4

X/
¢

Scientific
Research
Publishing

()

<
X8

%

Journal of Mathematical Finance, 2025, 15(1), 1-34
https://www.scirp.org/journal/jmf

ISSN Online: 2162-2442

ISSN Print: 2162-2434

Tax Systems for Sustainable Economic

Development

Nicholas Simon Gonchar

Bogolyubov Institute for Theoretical Physics of the National Academy of Sciences of Ukraine, Kyiv, Ukraine

Email: mhonchar@i.ua

How to cite this paper: Gonchar, N.S.
(2025) Tax Systems for Sustainable Eco-
nomic Development. Journal of Mathemat-
ical Finance, 15, 1-34.
https://doi.org/10.4236/jmf.2025.151001

Received: September 30, 2024
Accepted: November 30, 2024
Published: December 2, 2024

Copyright © 2025 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

(oo

Abstract

A complete description of taxation systems that ensure sustainable economic
development is given. These tax systems depend on production technologies
and output volumes. Explicit formulas for such dependencies are found. In a
sustainable economy, the value added either exceeds or is strictly less than the
value of the product produced. The latter is determined by the tax system. The
concept of perfect taxation systems is introduced and their explicit form is
found. For perfect taxation systems, it is proved that the vector of output
should belong to the interior of the cone formed by the vectors of the columns
of the total cost matrix. It is shown that under perfect taxation systems the
vector of gross output must satisfy a certain system of linear homogeneous
equations. It is shown that under certain conditions, there are tax systems un-
der which certain industries require subsidies for their existence. Under such
taxation systems, the industries that require subsidies are identified. The fam-
ily of all non negative solutions of the system of linear equations and inequal-
ities is constructed, which allowed us to formulate a criterion for describing
all equilibrium states in which partial clearing of markets occurs.

Keywords

Technological Mapping, Economic Balance, Clearing Markets, Vector of
Taxation, Sustainable Economic Development, Aggregated Economy
Description

1. Introduction

This work is original both in terms of the problem statement and the obtained
results. Statement of the problem to describe all taxation systems that ensure sus-
tainable development was formulated in a general form in works (see [1]-[4]). It

was partially solved in works [4]), [3]. In this work, it is solved completely for the
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“input - output” production model.

The considered problem is significantly different from the existing one in the
literature (see, for example, [5] [6]). There, the influence of the taxation system
on the economic equilibrium is studied. Moreover, production technologies are
described by the Cobb-Douglas model.

All obtained results are original and obtained by the author for the first time.
For the first time, it was possible to establish the dependence of the taxation sys-
tem on production technologies and production volumes. It has been proven that
there are no other taxation systems that ensure sustainable development. Among
all taxation systems, there are those that are called perfect because they are equi-
table to producers.

Sustainable development is defined as the production of goods and services that
leads to the complete clearing of markets in a given period of economic function-
ing under the influence of the market mechanism of pricing goods and services.
The market mechanism for establishing the prices of goods and services is under-
stood as the equilibrium of supply and demand for resources and produced goods
in the production process, taking into account the tax system. For taxation sys-
tems that ensure sustainable economic development, the nonlinear system of
equations with respect to the equilibrium price vector is transformed into a linear
system of equations with a strictly positive solution, which always exists under
minor assumptions from the economic point of view.

The main problem of the work was to find out whether such a market mecha-
nism exists for the main production models. The study of this problem was started
in the papers [1]-[4]. From a mathematical point of view, this is a question of
whether there is an equilibrium price vector and taxation system under which
there is equality of supply and demand, determined by the structure of production
technologies, production volumes and demand for goods and services produced
in the production process by consumers. This is the main problem solved in the
first part of this paper. It describes all taxation systems that ensure sustainable
economic development in the input-output production model.

For such taxation systems, an equilibrium price vector is constructed at which
demand equals supply. This equilibrium vector depends on a taxation system that
ensures sustainable development. The existence of such an equilibrium price vec-
tor is a confirmation of the fact that a market mechanism for pricing goods and
services exists, which is important from an economic point of view.

Each country has its own tax system. For example, the US tax system has a
three-tiered nature. Taxation operates at the federal, state, and local levels. Taxes
are levied on income, wages, sales, property, dividends, imports, etc., as well as
various fees. Each level has its own authority to collect taxes. The federal govern-
ment has no right to interfere with the state’s taxation system. Each state has its
own tax system, which differs from the tax systems of other states. Personal in-
come tax in the structure of tax revenues to the US budget is more than 50%. Since

2018, a fixed rate of corporate income tax has been set at the level of 21%. There
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is no federal consumption tax in the US, but most states and some municipalities
have sales and use taxes, and so on.

The French tax system consists of indirect taxes, direct taxes and stamp duties.
The main ones are value added tax, personal income tax, corporate income tax,
excise taxes, property tax, securities income tax, etc. The entire economy is di-
vided into industries that aggregate into so-called clean industries. The gross
added value created in the economy is the sum of the gross added values of the
industries. The taxation system defined in the work is part of the created gross
added value of the industry, which should be taxed and directed to the benefit of
the entire society in order to guarantee safety in society, health care, education,
public administration, and so on. If the amount of taxes collected in accordance
with the legislation in each industry coincides with a part of the created gross
added value and this part coincides with the formulas built in the work for a per-
fect taxation system, then we say that the economic system is in a state of sustain-
able economic development.

The taxation system is called equitable relative to producers if the added value
created in each industry is equal to the value of the produced goods in this indus-
try. Are there equitable systems of taxation under which sustainable development
takes place?

Among the constructed taxation systems that ensure sustainable development
are the taxation systems we call perfect. These are such taxation systems under
which, in a state of economic equilibrium in each industry, the created added
value is equal to the value of the final product created in the same industry.

If the taxation system ensures sustainable development but does not coincide
with a perfect taxation system, then in this case, some industries are in a privileged
position in relation to taxation and the rest of the industries are subject to tax
discrimination.

Under a perfect taxation system, the equilibrium price vector is the solution of
a certain linear system of equations, which can be represented in such a way that
we find the value of the added value created. This amount of created added value
depends on production technologies, output volumes, and the equilibrium price
itself. The process of pricing in a real economic system takes place under the in-
fluence of market forces of supply and demand. Added value is defined as such
that it will provide a certain level of net profit after tax in accordance with the law.
The formula found for the added value created is accurate. Can it be applied in
practice? Theoretically, yes, but in the real economic system, 10° different types of
goods are produced. The number of production technologies is of the same order.
In order to calculate the equilibrium price at which sustainable development takes
place, super-powerful computers are needed. That is impossible at this stage of
the development of computer technology. This does not mean that such problems
cannot be solved within certain limits of accuracy.

We describe taxation systems under which the economic system is able to func-

tion in a mode with subsidies. That is, there exists a market pricing mechanism in
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which there is a strictly positive equilibrium price vector such that under this tax-
ation system, certain industries require subsidies to exist.

Theorem 9 clearly states the conditions under which a perfect taxation system
will be such that certain industries will require subsidies. To determine these in-
dustries, a certain system of linear inequalities should be solved. In reality, this
can happen when the production of goods requires imported resources. The need
for the production of such goods is urgent for society.

In real economic systems, the taxation system may not coincide with the taxa-
tion system that ensures sustainable development. In this case, there is no com-
plete clearing of the markets for an equilibrium price vector. The second part of
the work is devoted to the description of all equilibrium states, i.e., those states in
which only a partial clearing of the markets takes place. Such states of equilibrium
describe the possible overproduction of goods and services in the economic sys-
tem.

The work gives a complete description of the equilibrium states under which
only partial clearing of the markets takes place. To do this, the problem of a com-
plete description of non negative solutions of a linear system of equations and
inequalities is first solved.

Then, the Theorem on the necessary and sufficient conditions that each solu-
tion of a linear system of equations and inequalities corresponds to an equilibrium
price vector is established. The method of constructing such an equilibrium state
under which overproduction in the economic system will be the smallest is indi-
cated.

It reduces to constructing a solution to a linear system of equations and ine-
qualities, which is a solution to a certain problem of quadratic programming.

