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Abstract

In this paper, we consider the dividend payments prior to absolute ruin in a Markovian regime-switching risk
process in which the rate for the Poisson claim arrivals and the distribution of the claim amounts are driven
by an underlying Markov jump process. A system of integro-differential equations with boundary conditions
satisfied by the moment-generating function, the n th moment of the discounted dividend payments prior to
absolute ruin and the expected discounted penalty function, given the initial environment state, are derived.
Then, the matrix form of systems of integro-differential equations satisfied by the discounted penalty func-
tion are presented. Finally, we obtain the integro-differential equations satisfied by the time to reach the
dividend barrier.

Keywords: Absolute Ruin, Debit Interest, Moment-Generating Function, Markovian Regime-Switching Risk
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1. Introduction

In recent years, ruin theory under regime-switching mo-
del is becoming a popular topic. This model is proposed
in Reinhard [1] and Asmussen [2]. Asmussen calls it a
Markov-modulated risk model. The purpose for this ge-
neralization is to enhance the flexibility of the model pa-
rameter settings for the classical risk process. This model
can capture the feature that insurance policies may need

to change if economical or political environment changes.

There are many papers published on ruin probabilities and
the related problems under the Markov regime-switching
risk model. For example, Lu and Li [3] study ruin prob-
abilities under this model. Ng and Yang [4] obtain an up-
per bound for the joint distribution of surplus before and
at ruin under the regime-switching model by using a mar-
tingale approach. Ng and Yang [5] present some explicit
results for the joint distribution of surplus before and at
ruin under this model in the cases of zero initial surplus
and phase type claim size distributions, respectively. Li
and Lu [6] investigate the moments of the dividend pay-
ments and related problems in a Markov-modulated risk
model. Lu and Li [7] and Liu et al. [8] consider a regime-
switching risk model with a threshold dividend strategy.
Zhu and Yang [9] study a more general Markovian re-
gime-switching risk model in which the premium, the
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claim intensity, the claim amount, the dividend payment
rate and the dividend threshold level are influenced by an
external Markovian environment process. Wei et al. [10] con-
sider the Markov-modulated insurance risk model with tax.
However, there is no work that deals with the absolute
ruin in a regime-switching risk model. This motivates us
to investigate such a risk model in this work.

Due to its practical importance, the issue of absolute
ruin problem has received attention in risk theory. Zhou
and Zhang [11] got the explicit expression of the absolute
ruin probability for the classical risk model with expo-
nential individual claim by using the Markov property.
Cai [12] defined Gerber-Shiu function at absolute ruin
and derived a system of the integro-differential equations
satisfied by the Gerber-Shiu function. Yuan and Hu [13]
investigate the absolute ruin in the compound Poisson
risk model with nonnegative interest and a constant di-
vidend barrier. Wang and Yin [14] studied the dividend
payments in the classical risk model under absolute ruin
with debit interest. Wang et al. [15] considered the divi-
dend payments in a compound Poisson risk model with
credit and debit interest under absolute ruin.

Now denote by {J(t);t>0} the external environment

process, and suppose that it is a homogeneous, irreduci-
ble and recurrent Markov process with a finite state space
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E={123--,m}and intensity matrix A:{a_j} ,

)i =1
where «o; =—¢; for ieE. Let N(t)be the number of
claims occurring in (0,t]. If J(s)=i forallSin asmall
interval (t,t+h] , then the number of claims occurring in

that interval, N(t+h)—N(t), is assumed to follow a

Poisson distribution with parameter 4 (>0), and the n
th claim amounts X, have distribution F(x) with
density function f,(x)and finite mean u,(i<E). More-

over, We assume that the process {J(t);t>0}and the
process {N (t);t > 0} has independent increments. Then

PrIN(t+h)=n+1|N(t)=n,J(s)=i,
for t<s<t+h]=4h+o(h).

The process {N(t);t>0} is called a Markov-modu

lated Poisson process, which is a special case of Cox
processes. It also can be seen as a Poisson process with
the parameter driven by an external environment process
{J(t);t=0}.

