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Abstract 
We consider various tasks of recognizing properties of DRSs (Decision Rule 
Systems) in this paper. As solution algorithms, DDTs (Deterministic Decision 
Trees) and NDTs (Nondeterministic Decision Trees) are used. An NDT can 
be considered as a representation of a DRS that satisfies the conditions of the 
considered task and covers all potential inputs. It has been shown that the 
minimum depth of a DDT solving the task does not exceed the square of the 
minimum depth of an NDT. The growth of the minimum number of nodes in 
DDTs and NDTs can be exponential with the size of the original DRSs. There-
fore, in the general case, it is better to simulate the behavior of the DT (Deci-
sion Tree) on the given tuple of feature values rather than building the entire 
tree. We propose a greedy algorithm for such modeling and study its efficiency 
for a class of tasks of recognizing properties of DRSs. The obtained results may 
be of interest for data analysis in which both DRSs and DTs are intensively 
studied. In particular, these results make one think about the possibilities of 
transforming DRSs into DTs. 
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1. Introduction 

DRSs (Decision Rule Systems) [1]-[5] and DTs (Decision Trees) [6]-[9] serve as 
common models for structuring and representing the knowledge. They act as 
classifiers that predict solutions for unseen instances, and operate as algorithms 
addressing tasks in combinatorial optimization, fault diagnosis, and related 

How to cite this paper: Durdymyradov, K.  
and Moshkov, M. (2025) Recognizing Prop-
erties of Decision Rule Systems Using Deter-
ministic and Nondeterministic Decision Trees. 
Journal of Intelligent Learning Systems and 
Applications, 17, 193-210. 
https://doi.org/10.4236/jilsa.2025.173013 
 
Received: July 8, 2025 
Accepted: August 16, 2025 
Published: August 19, 2025 
 
Copyright © 2025 by author(s) and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/   

  
Open Access

https://www.scirp.org/journal/jilsa
https://doi.org/10.4236/jilsa.2025.173013
http://www.scirp.org
https://www.scirp.org/
https://orcid.org/0009-0009-7445-3807
https://orcid.org/0000-0003-0085-9483
https://doi.org/10.4236/jilsa.2025.173013
http://creativecommons.org/licenses/by/4.0/


K. Durdymyradov, M. Moshkov 
 

 

DOI: 10.4236/jilsa.2025.173013 194 Journal of Intelligent Learning Systems and Applications 
 

domains. Among classification and knowledge representation techniques, both 
DTs and DRSs stand out for their high level of interpretability [10]. Exploring the 
relationships between DTs and DRSs represents an important research direction 
in computer science. 

In this paper, we study DDTs (Deterministic Decision Trees) and NDTs 
(Nondeterministic Decision Trees) for solving tasks related to recognizing properties 
of DRSs. Note that an NDT solving such a task, can be considered as a representation 
of a DRS that is true for this task and covers the whole set of inputs. 

Compared to classical decision tree models, which rely on information-theoretic 
criteria (e.g., entropy or Gini index) and typically require labeled data, our approach 
uses a syntactic method that operates directly on a known DRS without the need 
for input data. Moreover, our framework preserves full transparency of decision 
paths, thereby maintaining a high level of interpretability. 

In the present paper, we continue to develop a syntactic approach to solving the 
tasks under consideration, proposed in [11] [12]. It assumes that the DRS is known, 
but the input data is unavailable. The results of previous studies in this area are 
summarized in the book [13]. Compared to [13], this paper, which extends two 
conference papers [14] [15], considers a wider range of tasks related to recognizing 
the properties of DRSs. 

Let S  be a finite DRS represented in the form  

( ) ( )1 1 ,
mi i mf d f d d= ∧ ∧ = →  

where 
1
, ,

mi if f  are features, 1, , md d  represent feature values selected from 
the set { }0, , 1kE k= − , where 2k ≥ , and d  denotes a nonnegative integer 
serving as the decision. 

Let 1, , nf f  be all features from the DRs (Decision Rules) in the DRS S , and 
( )1, , n

n kb b b E= ∈  be a tuple of values of the features 1, , nf f . The considered 
DR is called applicable for the tuple b  when its left part is true for this tuple, i.e., 
when 

1 1, ,
mi i mb d b d= = . 

A solution map is a function ϕ  that associates a tuple b  of values of features 
from S  with a corresponding value ( )bϕ , referred to as the solution. Let us 
consider examples of solution maps (more examples can be found in Sect. 2.1): 
• ( ) 1bϕ =  if there exists a DR from S  that is applicable for the tuple b  and 

( ) 0bϕ =  otherwise. 
• ( )bϕ  is the set of all DRs in S  which are applicable for the tuple b . 
• ( )bϕ  is the set of decisions from the right part of DRs in S  which are 

applicable for the tuple b .  
We study the task of finding ( )bϕ , where n

kb E∈  is a tuple of feature values 
from S . We denote this task as ( ), ,T S kϕ . It is important to note that while 
solving the task ( ), ,T S kϕ , the tuple b  is not directly accessible. To determine 
the value of a feature, we need to find it for the given input, which can be an 
expensive procedure. To minimize the number of queries related to feature values, 
we consider DDTs and NDTs solving the task ( ), ,T S kϕ . 
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We pay special attention to the task of All Applicable Rules (AAR task) for 
which ( )bϕ  is the set of all DRs from S  that are applicable for the tuple b . 
For this task, we consider DRS examples where DDTs and NDTs can solve the 
AAR task with minimum depths much smaller than the number of distinct features 
in S . In such a situation, the use of DTs seems appropriate. We also consider 
examples of DRSs, in which the minimal number of nodes in DDTs and NDTs 
solving the AAR task grows exponentially with the size of the DRSs. Therefore, in 
general, instead of constructing the entire DT, we should model its operation on 
a given tuple b  using a sufficiently efficient algorithm. Note that similar examples 
were considered in the book [13]. 

First, we investigate how the minimum depths of DDTs and NDTs relate when 
solving the task ( ), ,T S kϕ . We use ( ), ,dh S kϕ  to represent the minimal depth 
of a DDT solving this task, and ( ), ,ah S kϕ  for the minimal depth of an NDT. 
We show the inequalities ( ) ( ) ( )2, , , , , ,a d ah S k h S k h S kϕ ϕ ϕ≤ ≤ . These bounds 
were obtained in the conference paper [15]. 

To obtain the upper bound for ( ), ,dh S kϕ , we analyze an NDT   that solves 
the task ( ), ,T S kϕ  with depth ( ), ,ah S kϕ . Using this tree, we describe the 
operation of a DDT G , solving the same task for a given tuple n

kb E∈ , has the 
depth at most ( )2, ,ah S kϕ . It should be emphasized that this description of the 
DDT cannot be regarded as an efficient algorithm, since   may possess a 
substantial number of nodes. Note also that a similar upper bound was derived in 
[13] for functions of k -valued logic, 2k ≥  and in [16]-[18] for Boolean 
functions (see [19] for details). 

