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Abstract

A binary complete decision table with many-valued decisions is a table with
n attributes and 2" pairwise distinct rows filled with numbers from the set
{0,1} . Each row of this table is labeled with a nonempty finite set of decisions.

For a given row of the table, the task is to find a decision from the set of decisions
attached to the row. Such tables are generalizations of Boolean functions. They
can also be viewed as representations of various problems related to systems
of decision rules. In this paper, we consider three types of classes of binary
complete decision tables with many-valued decisions, closed with respect to
removal of columns and changing of decisions. For tables from these classes, we
study the relationships between the minimum weighted depth of deterministic,
nondeterministic, and (for one type of classes) strongly nondeterministic
decision trees and the total weight of attributes attached to columns. Note that
nondeterministic decision trees and strongly nondeterministic decision trees
for decision tables can be interpreted as a way of representing the two types of
systems of decision rules for these tables.

Keywords
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1. Introduction

In this paper, we continue to study the relationships between deterministic decision
trees and decision rule systems (represented as nondeterministic or strongly
nondeterministic decision trees) for three types of classes of decision tables with
many-valued decisions closed relative to removal of columns and changing of

decisions. A class of tables is closed relative to the considered operations if, for

DOI: 10.4236/jilsa.2025.174014  Oct. 14, 2025

211 Journal of Intelligent Learning Systems and Applications


https://www.scirp.org/journal/jilsa
https://doi.org/10.4236/jilsa.2025.174014
http://www.scirp.org
https://www.scirp.org/
https://orcid.org/0000-0001-5763-9751
https://orcid.org/0009-0009-7445-3807
https://orcid.org/0000-0003-0085-9483
https://doi.org/10.4236/jilsa.2025.174014
http://creativecommons.org/licenses/by/4.0/

A. Ostonov et al.

any table in the class, we can remove any number of columns (attributes) from
that table and change the decisions attached to rows, and the resulting table will
still be in the class.

The main results we have obtained in this direction earlier are collected in our
book [1], in which arbitrary closed classes and arbitrary bounded complexity
measures are investigated. The goal of this work is a more in-depth study of special
types of closed classes and complexity measures.

Decision trees [2]-[6] and decision rule systems [7]-[11] are widely used for
knowledge representation, classification, and problem solving in areas such as
fault diagnosis and combinatorial optimization. These models are among the most
interpretable classification and knowledge representation methods [12]. Under-
standing the relationships between decision trees and decision rules is an important
area of research in computer science.

Decision tables with many-valued decisions often arise in data analysis, where
they are called multi-label decision tables [13]-[15]. They are also widely used in
areas such as combinatorial optimization, computational geometry, and fault
diagnosis to represent and analyze problems [10] [16].

Various classes of objects closed under certain operations have been studied
extensively. Well-known examples are the classes of Boolean functions closed under
superposition [17], and the minor-closed classes of graphs [18]. Decision tables
with many-valued decisions are an interesting mathematical object that deserves
further study, especially in the context of studying closed classes of decision tables.
The most natural examples of closed classes of decision tables are those generated
by information systems [19], where each problem in the system is transformed
into a decision table [1]. However, the family of all closed classes is significantly
larger than the family of closed classes generated by information systems.

In this paper, we consider three types of classes of binary complete decision
tables with many-valued decisions closed under operations of removal of columns
and changing of decisions. For tables from these classes, we study the relationships
between the minimum weighted depth of deterministic, nondeterministic, and
(for one type of classes) strongly nondeterministic decision trees and the total
weight of attributes attached to the columns. We study weighted depth of decision
trees instead of standard depth because the complexity of computing values for
different attributes can vary greatly.

A binary complete decision table with many-valued decisions is a rectangular
table with n columns labeled with pairwise distinct attributes and 2" pairwise
distinct rows filled with numbers from the set {0,1}. Each row of this table is
labeled with a nonempty finite set of decisions. The rows are interpreted as tuples
of attribute values. We also consider two special kinds of binary complete decision
tables with many-valued decisions: conventional tables in which each decision set
contains exactly one decisions and tables with 0-1-decisions in which each decision
setis either {0} or {1}.

For a given row of the decision table, we must find a decision from the set of

DOI: 10.4236/jilsa.2025.174014

212 Journal of Intelligent Learning Systems and Applications


https://doi.org/10.4236/jilsa.2025.174014

A. Ostonov et al.

decisions attached to the row. To do this, we can use the following queries: we can

select an attribute and ask what the value of that attribute is in the row in question.

We study three types of algorithms based on these queries: deterministic,
nondeterministic and strongly nondeterministic decision trees. The latter are used
only for tables with 0-1-decisions. One can interpret nondeterministic decision
trees for a decision table as a way of representing an arbitrary system of true decision
rules for this table that cover all rows. One can interpret strongly nondeterministic
decision trees for a decision table with 0-1-decisions as a way of representing an
arbitrary system of true decision rules for this table that cover all rows labeled with
the set {1} . To characterize the time complexity of decision trees, we consider
their weighted depth, which is equal to the maximum total weight of attributes on
a path from the root to a terminal node of the tree.

Binary complete decision tables with many-valued decisions can be viewed as
representations of various problems involving decision rule systems with binary
attributes. Consider three examples:

o The problem of finding, for a given tuple of attribute values, a rule with a true
left-hand side for this tuple can be represented as a table with many-valued
decisions.

e The problem of finding, for a given tuple of attribute values, the set of rules
with a true left-hand side for this tuple can be represented as a conventional
table.

e The problem of the existence of a rule with a true left-hand side for a given
tuple of attribute values can be represented as a table with 0-1-decisions.

The notion of a binary complete decision table with 0-1-decisions actually
coincides with the notion of a Boolean function. Binary complete decision tables
with many-valued decisions are an interesting generalization of Boolean functions.
The properties of these tables may differ significantly from the properties of Boolean
functions. For example, for any Boolean function, the minimum depth of a
deterministic decision tree does not exceed the square of the minimum depth of a
nondeterministic decision tree [20]-[22] (see also [23]). In Chap. 7 of the book
[1], we constructed an infinite sequence of binary complete decision tables with
many-valued decisions for which the minimum depth of deterministic decision
trees is not bounded from above by a constant, and the minimum depth of
nondeterministic decision trees does not exceed 3.

In this paper, for classes of each type, we study the functions characterizing the
worst-case growth of the minimum weighted depth of deterministic and nondeter-
ministic decision trees for decision tables from the class with increasing total
weight of attributes attached to the table columns. For classes of decision tables
with 0-1-decisions, we study the function characterizing the worst-case growth of
the minimum weighted depth of strongly nondeterministic decision trees for
decision tables from the class with increasing total weight of attributes attached to
the table columns. We prove that each of these functions is either bounded from

above by a constant or grows almost linearly. The main novelty is that we found
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simple criteria for the behavior of these functions: it is enough to recognize
whether the total weight of attributes for tables from the class is bounded from
above by a constant. In general, we need to study the behavior of the number of
rows in tables in a class and the behavior of the minimum complexity of the set of
attributes that separate a given row from all other rows of the table.

For classes of each type, a function is studied that characterizes the growth in
the worst case of the minimum weighted depth of a deterministic decision tree for
a decision table from a class with the growth of the minimum weighted depth of
a nondeterministic decision tree for the table. For classes of decision tables with
many-valued decisions, a condition is specified under which the function is
defined everywhere. For the function that is defined everywhere, its behavior is
studied. In particular, a condition is specified under which the function under
consideration, depending on n, is bounded from above by a polynomial in n.
For classes of conventional decision tables and tables with 0-1-decisions, it is
proved that the function under consideration is defined everywhere and does not
exceed n’. The main novelty for the classes of decision tables with many-valued
decisions is that it is sufficient to consider how the maximum number of attributes
with a weight of no more than m in a table from a class (if the maximum exists)
grows with m . The criteria for the general case considered in [1] are significantly
more complex. The main novelty for classes of conventional decision tables and
decision tables with 0-1-decisions is that it was possible to generalize the
previously obtained results for the depth of decision trees for Boolean functions
[20]-[22] to the case of weighted depth of decision trees for such tables.