In this paper, we consider a regime-switching risk mo-
del with debit interest and constant dividend barrier. In
this model, the insurer could borrow an amount of money
equal to the deficit at a debit interest force £ when the
surplus is negative. Meanwhile, the insurer will repay the
debts continuously from his premium income. The nega-
tive surplus may return to a positive level. However, when
the negative surplus attains the level —c/A or is below
—c/B, the surplus is no longer able to be positive, be-
cause the debts of the insurer at this time are greater than
or equal to c¢/A, which is the present value at that time
for all premium income available after that point. Abso-
lute ruin occurs at this moment. Moreover, When the
surplus exceeds the constant barrier b(z u), dividends
are paid continuously so the surplus stays at the level b
until a new claim occurs. The corresponding sur- plus
process {U, (t);t >0} is given by

du, (t)=[c+ AU (t)1 (U (t)<0)]dt
_d(tﬁl}xkj &y

where U (0)=u is the initial surplus and |(B) means

the indicator function of an event B.
Let D(t) be the cumulative amount of dividends paid

outuptotimetand & >0 the force of interest, then
D, = [ "e"dD(t) (1.2)

is the present value of all dividends until time of ruin T,
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where T, denoted by T, =inf{t>0:U,(t)<-c/B} is

the time of absolute ruin.
In the sequel we will be interested in the momentgen-

erating function M, (u,y,b)= E[eyD“vb J(0)= i], icE,

and the n th moment function

V. (u;b)=E[ D], |3(0)=i],
neN,ieE,

with V,;(u;b)=1, and the expected discounted pen-
alty function, for ieE

®,(u,b)

_ E[e—mw(ub (T, ) Jus(T, ) <1 (T, <)Y, (0)=u.3(0) :q

(1.3)
where, U, (T,—) is the surplus prior to absolute ruin
and |U, (T,)| is the deficit at absolute ruin. The penalty
function ®(x.,x,) is an arbitrary nonnegative measure
able function defined on (—c/ 3, +0)x(c/,+) . Throu-
ghout this paper we assume that M (u,y,b), V,;(u;b)
and @, (u,b) are sufficiently smooth functions in u and
y , respectively.

Then the expected present value of the total dividend
payments until ruin in the stationary case is given by

V(u,b)=>mV, (u,b)
i=1
where n=(m,---,m,) is the stationary initial distribu-
tion of process {J (t);t>0}.

The rest of the paper is organized as follows. In Sec-
tion 2, we obtain the integro-differential equations for the
moment-generating function and boundary conditions in
a regime-switching risk model. In Section 3, the integro—
differential equations satisfied by higher moment of the
dividend payments and boundary conditions are derived.
In the last section, we get the systems of integro-differential
equations for @;(u,b) and it’s matrix form.

2. Moment-Generating Function of D,

We now derive the systems of integro-differential equa-
tions satisfied by M (u,y,b), for ieE . Clearly, the mo-
ment-generating function M, (u,y;b) behaves differently,
depending on whether its initial surplus U is below zero or
above the barrier level b. Hence, we write M, (u, y;b) for
0<u<b and M, (u,y;b) for —c/B<u<0.

Theorem 2.1

For 0<u<b,
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CaMli(u,y;b)
ou

oMy, (u,y;b)

=0y +40My; (u,y;b)

J' 4 (U=x,y;b)F (x)
j M, (u—x, y;b)dF, (x)

_ﬂf.Ei(U*C/ﬂ)_kiaika(U’y;b)'
icE
2.1)
and, for —¢/g<u<0,
M, (u,y;b)  OM,; (u,y;b)
(Pure) =5 =0y—= 1
+A4My; (U, y;b) = A4F (u+c/B)

_g,lj:*%MZi (u=x,y;b)dF; (x)

_;aikMZk (u,y;b)
icE
(2.2)
with boundary conditions, for ieE,
oM. (u,y;b
ll(a) = yMy; (b: Y b) (2.3)
u
u=b
M, (—¢/B.y;b)=1 (2.4)

Proof. Considering a small time interval [0,t], with
t(t>0) being sufficiently small that u+ct<b, there
are four possible events regarding the occurrence of the
claim and the change of the environment:

1) No claim and no change of environment occur in
[0,t];

2) A claim occurs in [0,t] (it can either cause the
absolute ruin or not);

3) The environment changes in[0,t] ;

4) Two or more events occur in[0,t].