We additionally introduce a greedy algorithm   which, for a given DRS S  
and a tuple n

kb E∈  of feature values, simulate the operation of a DDT solving 
the task ( ), ,T S kϕ  on b . For this algorithm, we need to have an uncertainty 
measure γ  for the task ( ), ,T S kϕ , which is defined on the set of equation 
systems of the form { }1 1, ,

mi i mf d f dα = = = , such that 
1
, ,

mi if f  are pairwise 
different features from the set { }1, , nf f  and 1, , m kd d E∈ . The system of 
equations α  describes information already obtained by the DT. At the beginning 
of the tree work, α =∅ . The DT will stop when ( ) 0γ α = . We prove that the 
depth of the considered DDT is at most ( ) ( ), , ln 1ah S kϕ γ ∅ + . 

It should be noted that this algorithm has some similarities with the one 
presented in Sect. 4.2 of [3]. However, the method in [3] operates on a decision 
table T  instead of a DRS S , and uses very different measures of uncertainty, in 
particular, the value ( )P T , which counts unordered pairs of rows in T  having 
distinct decisions. 

The uncertainty measure should satisfy some additional requirements, and the 
search for appropriate uncertainty measures is a nontrivial task. In the conference 
paper [14], we found a suitable uncertainty measure for the AAR task and proved 
all the results related to the greedy algorithm only for the AAR task. In the current 
paper, we extend these results to the general case of an arbitrary task ( ), ,T S kϕ  
and an appropriate uncertainty measure γ  for it. 
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We generalized essentially the results obtained in [14] by studying the task of 
recognition of applicable special subsets of the DRS S . Let W  be a nonempty 
family of nonempty subsets of S  that are called special subsets of S . We 
assume that, for each subset w  from W , there exists a tuple n

kb E∈  for which 
all DRs from w  are applicable. In this case, we will say that the subset w  of 
DRs is applicable for the tuple b . We consider the following task ( ), ,WT S kϕ : 
for a given tuple n

kb E∈ , we should find all subsets w W∈  that are applicable 
for the tuple b . For this task, we found an appropriate uncertainty measure Wγ  
such that ( )W W nγ ∅ ≤  and showed that the algorithm   has polynomial 
time complexity depending of the sizes of the DRS S  and the family W . The 
depth of a DDT, the operation of which is modeled by the algorithm  , does not 
exceed ( )( ), , ln ln 1a

Wh S k W nϕ + + . 
The results obtained in this paper may be of interest for data analysis, in which 

both DRSs and DTs are intensively studied. In particular, these results make one 
think about the possibilities of transforming DRSs into DTs. 

The structure of the paper is as follows. Section 2 provides the key definitions 
and notation, closely aligned with those in [13]. Section 3 explores both the 
possibilities and the constraints of using DTs. In Section 4, we analyze and compare 
the minimum depths of DDTs and NDTs. Section 5 focuses on a greedy algorithm 
designed to simulate the operation of a DDT. Section 6 addresses the task of 
identifying applicable special subsets of a DRS. Finally, Section 7 offers concluding 
remarks. 

2. Definitions 

This section introduces the fundamental definitions and notations associated with 
DRSs and DTs. 

2.1. DRSs—Decision Rule Systems  

Let { }0 0,1, 2,=  , and define the set of features as { }0:iF f i= ∈ . For any 
{ }0 \ 0,1k∈ , let { }0,1, , 1kE k= − . 

Definition 1 We use ES  to denote the set of systems of equations of the 
following form:  

{ }1 1, , ,
mi i mf b f b= =  

where 0m∈ , 
1
, ,

mi if f F∈  and 1 0, , mb b ∈  . The system will be 
inconsistent if there exist { }, 1, ,t p m∈   such that t p≠ , t pi i= , and t pb b≠ . 
Otherwise, the system will be called consistent. 

Definition 2 A DR (Decision Rule) is defined as an expression of the following 
form:  

( ) ( )1 1 ,
mi i mf b f b d= ∧ ∧ = →  

where { }0 \ 0m∈ , 
1
, ,

mi if f  are pairwise different features from F , and 

1 0, , ,mb b d ∈  .  
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We denote this DR by r . The value d  is referred to as the decision of the 
decision rule r . The integer m  is called the length of r  and is denoted by 
( )l r . We define ( ) { }1

, ,
mi iF r f f=   as the set of features in r  and  

( ) { }1 1, ,
mi i mK r f b f b= = = . Let ( )V r  denote the minimum integer  

{ }0 \ 0,1k∈  for which { }1, , m kb b E⊆ . 
Definition 3 A Decision Rule System (DRS) S  is defined as a finite, nonempty 

set of DRs.  
Denote ( ) ( )r S

F S F r
∈

=


, ( ) ( )n S F S= , ( ) ( )r SL S l r
∈

= ∑ , and  
( ) ( ){ }max :V S V r r S= ∈ . Let ( )n S n=  and ( ) { }1

, ,
nj jF S f f=  , where  

1 nj j< < . For ( )1 0, , n
nb b b= ∈  , denote ( ) { }1 1, , ,

nj j nK S b f b f b= = = . 
Definition 4 A DR r  from S  is called applicable for a tuple ( )

0
n Sb ∈  if 

( ) ( ),K r K S b⊆ .  
Definition 5 Consider a DRS S  and an integer ( )k V S≥ . A solution map 

for the pair ( ),S k  is a mapping ϕ  that assigns to each tuple ( )n S
kb E∈  a value 

( )bϕ  from some set. This value is interpreted as a solution. The map ϕ  will be 
called degenerate if it is constant on the set ( )n S

kE  and nondegenerate otherwise.  
Let S  be a DRS, ( )k V S≥ , and ( )n S

kb E∈ . We now consider a number of 
examples of solution maps ϕ  for the pair ( ),S k : 
• ( ) 1bϕ =  if there exists a DR from S  that is applicable for the tuple b  and 

( ) 0bϕ =  otherwise. 
• ( )bϕ  is the set of all DRs from S  that are applicable for the tuple b . 
• ( )bϕ  is the number of DRs from S  that are applicable for the tuple b . 
• ( )bϕ  is the set of decisions of DRs from S  that are applicable for the tuple 

b . 
• ( )bϕ  is the minimum number 0d ∈  such that the number of DRs from 

S  that are applicable for the tuple b  and have d  as the decision is 
maximum.  

Let S  be a DRS with ( )n S n=  and ( )k V S≥ . 
Definition 6 Let ϕ  be a solution map for the pair ( ),S k . Task ( ), ,T S kϕ  

is defined as follows: for a given tuple n
kb E∈ , it is required to find the solution 

( )bϕ .  
When addressing the task ( ), ,T S kϕ , it is important to note that we do not 

have direct access to the tuple b . To determine the value of a feature ( )if F S∈ , 
it is necessary to compute it for the given input, which can be an expensive 
procedure. To minimize the number of queries related to feature values, we 
consider DTs for solving the task ( ), ,T S kϕ . 