Clarifying the conditions of sustainable development of the economy is ex-
tremely important to avoid undesirable development scenarios. The definition of
what we mean by sustainable development at the micro-economic level is pre-
sented in a number of works [1]-[4]. At the macroeconomic level, this problem
was formulated in the articles [7]-[10]. In Definition 1, we determine the tax sys-
tems that ensure sustainable development under an equilibrium price vector de-
termined by the equality of supply and demand for production resources and pro-
duced goods.

Theorem 1 is an auxiliary statement that provides sufficient conditions for the
existence of a solution with respect to the price vector and which has proved to be
extremely important from the point of view of the concept of sustainable eco-
nomic development.

Theorem 2 provides the necessary and sufficient conditions under which a tax
system ensures sustainable development of the economy. In fact, it provides a de-
scription of tax systems under which sustainable economic development takes
place.

Theorem 3 formulates necessary and sufficient conditions for taxation systems

under which sustainable development of the economy takes place. It states that
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there are no taxation systems other than those described that ensure sustainable
economic development.

Theorem 4 establishes the conditions for the gross output vector under which
the economic system is able to function in the mode of sustainable development.

Theorem 5 states that under the taxation system given by the formula (12), the
set of all industries is divided into two non-intersecting sets in which the added
value either does not exceed the value of the product produced or strictly exceeds
it.

In Definition 3, we determine the industries of the economic system that re-
quire subsidies under a competitive equilibrium price vector.

Theorem 6 gives sufficient conditions for tax systems under which certain in-
dustries require subsidies.

Theorem 7 establishes the existence of perfect tax systems.

Theorem 8 gives sufficient conditions under which, with a perfect taxation sys-
tem, the economic system is able to function in the mode of sustainable develop-
ment.

More specifically, provided that the vector of outputs is a solution of the system
of equations in the “input-output” production model with a positive right-hand
side, there is always a perfect tax system given by an explicit formula under which
the economic system is able to function in the mode of sustainable development.
Moreover, the gross value added generated in each industry is strictly positive. It
is shown that in the mode of sustainable development under the established taxa-
tion system, the gross value added created is equal to the value of the product
created in this industry.

In real economic systems, not all branches of production have a strictly positive
gross added value. There may be several reasons for this: obsolete production
technologies, significant imports of consumer goods, raw materials, etc.

Not all tax systems ensure the sustainable development of the economy. The
equilibrium price vector generated by the tax system and production technologies
and the demand for resources may lead to the negative value added in certain
industries.

Theorem 9 establishes the existence of an equilibrium price vector in this case
and gives expressions for the amount of subsidies in those industries in which
values added created are negative.

As a result of the study of the conditions of sustainable development of the
economy it was established that the taxation system in the mode of sustainable
development depends on production technologies and volumes of outputs. It is
the correct choice of the tax system that will create a competitive equilibrium price
vector that will ensure sustainable development.

In real economic systems, taxation consists of direct taxes on production and
indirect taxes on consumers, which also affect production. As a result, the final
taxation may, as a rule, differ from the taxation of the mode sustainable develop-
ment in which markets are completely cleared.

Due to the taxation that has developed in the real economic system, there will
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be a partial clearing of the markets and therefore a part of the produced goods will
not find their consumers.

Section 3 examines exactly this case. Theorem 10 describes all non negative so-
lutions of the system of linear equations and inequalities, which is important for
describing all equilibrium states with excess supply.

Proposition 1 proves that the minimum distance to the vector of the right hand
side of the linear system of equations and inequalities is reached on the set of all
non-negative solutions of the linear system of equations and inequalities. This
minimum is global. The latter allows to find this minimum by solving some quad-
ratic programming problem.

Theorems 11 and 12 give a sufficient condition for the existence of a solution
of the system of equations with respect to the price vector, provided that the right-
hand side of this system of equations belongs to the cone formed by the column
vectors of the non-negative matrix.

Based on theorems 11 and 12, definition 5 is given, in which each non-negative
solution of the linear system of equations and inequalities corresponds to an equi-
librium price vector. Theorem 13 is the basis for the description of all equilibrium
states in which partial clearing of the markets takes place.

Theorem 14 gives the necessary and sufficient conditions for the existence of
an equilibrium price vector under which partial clearing of the markets takes place.
Namely, every non-negative solution of the system of linear inequalities and equa-
tions corresponds to the equilibrium price vector.

Definition 6 describes the equilibrium state that has the least excess supply. To
find it, one should solve a certain problem of quadratic programming to find the
solution of a linear system of equations and inequalities, and based on this solu-
tion, construct the real consumption vector, then find the equilibrium price vector

and calculate the level of excess supply.

2. Description of Taxation Systems

In this section, we describe taxation systems in the economic model described by
“input - output” production technologies. In the model of economy, described by
“input - output” technology, the matrix A= ||aki ||Eyi:1 is supposed a non negative,
productive and indecomposable one. Further, we assume that the output vector

X = {Xk }n satisfies the system of equations

k=1
n A _
X =2.aq% +¢ +e —i, k=1n, (1)
i1
where C= {Ck }Ezl , €= {ek }Ezl , = {ik }E:l are the vectors of internal consump-

tion, export and import, correspondingly. We also assume that equilibrium price

vector pP= { Py }E:I satisfies the set of equations

pk:zaskps+5kv k=1n. (2)
i1

Under these conditions, the solutions of the set of Equations (1) and (2) always
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exist. The non negative vector 0 = {5k} we call the vector of added values. In

- ect
the market economy, the values of added values §,,k =1,n, are unknown.

Prices for goods and services are formed under the influence of market forces
of supply and demand. This is the essence of the market economy. The pricing
system is also affected by the taxation system. How do the created added values
depend on the type of taxation system?

Is there a principle of formation of prices for goods and services that takes into
account the taxation system and market pricing mechanisms?

The basis of this principle is formulated below.

1) In each period of the economy functioning, there are resources to ensure
production with given technologies.

2) Aggregate demand for resources and produced goods, which is determined
by production technologies, must be equal to the aggregate supply of resources
and produced goods.

We call these two principles the principles of sustainable economic development.

Mathematically, they were formulated in papers [1]-[4]. This formulation be-
came possible thanks to a new approach to the description of the economic sys-
tems presented in the monograph [11]

We summarize it in the following Definition 1 (see also [1]-[4]).

Definition 1. The economic system functions in the mode of sustainable devel-

opment under the taxation system 7T = {7ri }::1 , 0<rm <1, k=1n, if there ex-

n
ists a strictly positive solution relative to the vector p, = { p? } ) of the system of
i

equations

n 1-7.)x p° —

Zaki( _ |) 1% :(1_”k)xk7 k=1n, 3)

i Z asi pg

s=1
satisfying conditions
Py -, Piay >0, k=1n, @)
s=1

where A= ||aki "E ., is a non-negative non-decomposable productive matrix,
X= {Xk }2:1 is a strictly positive output vector solving the set of Equations (1).

The system of Equations (3) is a consequence of principle 2) of the equality of
supply and demand for resources and produced goods (for details, see [1] [2] [4]).
The following Definition 2 is important for describing taxation systems that

ensure sustainable development of economy.
n

k=L’
the sustainable development of the economy under a strictly positive output vec-

Definition 2 The taxation system 7= {ﬂk} 0<rm, <1, k=1n, ensures
tor X={Xk}2=1 , If there exists a strictly positive equilibrium price vector

Py = { Py }:71 , solving the system of equations

n 1—7m )X 0 —
Zakiﬂz(l_ﬂk)xk, k=1n, (5)

n

i=1 0

I Z asi ps
s=1
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and such that
Pk — . Pay >0, k =1n, (6)
s=1

where A= ||aki ":’H is a non-negative non-decomposable productive matrix.
The next Theorem 1 is an auxiliary result which will help to describe taxation
systems that ensure sustainable development of the economy.
Theorem 1. Let 2 ={Zi}in=1
A= ||aki ":vi:l be a non-negative non-decomposable matrix. The set of equations

be a strictly positive vector from R and let

Zk pk , k — :L_n, (7)

n =
z aki Zi Z ask ps
i=1 s=1

has a strictly positive solution p= { p; }in:l eR.