For classes of decision tables with 0-1-decisions, a function is also studied that
characterizes the growth in the worst case of the minimum weighted depth of a
deterministic decision tree for a decision table from a class with the growth of the
minimum weighted depth of a strongly nondeterministic decision tree for the
table. A condition is specified under which the function is defined everywhere.
For the function that is defined everywhere, its behavior is studied. In particular,
a condition is specified under which the function under consideration is bounded
from above by a polynomial in n. The main novelty is that it suffices to consider
how the maximum number of attributes with a weight no greater than m ina
table from a class grows with m (if the maximum exists). The criteria for the
general case, considered in [1], are more complex.

The proofs of the new statements are based, in particular, on the results obtained
in [1]. This explains the fact that in our work we use many definitions and notation
from the book [1] with minimal changes.

This paper is an extension of two conference papers: paper [24], which contains
results for classes of tables with many-valued decisions, and paper [25], whose
proof we adapted to show upper bounds on n” for the function describing the
relationship between deterministic and nondeterministic decision trees.

The paper consists of six sections. Section 2 discusses the basic definitions and

notation. Sections 3-5 are devoted to studying classes of tables with many-valued
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decisions, classes of conventional tables, and classes of tables with 0-1-decisions,

respectively. Section 6 contains brief conclusions.

2. Main Definitions and Notation

In this section, when considering the main definitions and notations, we either
quote verbatim or very closely to the text from our book [1].

Denote ®={0,12,--} and E,={01}. Let P={f:icw} be the set of
attributes (really, names of attributes). Two attributes f;, f ;€P are considered
difterentif i+ j.

2.1. Decision Tables and Their Closed Classes

We now define three families of nonempty finite subsets of the set @ . Let P~
be the family of all nonempty finite subsets of the set », P = {{d} de a)} , and
PO = ({0}, {1}

Definition 1 Denote by M, the set of rectangular tables filled with numbers
from E, in each of which rows are pairwise different, each row is labeled with a
set from P~ (set of decisions), and columns are labeled with pairwise different
attributes from P . Rows are interpreted as tuples of values of these attributes.
Empty tables without rows belong also to the set M, . Tables from M, will be
called decision tables with many-valued decisions.

Definition 2 Denote by M, the set of tables from M, in which each row is
labeled with a set from ‘P . Empty tables without rows belong also to the set M, .
Tables from M, will be called conventional decision tables.

Definition 3 Denote by My the set of tables from M in which each row
is labeled with a set from P°". Empty tables without rows belong also to the set
M. Tables from M will be called decision tables with 0-1-decisions.

It is clear that My c M, c M;".

Foratable T € M, , wedenoteby II(T) the intersection of sets of decisions
attached to rows of T. Decisions from II(T) are called common decisions for
the table T.

Let T beanonempty table from M, . Denoteby At(T) thesetofattributes
attached to columns of the table T.We denoteby €, (T) the set of finite words
over the alphabet {( f,6): fieAt(T),se Ez} including the empty word /.
For any a €Q,(T), we now define a subtable Ta of the table T.If a=4,
then Ta=T . If a#2 and a=(f,,8)(f, .6,), thn Ta is the table
obtained from T by removal of all rows that do not satisfy the following
condition: in columns labeled with attributes f,,---, f; , the row has numbers
85,0,

. » respectively.

We now define four operations on decision tables: removal of columns and
changing of decisions. Let T e M, .

Definition 4 Removal of columns. We can remove from T any columns. In
each group of rows equal on the remaining columns, we keep the first one.

Definition 5 P~ -Changing of decisions. We can change sets of decisions
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attached to rows of T  to arbitrary sets from P~ .

Definition 6 P -Changing of decisions. We can change sets of decisions
attached to rows of T to arbitrary sets from P .

Definition 7 P°" -Changing of decisions. We can change sets of decisions
attached to rows of T to arbitrary sets from P°*.

Definition 8 ZLet Ac M, and A# . The class (the set) of decision tables
A will be called a closed class of decision tables from M, ifit is closed under
operations of removal of columns and ‘P -changing of decisions.

Definition 9 Let Ac M, and A= . The class (the set) of decision tables
A will be called a closed class of decision tables from M, ifitis closed under
operations of removal of columns and P -changing of decisions.

Definition 10 Let Ac Mzo 2 and A+ . The class (the set) of decision tables
A will be called a closed class of decision tables from My ifit is closed under
operations of removal of columns and P°" -changing of decisions.

A closed class of decision tables will be called nontrivialif it contains nonempty
decision tables.

Definition 11 A nonempty decision table T € M, is called complete if T
contains 2™ rows, Empty table A without rows and columns is complete by
definition.

Later we will consider only nontrivial closed classes of complete decision tables
from M, from M, orfrom M. Itis clear that each such class contains the
empty table A.

2.2. Deterministic, Nondeterministic, and Strongly
Nondeterministic Decision Trees

A finite tree with root is a finite directed tree in which exactly one node called the
root has no entering edges. The nodes without leaving edges are called terminal
nodes.

Definition 12 A 2-decision tree is a finite tree with root, which has at least two

nodes and in which

o The root and edges leaving the root are not labeled.

o Each terminal node is labeled with a decision from the set .

e Each node, which is neither the root nor a terminal node (such nodes will be
called working), is labeled with an attribute from the set P . Fach edge leaving
working node is labeled with a number from the set E,.

We denote by 7, the set of all 2-decision trees. Let T €7,. We denote by

At (F) the set of attributes attached to working nodes of I'. A complete path of T

isasequence r=v,,d,;, --,V,,d,,V,,, ofnodesandedgesofl inwhich v, isthe

m?

rootof I, v is a terminal node of I and, for j=1,---,m, the edge d i leaves

Wedenoteby d(7) thedecision attached

m+1
thenode Vv; andentersthenode v,,;.
to the terminal node of = .

Let T beanonempty table from M, .If At(T') < At(T), then we correspond

to the table T and the complete path r a word 7[(2’) eQ, (T) .If m=1, then
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7T(Z') =A.If m>1 and,for j=2,---,m,thenode v; is labeled with the attribute
f, andtheedge d; islabeled with the number &, then
z(7)= ( f. ,52)---( f. ,Sm) .Denote T(7)=Tz(7).
Definition 13 Let T be a nonempty table from M, . A deterministic decision
tree for the table T isa2-decision treel satisfying the following conditions:
e Only one edge leaves the root of I
e For any working node, edges leaving this node are labeled with pairwise
different numbers.
o AYI)cAL(T).
e Foranyrowof T, there exists a complete path t ofI such that the considered
row belongs to the table T (7).
e For any complete path t ofT, either T (T) is empty or the decision d (r)
attached to the terminal node of t isa common decision for the table T (T) .
Definition 14 Let T be a nonempty table from M, . A nondeterministic
decision tree for the table T Is a 2-decision tree T satistying the following
conditions:
o AYI)CAL(T).
e Foranyrowof T, there exists a complete path v ofI such that the considered
row belongs to the table T (7).
e For any complete path t ofI, either T (T) is empty or the decision d (T)
attached to the terminal node of t isa common decision for the table T (T) .
Definition 15 Let T be a nonempty table from M without common
decisions. A strongly nondeterministic decision tree for the table T is a 2-
decision treel satisfying the following conditions:
e Each terminal node is labeled with the decision 1.
o At(T)cAL(T).
o [Foranyrowof T labeled with the set of decisions {1}, there exists a complete
path t of T such that the considered row belongs to the table T (7).
e For any complete path t of I, either T (T) is empty or 1 is the common
decision for the table T (7).