In view of the strong Markov property of the surplus
process {Ub (t),t> 0} , we have

M, (u,y;b) = E[M Ub(t),ye’”“;b].

Conditioning on the event occurring in the interval
[0,t], we have

(2.5)
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My (u,y;b) = (1- et = At) My, (u +et, ye*"‘;b)

+ﬂ1tj-u+ct Mli (U+Ct—X, ye"“;b)dFi (X)
+ﬂ,tIU+ct ﬁle (u+ct—x ye ot b)dF
+AtF (u+ct+c/p)

+t i My, (u+ct,ye"5t;b)+o(t).

k=1k=i
(2.6)
Taylor’s expansion gives
M, (u +ct,ye ™, b) =M, (u,y;b)
M X .
o oMy, (u,y;b)
ou 2.7)
oyt oMy (u,y;b)
ou
+0(t).

Substituting (2.7) into (2.6), dividing both sides by t,
and letting t — 0, we obtain (2.1).
Similarly, when —c/B <u <0, we still consider a small

time interval [0,t], with t(t>0)being sufficiently small

so that the surplus will not reach 0 in the time interval.
Let ty be the solution to

h, (u,t) =ue” +c(e” —1)/ﬂ =0

then hy(u,t) is the surplus at time t<t, if no claim
occurs prior to time t,. We assume t<t,. So condition-
ing on the time and the amount of the first claim, we
have

M, (u,y;b) =(1-ait - A4t)M,, (hﬂ (u,t), ye“”;b)

hﬂ(u t)+7

+Mj M2i<hﬁ(u,t)—x, ye“”;b)dFi(x)
+AtF (hy (u,t)+c/B)

+t i My (h, (u,t), ye;b)+o(t)

k=1,k=i
(2.8)
By Taylor’s expansion
M, (hﬁ (u,t), ye’ﬁ‘;b) =M, (u,y;b)
oM, (u,y;b)
t—m - 7
+(Bu+c) =
M., ;
—5yt—a 2 (al; y'b)+o(t)
(2.9)
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Substituting (2.9) into (2.8), dividing both sides by t, and
letting t — 0, we obtain (2.2).
When the initial surplus is b, we obtain

My (b, y;b) = (1- it - At) e’ My, (b' ye™; b)

+ 27 [ M, (b-x, ye ;b )dF, (x)

+ A4 te’ j;”? M, (b -X, ye’”“;b)dFi (x)
+ 4" (b+0/p)
fte Y My, (b, ye ' ;b)+o(t)
k=1k=i
(2.10)
Using Taylor’s expansion and noting that «; =—«,
we have, for ieE,
oM, (b,y;b
5y——i£————)+(ﬂ1—cy)Mﬂ(b,wb)

= /LJ:MH (b—X, ye“”;b)dFi (X)

+ j:”% M., (b— X, ye“"t;b)dFi (x)
+4F (b+c/B)

m

+ > My (b, ye*';b)+o(t)

k=1,k=i
(2.11)
Letting uTh in (2.1) and comparing it with (2.11),
we obtain (2.3).
When u=-c/f, absolute ruin is immediate. Thus, no

dividend is paid. So we obtain (2.4). Theorem 2.1 is
proved.

Theorem 2.2 For icE,
My (0+,y;b) =M, (0—,y;b) (2.12)

Proof. For —c/<u <0, letting 7, be the time that the

surplus reach 0 for the first time from u<0 and using
the Markov property of the surplus process, we obtain

M, (u,y;b) = E} [l (0 <Tb)eyDu,b]

VB 1 (22T, )™ |

=& [' (% <Tb)e><p{yj§“’f° e*‘fth(tﬂo)H
+P(7,2T,)

<[l o]
+P(7,2T,)

<M, (0,y;b)+P(z, 2 T,)

(2.13)
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Similarly, we obtain
My (U, yib) > B [ 1 (7 <T,, 70 =t )e"™* |
+E[1(r 2T, )™ |
=M, (0,y:b)E! [0 (7, <, 70 = 1)) ]
+ P(ro ZTb)
=M, (0,y;b)e P (T, >t, )+ P(7, 2T,)
=e WM, (0,y;b)+P(7, 2T,)

(2.14)
where T, is the time of the first claim.