Proof. Let us consider the nonlinear set of equations

pk + yk zask ps
s=1

——=——=p,, k=1n, ®)
l+ Z ykzask ps
k=1 s=1

where we denoted by

Z

= n
Z A Zi
i1

., k=1n,

Yi

n
This set of equations has a solution in the set P = { p={p} R Dp= 1} ,
i=1
since the left part of this set of equations is a map that maps the set Pinto itself and
is continuous on it. Really, due to Brouwer Theorem [12], there exists a solution

Py = { pi(J }1l of the set of Equations (8) in the set 2. From the set of Equations (8)

it follows that p, = { p? }in,l is a solution of the set of equations

V> a, Pl =Apy, k=1n, 9)

s=1

where A=Yy, > a,p’. We prove that A>0 and the solution p,= { P! }in—l

k=1 s=1
of the system of Equations (9) is strictly positive due to the indecomposability of

the matrix A. Indeed, the vector p, = { P} }n . satisfies the system of Equations
i

(9), which can be written in operator form

V7o =2, (10)

or
VT by =2""p,, (11)
where we introduced the matrix V :"Vij ";:1, Vi =Y i, ] :1,_n. Due to the

fact that the vector p, belongs to the set Pand the matrix Vis non-negative and

indecomposable, the vector [VT JH P, is strictly positive. It follows that 1 >0
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and the vector p, is strictly positive.
Let us prove that A =1. Multiplyingby p/ the left and right hand sides of the
equality

n _
=>a,z, k=1n,
i1
and summing up over k from 1 to n we obtain

z non n oz
zpkk >3 a,plz =AY P

k=1 i-1 k=1 i-1 Y

n 0
Since ZM >0 wehave A=1.Theorem 1 is proved.
k=1 Y

Consequence 1. The solution of the set of Equations (7) constructed in Theo-
rem 1 is determined uniquely with accuracy up to a positive constant.

Theorem 2. Let X= {Xi }in:l be a strictly positive output vector from R and
let A= ||aki ":Yi:l be a non-negative non-decomposable productive matrix. Neces-
sary and sufficient conditions for the taxation system 7 = {ﬂk }k > O<m <1,
k=1n, to ensure sustainable development of the economy is the following rep-

resentation of it

X
7 =1-b=F— 0<b<min— , i=1n (12)
X <i<n
' Zau j
for a certain strictly positive vector 1= {Zi }in:1 € R}, satistying conditions
z, L
>1 i1=1n. (13)

M-
\:QJ
_N

j=1

Proof. Necessity. Let a taxation system 7z = {”k}k 4> 0<m <1, k =1n, en-
sure sustainable development of the economy. Then the equalities (5) are true.

From them, it follows that

(1= 7 ) % :Zn:akiziov k=1n, (14)
=

where
Z0 ( ) X pl 0l H 1,_,

| =
Zas. p;

(15)

P = { p? }n , isa strictly positive solution to the set of Equations (5). Substituting
i=

(14) into (15), we obtain that p, = { pi0 }_[11 solves the set of equations

0 0

Pe L k=in (16)

n 1
Z ay p? Z & Zi0
pa} i1
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If to substitute instead of

0

nL! k zﬁv
zask pg
s=1

the right side of the equality (16) into (5), we get the set of equations relative to

n

the taxation system 7= {ﬂ'k} 0O<z <1, k=1n,

k=1’
n 1-7 )X 0 —
Zaki(n”ﬁ:(l—ﬂ'k)xk, k=1n. (17)
i=1 Za“z(.’
U]
s=1

The solution of the set of Equations (17) is

n
X z; o

7 =1-b3— O<b<min—%—, k=In (18)

X, 1<k<n 0
k
Z;aki Zj
J:

Due to the fact that equilibrium price vector p, = { p; }n ) also satisfies the set
i=
of Equations (16), it follows that the inequalities (13) are true, since the equilib-
rium price vector p, = { P’ }n . satisfies the inequalities (6).
i=

Sufficiency. Suppose that the taxation system is given by the formula (12) for
which the inequalities (13) are true. Let us prove the existence of strictly positive
solution p, = { pio}_rll of the set of Equations (5) satisfying the inequalities (6).

Substituting (12) into (5), we obtain the set of equations relative the equilibrium

price vector p, = { pio }in_l
" b; zp _
2 a—5 ——=bXazz, k=Ln (19)
= asi pg =
s=1

n
If to choose the vector p, = { P’ } , S0 that it satisfied the system of equations
i=

O R
i 4 i=In, (20)

_ i

n o T n !
Z a5 Ps Z a‘iJ' Zi
s=1 j=1

then it would satisfy the set of Equations (5). But the strictly positive solution to
the set of Equations (20) always exists, due to Theorem 1. Due to the inequalities
(13), the inequalities (6) are true.

Next, Theorem 3 states that there are no taxation systems other than those de-
scribed above that ensure sustainable economic development.

Theorem 3. Let X= {Xi }in=1 be a strictly positive output vector from R! and
let A= ||aki ":,i:l be a non-negative non-decomposable productive matrix. An
economy functions in the mode of sustainable development if and only if for the

taxation system T = {ﬂk }::1 , O<m, <1, k= 1n, the representation (12) is true,
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which satisties the conditions (13).

Proof. Necessity. Let an economy function in the mode of sustainable develop-
n

k=12
n

ment. Then, due to Definition 1, there exists a taxation system 7r={7rk}
0<rm <1, k=1n, a strictly positive equilibrium price vector p,= { P! } i
1=
solving the set of Equations (3), and satisfying the conditions (4). Let us prove that
n

for the taxation system 7 = {ﬂk } 0<r, <1, k=1n,therepresentation (12)

k=1’
is valid, and it satisfies the conditions (13). Introduce the denotations X; =% p’,

.o pioaij o T . _ n
i=ln, &=—%5>1] =1,n . Relative to the vector ”_{”k}H , O<7m <1,
P; B
k =1,n, we obtain the set of equations
o (1-7 )X, _
Zaki( nﬂ'l) |:(1_”k)xk’ k=1,n. (21)
i=1 a
sz:]; SI
Let us denote
1-7 )X, —
Y=y, (A=) X, n”') L=y, i=1n, (22)
Zam
s=1
Then the vector Y = {Yi }in=1 solves the set of equations
n n JE—
> aY,=>a,Y, k=in (23)
i=1 s=1

Due to Lemma 3 [1], there exists the strictly positive solution to the set of Equa-

n
tions (23). We choose it such that )Y; =1. Then, the others strictly positive so-
i1

lutions can be represented in the form c,Y ,where ¢, >0 andisarbitrary. Then,

we have

COYizasi
l-z,=—21  j=1n. (24)
X.

_ X
We choose ¢, such that 0<z; <1, i=1n. Then, 0<c, <min—; — . Let
<i<n _
Y2 A
s=1
us show that the representation (12) is true and the conditions (13) are valid. If to

put Z =—s, i=1n,and to take into account (23), then we get
I
n
cOZ 8,z o
l-z,=—2—— i=1n (25)
X
Since 0<7z, <1, i=1n,we have 0<CO<£n<ii<nn !

- )
232,
=

The proof of the fact that the inequalities (13) takes place is such that as the

proof of sufficiency in Theorem 2. Really, since we proved the representation (12)
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for the taxation system, then, as in the proof of sufficiency of Theorem 2, we ob-

tain that the strictly positive equilibrium price vector satisfies the set of equations

0 R
P __ 4  i_1n (26)

n n !
0
Z ag Ps z aiJ' Zi
s=1 j=1

Since the economy functions in the mode of sustainable development, the ine-
qualities (4) are true, which proves the needed.

Sufficiency. Suppose that taxation system is given by the formula (12), which
satisfies the conditions (13). Then, as in the proof of the sufficiency of Theorem 2,
we obtain that the equilibrium price vector is a solution to the set of Equations
(26), the solution of which exists, due to Theorem 1. It also solves the set of Equa-

tions (3) and satisfies the condition (4), since the inequalities
0

\ 7. e
_Pi L (27)

Z ag Ps Z aiJ' Zi

=1 =1

are valid. Theorem 3 is proved.
The following Theorem is a repetition of Theorem 16 from [1]. Here, we only
specify what the taxation system is in this case, which was not in Theorem 16.
Theorem 4 Let X={X, }in=1
that the vector (1—m)x= {(1— ) X }::1
ated by the column vectors of the matrix A(E — A)_l, where A= ||aki ||E’i:1 is a

be a strictly positive output vector from R!, such

belongs to the interior of the cone cre-

non-negative non-decomposable productive matrix. For the taxation system,
given by the formula (12), the economy system, described by “input - output’
production model, can function in the mode of sustainable development.