2.2. DTs—Decision Trees  

A finite directed tree with a root is a finite directed tree in which exactly one node 
has no entering edges. This node is referred to as the root. Nodes that do not have 
any leaving edges are called leaf nodes, while those that are neither root nor leaf 
are called internal nodes. A full path in such a tree is a sequence  

1 1 1, , , , ,m m mv d v d v +=   consisting of alternating nodes and edges, where 1v  is 
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the root, 1mv +  is a leaf, and for each 1, ,i m=  , the edge id  leaves from node 

iv  and enters to node 1iv + . 
Consider a DRS S , ( )n S n= , ( )k V S≥ , and ϕ  be a solution map for the 

pair ( ),S k . 
Definition 7 We define a DT (Decision Tree) over the task ( ), ,T S kϕ  as a 

finite marked directed tree with root  , containing at least two nodes, and 
satisfying the conditions below: 
• The root and edges leaving the root are not marked. 
• In the tree  , every internal node is marked with a feature from ( )F S , and 

each leaving edge marked with a numbers from kE . 
• Each leaf node of the tree   is marked with a solution from the set 

( ){ }: n
kb b Eϕ ∈ .  

Definition 8 A DT for the task ( ), ,T S kϕ  is a deterministic if its root has 
exactly one leaving edge, and the leaving edges of every internal node are marked 
with pairwise distinct values.  

Suppose   is a DT over the task ( ), ,T S kϕ . We denote by ( )FP   the set 
of full paths in the DT  . Consider a full path 1 1 1, , , , ,m m mv d v d v +=   from 
 . To this path, we associate an equation system ( )K ES∈ . If 1m =  and 

1 1 2, ,v d v= , then ( )K =∅ . Let 2m ≥  and, for 2, ,j m=  , the node jv  
be marked with the feature 

jif  and the corresponding edge jd  be marked with 
the value j kb E∈ . In this case, we set ( ) { }2 2 , ,

mi i mK f b f b= = = . We denote 
by ( )τ   the solution associated with the leaf node 1mv + . 

Let   be a DT over ( ), ,T S kϕ , n
kb E∈ , and ( )FP∈  . We say that a full 

path   accepts the tuple b  if ( ) ( ),K K S b⊆ . Furthermore, the solution 
( )τ   is called derivable from the equation system ( )K   if ( ) ( )bϕ τ=   for 

any tuple n
kb E∈  such that the path   accepts the tuple b . 

Definition 9 It is called   solves the task ( ), ,T S kϕ  nondeterministically if, 
for every tuple n

kb E∈ , there exists a path ( )FP∈  , that accepts b  and, for 
every path ( )FP∈   such that the system of equations ( )K   is consistent, 
the solution ( )τ   is derivable from ( )K  . In this case, we also refer to   as 
an NDT that solves the task ( ), ,T S kϕ .  

Suppose   be a NDT solving the task ( ), ,T S kϕ , n
kb E∈ , and ( )FP∈  . 

If the path   accepts the tuple b , then ( )K   is a consistent system of 
equations, the solution ( )τ   is derivable from ( )K  , and ( ) ( )bϕ τ=  . 

Definition 10 It is called   solves the task ( ), ,T S kϕ  deterministically if 
  is a DDT that solves the task ( ), ,T S kϕ  nondeterministically. In this case, 
it’s called   is a DDT solving the task ( ), ,T S kϕ .  

See Figure 1 for an example of a DDT and an NDT that solve the task described 
above. 

Definition 11 We define ( )h   as the number of internal nodes in any full 
path ( )FP∈  . The value ( ) ( ) ( ){ }:h max h FP= ∈     is the depth of the 
DT  .  

Suppose S  is a DRS, ( )k V S≥  and ϕ  is a solution map for the pair ( ),S k . 
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We denote by ( ), ,ah S kϕ  the minimum depth of a NDT over the task 
( ), ,T S kϕ , which solves this task. We denote by ( ), ,dh S kϕ  the minimum depth 

of a DDT over the task ( ), ,T S kϕ , which solves this task. 
For example, let us consider the problem ( )1 0, , 2T Sϕ  where  

( ) ( ){ }0 1 20 0, 1 1S a a= = → = → , 1ϕ  is a solution map for the pair ( )0 , 2S : 

( )1 1bϕ =  if there exists a DR from 0S  that is applicable for the tuple b  and 

( )1 0bϕ =  otherwise, from [15]. Then the decision trees depicted in Figure 1 are 
deterministic (left) and nondeterministic (right) decision trees that solve the 
considered problem. 
 

 

Figure 1. Deterministic and nondeterministic decision trees solving the problem ( )1 0, ,2T Sϕ . 

3. Preliminary Discussion  

Let S  be a DRS, ( )k V S≥ , and AARϕ  be a solution map for the pair ( ),S k  
such that, for any ( )n S

kb E∈ , ( )AAR bϕ  is the set of all DRs from S  that are 
applicable for the tuple b . The task ( ), ,AART S kϕ  is called the All Applicable 
Rules task. This is one of the most important tasks arising within the framework 
of the syntactic approach to the study of DRSs. We will study its generalizations 
in Sect. 6. 

This section explores the possibilities and constraints of using DTs for addressing 
the All Applicable Rules task. Accordingly, we analyze two different sequences of 
DRSs. We will use the sum of lengths of DRs from S , denoted by ( )L S , as a 
parameter characterizing the complexity of the DRS S . 

We begin by defining a sequence of DRSs, denoted as mS , where 2,3,m =  . 
For each mS , the minimum depth of a DDT that solves the task ( ), , 2AAR mT Sϕ  is 
significantly less than the number ( )mn S  of distinct features present in mS . The 
number of nodes of the corresponding DT is at most ( )mL S  nodes. This example 
demonstrates the feasibility of using DTs to solve the task ( ), , 2AAR mT Sϕ . 

We then define a sequence of DRSs mQ , for 2,3,m =  , such that the minimal 
number of nodes in both DDTs and NDTs solving the task ( ), , 2AAR mT Qϕ  grows 
exponentially with respect to the parameter ( )mL Q . Consequently, constructing 
complete DTs becomes impractical in general. As an alternative, one can simulate 
the operation of a DDT on a tuple of feature values with some algorithm. 

Let us begin with the first sequence of DRSs. Let { }0 \ 0,1m∈ . A complete 
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binary tree with depth m  is a finite directed tree with root such that every non-
leaf node has exactly two leaving edges, and all full paths from the root to the 
leaves have length m . The nodes in this tree are organized into 1m +  layers: for 
each 0, ,i m=  , the i th layer consists of all nodes at distance i  from the root. 
The i th level contains exactly 2i  nodes. In total, there are 2 1m −  non-leaf 
nodes and 2m  leaf nodes. 