When u T 0, we notice that 7z, and t, both go into
zero. Letting uT0 in(2.13) and (2.14) and in view of

Iulgjl P(7,>T,)=0
we obtain (2.12). Theorem 2.2 is proved.

3. Higher Moment of the Dividend Payments

By the definitions of M (u,y;b) and V(u,b), we ob-
tain, for ieE,

n

My (u,y;b) =1+2%Vm (u,b) (3.1)
M, (u,y;b)=1+i)r/]—nlvn,2'i(u,b) (3.2)

here V b V,.i(uib), 0<u<b
where V. (u:b)=
o (0) V,,i(u;b), —c/B<u<0

Substituting (3.1) and (3.2) into (2.1) and (2.2), respec-
tively, and comparing the coefficients of y" yield the fol-
lowing integro-differential equations:

Vo1 (U,0) = (4 +nd)V,4; (u,b)
—/l.J.:Vn,l,i (u—xb)F (x)
AL Py (4= DI, (1)

- kz_;aikvn,l,k (u, b)

(3.3)
for 0<u<b,andfor —c/B<u<0,
(ﬂu +C)Vn’,2,i (U,b) = (ﬂ“l + n5)\/n,2,i (U,b)
—ﬂ,lj.:7vnyzyi (u=x,b)dF, (x)
_;aikvn,z,k (u,b)
(3.4)
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Substituting (3.1) into (2.3), similarly, we obtain
n1| (U b)lu b= nVn 1.1 (b b)

=1 is an obvious result since

(3.5)
thus, Vi,;(b,b)

Voui(b,b)=1
Substituting (3.1) and (3.2) into (2.4) and (2.12), we
obtain, for ne N*

n 2,i ( C/IB b)
Vi (0+' b) =Vi2, (0_' b)
Letting u4 0 in(3.3)and u{ 0 in(3.4)and using (3.7),

we obtain, for ne N*
Vn'll (0+' b) :Vn’,z,i (0_‘ b)

(3.6)
3.7)

(3.8)

4. Expected Discounted Penalty Function

In this section, we derive integro-differential equations
for the expected discounted penalty function. For i€ E,

define
@ (u,b),

(Di(u'b):{cbz.(u,b),

Theorem 4.1 For 0<u<b,
c®; (u,b)=(4 +5)®,; (u,b)

— A4 [, @y (u=xb)F(x)

0<u<b
—-¢/B<u<0

_/l,ju“*%d)zj (u—-xb)dF, (x) (4.1)
_ga‘kmlvk(”'b)‘”ﬂpﬁ(u). icE
and, for —c/f<u<0,
(Bu+c) @y, (u,b)=(4 +5)D,, (u,b)
_ﬂf,'[(:”%cbzvi (u—x,b)dF, (x)
AR ()3, (ub), i<E
) (4.2)
with boundary conditions @;; (b,b)=0 “3)
@,; (0+,b) = d,; (0-,b) @)
@} (0+b) = @5, (0-,b) (45)

where u)=| c @(u,x-u)dr(x)
7

Proof. For ieE and 0<u<b. Similar to argument
as in Section 2, we condition on the events that can occur
in the small time interval [0,t].
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@, (u,b) = (1-ct— At)e®, (u+ct,b)
+ ﬂ,lte"“.fu+CI @,; (u+ct—x,b)F, (x)

+ﬂ,te‘”tju:0i[ /f’QJZI (u+ct—x,b)dF (x)

(4.6)

+ e N Ca)(u x—u)dF; (x)
B

+te™ i o, @, (u+ct,b)
k=1k=i
+0(t)
Since e =1-sh+o(h)
we then get
Dy (u,b) =[1-(c; + 4 +5)t @, (u+ct,b)

u+ct

MJ <Dl, (u+ct—x,b)dF (x)

u+Ct+

+Mj D, (u+ct—xb)F (x)  (4.7)