Proof Due to Theorem 16 from [1], the conditions of which are fulfilled, the
economy system can function in the mode of sustainable development. Theorem
4 indicates only what taxation system is.

Below, we give a new proof of this Theorem. From the taxation system, given

by the formula (12), we have

(1-m) % :bzn“aki ) =zn:akizi, k=1,n, (28)
i=1 i=1

n
for a certain strictly positive vector z, = {ZIO } i where we put
i

z={z} = b{ziO }: . Thanks to Theorem 3, the equilibrium price vector
P, = { pi0 }n ) solves the set of equations
iz

0

) 7. I
— ~=a o = (29)

Z ag Ps z aiJ' Zi

s=1 j=1

Due to the conditions of Theorem 4, for the vector (1— ﬂ')X the representa-

tion
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(1-7)x=A(E-A)"a, a={a) , @ >0 k=1n, (30)

k=1"'

is true. The representation (30) for the vector z= {Zi}in=l gives us the formula
z=(E- A)f1 a for a certain strictly positive vector o = { o }in:l. From this, it fol-
lows that for the vector zZ = {Zi }n

0

\ z e

- ~=g L i=in, (31)
Zasips Zaijzj

s=1 j=1

are true. This proves Theorem 4.

i, » the inequalities

Theorem 5. Let X= {Xi}in:l

be a strictly positive output vector from R! and
let A= ||aki ":vi:l be a non-negative non-decomposable productive matrix. Sup-
pose that the economy be in the mode of sustainable development with a strictly
positive output vector X= { X; }in:1 , solving the system of Equations (1), under the

taxation system (12). Then the set of pure branches N = {l, 2, n} is divided

into two disjoint sets I and J such that | UJ =N and the inequalities

A <C +E ~1, kel, A >C +E —I, kel, (32)
are valid, where
n 0
Ak=xk[1—zpsas'} X, = P,
=1 P
0 0 L0 .
Ci=cp, Ec=ep, lLe=ip, k=1n, (33)

n
Py = { N } is an equilibrium price vector.

i=1

Proof. Provided that the economy is in the mode of sustainable development,

n
the equilibrium price vector p, = { p; } ) satisfies the system of equations
i=

0

) 7. . —

— =g oL i=in, (34)
Zasips Zaijzi

s=1 j=1

for a strictly positive vector z={z}" such that

(1-7 )% =bY a,z,, k=1n, (35)
j=1
where

n
Zaki Z;

_ X
7 =1-b=L— 0<b<min— K k=1n. (36)
X, <k<n

_Zakaj
j=1

Two cases are possible

i X icl (37)

<— ,
2z Z;aijxj
j=

and
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. (38)
242 DX,

j= j=1
In the first case (37), we have

0

p; X .
——<—, iel, (39)
0
2850 DX
s=1 j=1
or
y 0 Zn:a-.x.
zasi ps ~ )
s=1 = H
> , del. (40)
pi Xi
From here, we get
n n
0
a a; X, .
g SIpS Z:; 17 C +e —i .
1-= <1~ =Jd 1 1 jel. (41)
P X X;
From the last inequality, we have
Z”: 0
a'si ps n
A; = PP, 1_5:1T Spio[xi—Za”xj]:Ci+Ei—li, iel. (42)
i =1

The consideration of the second case (38) proceeds similarly. As a result, we get
that

i asi ps(,)

A, = p°X; 1—5:1T >pi°[xi—2aijij=Ci+Ei—li, iel. (43)
. =

Theorem 5 is proved. U
Definition 3. We say that under a taxation system 7 = {ﬂ'i }in:1 certain indus-

n
tries need subsidies if the strictly positive equilibrium price vector p° = { p? } )
1=
solving the set of equations

n 1-7)x p° _
Zaki%z(l_”k)xk’ k=1n,
= asips

s=1

(44)

is such that the added values created in these industries are negative for the strictly
positive output vector X = {Xk }E:l , satistying the set of Equations (1).

Theorem 6. Let the output vector X= {Xi }in=1 be a solution to the set of Equa-

tions (1) and let A= ||aki ": ., be a non negative non-decomposable productive

matrix. For the vector of taxation 7 ={r; }in=1 , such that
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1— 7 =piZ , i=1n, O<b<min al , (45)

X 1<i<n

and non empty set

J=dk—2 1len, (46)

n

287
=1

solving the

there exists a strictly positive equilibrium price vector P, = { P! }n .
i=
set of equations
L 1-7)% pi0 P
Zaki%:(l—ﬂ'k)xk, k:l,n, (47)
= Z asi ps
s=1

and such that the industries, the indexes of which belongs to the set ], needs sub-
sidies. The subsides into the k-th industry should not be smaller than

n
2.7
X, p; %—1, keld. (48)

j

Proof Let us show that the set /does not coincide with the set N = {1, 2, n} .
The proof from the opposite. If the set /coincided with the set N, then we would

get a set of inequalities

n
z, <Y az;, k=Ln (49)
=1

Due to productivity of the matrix A, the only bounded solution of set of ine-
qualities (49) is zero solution. Contradiction, since the vector Z= {Zi }n is

i=1
strictly positive one.
n
Since the vector p, = { P! } , isa strictly positive solution of the set of Equa-
i=
tions (7), then we have
n
232 o

Pl - 2Pl = p| 1= — |, i=1n (50)
=1

From the formula (50), we obtain the formula

" 227,
Ai:xi[pio_Z:asipgj:xipi(J 1-2 <0, ield. (51)
s=1 z

Theorem 6 is proved.
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Below, we study taxation systems of a special type, which we call perfect.

E:l’ O<m <1, k=1n, that en-

sures sustainable economic development we call perfect if the equalities

Definition 4. A system of taxation 7 ={m,}

Xk(pk_zpsaskj:(xk_zakixijpki k=1n, (52)
s=1 i=1

n
k=1
and the equilibrium price vector satisfies the set of Equations (2).

are true, where the output vector X = {Xk } satisfies the system of Equations (1)

Remark 1. The set of Equalities (52) means that in each industry created gross

added value is equal to the value of produced goods. From economic point of view
it means that such tax system is equitable relative to all producers.

Theorem 7. Let A= ||aki ":,i:l be a non negative non-decomposable productive

n

matrix and let the vector X= {Xk }k:l

Equations (1). Then, there exists always the perfect system of taxation

be a strictly positive solution to the set of

= {Jrk }::1 given by the formula

1— 7 =piZ . i=1n, O0<b<min X , (53)

X 1<i<n

n
' 23]

j=1
and a strictly positive equilibrium price vector p, ={p;}., solving the set of

equations

n 1-7m )X 0
Zaki%:(l_ﬂk)xk, k=1n, (54)
= ai S

280

which also satisfies the set of equation

ax.
0o_ S 0_ .0 _é Y L
PP =D agp, =p|1 2 . i=1n. (55)

s=1 i

Proof. To prove Theorem 7, it needs to indicate the taxation system
7r={7rk}[:=1 under which the equalities (52) are true. Since the output vector
X= {Xk }Ezl satisfies the system of Equations (1) and the equilibrium price vector
Py = { p,? }::1 satisfies the set of Equations (2), the Equalities (52) are equivalent

to the equalities
n n _—
P 80% =2 PX, k=1n. (56)
i=1 s=1

So, from the set of Equations (56) it follows that the equilibrium price vector

P, = { P! }in_l should satisfy the set of equations

0

P % k=1n, (57)

n = n
0
DaeP. XA
s=1 i=1
n
I

the strictly positive solution of which p, = { p? }'—1

there exists always due to
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of the set of Equations (57)

Theorem 1. Substituting the solution p, = { pio }in_l

into the set of Equations (54) we get the set of equations relative to the vector

”:{”i}::l

no (1-7)x? —
Zaki(n&:(l_ﬂ.k)xk’ k=1n. (58)
DI
=1
If we put that,
Zaiixj — X
1-7z,=b2 , i=1n, 0<b<min———, (59)

X. 1<isn &

then the system of Equations (58) is satisfied. It is evident that the solution to the
set of Equations (57) is also the solution to the set of Equations (2) under tax sys-
tem given by the formula (59).