Let mH  denote a marked complete binary tree of depth m , where non-leaf 
nodes are marked with features 1 2 1

, , mf f
−

 , and the leaves are marked with 
integers 1 through 2m . Each non-leaf node has two leaving edges, marked with 0 
and 1. For each 1, , 2mj =  , we define a DR jr  as follows. Consider a full path in 

mH  from the root to the leaf marked j , represented as 0 0 1 1, , , , ,m m mv d v d v− − , 
where for every 0, , 1i m= − , the node iv  marked with 

il
f , and the edge id  is 

marked with 2ib E∈ . Then the DR jr  is given by:  

( ) ( )0 10 1 .
ml l mf b f b j
− −= ∧ ∧ = →  

We define mS  as the set of DRs 1 2
, , mr r . It follows that ( ) 2 1m

mn S = −  and 
( ) 2mV S = . 
We examine the task ( ), , 2AAR mT Sϕ  and prove that ( ), , 2d

AAR mh S mϕ ≤ . To 
this end, we convert the tree mH  into a DDT, denoted by mK , that corresponds to 
the task ( ), , 2AAR mT Sϕ . This is done by introducing a new node v  and an edge d  
directed from v  to the root of mH , leaving both v  and d  unmarked. Each leaf 
node in mH  previously marked with j  (for 1, , 2mj =  ) is now marked with 
{ }jr . The resulting DDT mK  solves the task ( ), , 2AAR mT Sϕ  and has a depth of 
m . 

Thus, for every { }0 \ 0,1m∈ , we obtained an example of a DRS mS  satisfying 
( ) 2 1m

mn S = −  and ( ) 2m
mL S m= . Moreover, there exists a DDT mK  that solves 

the task ( ), , 2AAR mT Sϕ , having depth exactly m  and number of nodes is 12m+  
nodes. 

We now turn to the second sequence of DRSs. Let { }0 \ 0,1m∈ . Define mQ  
as the DRS:  

( ) ( ) ( ) ( ){ }1 10 0, 1 1, , 0 0, 1 1 .m mf f f f= → = → = → = →  

Clearly, ( ) 2mV Q = . Consider the task ( ), , 2AAR mT Qϕ . It can be shown that 
for any two distinct tuples 2, mb d E∈ , we have ( ) ( )AAR AARb dϕ ϕ≠ . As a result, 
any NDT that solves the task ( ), , 2AAR mT Qϕ  must contain at least 2m  leaf 
nodes. 

Consequently, for every { }0 \ 0,1m∈ , we have obtained a DRS mQ  such that 
( )mn Q m=  and ( ) 2mL Q m= . Furthermore, any decision tree, whether  

deterministic or nondeterministic, that solves the task ( ), , 2AAR mT Sϕ  must contain 
at least 2m  nodes. 

4. Comparative analysis of DDTs (Deterministic Decision  
Trees) and NDTs (Nondeterministic Decision Trees)  

This section focuses on analyzing the minimum depths of DDTs and NDTs that 
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solve the task ( ), ,T S kϕ . 
Theorem 1 Suppose S  be a DRS, ( )k V S≥ , and ϕ  be a solution map for 

the pair ( ),S k . Then  

( ) ( ) ( )2, , , , , , .a d ah S k h S k h S kϕ ϕ ϕ≤ ≤  

Proof. Since any DDT that solves the task ( ), ,T S kϕ  is a NDT that solves the 
task ( ), ,T S kϕ , so the inequality ( ) ( ), , , ,a dh S k h S kϕ ϕ≤  holds. We now show 
that ( ) ( )2, , , ,d ah S k h S kϕ ϕ≤ . 

Let ( )n S n=  and let, for definiteness, ( ) { }1, , nF S f f=  . Let   be a NDT 
over ( ), ,T S kϕ , that solves the task ( ), ,T S kϕ , where ( ) ( ), ,ah h S kϕ= . Let 

( )FP+   denote the set of full paths   from ( )FP   for which the  
corresponding equation system ( )K   is consistent. We assign a number from 

0  to each path in ( )FP+   to ensure all paths are distinctly identified. Two 
full paths ( )1 2, FP+∈    are said to be equivalent if ( ) ( )1 2τ τ=  . This 
equivalence relation partitions ( )FP+   into equivalence classes 1, , tC C . 

We now prove that for any two full paths ( )1 2, FP+∈    are not equivalent, 
then the system ( ) ( )1 2K K∪   is inconsistent. Suppose, for contradiction, that 

( ) ( )1 2K K∪   is consistent. Then there exists a tuple n
kd E∈  such that 

( ) ( )1 ,K K S d⊆  and ( ) ( )2 ,K K S d⊆ . This implies that both paths accept 
d , which leads to a contradiction because ( ) ( )1 2τ τ≠  . 

Suppose ( )1, , n
n kb b b E= ∈ . Let us describe the behavior of a DDT G  with 

respect to the tuple b , where G  solves the task ( ), ,T S kϕ . As a consequence, 
we derive the description of a full path ( )bρ  in the DT G  that accepts the tuple 
b . The set of full paths of the DT G  coincides with the set ( ){ }: n

kb b Eρ ∈ .  
Step 1: 
Initialize ( )Ξ : FP+=  . For every path ( )FP+∈  , define ( ) ( ):Q K=  . 

Proceed to Step 2. 
Step 2: 
This step is divided into three phases: 
(a) If there exists a full path Ξ∈  such that ( )Q   is empty, then the DT 

G  terminates and returns the solution ( )( ) ( )bτ ρ τ=  , which will be attached 
to the leaf node of the path ( )bρ . Otherwise, proceed to (b). 

(b) Set 0i  the minimum index i  in { }1, , t  such that ΞiC ∩ ≠∅ . Choose 
a full path 

0
ΞiC∈ ∩  with the minimum number. If 

0
Ξ ΞiC ∩ = , then the tree 

G  terminates and returns the solution ( )( ) ( )bτ ρ τ=  , which will be attached 
to the leaf node of the path ( )bρ . Otherwise, proceed to (c). 

(c) Let { }1
, ,

mi if f  be all features from the equations containing in ( )Q  . 
The DT G  computes values of these features and obtains the set of equations 

{ }1 1
, ,

m mi i i iK f b f b= = = . Then, for every full path Ξ∈ : if ( )K Q∪   is 
inconsistent, then set { }Ξ : Ξ \=  , otherwise, set ( ) ( ): \Q Q K=  . Proceed to 
Step 2.  

We observe that for the full path ( )bρ , we have ( )( ) ( ),K b K S bρ ⊆ , meaning 
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that this path accepts the tuple b . We now show that the solution ( )( )bτ ρ , which 
is attached to the leaf node of this path, is derivable from ( )( )K bρ . The two 
variants of the finishing the work of the DT G  are described in phases (a) and (b) 
of Step 2. 

(a) There exists a full path Ξ∈  such that ( )Q   is empty. In this situation, 
the DT G  terminates and returns the solution ( )( ) ( )bτ ρ τ=  , which will be 
attached to the leaf node of the path ( )bρ . Clearly, we have  

( ) ( )( ) ( ),K K b K S bρ⊆ ⊆ . Since ( )τ   is derivable from ( )K  , it follows 
that ( )( ) ( )bτ ρ τ=   is derivable from ( )( )K bρ . 