+ 4t c o(u,x—u)dF, (x)
5

£t @@, (urctb)+o(t)

k=1 k=i
Equation (4.7) can be rewritten as

®,; (u+ct,b)—-d; (u,b)

t
=(o; +4,+5) Dy (u+ct,b)

=4[y (uct-x, ) (x)

c
U+ct+—
Tusct

—ﬂﬂjqai%m(u,x—u)dFi (x)

@, (u+ct—xb)dF (x) (4.8)

m o(t
=3y (uctb)+ 2
k=L ki t
Letting t -0 in (4.8) and noting that ¢; =-¢;, we
obtain (4.1).
For ieE and —c/B<u<0, we have

@, (u,b) =(1- o5t — At)e " d, (h, (u,b),b)

+ﬂite_§tjhﬁ(u t)+,ch) (hﬂ(u,b)—X,b)dFi (X)

At ﬁjh/( ot o(hy (u.b),x—h, (u,b))dF (x)
+te Z o @y, (h, (ub),b)+o(t)
k=1 k=i
(4.9)
By Taylor’s expansion
JMF
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@, (h (u,b), b) @, (u,b)+(Bu+c)tdy (u,b)+o(t)

(4.10)
Substituting (4.10) into (4.9), dividing both sides by t,
and letting t — 0, we obtain (4.2). Theorem 4.1 is proved.
Integro-differential Equations (4.1) and (4.2) can easily
be rewritten in matrix form.
T .
Let @ (u,b)=(®(ub), - @ (b)), j=12.

“T” denoting transpose. Then the vectors of the expected
discounted penalty function @, (u,b) and ®,(u,b) sat-

isfy the following integro-differential equations
@/(u,b)=P® (u,b)
+I (x)®, (u—x,b)dx
+'[:761(x)d>2(u—x,b)dx
+A(u),0<u<b
@; (u,b) = P, (), (u,b)
+J':+%Gz(x)d)2(u—x,b)dx
+A,(u),-c/p<u<0
P, =[diag(4, +5,+, 2, +5)-A]/c
=[diag(4, +5,,
G, (x) =—diag (4 f; (x), 2 fy (x)) ¢

fi(x) At ()
(Bu+c)  (Bu+c)

are all mxm matrices, and A (u) and A, (u) defined
by A (u j o(u,x—u)G, (x) Idx
s

where

In+8)=A]/(Bu+c)

G, (x)=—diag

yorey

A, (u jﬂwux u)G, (x) Idx

T .
1) s
an mx1 column vector. The continuity condition and
derivative condition for @, (u,b) and ®,(u,b) is

@, (0-,b)
@] (0-,b)

5. Time to Reach the Dividend Barrier

are all m -dimensional vector, in which I =(1,1,---

@, (0+,b)=
@/(0+,b)=

In this section, we consider how long it takes for the surplus
process to reach the dividend barrier b from the initial
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surplus u without ruin occurring. We define 7, to be the
first time that the surplus reaches b, and for p>0,
icE and —c/B<u<b, define

L (u,b)=E[e (7, <T)|U, (0)=u,d (0)=i](5.2)
L; (u,b) can be interpreted as the expected present va-
lue of one dollar payable at the time of reaching the bar-
rier b without ruin occurring, given that the initial envi-
ronment state is i and the initial surplus is u. Alterna-
tively, it can be viewed as the Laplace transform of the
time to reach the dividend barrier b without ruin occur-
ring with respect to the parameter p .

_ {Li_i(u;b) 0<u<b
We define L, (u;b)= (5.2)
L,;(u;b) —c/B<u<0

Using the same arguments as in Section 2, we can eas-
ily show that L (u,b) satisfies the following integro-

differential equations:
cLy; (u,b)=(4 +5)Ly; (u,b)
—ﬁ,,'[: L,; (u—x,b)dF; (x)
AL, (U X bYF, (X)
_gaikl-i,k (Uvb)

for 0<u<b,andfor —c/B<u<0,
(Bu+c)Ly,; (ub)=(4+5)L,; (u,b)

—4 J.:% L (u—x,b))dF; (x)

(5.3)

m

- oy L, (u,b)
k=1
(5.4)
with boundary conditions
|ub
(0 b) =L, (0-:b)
Li; (0+b) = L5 (0-:b)
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