Below, we consider the economy system described by “input - output” model
with non negative non-decomposable productive matrix of direct costs

n

A= ||aki "E,i:l and strictly positive output vector X = {Xk }k:1 that satisfies the set

of equations

n
X =2.aq% +¢ +e —i, k=1n, (60)
i=1

with the following limitations
¢ +e —i, >0, k=1n, (61)

where

C:{Ck}::l’ e:{ek}E:N i:{ik}:zl’

are the vectors of final consumption, export and import, correspondingly.
Theorem 8. Let A= ||aki ": .y beanon negative non-decomposable productive

matrix and let the strictly positive output vector X = {Xi }in:l be a solution to the
n

set of Equations (60) with limitations (61). For the vector of taxation 7 = {ﬂi }i=1 R

where

23X, _ X
7 =1-b¥— i=1n, 0<b<min—', (62)
X <i<n

n
' DA%
i

n
there exists a strictly positive equilibrium price vector P, = { P! }

. solving the

set of equations
n 1—7. )X 0 —_
Z%%z(l_”k)xk* k=1n, (63)
i1 a
; Sl pS

which also satisfies the set of equations
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; PILRS _
Pl =28y pd = pf[ 1=+ — >0, i=1n (64
=1

and is such that the economy system described by “input - outpuf’ model with

n
i
is capable to function in the mode of sustainable

non negative non-decomposable productive matrix of direct costs A= ||aki
n

and output vector X = {Xk }k=1

development.
Proof. The proof of the first part of Theorem 8 follows from Theorem 7. Since
the vector X= {X» }in:l is a solution to the set of Equations (60) with limitations

(61), we obtain that

X i —
k k>1 k=1n.

=1

n
Z aki Xi z aki Xi
k=1 i=1

It is not difficult to find that the created added value is given by the formula

L 0
0 0w 0 X; sZ:;aSi s 0
& =p - agp =| -1 =——p
=)

pRRS P

C, +€ —
+knk

(65)

Theorem 8 is proved.
Consequence 2. In the mode of sustainable development the gross added value
created in the i-th industry is equal to the value of the final product created in this

industry.
Proof From the formula (65) we have
. pioaij 0
A XSO0 =P P C.+E -1 —
T L N S S Rt~ e T vt (66)
Xi Xp Pi X X,

where we introduced the denotations X, =xp,, C,=cps, E =enp;,
I, =i, py . From here we get A, =C, +E, — I,. Consequence 2 is proved.

Based on Theorems 1 - 8, we conclude that the deviation the value
(C+E—-1)—A from zero depends on the taxation system. If the taxation system
is given by formulas (62), then the perfect sustainable economic development
takes place. Theorem 5 states that this deviation depends on the deviation of the
taxation system from the perfect one. So, the characteristic of the taxation system
in the mode of sustainable development is the number of negative and positive
signs of the value (C+E—1)-A.

The number of negative and positive signs of the value (C+E—1)—A we call
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the signature of taxation.

Every economy in the world is open to its environment. That is, they all ex-
change goods, labor resources and capital among themselves. This happens due
to uneven distribution of resources, excess production of goods. Some countries
are rich in resources, while others have high-tech industries. Because of this, some
import raw materials, while others import goods with high added value. Below we
define the conditions under which an open economic system that imports both
produced goods and resources can operate in the mode with subsides of certain
industries.

Theorem 9 takes into account such a situation. Below, we consider the economy
system described by “input - output” model with non negative non-decomposable
productive matrix of direct costs A=||E:lki ||:vi:1 and output vector X= {Xk}E=1

that satisfies the set of equations

n —_—
X =D agX +C +e —i,, k=1n, (67)
i1
with the limitations
c +e —i,=0kel=d, ¢ +e —i,<0,kel,J=J, (68)
where C= {Ck }Ezl, e= {ek }E:l , = {ik }::1 , are the vectors of final consumption,

export and import, correspondingly.

Theorem 9. Let A= ||aki ||E’i:1 be a non-negative non-decomposable produc-
tive matrix and let the strictly positive output vector X= {Xi }in:l be a solution to
the set of Equations (67) with limitations (68). For the vector of taxation

= {7Z'i }?zl , where

Z aX, - .
1-m=b=——, i=Ln, O<b<min—~—, (69)
X: <i<n
' 23X,
=1
there exists a strictly positive equilibrium price vector p, = { P! }n . solving the
i=
set of equations
. 1-7 )% pi0 a—
Zaki(n—):(l—ﬂk)xk, k=1n, (70)
= Z asi pg
s=1

and such that the economy system described by “input - output” model with non
negative non-decomposable productive matrix of direct costs A= ||aki ||E ., and
output vector X= {Xk }Ezl is capable to function in the mode with subsides. The

subsides into the 4-th industry should not be smaller than
n
23X
X po| -1, kel. (71)

k

Proof. Due to Theorem 9 conditions, there exists strictly positive solution to the

set of Equations (70) that satisfies the set of equations
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P X i1

P % il (72)
Zasipf DA%
s=1 k=1

Since the strictly positive vector X = {Xi }in:l is a solution to the set of Equations
(67) we obtain that

X c +e —i
T A TR kel
Zakixi Zakixi
k=1 i=1
X c +e —i
K —=lp 2 * <l kel

n
PIL 28X,
k=1 i=1
So, the vector p, = { p.o}n .
i
(7), then we have

is a strictly positive solution of the set of Equations

n

p° - a,p = pp 1—% <0, iel. (73)
s=1 i

From the formula (73) it follows that subsides in the 4-th industry should not
be smaller than

n
) aijj
X, P} %—1, keld. (74)

k

Theorem 9 is proved. O

Remark 2. The capacity |J | of the set ] in Theorem 9 shouldn’t be large. Oth-
erwise in the economy system financial collapse may occur.

Consequence 3. In the mode of sustainable economic development, the gross

output vector X = {X K }Ezl in value indicators satisfies the system of equations

n n _
dag X, =Y a, X, k=1in, (75)
i=1 s=1
Peay —
where we introduced the denotations X, =pyX , 8;=-—, ki=Ln. The

equilibrium price vector P, = { p? }in,l solves the set of Equations (72) and the

n
output vector X = {Xi }

., solves the set of Equations (67). In this case, the follow-

ing formulae
n _
ck+Ek—|k=(1—Zasijk, k=1n, (76)

take place.
Proof. The set of Equations (75) is a direct consequence of the set of Equations

(72). Due to Lemma 3 (see [1]), there exists always the solution to the set of
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Equations (75) relative to the vector X ={X; }in:l. From the fact that
Ck+Ek—lk=Xk—ZﬁkiXi=Xk[1—255k} k=1,n, (77)
i1

we get the needed statement.

Consequence 4. In the mode of sustainable economic development, the follow-

ing formulas
A, =(1-§n:ask]xk, k=1n, (78)
s=1
are true. The taxation vector 7= {Jrk }::1 is given by the formula
ﬁkzl—biaskzl—b[ —ij, O<b<min—>— k=In (79
pur} )(k 1<k<n ZESK
s=1

Proof. The proof of the formula (79) follows from the Theorem 9. Really, from
the formula (69), we have

2% Yagpl _ _
1-7 =b=——=bs1—=b} 3, =b[ ——'], i=1n. (80)
X Pi s=1

3. Equilibrium States with Partial Market Clearing

The previous section completely describes the taxation systems that ensure the
sustainable development of the economic system. According to Definition 2, there
::1 satisfying the
system of Equations (5), i.e., there is a complete clearing of markets. But when the

is always a strictly positive equilibrium price vector p, = { p; }

taxation system does not coincide with the described ones, then the equilibrium

vector of prices p, = { py }:71 must satisfy the system of equations and inequali-
ties
n 1-7)xp° —
Zaki(nﬁﬁ(l—ﬂ'k)xk, k:].,n. (81)
= Z asi pg
s=1

In this case, we say about only a partial clearing of the markets. Our task is to
describe all equilibrium states in which only partial market clearing occurs. The
latter means that all non-negative solutions of the system of equations and ine-
qualities (81) should be described.