(b) There is no any full path Ξ∈  such that ( )Q   is empty and there is 
{ }0 1, ,i t∈   for which 

0
ΞiC ∩ ≠∅  and 

0
Ξ ΞiC ∩ = . Let us select the path 

0
ΞiC∈ ∩  with the minimum number. In this case, the DT G  terminates and 

returns the solution ( )( ) ( )bτ ρ τ=  , which will be attached to the leaf node of 
the path ( )bρ . 

Since   solves the task ( ), ,T S kϕ , there exists a full path ( )FPζ +∈   that 
accepts the tuple b . For this path, we have ( ) ( ),K K S bζ ⊆  and ( ) ( )bτ ζ ϕ= . 
Given that ( )( ) ( ),K b K S bρ ⊆ , the path ζ  belongs to Ξ  and consequently, 
belongs to 

0i
C . Hence, leaf nodes of the paths from 

0i
C  are marked with the 

solution ( )bϕ . In particular, this implies ( ) ( )bτ ϕ= . 
Let us now prove that ( )( ) ( )bτ ρ τ=   is derivable from ( )( )K bρ . Assume 

the contrary, that it is not derivable. Then there exists a tuple n
kd E∈ , which is 

accepted by the path ( )bρ  and for which ( ) ( )d bϕ ϕ≠ . Since   solves the 
task ( ), ,T S kϕ , there is a full path ( )FPθ +∈   that accepts the tuple d . For 
this path, ( ) ( ),K K S dθ ⊆  and ( ) ( )dτ θ ϕ= . Since ( )( ) ( ),K b K S dρ ⊆ , the 
path θ  belongs to the set Ξ  and therefore, to the set 

0i
C , but this is impossible 

since leaf nodes of all paths from 
0i

C  are marked with the solution ( )bϕ  and 

( ) ( )d bϕ ϕ≠ . 
Therefore, we obtain that the DT G  solves the task ( ), ,T S kϕ . 
It is clear that in each full iteration of Step 2, including phase (c), the DT G  

evaluates at most ( )h   feature values. We now prove that the number of such 
full iterations of Step 2 is at most ( )h  . 

Since for any non-equivalent paths ( )1 2, FP+∈    the equation system 
( ) ( )1 2K K∪   is inconsistent, it follows that during each full iteration of Step 

2, every path   not in 0iC  (i.e., in 0Ξ \ iC ) will either be removed from Ξ  or 
will have the cardinality of ( )Q   decreased by at least 1. Evidently, for each full 
paths ( )FP+∈  , the cardinality of the set ( )K   is at most ( )h  . 
Therefore, after ( )h   complete repetitions of Step 2, we will find a full path 

Ξ∈  for which the set ( )Q   is empty or we will have 
0

Ξ Ξ iC= ∩ . In both 
cases, the DT G  will finish its work. 

Hence, the number of internal nodes along the path ( )bρ  in G  is at most 
( )2h  . Taking into account that we considered an arbitrary full path in the DT G  

and ( ) ( ), ,ah h S kϕ= , we obtain ( ) ( )2, ,ah G h S kϕ≤ . Since G  is a DDT over 
( ), ,T S kϕ  that solves the task ( ), ,T S kϕ , we have ( ) ( )2, , , ,d ah S k h S kϕ ϕ≤ .  □ 
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5. A Greedy Approach to Modeling the Operation of DDT  
(Deterministic Decision Tree)  

Consider a DRS S  with ( )n S n= , and ( )k V S≥ . We define ( ),ES S k  as the 
set containing equation systems of the form  

{ }1 1, , ,
mi i mf b f b= =  

where 0m∈ , ( )
1
, ,

mi if f F S∈ , and 1, , m kb b E∈ . We denote by 
( ),ES S k+  the set of consistent equation systems from ( ),ES S k . For 

( ),ES S kα +∈ , denote ( ) ( ){ }: ,n n
k kE b E K S bα α= ∈ ⊆ . This set can be 

interpreted as the set of solutions from n
kE  of the equation system α . 

Definition 12 Let ϕ  be a solution map for the pair ( ),S k  and 
( ),ES S kα +∈ . Let us define the parameter ( ), ,M S kα ϕ . For any n

kb E∈ , we 
denote by ( ), , ,M S k bα ϕ  the minimum number 0m∈  such that there exists a 
subsystem β  of the equation system ( ),K S b , which contains m  equations and 
for which the map ϕ  is constant on the set ( )n

kE α β∪ . Then  
( ) ( ){ }, , , , , : n

kM S k max M S k b b Eα αϕ ϕ= ∈ . Note that ( ), , 0M S kϕ∅ =  if and 
only if ϕ  is a degenerate map.  

A related parameter was introduced for decision tables within test theory in 
[20]. In the concept classes of exact learning, a similar parameter proposed in [21], 
where it is known as the extended teaching dimension, generalizes the teaching 
dimension concept from [22]. 

We will prove two statements related to the parameter ( ), ,M S kα ϕ . The first 
one has some independent interest. 

Lemma 2 Suppose S  be a DRS, ( )k V S≥ , and ϕ  be a solution map for the 
pair ( ),S k . Then  

( ) ( ), , , , .aM S k h S kϕ ϕ∅ =  

Proof. Let ( )n S n= ,   be a NDT over ( ), ,T S kϕ , which solves the task 
( ), ,T S kϕ , where ( ) ( ), ,ah h S kϕ= , and b  be a tuple from n

kE  for which 
( ) ( ), , , , ,M S k M S k bϕ ϕ∅ ∅= . Since   solves the task ( ), ,T S kϕ , there is a 

path ( )FP∈  , where ( ) ( ),K K S b⊆  and, for any tuple ( )( )n
kd E K∈  , 

( ) ( )dϕ τ=  . Hence, ( )K   is a subsystem of ( ),K S b  where the map ϕ  is 
constant on the set ( )( )n

kE K  . Therefore, there are at most ( )h   equations in 
( )K  . As a result, ( ) ( ) ( ) ( ), , , , , , ,aM S k M S k b h h S kϕ ϕ ϕ∅ ∅= ≤ = , i.e,  
( ) ( ), , , ,aM S k h S kϕ ϕ∅ ≤ . 