2.3. Weighted Depth and Complexity Parameters

Denoteby P* the set of all finite words over the alphabet P = { fiie a)} , which
contains the empty word A .

Definition 16 A weighted depth is an arbitraryﬁmction w:P > o suchthat

w(4)=0, w(f)>0 forany f,eP and l//(f --fm Jl1//( ,J) for any
nonemptyword f, ---f, € P". The weighted depth y suchthat y(f)=1 for
any f.eP is ca]]ed tbe depth and is denoted h.

Definition 17 Let v be a weighted dept. We extend it to the set of all finite
subsets of the set P . Let D be a finite subset of the set P . If D=, then
w(D)=0.1f D#Q and D:{fil, o f } then y (D)= y/(fil--- fim).

Definition 18 Let v be a weighted depth. We extend it to the set of finite words
Q, over the alphabet {( f,6): feP,de Ez} including the empty word A . Let
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aeQ,. If a=A, then y(a)=0.1If a#) and a :(filv51)"'( fim,5m), then

wla)=y(f,1.)-

Definition 19 Let v be a weighted depth. We extend it to the set T,. Let
I'e7,. Then (//(F) = max{(//(zr(r))} , where the maximum is taken over all
complete paths T of the decision tree I. For a given weighted depth v , the
value w (') will be called the weighted depth of the decision treeT. The value
h (F) will be called the depth of the decision treeT.

Let y beaweighted depth. We now describe the functions v, vt m,, W,
and S, defined on theset M,". By definition, the value of each of these functions
for an empty table is equal 0. Let T be a nonempty table from M, . Then
o y° (T) =min {l//(F)} , where the minimum is taken over all deterministic

decision trees T for the table T .

e y*(T)=min{y(T)}, where the minimum is taken over all nondeterministic
decision trees I' for the table T .

o m, (T)=max{y(f): f eAt(T)|.

o W, (T)=y (At(T)). This is the total weight of attributes attached to columns
of the table T .Itis clear that W, (T)=|At(T)|.

e Let & bearow of the table T . Denote Su/ (T, 5) =min {l//(D)} , where the
minimum is taken over all subsets D of the set At (T) such that in the set
of columns of T labeled with attributes from D the row & is different
from all other rows of the table T .Then S, (T) = max {SW (T , 5)} , where the
maximum is taken over all rows & of the table T .

Let ¥ be a weighted depth. We now describe the function y° defined on the

set M. By definition, the value of this function for an empty table or a table

with a common decision is equal 0. Let T be a nonempty table from M

without common decisions. Then

e y*(T)=min {l//(F)} , where the minimum is taken over all strongly

nondeterministic decision trees I' for the table T .

3. Closed Classes of Complete Decision Tables with
Many-Valued Decisions

In this section, building on Chapter 7 of our book [1], we obtain more in-depth
results for a special case—weighted depth and closed classes of binary complete
decision tables with many-valued decisions. To make reading easier, we try to
follow the text of the book [1] as closely as possible.

In this section, we consider results obtained in the paper for the functions
]—',/fA, gqu, and 7‘(;A.

3.1. Function F°,

Let ¥ be a weighted depth and A be a nontrivial closed class of complete
decision tables from M,". We now define a function F°, 0 — ®.Let New.
Then
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fw

o (n)=max{y® (T):Te AW, (T)<n}.

The function 7", characterizes the growth in the worst case of the minimum
weighted depth of deterministic decision trees for decision tables from A with
the growth of the total weight of attributes attached to columns of these tables.

Let D= {ni lie a)} be an infinite subset of the set @ in which, for any

iew, n,<n,, . We now define a function Hy:w —>®.Let new.If n<ny,

i1 -
then H,(n)=0.1If, for some iew, n<n<n,,then H,(n)=n,.

Theorem 1 Let y be aweighted depthand A be a nontrivial closed class of
complete decision tables from M, . Then ], is an everywhere defined
nondecreasing function such that 7", (n)<n forany ne® and F,,(0)=0.
For this function, one of the following statements holds:

(a) If the function W, is bounded from above on the class A, then there
exists a positive constant C such that 7, (n)<c forany new.

(b) If the function W, is not bounded from above on the class A, then there
exists an infinite subset D of the set @ such that H (I’l) < }',;TA(n) for any
New.

For the depth h, the bound from the statement (b) of Theorem 1 can be
improved.

Theorem 2 Let A be a nontrivial closed class of complete decision tables from
M, for which the function W, is not bounded from above. Then %7 (n)=n
forany New.

We now consider two auxiliary statements. The next lemma follows directly
from Lemma 7.1 [1].

Lemma 3 For any weighted depth y and any complete decision table T
from M,
v (T)<W, (T).
Lemma 4 For any weighted depth ¥ and any complete decision table T

from M,
S, (T)=W, (T).

v

Proof Let T=A. Then S, (T)=W,(T)=0 by definition. Let T be a

nonempty complete table, & be a row (u;f the table T,and D be a subset of
the set At (T) such that in the set of columns of T labeled with attributes from
D the row & is different from all other rows of the table T . Since, for any
column of T, there exists a row of T different from & only in this column,
At (T) c D . Therefore Sv/ (T,é_') > !//(At (T)) =Wu/ (T) . Since rows of T are
pairwise different, the row ¢ is different from all other rows of the table T in
the set of all columns of T . Therefore Sv/ (T,é_')ﬁl//(At (T)) =Wv/ (T) Thus,
S, (T.6)=W,(T) and S,(T)=W, (T). o
Proofof Theorem 1. From Theorem 7.1 [1] it follows that 7 ”, is an everywhere

defined nondecreasing function such that };fA(n)én for any Nnew and
F7,(0)=0.

v.A
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(a) Let the function W, be bounded from above on the class A by a positive
constant C. Using Lemma 3, we obtain that the function w° is bounded from
above on the class A by C.Therefore F S, (n)<c forany new.

(b) Let the function W, be not bounded from above on the class A. Using
Lemma 4, we obtain that the function S, is not bounded from above on the class
A . From here and from Theorem 7.1 [1] it follows that there exists an infinite
subset D oftheset @ suchthat Hy(n)<Z”,(n) forany neo. o

Proof of Theorem 2. Using Lemma 4, we obtain that the function S, is not
bounded from above on the class A. From here and from Theorem 7.2 [1] it
follows that %", (n)=n forany new. m

3.2. Function G,

Let v be a weighted depth and A be a nontrivial closed class of complete
decision tables from M,”. We now define a function G,,.Let N€ . Then

Gy a(n)=max{y*(T):T e AW, (T)<n}.

The function G, characterizes the growth in the worst case of the minimum
weighted depth of nondeterministic decision trees for decision tables from A
with the growth of the total weight of attributes attached to columns of these
tables.

Theorem 5 Let i be a weighted depth and A Dbe a nontrivial closed class of
complete decision tables from AM," . Then G, is an everywhere defined
nondecreasing function such that G;,(n)<n forany ne® and G ,(0)=0.
For this function, one of the following statements holds:

(a) If the function W, is bounded from above on the class A, then there
exists a positive constant C suchthat G;,(n)<c forany new.

(b) If the function W, is not bounded from above on the class A, then there
exists an infinite subset D of the set @ such that H (n) <G, A(n) for any
New.

For the depth h, the bound from the statement (b) of Theorem 5 can be
improved.

Theorem 6 Let A be a nontrivial closed class of complete decision tables from
M, for which the function W, is not bounded from above. Then G, (n)=n
forany New.

The next statement follows directly from Lemma 7.6 [1].

Lemma 7 For any weighted depth y and any complete table T from M,’,
v (T) < (T).

Proof of Theorem 5. From Theorem 7.3 [1] it follows that G, isan everywhere
defined nondecreasing function such that g, (n) <n for any New®w and
Gy a (0)=0.