Let us introduce the denotations (1-7)% =b, , k= 1,n and a vector
b= {bk }Ezl . We assume that the vector X= {Xk }Ezl
to the set of Equations (1) and tax system 7 = {ﬂ'k}E:l
k =1,n. From this assumptions we obtain that the vector b= {bk}

is a strictly positive solution
is such that O< 7, <1,

n . .
e nlS strictly
positive. So, we need to describe all non negative solutions p= { pk}k:1 of the

nonlinear set of equations and inequalities
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n b.p.
D4 n‘p‘ <b, iel, (82)
= Zasj ps

s=1

where 7and Jare non empty sets such that | UJ=N={12---,n}, 1nJ=0.
Lemma 1l Let A= "aij "In i be a non negative non zero matrix and let
b={b}", beastrictly positive vector. If p=1{p, }in:l

tor which solves the system of equations and inequalities

is an equilibrium price vec-

s=1
n bp.
D4 n‘p‘ <b, iel, (83)
= Zasj ps

s=1

in the set Pz{p:{pi}in_l,piZO,i:ﬁ,Zpizl},ﬂ]eH p=0, iel.
i=1

Proof. Suppose that the vector p= { p; }::1 is a solution of the system of equa-
tions and inequalities (83) belonging to the set 2. Let us show that p, =0, ieJ.
We lead the proof from the opposite. Let at least one component p,, ke J, of
the vector p be strictly positive. Then, multiplying by p,, i=1,n, the i-th equa-

tion or inequality and summing up the left and right parts, respectively, we obtain

n n
the inequality ij p; < > b p, . Since the vector b is a strictly positive one, this
j=1 i-1

n
inequality is impossible because ij p; >0. Therefore, our assumption is not
j=L

correct,andso p, =0, ielJ.

Suppose that /be a nonempty subset of indices ke N, = [1, 2,1, n] . Let us con-

sider the system of equations
!
Gz =h, kel, (84)
i1
and inequalities
!
ez <b, kel, (85)
i1

n,l
where C =",

non-negative solutions of the set of equations and inequalities (83), we give the

is a non negative non zero matrix. First, to describe all the

complete description of the non-negative solutions of the system of equations and
inequalities (84), (85).
We denote by ¢; = {Cki }Ezl, i =11, the i-th column of the matrix

n. . b
C :"Ck- || ", . Let us consider the numbers d; =min—, i=1]1.
i llk=1,i=1 "' ickang
ki

Next, Theorem 10 generalizes Theorem 9 from [1].
Theorem 10 Let the strictly positive vector b not belong to the cone formed by
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n J—

the column vectors C, = {Cki }k:1 , 1=L1, of the non-negative matrix C such that

ZI:CH >0, k=1n, Zn:cki >0, i=11. Any non-negative solution of the system
o}lEquations (84) andk ;;equalities (85) is given by the formula
= {c(oz)ozidi }::l,
where o ={a, }::1 €eQ :{a = {ai}::l L > O,leozi =1} ,

<ksn|
. |:Zaidici:|
i=1 K

The function C(a) is bounded and continuous on the set Q.
|

Proof. Let z,= {Z,o } ) be a certain vector that is a solution of the system of
i=

Equations (84) and inequalities (85). Let’s denote

Zi
a = d = i=1l.
|z
fj
J:ldj
Then, we have
L Z(J-) [
Czy =) ¢z :Zd—Zaidici.
i=1 j=1 ji=l
Because of
min b =1,
1<k<n [Cz ]
we get
| z(_)
> —-=min— b,
J:ldj 1<k<n|: aidici:|
i=1 Kk

It is obvious that, conversely, every vector o = {ai }::1 €Q corresponds to a
solution of the system of Equations (84) and inequalities (85), which is given by
the formula

z={c(a)ad ),

where

c¢(a)=min b

<k<n | '
= {Z aidicijl
i=1 K

Let us establish that c(a)>1. It is obvious that cd, <b. Multiplying by

0, 20 the left and right parts of the last inequality and summing up over 7 and
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!
assuming that » &5 >0 we will get
i

[
zgidici
i=1
=
N
i=1

<h.

¥4
i=1l

tions relative to matrix C that for every index 1<i<| there exists an index &
such that

Denoting «; = , =11, we get what we need. It follows from the assump-

|
0 0
D C4Z} 26,77,
=

where c,; >0. Hence

b Mmaxb,

A e )
C; Minc,
ki 0 >0 ki

|
Due to the arbitrariness of the solution 2z, = {Z,O } . of the system of Equations
i=

(84) and inequalities (85), we obtain

After summing up over the index 7, we get
!
C
cla)<d -2
i=1 di
The boundedness of () is established.

Let’s prove the continuity of ¢(«). Let us consider the set of functions
!

> cead;, k =1n Every of these function is continuous on the set P. Since
i1

c(a) is bounded let us denote B =supc(a)<oo. For sufficiently small & >0

acP

b —
that satisfies inequalities —~>B, k=1n, let us introduce the sets
£

| JRN—
C, ={ae P,chiaidi gg}, k=1n.

i=1

If the set C; is nonempty one we introduce the function

N itaericy,
c.ad
Vks(a): E ki i (86)
b—k, if aeC,.
&
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If the set C; is empty one we put
by

Vé(a)=7"F—.
chiaidi
i

The functions V|’ (a) are continuous on the set Zand the equality

minV,’ () =c(a)

1<k<n

is true. Really, from the inequalities
b, —
|
Z Ciid;
i=1

it follows that

minV,’ (a)<c(a).

1<k<n

Let us show that the inequality

minV¢’ () <c(a)

1<k<n

for any point @ € P is impossible. From the definition of V,’ (a) it means that
. b
minVy¢ (¢)=—2>B for a certain k, . But this is impossible. The function
<k<n Fad

minV,” (a) is continuous on 2.
1<k<n k

Theorem 10 is proved.
Let us denote all non negative solutions of the set of inequalities

| -
ez <b, k=1n, (87)
i=1

by Z
es X | 1
Proposition 1 In the set of solutions Z, = {ZO = {Z‘O}i:l ={a(a)ad, }H e Q}
of the system of Equations (84) and Inequalities (85), there exists a minimum of
the function

n | 2
W (a)= Z{bk - C(a)ZCkiaidi} :
k1 i1
This minimum is global on the set of all solutions of the system of inequalities
(87), i.e.
n | 2
minW (o) =min Z{bk — chizi} ,
aeQ zeZ P =
where Z is the set of all non-negative solutions of the system of inequalities (87).
Proof The function W (a) is continuous on the closed bounded set Q, be-
cause so is the function ¢(a) due to its continuity. According to the Weierstrass

Theorem, there exists a minimum of the function W («). For any solution
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z={z }::1 €Z let’s denote

n oz
S
Zd

j=1

Then,
I Lz 1
Cz=Ycz =Y LY adic; <b.
i=1 j=1 dJ i=1
From here,
(B4 b
j ; Kk _
;d—ﬁmﬂz{. | =c(e)
! Zaldlcl
i=1 K
Therefore,
n n | 2 n | 2
Z{b ch, ,} ZZ{bk—c(a)ZCkiaidi} ZmiSZ{bk—c(a)ZCkiaidi} .
1 i=1 k=1 i=1 AR Y=l i=1

Taking the minimum over ZeZ , we have

rpelznz_:[b —ch, ,} 2rll€ig§{bk—c(a)§ckiaidi}z.

The inverse inequality is obvious due to the inclusion Z > Z;, where Z; is
the set of solutions of the system of Equations (84) and inequalities (85). Proposi-
tion 1 is proved.

n
Theorem 11. Let A= "aij "ij_1 be a non negative nonzero matrix. The sufficient

condition for the existence of a solution = { p; }in=1 of the system of equations

iak. bp . k=1in,

n
1
= Z a5| ps
5=

in the set P = { p= { p; }in:l P 20,i :ﬁ, Z p; :1} is the existence of a solution
i-1

to the system of equations

n
in the set P for a certain non negative nonzero vector 1= {Zi } and

i=1
b=Az _{b}”

i=1°

Proof. The proof is obvious.

n
Theorem 12 Let A= "aij "ij_l be a non negative non zero matrix and
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n

z :{Zi}in:1 be a non negative vector such that the vector b=Az ={5|}

is
i=1
strictly positive. Then, there exists a solution to the set of equations
- o
Zi = nbi pi ’ i=17n1
Z asi ps(‘.)
s=1
— n
in the set P:{pz{pi}i"_l, P >0,i=1n> p, :1}.
i=1
Proof. Let us consider the nonlinear set of equations
n
pk + yk zask ps _
=1 _ _
———=L =—p, k=1n, (88)
l+ Z yk z ask ps
k=1 s=1
where we denoted by
Z JR—
Y, k k=1n.