We now show that ( ) ( ), , , ,ah S k M S kϕ ϕ∅≤ . Let n
kb E∈ . From the definition 

of the parameter ( ), ,M S kϕ∅ , there exists a subsystem ( )bα  of ( ),K S b , that 
contains at most ( ), ,M S kϕ∅  equations and the map ϕ  is equal to some 
constant ( )s b  on the set ( )( )n

kE bα . It is not difficult to build a full path ( )b  
having at most ( ), ,M S kϕ∅  internal nodes, for which ( )( ) ( )K b bα=  and 

( )( )bτ   equals ( )s b . We identify roots of the full paths ( )b , n
kb E∈ , and 

denote the resulting DT by  . It can be shown that   is a NDT over ( ), ,T S kϕ , 
that solves the task ( ), ,T S kϕ , where ( ) ( ), ,h M S kϕ∅≤ . Therefore  
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( ) ( ), , , ,ah S k M S kϕ ϕ∅≤ . Thus, ( ) ( ), , , ,aM S k h S kϕ ϕ∅ = .                 □ 
Lemma 3 Consider a DRS, ( )k V S≥ , ( ),ES S kα +∈ , and ϕ  be a solution 

map for the pair ( ),S k . Then  

( ) ( ), , , , .M S k M S kαϕ ϕ∅ ≥  

Proof. Let ( )n S n= , n
kb E∈  and β  be a subsystem of ( ),K S b , where the 

map ϕ  is constant on the set ( )n
kE β . Then β  is a subsystem of ( ),K S b , 

where the map ϕ  is constant on the set ( )n
kE α β∪ . From here it follows that 

( ) ( ), , , , , ,M S k b M S k bαϕ ϕ∅ ≥ . Since b  is an arbitrary tuple from the set n
kE , 

we obtain ( ) ( ), , , ,M S k M S kαϕ ϕ∅ ≥ .                                 □ 
Definition 13 Consider a DRS S , ( )k V S≥ , and ϕ  be a solution map for 

the pair ( ),S k . An uncertainty measure for the triple ( ), ,S kϕ  is a function 
( ) 0: ,ES S kγ + → , which satisfies the following conditions: 

• For any ( ),ES S kα +∈ , ( ) 0γ α =  if and only if the map ϕ  is constant on 
the set ( )n

kE α . 
• Let { } ( ),if b ES S kα +∪ = ∈  and the equation if b=  do not belong to the 

system α . Then ( ) { }( ) ( ) { }( )i if b f bγ γ γ α γ α∅ − = ≥ − ∪ =   
Note that ( ) 0γ ∅ =  if and only if the map ϕ  is degenerate. We proceed by 

proving an auxiliary statement. 
Lemma 4 Consider a DRS S , ( )k V S≥ , ϕ  be a nondegenerate solution 

map for the pair ( ),S k , and γ  be an uncertainty measure for the triple 
( ), ,S kϕ . Let ( )n S n= , ( ) { }1, , nF S f f=  , ( ),ES S kα +∈  and ( ) 0γ α > .  
Let, for 1, ,i n=  , id  be a number from kE  such that  

{ }( ) { }( ){ }:i i i kf d max f d d Eγ α γ α∪ = = ∪ = ∈ , and t  be the minimum  
{ }1, ,i n∈   for which { }( )i if dγ α ∪ =  has the minimum value. Then  

{ }( ) ( ) ( )( )1 1 , , .t tf d M S kαγ α γ α ϕ∪ = ≤ −  

Proof. By the definition of the parameter ( ), ,M S kα ϕ  and from ( ) 0γ α > , 
we conclude that there exist pairwise distinct features { }

1 1, , , ,
mi i nf f f f∈   

such that { }( )1 1
, , 0

m mi i i if d f dγ α ∪ = = =  and ( )1 , ,m M S kα ϕ≤ ≤ . Then  

( ) ( ) { }( )( )
{ }( ) { }( )( )
{ }( ) { }( )( )
{ }( )

1 1

1 1 1 1 2 2

1 1 1 1 1 1

1 1

,

, , , ,

, , 0.

m m m m

m m

i i

i i i i i i

i i i i i i i i

i i i i

f d

f d f d f d

f d f d f d f d

f d f d

γ α γ α γ α

γ α γ α

γ α γ α

γ α

− −

− − ∪ =

− ∪ = − ∪ = = −

− ∪ = = − ∪ = =

= ∪ = = =



 



 

Since the features 
1
, ,

mi if f  are pairwise different, for 1, , 1j m= − , the 
equation system { }1 1 1 1

, ,
j ji i i if d f d
+ +

= =  is consistent and the equation 

1 1j ji if d
+ +
=  does not belong to the equation system { }1 1

, ,
j ji i i if d f d= = . Using 

the definition of uncertainty measure γ , we obtain that, for 1, , 1j m= − ,  

{ }( ) { }( )
( ) { }( )

1 1 1 1 1 1

1 1

, , , , ,

.

j j j j j j

j j

i i i i i i i i i i

i i

f d f d f d f d f d

f d

γ α γ α

γ α γ α

+ +

+ +

∪ = = − ∪ = = =

≤ − ∪ =

 
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Therefore ( ) ( ) { }( )( )1 0
j ji

m
ij f dγ α γ α γ α

=
− − ∪ = ≤∑ . Since  

{ }( ) { }( )j jt t i if d f dγ α γ α∪ = ≤ ∪ =  for 1, ,j m=  , we have  
( ) ( ) { }( )( ) 0t tm f dγ α γ α γ α− − ∪ = ≤  and { }( ) ( )( )1 1t tf d mγ α γ α∪ = ≤ − .  

Given that ( ), ,m M S kα ϕ≤ , it follows that  
{ }( ) ( ) ( )( )1 1 , ,t tf d M S kαγ α γ α ϕ∪ = ≤ − .                              □ 

Let S  be a DRS with ( )n S n= , ( )k V S≥ , ϕ  be a nondegenerate solution 
map for the pair ( ),S k , and γ  be an uncertainty measure for the triple ( ), ,S kϕ . 
We now consider an algorithm   that, for the DRS S , the number k , the 
solution map ϕ , the uncertainty measure γ , and a tuple ( )1, , n

n kb b b E= ∈ , 
simulates the work of a DDT ( ), , ,G S kϕ γ  over ( ), ,T S kϕ , that solves the task 
( ), ,T S kϕ . Therefore, we get the description of a full path ( )bρ  from the DT 
( ), , ,G S kϕ γ  which accepts the tuple b . The set of full paths of the DT 
( ), , ,G S kϕ γ  coincides with the set ( ){ }: n

kb b Eρ ∈ . Let, for definiteness, 
( ) { }1, , nF S f f=  .  
Algorithm    
Step 1: 
Set : 1j =  and :α =∅ . Proceed to Step 2.  
Step 2: 
If ( ) 0γ α = , then the DT ( ), , ,G S kϕ γ  terminates and returns the solution 
( )( ) ( )b dτ ρ ϕ= , where d  is an arbitrary tuple from the set ( )n

kE α . This 
solution is attached to the leaf node of the full path ( )bρ . Otherwise, proceed to 
Step 3.  

Step 3: 
Set jt  the minimum { }1, ,i n∈   for which { }( ){ }max :i kf d d Eγ α ∪ = ∈  

has the minimum value. Compute the value of the feature 
jtf . Set  

{ }:
j jt tf bα α= ∪ =  and : 1j j= + . Proceed to Step 2.  