(a) Let the function W, be bounded from above on the class A by a positive

constant C.Using Lemmas 3 and 7, we obtain that the function y* isbounded
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from above on the class A by C. Therefore G/, (n) <c forany New.

(b) Let the function W, be not bounded from above on the class A. Using
Lemma 4, we obtain that the function S, isnotbounded from above on the class
A . From here and from Theorem 7.3 [1] it follows that there exists an infinite
subset D oftheset @ suchthat Hy(n)< ng(n) forany new. m

Proof of Theorem 6. Using Lemma 4, we obtain that the function S, is not
bounded from above on the class A. From here and from Theorem 7.4 [1] it
follows that G’,(n)=n for any New. o

3.3. Function H,,

Let ¥ be a weighted depth and A be a nontrivial closed class of complete
decision tables from M,". We now define possibly partial function H, , 0 > .
Let New . If the set {l//d (T):TeAy*(T)< n} is infinite, then the value
H, A (n) is undefined. Otherwise, Hya(n)= max{:,yd (T):TeAy(T)< n} .
This definition is correct since AeA , w* (A) =0 and therefore the set
{l//d (T):TeAy*(T)< n} is nonempty.

The function H,, characterizes the growth in the worst case of the minimum
weighted depth of deterministic decision trees for decision tables from A with
the growth of the minimum weighted depth of nondeterministic decision trees for
these tables.

We now define possibly partial function @, @ —> ®.Let N€ . If the set
{|At (T )| TeAm, (T)< n} is infinite, then the value ®, , (n) is undefined.
Otherwise, @, , (n)=max {|At (T )| TeAm, (T)< n} . This definition is correct
since AeA, m, (A)=0 and therefore the set {|At(T )| TeAm, (T)< n} is
nonempty. It is clear that {T ‘TeAm, (T ) < 0} = {A} . Therefore @, , (0) =0.

The following statement describes a criterion for the function H,, to be
everywhere defined.

Theorem 8 Let i be a weighted depth and A be a nontrivial closed class of
complete decision tables from A4, . Then the function H,, is everywhere
defined if and only if the function @, , is everywhere defined.

The next statement clarifies the behavior of everywhere defined function H,,.

Theorem 9 Let i be a weighted depth, A be a nontrivial closed class of
complete decision tables from M, , and the function H,’, be everywhere
defined. Then

(a) Forany new, H,,(3n)2,/2®,,(n)-3 and H;A(n) < nCDW,A(n).

(b) A polynomial p such that H,, (n) < p(n) forany Ne® existsif and
only if there exists a polynomial q such that @, (n)<q(n) forany new.

We now consider two auxiliary statements. The first one follows from Lemmas
7.13 and 7.15 [1].

Lemma 10 Forany ke ®\{0}, there exists a complete decision table T e M’
such that |[At(T)[=k(k+1)/2, h*(T)<3 and h’(T)2k-1.

Lemma 11 Let ¥ be a weighted depth, A be a nontrivial closed class of
complete decision tables from M,", and the function @, , be everywhere defined.
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Then the function H,, is everywhere defined and M, ,(n)<n®, ,(n) for
any New.

Prooflet New and T bea table fromtheclass A for which y*(T)<n.
Let us show that y° (T) <nd, , (n) If T isempty or has a common decision,
then, as it is easy to show, ° (T)=0 and the considered inequality holds.

Let T be a nonempty table without common decisions and I' be a nondeter-
ministic decision tree for T such that w (T')=y*(T).Itis clear that At(T)=J.
Let At(F) = { fi1 R fim} . We now describe a deterministic decision tree G for
the table T . This tree sequentially computes values of the attributes f;,---, f; .
The set of words 7[(2’) corresponding to complete paths 7 of G coincides
with the set {( fil,51)---( fim,§m>:51,---,5m € Ez}. It is clear that, for any row of
T, there exists a complete path 7 of G such that the considered row belongs
to the subtable T (T) . Let us consider an arbitrary complete path 7 of G with
z(r)= ( fi1!51)“'( f ,5m) . It is clear that the subtable Tz (7)=T(7) is
nonempty. Let 6 bearowof Tz (7). TheninT there exists a complete path &
such that & isa row of subtable Tﬂ(ff) =T (5) and the subtable Tir(f) has
a common decision d . It is clear that the set of letters of the word ﬁ(f ) isa
subset of the set of letters of the word (7). Therefore d isacommon decision
of the subtable Tz (r) . The minimum common decision for the subtable T (7)
is attached to the terminal node of the path 7. It is easy to check that the tree G
is indeed a deterministic decision tree for the table T .

Since y(I')=y*(T)<n, for any fiJ eAt(T), l//( fij ) <n. It is clear that
At(F) c At (T) . Using the fact that A is a closed class, we obtain
|At(F)| <O, , (n). Therefore y(G)< no, , (n) and w* (T)< nod, , (n).
Thus, for any table T € A such that y* (T) <n, the inequality
y*(T)<n®, ,(n) holds. As a result, we obtain that the value H’,(n) is
definedand H;,(n)<n®, ,(n). O

Proof of Theorem 8. Let the function @, , be everywhere defined. Then, by
Lemma 11, the function H,’, is everywhere defined.

Let the function @, , be not everywhere defined. Then there exists a number
new\{0} for which the value ®, ,(n) is undefined. From here and from
Lemma 10 it follows that, for any k € @\{0}, there exists a complete decision
table QeA such that m,(Q)<n, |At(Q)=k(k+1)/2, h*(Q)<3 and
h¢ (Q)=k-1. Since m, (Q)<n and h*(Q)<3, y*(Q)<3n. It is clear that
w° (Q) >k —1. As a result, we obtain that the set {l//d (T ) TeAy? (T) < 3n} is
infinite and the value H,’, (3n) is undefined. m

Proof of Theorem 9. (a) Using Theorem 8, we obtain that the function ®,, is
everywhere defined. From here and from Lemma 11 it follows that

Hya(n)<nd®, ,(n) forany new.

We now show that #;,(3n)>,/2®,,(n)-3 forany new.If
®, ,(n)=0, then, evidently, H;,(3n)>,/®,,(n)-3.Let @, ,(n)>0 and

k(k+1
k be the maximum number from @ such that (T”S(DMA(“)' From
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Lemma 10 it follows that there exists a complete decision table Q € A such that
m, (Q)<n, |At(Q)=k(k+1)/2, h*(Q)<3 and h’(Q)=k-1.Since
m, (Q) <n and h? (Q) <3, y?° (Q) <3n.Itis clear that * (Q) >k-1.
(k+1)(k+2)

>®, ,(n). Therefore (k+2)2>2CDWVA(n) and

k>,/2®,,(n)-2.Thus, H,,(3n)>,20,,(n)-3.

(b) Let there exist a polynomial ¢ suchthat @, ,(n)<q(
From part (a) of the theorem statement it follows that H,, (n) <nq (n) for any
N € . Therefore there exists polynomial p such that H,’, (n) <p (n) for any
New.

Evidently,

n) forany new.

Let there be no a polynomial ( such that ®, ,(n)<q(n) for any New.
We now show that there is no a polynomial p such that H, (n) < p(n) for
any N € ®. Assume the contrary: there exists a polynomial p such that
H, A (n) < p(n) for any New. From part (a) of the theorem statement it
follows that H, , (3n)=, |20, (n)-3 forany ne . Therefore
(p(?:n)—i-f.%)2 > (I)V,‘A(n) for any Ne ®. Thus, there exists polynomial ¢ such
that ®, ,(n)<q(n) forany ne®,but thisisimpossible. o

4. Closed Classes of Complete Conventional Decision Tables

This section is based on Chapter 8 of our book [1] and paper [25], the proof of which
we adapted to demonstrate upper bounds on n’ for the function describing the
relationship between deterministic and nondeterministic decision trees. Our goal is
to obtain deeper results for the special case of weighted depth and closed classes of
conventional binary complete decision tables. For readability, we try to follow the
text of [1] as closely as possible.