=— ,
Zaki Z
i1

There exists a solution of this set of equations in the set P, since the left part of

this set of equation is a map that maps the set Pinto itself and is continuous on it.
n

Due to Brouwer Theorem [12], there exists a solution p, = { P! } . of the set of
i=

Equations (88) in the set P. From the set of Equations (88), it follows that

n
P, = { p? }i:l is a solution of the set of equations

ykzaskpg:)“pls' k=1n, (89)
s=1

n n
where 2=y, > a, pJ. Or,
k=L 5=

n n
ZkZask pe :lpgzakizi' k=1n. (90)
s=1 i=1

Summing up over k from 1 to n the left and right hand sides of the equalities
(90) we get

Ybpl =13 pib,. k=In. o)
s=1 k=1

Since b, >0,k =1,n, and the vector P, :{pio }:11 is non zero, we obtain
no__
> b,p; >0. From here, we get A =1. Theorem 12 is proved.
s=1

n
Definition 5. Let A= ||aij "I i be a non negative non zero matrix and let b be
a strictly positive vector which does not belong to the cone formed by the column

vectors of the matrix A. We say that the vector 7= { Z, }In

_, beingasolution of the

system of equations and inequalities
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D>az,=h, iel, (92)
j=1
Y>a;z;<h, iel, (93)
j=1

for a certain nonempty set I, corresponds to the equilibrium price vector which is
a solution of the system of equations

Zn:aki bi pi = Ek, k :ﬁx (94)

n

i=1
I Z asi ps
s=1

in the set P:{p:{pi}iﬂ_l, p; ZO,i:ﬁ,iZ;:pi :1}, where EzAZ:{E}L.

Remark 3 In the Definition 5 the equilibrium price vector which corresponds
to the vector 1= {Zi }in=1 being a solution of the system of equations and inequal-
ities (92), (93) is non unique. If to choose a certain one then the other differ from
it by multiplier which is a strictly positive constant.

Theorem 13 is the basis for the determining of the equilibrium price vector in

the case of partial clearing of markets.
n
Theorem 13 Let A= "aij "I i be a non negative non zero matrix and let

n

b= {bi }in:l be a strictly positive vector. The equilibrium price vector P = { p; }i:1

being a solution of the system of equations and inequalities

n b.p.
Zaij nlpJ =b, iel,
= zasjps
s=1
n b.p.
2 n‘p‘ <b, iel, (95)
= Zasjps
s=1

in the set P = { p= { p; }in:l, P, >0,i :1,_n, Z p; :1} is a solution of the system of
i-1

equations
bp, . —
7, =—2P =i, (96)
Zasi ps
s=1
_ —\n _ n

where b :{b'}i:1 , b=Az, the vector 1 ={Zi}i=1 is determined as follows
z,=2°, iel, z,=0, ieJ. The non-negative vector 1, ={Zi0}i | satisties the

system of equations and inequalities

>zt =h, iel, (97)

jel

>a;z) <b, ield. (98)

jel

Proof. Let there exist a solution of the system of equations and inequalities (95)
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with respect to the vector p= { pi} in the set P. Due to Lemma 1, the compo-

n

i=1 )
nents of the equilibrium price vector p= { Py }k=1 solving the set of equations and
inequalities (95) are such that p,; =0, ieJ. The remaining components p,,

i €1, of the vector p are the solution of the system of equations and inequalities
b, p, _
Zaij—JpJ =b, iel, (99)
jel Z asj Ps

sel

b. p;
A ————<b, iel. (100)
JZG;‘ : Zasj ps

sel
Let us introduce the denotation
o byp;

Z: = ,
: Zasj ps

sel

jel. (101)

It is evident that the equalities and inequalities

>z} =h, iel,
jel

> a;zi <b, iel,
jel
n - .
are valid. If we introduce a vector Z = {Zi}i:1’ where 7, = zio,l el,z,=0,ieJ,

then we obtain that the vector zsatisfies a system of equations and inequalities

J

D>z, <b, iel.
j=1

n
i=1°
is also a solution of the system equations

bon  _ _
‘—p‘zb., i=1n, (102)

The price vector p = { pi} being a solution of the system of Equations (96),

due to the fact that b = Az. Theorem 13 is proved.
Theorem 14. Let A=||aij "ink1 be a non negative non zero matrix and let

b= {bi }in:l be a strictly positive vector. The necessary and sufficient condition of

the existence of the equilibrium price vector P= { p; }in=1 which is a solution of

the system of equations and inequalities

n b.
Zaij njpJ =b, iel,
=Y Ay
n b.p.
Zaij#wi, ied, (103)
YAy,
s=1
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inthe set P = { p={p; }in:l, p, =0,i=1n, PN :1} is the existence of a non neg-
i=1

ative solution of the system of equations and inequalities
Zaijzj =b, iel,
jel
Y>az;<h, iel, (104)
jel
for a certain non empty set I.

Proof. Necessity. Let there exist a solution of the system of equations and ine-
qualities (103) with respect to the vector p= { p: }?:1 in the set 2. Due to Lemma
1, we have that p, =0, ie€J, where /is a non empty set. The remaining com-
ponents p,, i€l ,ofthevector pare the solution of the system of equations and

inequalities

b.p;
a——1=ph, iel, 105
%”Zas,-ps e (105)

sel

b. p;
A ———<b, ield. (106)
JZE;‘ : Zasj ps

sel
Let’s introduce the denotation
__bp

z, = ,
z a'si ps

sel

iel.

Then the equalities and inequalities
Zaijzj =h, iel,
jel

jZ;aijzj <h, iel.

are valid. It is obvious that z, >0, i€l . The necessity is established.
Sufficiency. If there exists a non negative solution of the system of equations
and inequalities (104), then b, = [AZ]i >0, iel.DuetoTheorem 12, there exists

a solution Py = { p’ }i | of the set of equations

bp’ .
L=e——, i€
zasips

sel

in the set P :{p :{pi}iel P 20,ie I,Z p; :1} for the non negative nonzero
iel
vector ZZ{Zi}iEI , where 5={5i}i o 5,=Zaijzj , iel.

iel

n
Therefore, the vector p, = { P} } , isa solution of the system of equations
i=

Ta, PP b, kel (107)
ki 0~ Mo )
ie ag; P
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and inequalities

prb
2aki2a-po<bk’ k eld. (108)

sel

Let’s construct the equilibrium vector of prices p= { p; }in:1 by setting p, =0,
ieJ,and putting p, =p’,iel . The price vector constructed in this way is the
solution of the system of equations and inequalities (103). Theorem 14 is proved.

The question arises for which sets /there is a non-negative solution of the sys-
tem of equations and inequalities (104). The answer to this question is provided
by Theorem 10.

Let us construct the matrix C, which appears in Theorem 10. Let’s put
c' :"aki "k:fn,iel
pacity of the set 1.

. Then the matrix C' has dimension n ><|I | , where ||| is a ca-

Consequence 5. The solution of the set of equations and inequalities (104) ex-
ists if the matrix C' is such that the conditions of Theorem 10 are fulfilled.

Letus denote Z, the set of all solutions of the set of equations and inequalities
(104) when the set | = N runs the set of all subsets of the set N for which the
solution of the set of equations and inequalities (104) exists. For any vector
zeZ,,let

b=>za (109)

iel
for a certain | < N. Then, | = {i,t?i = bi} is a nonempty set and the vector b
we call the vector of real consumption. In accordance with Theorem 11, 12 it cor-
responds to the equilibrium price vector p, = { p? }in:1 , which is the solution of the
system of Equations (102).

For part of goods, the indices of which are included in the set J=N,\I, the
equilibrium price is p; =0, ieJ. The latter means that industries the indexes
of which belongs to the set /need subsidies. But certain funds were spent on their
production, which are called the cost of these goods. Let’s introduce the general-
opl=pl, el pl=pf,
iel, where pf=> ay p? is the cost price of the produced goods. Each such

ized equilibrium price vector by putting p, = { pI”}

equilibrium state wé Characterize by the level of excess supply

R:<b_b—'p“> (110)

(b.p,)

where <X,y>zzxiyi) X:{Xi}in:l’ y:{yi}::l'
i=1

Finding solutions of the system of equations and inequalities (84), (85) with the
smallest excess supply will require finding all possible solutions of such a system
of equations and inequalities and finding among them the minimum excess sup-
ply, which can turn out to be an infeasible problem for large dimensions of the
matrix A. Based on Theorem 10 and Proposition 1 below, the solution of this
problem is proposed as a quadratic programming problem.