Theorem 5 Let S  be a DRS with ( )n S n= , ( )k V S≥ , ϕ  be a  
nondegenerate solution map for the pair ( ),S k , and γ  be an uncertainty 
measure for the triple ( ), ,S kϕ . Then ( ), , ,G S kϕ γ  is a DDT over ( ), ,T S kϕ , 
that solves the task ( ), ,T S kϕ  such that  

( )( ) ( ) ( ), , , , , ln 1.h G S k M S kϕ γ ϕ γ∅≤ ∅ +  

Proof. Let, for definiteness, ( ) { }1, , nF S f f=  . Consider an arbitrary tuple 
( )1, , n

n kb b b E= ∈ . The algorithm   constructs the full path ( )bρ  within 
the DT ( ), , ,G S kϕ γ , that accepts this tuple. It is not difficult to show that the 
solution ( )( )bτ ρ  is derivable from ( )( )K bρ . Since ( )bρ  is an arbitrary 
full path in the DT ( ), , ,G S kϕ γ , it follows that this tree is a DDT over 
( ), ,T S kϕ , that solves the task ( ), ,T S kϕ . 
We now analyze the number of internal nodes along the path ( )bρ . Suppose 

Step 3 of algorithm   is repeated p  times during its work. Then  

( ) 0 0 1 1 1, , , , , , ,p p pb v d v d v d vρ +=  , where 0v  is the root of DT ( ), , ,G S kϕ γ , 

1pv +  is a leaf node and, for 0, ,j p=  , the edge jd  leaves the node jv  and 
enters the node 1jv + . The node 0v  and the edge 0d  are not marked. For  
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1, ,j p=  , the node jv  is marked with the feature 
jtf  and the edge jd  is 

marked with 
jtb . The leaf node 1pv +  is marked with ( )( )bτ ρ . Since the map 

ϕ  is nondegenerate, ( ) 1γ ∅ ≥  and 1p ≥ . We now show that  
( ) ( ), , ln 1p M S kϕ γ∅≤ ∅ + . 

For 1, ,j p=  , let { }1 1
, ,

j jj t t t tf b f bα = = = . Denote 0α =∅ . It is clear 
that, for 0, ,j p=  , the equation system jα  is consistent. From the description 
of the algorithm   it follows that, for 0, , 1j p= − , ( ) 0jγ α > . By Lemma 
4, for 0, , 1j p= − , ( ) ( ) ( )( )1 1 1 , ,

jj j M S kαγ α γ α ϕ+ ≤ − . From Lemma 3, we 
get that, for 0, , 1j p= − ,  

( ) ( ), , , , .
j

M S k M S kα ϕ ϕ∅≤  

Therefore, for 0, , 1j p= − , ( )1jγ α + ≤  ( ) ( )( )1 1 , ,j M S kγ α ϕ∅− . 
Since the map ϕ  is nondegenerate, ( ), , 1M S kϕ∅ ≥ . Let ( ), , 1M S kϕ∅ = . 

Then ( )1 0γ α ≤ , i.e., 1p = . In this case, ( ) ( ), , ln 1p M S kϕ γ∅≤ ∅ + . 
Let us assume now that ( ), , 2M S kϕ∅ ≥ . In this case,  
( ) ( ) ( )( ) 1

1 1 1 , ,
p

p M S kγ α γ ϕ
−

− ∅≤ ∅ − . From the description of algorithm  , it 
follows that ( )1 1pγ α − ≥ . Thus, ( ) ( )( ) 1

1 1 1 , ,
p

M S kγ ϕ
−

∅≤ ∅ − ,  
( ) ( )( )( ) ( )

1
, , , , 1

p
M S k M S kϕ ϕ γ

−

∅ ∅ − ≤ ∅  and  
( )( )( ) ( )

1
1 1 , , 1

p
M S kϕ γ

−

∅+ − ≤ ∅ . By taking the natural logarithm on both sides 
of the inequality, we get ( ) ( )( )( ) ( )1 ln 1 1 , , 1 lnp M S k L Sϕ∅− + − ≤ . It is well-
known fact that, the inequality ( ) ( )ln 1 1 1 1q q+ > +  holds, for any natural q . 
Given that ( ), , 2M S kϕ∅ ≥ , it follows that ( ) ( ) ( )1 , , lnp M S kϕ γ∅− < ∅  and 

( ) ( ), , ln 1p M S kϕ γ∅< ∅ + . Since ( )bρ  is an arbitrary full path in the DT 
( ), , ,G S kϕ γ , we conclude that ( )( ) ( ) ( ), , , , , ln 1h G S k M S kϕ γ ϕ γ∅≤ ∅ + .  □ 

From Lemma 2 and Theorem 1, we can conclude the statement below. 
Corollary 1 Let S  be a DRS with ( )n S n= , ( )k V S≥ , ϕ  be a  

nondegenerate solution map for the pair ( ),S k , and γ  be an uncertainty 
measure for the triple ( ), ,S kϕ . Then ( ), , ,G S kϕ γ  is a DDT over ( ), ,T S kϕ , 
that solves the task ( ), ,T S kϕ  such that  

( )( ) ( ) ( ) ( ) ( ), , , , , ln 1 , , ln 1.a dh G S k h S k h S kϕ γ ϕ γ ϕ γ≤ ∅ + ≤ ∅ +  

In order to consider the work of algorithm   efficient, we need to have  
• An efficient algorithm that finds the value ( )dϕ  for a given tuple n

kd E∈ . 
In this case, we have direct access to the tuple d  and we do not need to 
compute values of the features from the set ( )F S . 

• An efficient algorithm that finds the value ( )γ α  for a given equation system 
( ),ES S kα +∈ .  

We find it difficult to study the complexity of algorithms for computing 
individual functions ϕ  and γ  with finite domains. We defer a detailed discussion 
of this issue to the next section, in which we study infinite parametric families of 
functions ϕ  and γ . 

6. Recognition of Applicable Special Sets of Rules  

Let S  be a DRS with ( )n S n= , ( )k V S≥ , and W  be a nonempty set of 
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nonempty subsets of S  such that, for any w W∈ , the set of equations  
( ) ( )r w

K w K r
∈

=


 is consistent. We will call subsets w  from W  special 
subsets of S  and will interpret them as subsets of S  of special interest. We will 
call the set W  a family of special subsets for the DRS S . 

Let n
kb E∈ . We will say that a special subset w  is applicable for the tuple b  

if each DR r w∈  is applicable for this tuple, i.e., if ( ) ( ),K w K S b⊆ . Let us 
define a solution map Wϕ  for the pair ( ),S k  as follows: for n

kb E∈ , ( )W bϕ  
is the set of all special subsets from W  that are applicable for the tuple b . It is 
clear that the solution map Wϕ  is nondegenerate. In this section, we will study 
the task ( ), ,WT S kϕ . Let us consider two examples: 
• { }{ }1 :W r r S= ∈ . The task ( )1

, ,WT S kϕ  coincides with the task All Applicable 
Rules. 

• 2W  is the set of all subsets of S  of the kind { }1 2,r r , where 1r  and 2r  have 
different decisions and ( ) ( )1 2K r K r∪  is consistent. If the set 2W  is 
nonempty, then it is a family of special subsets for the DRS S .  