In this section, we consider results obtained in the paper for the functions
.7-'%A, QWVA,and HV,A'

4.1. Function ¥, ,

Let ¥ be a weighted depth and A be a nontrivial closed class of complete
decision tables from M, . We now define a function 7, ,:® > ®.Let N€w.
Then

F

La(n)= max{g//d (T):TeAW, (T)< n}.

The function 7, , characterizes the growth in the worst case of the minimum
weighted depth of deterministic decision trees for decision tables from A with
the growth of the total weight of attributes attached to columns of these tables.

Theorem 12 Let y be a weighted depth and A be a nontrivial closed class of
complete decision tables from M, . Then 7 , is an everywhere defined
nondecreasing function such that %, ,(n)<n forany ne® and F,,(0)=0.
For this function, one of the following statements holds:

(a) If the function W, is bounded from above on the class A, then there

exists a positive constant C such that F, , (n)<c forany new.
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(b) If the function W, is not bounded from above on the class A, then there
exists an infinite subset D of the set @ such that H,(n)< F, A(n) for any
New.

Proof. From Theorem 8.1 [1] it follows that F, A isan everywhere defined
nondecreasing function such that F, ,(n)<n forany new and %, ,(0)=0.

(a) Let the function W, be bounded from above on the class A by a positive
constant C. Using Lemma 3, we obtain that the function w° is bounded from
above on the class A by C.Therefore F, ,(n)<c forany New.

(b) Let the function W, be not bounded from above on the class A. Using
Lemma 4, we obtain that the function S, isnotbounded from above on the class
A . From here and from Theorem 8.1 [1] it follows that there exists an infinite
subset D oftheset @ suchthat Hy(n)<Z, ,(n) forany neo. o

For the depth h, the bound from the statement (b) of Theorem 12 can be
improved.

Theorem 13 Let A be a nontrivial closed class of complete decision tables
from M, for which the function W, isnotbounded from above. Then
Foa(n)=n forany new.

Proof. Using Lemma 4, we obtain that the function S, is not bounded from
above on the class A. From here and from Theorem 8.2 [1] it follows that

]—"M(n):n for any New. o
4.2. Function g, ,

Let v be a weighted depth and A be a nontrivial closed class of complete
decision tables from M, . We now define a function G, ,.Let N€®. Then

G, A(n)=max{y*(T):T e AW, (T)<n}.

The function QW' » characterizes the growth in the worst case of the minimum
weighted depth of nondeterministic decision trees for decision tables from A
with the growth of the total weight of attributes attached to columns of these
tables.

Theorem 14 Let y be a weighted depth and A be a nontrivial closed class
of complete decision tables from M, . Then G, , is an everywhere defined
nondecreasing function such that G, ,(n)<n forany Nne® and G, ,(0)=0.
For this function, one of the following statements holds:

(a) If the function W, is bounded from above on the class A, then there
exists a positive constant C such that G, , (n)<c forany Nnew.

(b) If the function W, is not bounded from above on the class A, then there
exists an infinite subset D of the set @ such that H,(n)< g, A(n) for any
New.

Proof. From Theorem 8.3 [1] it follows that G, , is an everywhere defined
nondecreasing function such that G, ,(n)<n forany new and ¢, ,(0)=0.

(a) Let the function W, be bounded from above on the class A by a positive

DOI: 10.4236/jilsa.2025.174014

224 Journal of Intelligent Learning Systems and Applications


https://doi.org/10.4236/jilsa.2025.174014

A. Ostonov et al.

constant C. Using Lemmas 3 and 7, we obtain that the function y* isbounded
from above on the class A by C. Therefore G, , (n)<c forany new.

(b) Let the function W, be not bounded from above on the class A. Using
Lemma 4, we obtain that the function S, is not bounded from above on the class
A . From here and from Theorem 8.3 [1] it follows that there exists an infinite
subset D oftheset @ suchthat Hy(n)<g, ,(n) forany neo. o

For the depth h, the bound from the statement (b) of Theorem 14 can be
improved.

Theorem 15 Let A be a nontrivial closed class of complete decision tables
from M, for which the function W, isnotbounded from above. Then
G,a(n)=n forany new.

Proof. Using Lemma 4, we obtain that the function S, is not bounded from
above on the class A . From here and from Theorem 8.4 [1] it follows that

G,a(n)=n forany neow. n
4.3. Function H, ,

Let  be a weighted depth and A be a nontrivial closed class of complete
decision tables from M, . We now define possibly partial function H, , 0 —>o.
Let New . If the set {l//d (T):TeAy*(T)< n} is infinite, then the value
H, A (n) is undefined. Otherwise, H, A (n)= max{:,yd (T):TeAy(T)< n} .
This definition is correct since AeA , y*(A)=0 and therefore the set
{l//d (T):TeAy*(T)< n} is nonempty.

The function 'H, , characterizes the growth in the worst case of the minimum
weighted depth of deterministic decision trees for decision tables from A with
the growth of the minimum weighted depth of nondeterministic decision trees for
these tables.

Theorem 16 Let 7 be a weighted depth and A be a nontrivial closed class
of complete decision tables from M, . Then the function H, , is everywhere
definedand H, ,(n)<n’ forany neo.

First we prove the following statement.

Lemma 17 Let ¥ be a weighted depth and T be a complete decision table
from M, . Then ° (T)<yp®(T )2 .

Proof. If T=A or T has a common decision, then as it is not difficult to
show, * (T) =yt (T) =0 and the considered inequality holds. Indeed, the
equalities y*(T)=y*(T)=0 follow in the case of T =A from the definitions,
and in the case when T has a common decision they follow from the fact that
we do not need to calculate the values of attributes to return this common decision.
Let T be a nonempty decision table without common decisions. Let, for the
definiteness, T have N columns labeled with attributes f,,---, f . The set of
rows of the table T coincides with the set of N -tuples from E;. For any row
5 €E], we denote by dec(g ) the only decision from the set of decisions
attached to the row o inthetable T .

We will say that a word a €Q,(T) is inconsistentif it contains two letters of
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thekind (f;,5) and (f,o) suchthat §#o .Iftheword « isnotinconsistent
it will be called consistent. It is easy to show that the table Ta is empty if and
only if the word « is inconsistent.

Let T' be a nondeterministic decision tree for the table T such that
w(T)=w"(T).We denoteby CP*(T) the set of complete paths ¢ from
CP(T') for which the word 7 (&) is consistent. Let’s assign each path from
CP*(I') anumberfrom @ so thatdifferent paths have different numbers. Two
complete paths &,&, e CP*(T) will be called equivalentif d(&)=d(&,), ie,
their terminal nodes are labeled with the same number. The considered equivalence
relation partitions the set CP*(T") into equivalence classes C,,+,C,.

We now show that, for any complete paths &,& € CP*(I') that are not
equivalent, the word 7(&)7z(&,) is inconsistent. Let us assume the contrary.
Then there is a row G €E; of the table T, which belongs to both subtables
T(&)=Tz(&) and T(&)=Tx(&,),but thisisimpossible since d(&)#d(&,).

Let us consider a row 6 = (6,,-+,6,) € E; of the table T . We now describe
the work on the row & of a deterministic decision tree G for the table T . As
a result, we obtain the description of a complete path s in the decision tree G
such that the row & belongs to the subtable T ( pg) . The set of complete paths

of the decision tree G coincides with the set { P5 ' Se E;} .

Step 1.Set Z:=CP*(I') and, foreach &eCP*(T), set R(f) =7(¢). Move
on to Step 2.

Step 2. This step consists of the three phases: (a), (b), and (c).

