SciRes.

6 5 4 3 2
(2)+ (t)Tz (t) _I,F, (t) _ —462t° —605t° + 514t 2;(21565?'12;1820t —1248t-1024

F, (t)(7t+8).

. X0 (e eR)
éFj (t):(1+i(t))(1—9(t)): (4-9t)(2+3t)
Then the Evaluation Index is

2t+5
=)= 2(4t+45) 20(F, (t)+F, (t))

2+3t (4-9t)(2+3t)
1

4—
20(F, (t)+F, (t))-t(6t+11)(4-9t)

T s 2o (2tes)
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Y, and ¥, in [0,1]

120 % ! ! ! ! ? ! ! !
100

80

60

40

20

0

PO (S DR D R N R DR SR R
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Time

Figure7. y, and p, in [0,1].

Yoinltgt,[

. ] ] ] ’
NS z 5 K
. : : : /
=0.005 [ A SRR R R ELERTERRRRRRRRRRTRRRRY S el
A : : : ’
A : : K4
: A : : : v
: SR : : : ’,
=001 [ Do IRRSTRNET E T, ono0y daaaapuaaacaaaa e
- N : : :
: ~ : - R4
.~ : R4
5 S8 5 e
=0.015 v d BN SECITITTETTINY p .
-0.02 |- ..‘.‘~;‘~._._‘_‘_._..—.‘1.;"...... N
=0.025 [rvrnrinnn ——— ST ————— N ————— N—— 4
-0.03 o % i I i 2
0.94 0.95 0.96 0.97 0.98 0.99 1
Time

Figure8. y, and p, in [0,1].

As a consequence, in the interval [O,g[ ,if

20(F, (t)+F, (t))<t(6t+11)(4-9t)

the economy has a positive average evaluation. The same
situation happens if

20(F, (t)+F, (t))=t(6t+11)(4-9t)

in the interval }g,l} (where 4-9t<0). From this

Copyright © 2013 SciRes.

example we see that we can get useful information from
the E(t), which requires simple calculations.

Now, we would like to study another example in
which we assume

r,(t)=3t, 7,(t)=-t+1,

——t+l.
2

o, (t)=t, 7,(t)= 5

Under these assumptions, there exist

t, 6]0,638;0,640[ and t, 6]0,997;0,999[, such that
the vector
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. 2t% +28t+8 41t* +95t7 +40t” — 60t
X (t) = Vs = ) >
16—t 16—t
5 4 3 2
Ly 2303 20048 , Z3C I A 1IC - TE 18t g

X (1) = 6 ¢ ; 2(16-1*)

X, (t) = —t —6t° +2t+32 we obtain that they are both positive, as it can be verified
! 16—t* in Figure 9 where the graphs of the numerators are
. 22 414t +32 represented. .

X, (t) = e g We observe that, in our case
C o 6101416 (t)=0=r,(1),

WO 2 ()=0=r,(t)

2 = :_2 N
—t? -8t +6t+16 :
¥, (1) = g so, from (23), it follows that
O (+) > (2 (1) =

i, (1) 2t +16t +24 P ()20, o7 (1) =0,

21 T 2 « -
16—t A (t)=0, pi(t)=0.
3 2
v, ()= L 24 Then, from (24), we obtain
16—t
0" (t)=T5 >0
(t)=0, A (H)=Ts>0.
(D (1) —
r,y (t)=0, A (t)=T¢ >0,

forany F (t) and F,(t) non negative.
As consequence of the meaning of pg')* , in the inter-
val ]ts,t6[, for both the instruments, we have minimal
price and the deficit is given, respectively, by
16—t

(1) _ _
5 4 3 2 Py (t)Ll (t)_rs£1 (t)_O’
3t +19t7 +11t° -7t _18t+8+F2(t)>0,

2(16-17) " (t)1, (1) =Tr, (1) =0.

for F, (t) and F, (t) non negative. In fact, if we con- As regards the calculation of the Evaluation Index, we
sider have

is solution of the variational inequality in the interval
Jts.t[ . because x;,y; fulfil the constraints and

_41t* 495t +40t% — 60t .

F(t)>0,

5

ry,=

Ysand Y, in [0,1]

100

80

60

40

20

Time

Figure9. y, and p, in [0,1].
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Then, in the interval |
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ZIF" R U OMAC),
L+i(t))(1-0(t))  s(1-t)(2+3t)

As a consequence, the Evaluation Index is

2t+5
E(t)= 2(4t+5) 16(F (t)+F,(t))
213t s(1-t)(2+3t)
_ 1
i 16(F, ( (t)- % t(et+11)(1- t).
“ 5(1—t)(2+3t)(2t+5)

0,1[, if

16(F, (1) + F, (1)) é%t(6t+ll)(l—t)

the economy has a positive average evaluation because
1-t<0. From this example we see that it is easier to

achieve financial balance if 7

and hj are more or

less equal.

(2]

(3]
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