Let us define an uncertainty measure Wγ  for the triple ( ), ,W S kϕ . Let  
( ),ES S kα +∈ . For each subset w W∈ , we consider two parameters:  

( ) ( ) \p w K wα α=  and ( )q wα  that is equal to 1 if the equation system 
( )K w α∪  is consistent and to 0 otherwise. Denote ( ) ( ) ( )w p w q wα α απ =  and 
( ) ( )W w W wαγ α π

∈
=∑ . 

Proposition 6 Let S  be a DRS with ( )n S n= , ( )k V S≥ , and W  be a 
family of special subsets for the DRS S . Then Wγ  is an uncertainty measure for 
the triple ( ), ,W S kϕ .  

Proof. (a) First, we show that, for any ( ),ES S kα +∈ , ( ) 0Wγ α =  if and only 
if the map Wϕ  is constant on the set ( )n

kE α . Let ( ) 0Wγ α = . Then, for any 
w W∈ , ( ) 0wαπ = . Let us consider an arbitrary w W∈ . Since ( ) 0wαπ = , 
either ( ) 0p wα =  or ( ) 0q wα =  (obviously, the equalities ( ) 0p wα =  and 

( ) 0q wα =  cannot be fulfilled simultaneously). If ( ) 0p wα = , then, for any 
( )n

kb E α∈ , the subset of DRs w  is applicable for b . If ( ) 0q wα = , then, for 
any ( )n

kb E α∈ , the subset of DRs w  is not applicable for b . From here it 
follows that the map Wϕ  is constant on the set ( )n

kE α . 
Let the map Wϕ  be constant on the set ( )n

kE α . Let us consider an arbitrary 
subset w W∈ . Then either, for any ( )n

kb E α∈ , the subset of DRs w  is 
applicable for b  or, for any ( )n

kb E α∈ , the subset of DRs w  is not applicable 
for b . Let, for any ( )n

kb E α∈ , the subset of DRs w  be applicable for b . Then 
( )K w α⊆  and ( ) 0p wα = . Let, for any ( )n

kb E α∈ , the subset of DRs w  be 
not applicable for b . Then the equation system ( )K w α∪  is inconsistent and 

( ) 0q wα = . Thus, ( ) 0wαπ = . Since w  is an arbitrary subset of the set W , we 
obtain ( ) 0Wγ α = . 

(b) We now show that, for any { } ( ),if b ES S kα +∪ = ∈ , if { }if b=  is not a 
subset of α , then  

( ) { }( ) ( ) { }( ).W W i W W if b f bγ γ γ α γ α∅ − = ≥ − ∪ =         (1) 

We denote by β  the equation system { }if b= . To prove (1), it is enough to 
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show that, for any w W∈ , the following inequality holds:  

( ) ( ) ( ) ( ).w w w wβ α α βπ π π π∅ ∪− ≥ −                 (2) 

It is easy to see that ( ) ( )p w p wα∅ ≥  and ( ) ( )q w q wα∅ ≥ . Therefore  

( ) ( ).w wαπ π∅ ≥                        (3) 

We now consider a number of cases. 
(i) Let the equation system ( )K w β∪  be inconsistent. In this case,  
( ) ( ) 0w wβ α βπ π ∪= = . Using (3), we obtain (2). 

(ii) Let the equation system ( )K w β∪  be consistent and the equation system 
( )K w α∪  be inconsistent. Then ( ) ( ) 0w wα α βπ π ∪− = . It is clear that  
( ) ( ) 0w wβπ π∅ − ≥ . Therefore (2) holds. 

(iii) Let both equation systems ( )K w β∪  and ( )K w α∪  be consistent. Since 
the equation system α β∪  is consistent, we obtain that ( )K w α β∪ ∪  is 
consistent. In this case, ( ) ( ) ( ) ( )w w p w p wβ βπ π∅ ∅− = −  and  

( ) ( ) ( ) ( )w w p w p wα α β α α βπ π ∪ ∪− = − . We know that β  is not a subset of α . 
Using this fact, it is easy to show that ( ) ( ) ( ) ( )p w p w p w p wβ α α β∅ ∪− = − .  
Therefore (2) holds.                                                    □ 

Suppose S  be a DRS, ( )k V S≥ , and W  be a family of special subsets for 
the DRS S . First, we evaluate the depth of the DT ( ), , ,W WG S kϕ γ . According 
to Corollary 1, it is at most ( ) ( ), , ln 1a

W Wh S kϕ γ ∅ + . It is clear that  
( ) ( )W W n Sγ ∅ ≤ . Therefore  

( )( ) ( ) ( )( ), , , , , ln ln 1.a
W W Wh G S k h S k W n Sϕ γ ϕ≤ + +  

We now discuss the complexity of the algorithm   when it generates a full 
path in the DT ( ), , ,W WG S kϕ γ . 

The DRS S  can be represented by a word over the alphabet  
( ){ }, , , , , ,0,1,;f = ∧ →  in which numbers from 0  (feature indices, feature values, 

and decisions of the DRs) are in binary representation (are represented by words 
over the alphabet { }0,1 ) and the symbol “;” is used to separate two DRs. The length 
of this word will be called the size of the DRS S  and will be denoted ( )size S . 
This word defines an order on the set S , that is, all DRs from S  are numbered 
with indices 1, , S . Each subset w W∈  is represented by the set of indices of 
DRs belonging to it. The set W  can be represented by a word over the alphabet 
{ }{ }, ,0,1,;  in which numbers from 0  (indices of the DRs) are in binary 

representation and the symbol “;” is used to separate two indices. The length of this 
word will be called the size of the family W  and will be denoted ( )size W . 

One can show that there is an algorithm, which finds the value ( )W dϕ  for a 
given tuple ( )n S

kd E∈  and which time complexity is bounded from above by a 
polynomial depending on ( )size S  and ( )size W . One can show also that there 
is an algorithm, which finds the value ( )Wγ α  for a given equation system 

( ),ES S kα +∈  and which time complexity is bounded from above by a polynomial 
depending on ( )size S  and ( )size W . It is easy to show that 

( ) ( ), ,a
Wh S k n Sϕ ≤ . Therefore ( )( ) ( ) ( )( ), , , ln ln 1W Wh G S k n S W n Sϕ γ ≤ + + . 
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Using these facts, one can prove that the algorithm   can be designed to have 
polynomial time complexity depending on ( )size S  and ( )size W . 

7. Conclusion 

In this paper, various tasks of recognizing the properties of DRSs are investigated. 
It is proved that the minimum depth of a DDT solving the task is bounded from 
above by the square of the minimum depth of an NDT. A greedy algorithm for 
modeling the operation of a DDT on a given tuple of feature values is proposed 
and investigated. Its complexity is studied for a class of tasks of recognizing the 
properties of DRSs. A more in-depth theoretical and experimental study of this 
and similar algorithms is planned in the future. 
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