(a) If there is a complete path &£ €E for which the word R (5 ) is empty, then
the decision tree G finishes its work and returns the decision d(p5)=d (&),
which will be attached to the terminal node of the path p;. Otherwise, move on
to (b).

(b) Set i, the minimum index i from theset {1t} for which
C,NE#J. Choose a complete path & €C; NE with the minimum number. If
C,NE=E, thenthetree G finishes its work and returns the decision
d ( p5)= d(¢&), which will be attached to the terminal node of the path ps .
Otherwise, move on to (c).

(c) Let {fil,---, fim} be all attributes from the letters of the word R(&). The
decision tree G finds the values of attributes f,---,f, and obtains that

fi=0,,f =05 .Set a =(fi1,§i1)---( f, .o, ) . For each complete path £ e E,
we do the following. If the word aR(&) is inconsistent, then set Z:=Z\{¢} .
Otherwise, set R(&)=R(&)\a where R(&)\a denotes the word obtained
from R(&) by removal of all letters from the word @ . Move on to Step 2.

Im

Im

It is clear that the row & belongs to the subtable T ( Ps ) We now show that
the decision d ( pg) attached to the terminal node of this path is a common
decision for the subtable T ( pg). The two variants of finishing the work of the
decision tree G are described in phases (a) and (b) of Step 2.

(a) There is a complete path £ €= for which the word R(§) is empty. In
this case, the tree G finishes its work and returns the decision d(p5)=d (&),
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which will be attached to the terminal node of the path p; . It is clear that the set
of letters of the word ﬂ(g“ ) is a subset of the set of letters of the word ﬂ( pg) .
Therefore the set of rows of the subtable T ( pg) is a subset of the set of rows of
the subtable T (&) .From here it follows that therow & belongs to the subtable
T (f ) . Since I is a nondeterministic decision tree for T and the subtable T (§ )
is nonempty, the decision d (f) is a common decision of the subtable T (5) .
Thus, the decision d ( pg) is a common decision for the subtable T ( Ps )

(b) There is no a complete path &£ €= for which the word R(&) is empty
and thereis iye{l,---,t} for which C,NE#Y and C NE=E.Let & bea
complete path from the set C, NE with the minimum number. Then the tree
G finishes its work and returns the decision d ( pg)z d (cf) , which will be
attached to the terminal node of the path p5.

Since T is a nondeterministic decision tree for the table T, there is a complete
path ¢ €CP*(I) suchthattherow & belongs to the subtable T(¢).For this
path, d(¢{)= dec(g) .Itis clear that the word 7 (é’) 7[(,05) is consistent. Hence
the path ¢ belongs to the set = and therefore, to the set C; . Thus, terminal
nodes of the paths from C;  are labeled with the decision dec(g ) . In particular,
d(&)=dec(5).

We now show that dEC(é_' ) is a common decision of the subtable T ( pg).
Assume the contrary. Then there exists a row & € E, , which belongs to the
subtable T ( pg) and for which dec(&’) = dec (é_' ) . Since I' is a nondeterministic
decision tree for the table T, there is a complete path #€CP"(T') such that
row G belongs to the subtable T(8).Itis clear that d(6#)=dec(&) and the
word ﬂ(@)ﬂ( pg) is consistent. Hence, the path 8 belongs to the set & and
therefore, to the set C, , but this is impossible since terminal nodes of all paths
from C,_ arelabeled with the decision dec(g) and dec(5)= dec(g) :

As a result, we obtain that G is a deterministic decision tree for the table T .

It is obvious that during each complete repetition of Step 2, which includes
phase (c), the decision tree G computes the values of attributes, which are attached
to some working nodes of a complete path of I'. Therefore the total weight of
these attributes is at most l//(F). Now we show that at most h(F) complete
repetitions of Step 2 are performed.

We know that, for any complete paths &,&, € CP*(T') that are not equivalent,
theword 7(&)7z(&,) isinconsistent. Using this fact, one can show that after each
complete repetition of Step 2, for each complete path & € E\C, , this path will be
removed from the set = or the length of the word R(&) will decrease by at least
1. Evidently, for each complete path & € CP*(T'), the length of the word 7 (&) is
at most h (F) . Therefore, after h (F) complete repetitions of Step 2, we will find
a complete path &€= for which the word R(¢&) is empty or we will have
E=EnNC, .Inboth cases, the decision tree G will finish its work.

As a result, we obtain that, in the complete path p(g ), we find values of a
group of attributes, which total weight is at most (I'),at most h(T') times. It
is clear that h(I')<y (T'). Taking into account that we considered an arbitrary
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complete path in the decision tree G and l//(F) =yt (T) , we obtain
l//(G) <yt (T )2. Since G is a deterministic decision tree for the table T, we
have y* (T)Sl//a(T)z. o

Proofof Theorem 16. The statement of theorem follows from Lemma 17. O

5. Closed Classes of Complete Decision Tables with
0-1-Decisions

This section is based on Chapter 9 of the book [1] and the previous section of this
paper. We obtain deeper results for the special case of weighted depth and closed
classes of binary complete decision tables with 0-1-decisions. For the convenience
of the reader, we try to follow the text of [1] as closely as possible.

In this section, we consider results obtained in the paper for the functions

01 01 01 0-1 0-1
‘E//,A’ A e SWYA,and /CW’A.

= 0-1
5.1. Function F

Let ¥ be a weighted depth and A be a nontrivial closed class of complete
decision tables from M, . We now define a function .7-;,0;1 o> w.Let New.
Then

]ﬁj}(n):max{wd (T):Te A,WW(T)sn}.

The function ]-',/,0;1 characterizes the growth in the worst case of the minimum
weighted depth of deterministic decision trees for decision tables from A with
the growth of the total weight of attributes attached to columns of these tables.

Theorem 18 Let ¥ be a weighted depth and A be a nontrivial closed class of
complete decision tables from M. Then FVO '+ is an everywhere defined
nondecreasing function such that ‘7-",/,0 " (n) <n forany Ne® and .7-;,0 " (0) =0.
For this function, one of the following statements holds:

(a) If the function W, is bounded from above on the class A, then there
exists a positive constant C such that %, (n)<c forany neo.

(b) If the function W, isnot bounded from above on the class A, then there
exists an infinite subset D of the set @ such that H,(n)<Z (n) for any

New.

Proof From Theorem 9.1 [1] it follows that FVO '+ is an everywhere defined
nondecreasing function such that ‘7-",/,0 " (n) <n forany Ne® and .7-;,0 " (0) =0.

(a) Let the function W, be bounded from above on the class A by a positive
constant C. Using Lemma 3, we obtain that the function w° is bounded from
above on the class A by C.Therefore 7, ,(n)<c forany neo. o

(b) Let the function W, be not bounded from above on the class A. Using
Lemma 4, we obtain that the function S, is notbounded from above on the class

A . From here and from Theorem 9.1 [1] it follows that there exists an infinite
subset D oftheset @ suchthat Hy(n)<Z . (n) forany neo. o

For the depth h, the bound from the statement (b) of Theorem 18 can be

improved.
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Theorem 19 Let A be a nontrivial closed class of complete decision tables
from MJ™ for which the function W, is not bounded from above. Then
J’-},‘f;\l(n) =n forany New.

Proof. Using Lemma 4, we obtain that the function S, is not bounded from
above on the class A. From here and from Theorem 9.2 [1] it follows that
}‘rf,;l(n):n for any new. o

5.2. Function g,;jf,i

Let v be a weighted depth and A be a nontrivial closed class of complete

decision tables from M. We now define a function G ,.Let Ne®. Then

JA(n)=max{y*(T):T € AW, (T)<n}.

v.A

The function gﬁj characterizes the growth in the worst case of the minimum
weighted depth of nondeterministic decision trees for decision tables from A
with the growth of the total weight of attributes attached to columns of these
tables.