Definition 6. Let A be a non negative indecomposable matrix, and let b be a
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strictly positive vector that does not belong to the cone formed by the column
vectors of the matrix A. The solution 1, ofthe quadratic programming problem
) n n 2
min > (b —> a,z, (111)
220 i k=1
corresponds to the real consumption vector b= Az, <b. Assume that for the
non-empty set | = {i b = bi} there exists an equilibrium price vector
n
P = { p? } ) which is a solution of the system equations
1=

n oK, _ —
Zakip‘—b‘=bk7 k=1n. (112)

n

= Z asi pg
s=1
Then the value

sz (113)

(b.p,)

is called the generalized excess supply corresponding to the generalized equilib-
rium vector of prices p,, where (X,Y)=> XY, X={X }in:l s y={y},
i1

According to the formula (113), the level of excess supply for the generalized
equilibrium vector is the smallest. This is the state of economic equilibrium below
which the economic system cannot fall. If this value is quite large, then the eco-
nomic system may fall into a state of recession (see [13]-[16]).

Therefore, if the taxation system does not coincide with the taxation system that
ensures sustainable development, then the vector {(1— )X }in:1 does not belong
to the interior of the cone formed by the vectors of the columns of the matrix
A(E - A)_1 (see Theorem 16 in [1]). This leads to the fact that in a state of eco-
nomic equilibrium certain industries need subsidies for their existence. As we can
see, the reason for this is the taxation system, which leads to the fact that a certain

part of the industries is unprofitable.

4. Conclusions

The work describes all taxation systems that ensure sustainable development. An
explicit form for such taxation systems was found and an equilibrium price vector
corresponding to them was constructed. This equilibrium price vector is deter-
mined from the condition of equality of supply and demand for resources and
produced goods from them. The demand for resources and produced goods is
determined by both producers of products and consumers of finished products.
That is, the equilibrium price vector is formed both under the influence of market
forces and the taxation system. Under such an equilibrium price vector, the econ-
omy is able to function in the mode of sustainable development. Among taxation
systems that ensure sustainable development, there are perfect taxation systems
that are characterized by the equality of the created gross added value in the in-
dustry of the value of the product created in the same industry.

The taxation system under which the economic system is able to function in the
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mode with subsidies is also completely described.

It is shown that in the mode of sustainable development with perfect tax system,
the gross output vector in value indicators satisfies a certain system of linear ho-
mogeneous equations. As a consequence of this, the vector of the created product
in value indicators coincides with the vector of created added values in the eco-
nomic system.

But there are tax systems that do not coincide with tax systems that ensure sus-
tainable development. Under such taxation systems, only partial clearing of mar-
kets takes place. For this case, a complete description of all equilibrium states is
given in which only partial clearing of the markets takes place. For this, a complete
description of all non negative solutions of linear systems of equations and ine-
qualities was given. Based on this result, a complete description of all equilibrium
states in which only partial clearing of the markets takes place was given.

This work is partially supported by the Fundamental Research Program of the
Department of Physics and Astronomy of the National Academy of Sciences of
Ukraine “Building and researching financial market models using the methods of
nonlinear statistical physics and the physics of nonlinear phenomena N
0123U100362”.

Conflicts of Interest

The author declares no conflicts of interest regarding the publication of this paper.

References

[1] Gonchar, N.S. (2024) Economy Function in the Mode of Sustainable Development.
Advances in Pure Mathematics, 14, 242-282.
https://doi.org/10.4236/apm.2024.144015

[2] Gonchar, N.S. (2024) Mode of Sustainable Economic Development., arXiv:
2405.09984. https://doi.org/10.48550/arXiv.2405.09984

[3] Gonchar, N.S. (2023) Economy Equilibrium and Sustainable Development. Advances
in Pure Mathematics, 13, 316-346. https://doi.org/10.4236/apm.2023.136022
[4] Gonchar, N.S. (2023) Mathematical Foundations of Sustainable Economy Develop-

ment. Advances in Pure Mathematics, 13, 369-401.
https://doi.org/10.4236/apm.2023.136024

[5] Shome, P. (1978) The Incidence of the Corporation Tax in India: A General Equilib-
rium Analysis. Oxford Economic Papers, 30, 64-73.
https://doi.org/10.1093/oxfordjournals.oep.a041405

[6] Shome, P. (1981) The General Equilibrium Theory and Concepts of Tax Incidence in
the Presence of Third or More Factors. Public Finance, 36, 22-38.

[7] Gonchar, N.S., Kozyrski, W.H., Zhokhin, A.S. and Dovzhyk, O.P. (2018) Kalman Fil-
ter in the Problem of the Exchange and the Inflation Rates Adequacy to Determining
Factors. Noble International Journal of Economics and Financial Research, 3, 31-39.

[8] Gonchar, N.S., Zhokhin, A.S. and Kozyrski, W.H. (2020) On Peculiarities of Ukrain-
ian Economy Development*. Cybernetics and Systems Analysis, 56, 439-448.
https://doi.org/10.1007/s10559-020-00259-0

[9] Gonchar, N.S. and Dovzhyk, O.P. (2019) On One Criterion for the Permanent

DOI: 10.4236/jmf.2025.151001

33 Journal of Mathematical Finance


https://doi.org/10.4236/jmf.2025.151001
https://doi.org/10.4236/apm.2024.144015
https://doi.org/10.48550/arXiv.2405.09984
https://doi.org/10.4236/apm.2023.136022
https://doi.org/10.4236/apm.2023.136024
https://doi.org/10.1093/oxfordjournals.oep.a041405
https://doi.org/10.1007/s10559-020-00259-0

N. S. Gonchar

(10]

(11]

(12]

(13]

(14]

(15]

(16]

Economy Development. Journal of Modern Economy, 2, Article 9.
https://doi.org/10.28933/jme-2019-09-2205

Gonchar, N.S. and Dovzhyk, O.P. (2022) On the Sustainable Economy Development
of Some European Countries. Journal of Modern Economy;, 5, Article 14.
https://doi.org/10.28933/jme-2021-12-0505

Gonchar, N.S. (2008) Mathematical Foundations of Information Economics. Bo-
golyubov Institute for Theoretical Physics, 468.

Nirenberg, L. (1974) Topics in Nonlinear Functional Analysis. American Mathemat-
ical Society.

Gonchar, N.S. and Zhokhin, A.S. (2013) Critical States in Dynamical Exchange Model
and Recession Phenomenon. Journal of Automation and Information Sciences, 45,
50-58. https://doi.org/10.1615/jautomatinfscien.v45.i1.40

Gonchar, N.S., Zhokhin, A.S. and Kozyrski, V.G. (2015) General Equilibrium and Re-
cession Phenomenon. American Journal of Economics, Finance and Management, 1,
559-573.

Gonchar, N.S., Zhokhin, A.S. and Kozyrski, V.G. (2015) On Mechanism of Recession
Phenomenon. Journal of Automation and Information Sciences, 47, 1-17.
https://doi.org/10.1615/jautomatinfscien.v47.i4.10

Gonchar, N.S., Dovzhyk, O.P., Zhokhin, A.S., Kozyrski, W.H. and Makhort, A.P.
(2022) International Trade and Global Economy. Modern Economy, 13, 901-943.
https://doi.org/10.4236/me.2022.136049

DOI: 10.4236/jmf.2025.151001

34 Journal of Mathematical Finance


https://doi.org/10.4236/jmf.2025.151001
https://doi.org/10.28933/jme-2019-09-2205
https://doi.org/10.28933/jme-2021-12-0505
https://doi.org/10.1615/jautomatinfscien.v45.i1.40
https://doi.org/10.1615/jautomatinfscien.v47.i4.10
https://doi.org/10.4236/me.2022.136049

	Tax Systems for Sustainable Economic Development
	Abstract
	Keywords
	1. Introduction
	2. Description of Taxation Systems
	3. Equilibrium States with Partial Market Clearing
	4. Conclusions
	Conflicts of Interest
	References