Theorem 20 Let i be a weighted depth and A be a nontrivial closed class
of complete decision tables from M. Then gﬁj is an everywhere defined
nondecreasing function such that G; ,(n)<n forany ne® and G, ,(0)=0.
For this function, one of the following statements holds:

(a) If the function W, is bounded from above on the class A, then there
jfj(n)so forany New.

(b) If the function W, is not bounded from above on the class A, then there

. e 0-1
exists an infinite subset D of the set @ such that Hy (n) <G, A(n) for any

exists a positive constant C such that

New.

First, we prove the following auxiliary statement.

Lemma 21 Let T be a nonempty complete decision table from M. Then
there exists a complete decision table T’ from A, which is obtained from T
by P°*-changing of decisions and for which y* (T') =W, (T ') =W, (T) .

Proof, From Lemma 4 it follows that S, (T)=W,, (T).Let 5 bearow of the
table T forwhich §, (T)= S, (T 0 ) .Wedenoteby T' adecision table obtained
from T by changing of the sets of decisions attached to rows of T such that the
row & islabeled with the set {1} and all other rows are labeled with the set {0} .

It is clear that W, (T')=W, (T). We now show that y*(T')=W, (T'). Let T
be a nondeterministic decision tree for the table T' such that y (F) % (T ') ,
7 be a complete path of I such that the row & belongs to the subtable T'(z)

and fi

3

be attributes attached to working nodes of 7. It is clear that &
is the only row of the subtable T'(7). Therefore in the set of columns of T
labeled with attributes from the set | f. ,---, fit } therow & is different from all
other rows of the table T . Thus, 1//({ foooe £y }) >S, (T,é)T) =S, (T)=wW,(T)
and y (I')>W, (T). As a result, we obtain y*(T')>W, (T'). By Lemmas 3 and
7wt (T) =W, (T'). o

Proof of Theorem 20. Since A 1is a closed class, A€ A . By definition,
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W, (A)=0. Using this fact and Lemmas 3 and 7, we obtain that gﬁfk is an
everywhere defined function and G, ,(n)<n for any Ne€®. Evidently, G, ,
is a nondecreasing function. Let T € A and W, (T)<0.Itis clear that T =A.
By definition, y*(A)=0. Therefore G, ,(0)=0.

(a) Let the function W, be bounded from above on the class A by a positive
constant C. Using Lemmas 3 and 7, we obtain that the function y*® is bounded
from above on the class A by C. Therefore gﬁj (n) <c forany New.

(b) Let the function W, be not bounded from above on the class A . Using
Lemma 12, we obtain that theset D= {WW (T) TeAy? (T) =WW (T )} is infinite.
Since the class A is closed, AeA and, since y*(A)=W,(A)=0, 0eD.
Evidently, for any neD, g,f;{(n)z n . Taking into account that V?fi is a
nondecreasing function, we obtain that G, ,(n)>H,(n) forany new\{0}.0

For the depth h, the bound from the statement (b) of Theorem 20 can be
improved.

Theorem 22 Let A be a nontrivial closed class of complete decision tables
from A" for which the function W, is not bounded from above. Then
h"j(n)=n forany new.

Proof. Since A is a closed class of complete decision tables from A" for
which the function W, is not bounded from above, the class A contains for
each New a complete table T, such that W, (T,)=n. Using Lemma 12, we
obtain that the class A containsforeach Ne® acompletetable T, such that

h*(T,)=W, (T,)=n. Therefore Gy, (n)=n forany New.Using Theorem 20,

we obtain that G, (n)=n forany new. m

5.3. Function ”H,B_,i

Let v be a weighted depth and A be a nontrivial closed class of complete
decision tables from MY, We now define possibly partial function H, . 0 — @.
Let Ne€ . If the set {l,//d (T ) TeAy? (T) < n} is infinite, then the value

H, (n) isundefined. Otherwise, Hﬁ (n) = max {l/ld (T):TeAy®(T)< n} .
This definition is correct since Ae A, w? (A) =0 and therefore the set

{(//d (T):TeAy®(T)< n} is nonempty.

The function Hfl)_i characterizes the growth in the worst case of the minimum
weighted depth of deterministic decision trees for decision tables from A with
the growth of the minimum weighted depth of nondeterministic decision trees for
these tables.

Theorem 23 Let y be a weighted depth and A be a nontrivial closed class
of complete decision tables from M. Then the function H, , is everywhere
defined and Hﬁj (n) <n® forany Neow.

Proof. The statement of theorem follows from Lemma 17. o

. 0-1
5.4.Function S,

Let  be a weighted depth and A be a nontrivial closed class of complete
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decision tables from M. We now define a function Su(/),_/i- Let Ne®. Then
Syx(n)=max{y*(T):T e AW, (T)<n}.

The function S;,)fi characterizes the growth in the worst case of the minimum
weighted depth of strongly nondeterministic decision trees for decision tables
from A with the growth of the total weight of attributes attached to columns of
these tables.

Theorem 24 Let y be a weighted depth and A be a nontrivial closed class
of complete decision tables from A4)". Then Su?fi is an everywhere defined
nondecreasing function such that Sﬁj (n) <n forany Ne® and Sﬁj (0) =0.
For this function, one of the following statements holds:

(a) If the function W, is bounded from above on the class A, then there
exists a positive constant C such that Sﬁj (n) <c forany nNew.

(b) If the function W, isnot bounded from above on the class A, then there
exists an infinite subset D of the set @ such that H,(n)< &) (n) for any

New.

The next statement follows directly from Lemma 9.8 [1].

Lemma 25 For any weighted depth y and any complete table T from
M

v (T)<yp*(T).

Proofof Theorem24. From Theorem 9.7 [1] it follows that S;,)j is an everywhere
defined nondecreasing function such that Slff,i (n)<n forany new and
Sy4(0)=0.

(a) Let the function W, be bounded from above on the class A by a positive
constant C. Using Lemmas 3 and 25, we obtain that the function y° is bounded
from above on the class A by C.Therefore S, ,(n)<c forany New.

(b) Let the function W, be not bounded from above on the class A. Using
Lemma 4, we obtain that the function S, is notbounded from above on the class

A . From here and from Theorem 9.7 [1] it follows that there exists an infinite
subset D oftheset @ suchthat Hy(n)< Sﬁj (n) forany new.o

For the depth h, the bound from the statement (b) of Theorem 24 can be
improved.

Theorem 26 Let A be a nontrivial closed class of complete decision tables
from MJ™ for which the function W, is not bounded from above. Then
Sea(n)=n forany new.

Proof. Using Lemma 4, we obtain that the function S, is not bounded from
above on the class A. From here and from Theorem 9.8 [1] it follows that
Sea(n)=n forany new. m

. 0-1
5.5. Function IC,

Let v be a weighted depth and A be a nontrivial closed class of complete
decision tables from A. We now define possibly partial function K , @ — @.
Let Ne€ w. If the set {l//d (T) TeAy® (T) < n} is infinite, then the value
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K2 a(n) is undefined. Otherwise, K, 4 (n)=max {g//d (T):TeAy*(T)< n} :
This definition is correct since Ae A, w° (A) =0 and therefore the set

{l//d (T) TeAy® (T) < n} is nonempty. From here it follows that if the value
IC;,)‘_i (n) is defined, then ICV(/)’_}\ (n)>0.

The function /lefi characterizes the growth in the worst case of the minimum
weighted depth of deterministic decision trees for decision tables from A with
the growth of the minimum weighted depth of strongly nondeterministic decision
trees for these tables.

We now remind the definition of possibly partial function @, ,:@w—> . Let

New.Ifthe set {|At (T )| TeAm, (T) < n} isinfinite, then the value @, (n)
is undefined. Otherwise, @, ,(n)=max {|At (T )| TeAm, (T)< n} . This
definition is correct since A€ A, m, (A)=0 and therefore the set
|At (T )| TeAm, (T)< n} is nonempty. It is clear that
T:TeAm,(T)<0}={A}. Therefore ®,,(0)=0.

The following statement describes a criterion for the function IC;,’T& to be
everywhere defined.

Theorem 27 Let y be a weighted depth and A be a nontrivial closed class
of complete decision tables from A4)™". Then the function Kﬁj is everywhere
defined if and only if the function ®, , is everywhere defined.

First, we prove two auxiliary statements.

Lemma 28 Let i be a weighted depth, A be a nontrivial closed class of
complete decision tables from AM,™, and the function @, , be everywhere
defined. Then the function /C;,)’_Al\ is everywhere defined and IC;,)’_; (n)< no, (n)
forany New.

Prooflet New and T bea table fromtheclass A forwhich y*(T)<n.
Let us show that ° (T) <nd, , (n) If T isempty or has a common decision,
then, as it is easy to show, ° (T)=0 and the considered inequality holds.

Let T be a nonempty table without common decisions and T be a strongly
nondeterministic decision tree for T such that l//(F) =y° (T) It is clear that
At(T)=@. Let At(T)={f, - ¥
tree G for the table T . This tree sequentially computes values of the attributes

fi,--- f; . The set of words z(7) corresponding to complete paths 7 of G
coincides with the set {( fi) 51)---( fi ,5m) 20,0y € Ez} . It is clear that, for any
row of T, there exists a complete path 7 of G such that this row belongs to

} . We now define a deterministic decision

Im

the subtable T(7). Let us consider an arbitrary complete path 7 of G with
z(r)= ( fi1!51)“'( f ,5m) . If there exists a complete path & of T such that the
word 7(z)z(&) is consistent, then the terminal node of 7 is labeled with the
decision 1. Otherwise, this node is labeled with the decision 0. It is easy to check
that the subtable T(7) is nonempty and the decision attached to the terminal
node of 7 is the common decision for this subtable. Thus, the tree G is a
deterministic decision tree for the table T .

Since y(I')=y*(T)<n, forany f eAt(T), t//( f, ) <n. Using the fact that
A is a closed class, we obtain |At(F) < ‘Dw,A(”) . Therefore v (G)<n®, ,(n)
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and y* (T)< n(DWVA(n). Thus, for any table T € A such that y*(T)<n, the
inequality y* (T ) <nd, , (n) holds. As a result, we obtain that the value /Cﬁfi (n)
is defined and IC;,)j(n)S nCDW,A(n). m

Lemma 29 For any te w\ {0}, there exists a complete decision table T from
M2 suchthat |At(T)=t, h*(T)<1 and h*(T)xt.

Proof.Let tew\{0}.Wedenoteby T acomplete decision table from AM;™
with t columns labeled with the attributes f,,---, f, in which the row
(0,---,0) € E, is labeled with the set of decisions {0} and all other rows are
labeled with the set of decisions {1} .

We denote by I' a strongly nondeterministic decision tree for T in which the
set of words 7(z) for complete paths 7 of I coincides with the set
{( f,1):i =1,~~,t} and the terminal node of each complete path is labeled with
the decision 1. One can show that, for eachrow & of thetable T labeled with
the set of decisions {1}, there exists a complete path 7 of I, for which the row
O belongs to the subtable T (7), and, for each complete path 7 of T, 1 is the
common decision for the subtable T (7). It is clear that h(I")=1. Therefore
h*(T)<1.

Let G be a deterministic decision tree for the table T for which
h(G)= he (T).Then G containsacompletepath & such that the row (0,---,0)
of the table T belongs to the subtable T (&) . Then the terminal node of & is
labeled with the decision 0 and 0 is the common decision for the table T (&) . We
now show that the set of letters of the word (&) coincides with the set
{( fi,O):i =1,---,t} . Assume the contrary: a letter (f;,0) for some ie{l---t}
does not belong to the set of letters of the word 7 (&). Then, evidently, the row
(0,---,1,---,0) containing only one unit in the th digit belongs to the subtable
T (&) but this is impossible. Therefore the length of the word 7 (&) isatleast t,
h(G)=>t and h'(T)=t. o

Proof of Theorem 27. Let the function ®,, , be everywhere defined. Then, by
Lemma 28, the function IC;,)j is everywhere defined.

Let the function @, , be not everywhere defined. Then there exists a number
new\{0} for which the value ®, ,(n) is undefined. From here and from
Lemma 29 it follows that, for any te ®\{0}, there exists a complete decision
table Qe A such that m, (Q)<n, |At(Q)=t, h*(Q)<1 and h*(Q)xt.
Since m,(Q)<n and hS(Q) <1, l//s(Q)S n. It is clear that y* (Q) >t.Asa
result, we obtain that the set {l/ld (T ) TeAy® (T) < n} is infinite and the value
Ky a(n) is undefined. O

The next statement clarifies the behavior of everywhere defined function /lef,i .

Theorem 30 Let i be a weighted depth, A be a nontrivial closed class of
complete decision tables from A", and the function /C;,)j be everywhere
defined. Then

(a) Forany new, @W'A(n) < Kﬁj(n) <nd, , (n).

(b) A polynomial p such that lCﬁfi (n < p(n) for any ne @ exists if and
only if there exists a polynomial q suchthat @, ,(n)<q(n) forany neow.

DOI: 10.4236/jilsa.2025.174014

233 Journal of Intelligent Learning Systems and Applications


https://doi.org/10.4236/jilsa.2025.174014

A. Ostonov et al.

Proof. (a) Using Theorem 27, we obtain that the function ®, , is everywhere
defined. From here and from Lemma 28 it follows that ICV?T,& (n)< no, (n) for
any New.

We now show that /C,E;l\ (n)> Q, (n) forany new.If ®, ,(n)=0, then,
evidently, K, (n)>®, ,(n).Let @, ,(n)>0 and t=a,,(n).From
Lemma 29 it follows that there exists a complete decision table Q € A such that
m,(Q)<n, |At(Q)|=t, h*(Q)<1 and h*(Q)=t.Since m,(Q)<n and
h*(Q)<1, y*(Q)<n.Itisclear that y° (Q)=t. Therefore
Ko (m)2t=0,,(n).

(b) Let there exist a polynomial @ suchthat @, ,(n)<q(n) forany new.
From part (a) of the theorem statement it follows that /Cy?’_}\ (n) <nqg (n) for any
N e w. Therefore there exists a polynomial P such that Kﬁfj(n) < p(n) for
any New.

Let there be no a polynomial ¢ such that @, ,(n)<q(n) for any new.
We now show that there is no a polynomial p such that /C;,)Y_i (n) < p(n) for
any ne®. Assume the contrary: there exists a polynomial p such that
Kya(n)<p(n) forany neew.From part(a) of the theorem statement it follows
that K ,(n)=®,,(n) for any new. Therefore p(n)=®,,(n) for any

ne®. Thus, there exists a polynomial ¢ such that @, ,(n)<q(n) for any

N € @, but this is impossible. i

6. Conclusion

In this paper, we considered three types of closed classes of binary complete decision
tables with many-valued decisions and studied for tables from these classes functions
describing relationships among the minimum weighted depth of deterministic
decision trees, the minimum weighted depth of nondeterministic decision trees,
the minimum weighted depth of strongly nondeterministic decision trees, and the
total weight of attributes attached to columns of the tables. Our goal was to simplify
the criteria for the behavior of these functions compared to the criteria considered
in the book [1] and to obtain new results for relationships between deterministic
and nondeterministic decision trees. The obtained results can be useful for the
study of various problems of transforming decision rule systems with binary
attributes into decision trees [1]. In the future, we plan to conduct similar studies

for closed classes of Kk -valued complete decision tables, where k >2.
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