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Abstract

The purpose of this study is to demonstrate that the Navarro-Frenk-White
(NFW) dark matter (DM) density profile is consistent with the velocity decay
law characterized by a radial dependence of %% within the halo regions of the
MW, M31 and six other galaxies outside the Local Group, i.e. it is a universal

025 was derived from a novel frame-

law. The velocity law, expressed as v= a-r~
work known as the DM by Quantum Gravitation theory (hereafter referred
to as the DMbQG theory). This theory proposes that dark matter (DM) arises
from the propagation of the gravitational field through an as-yet-unknown
quantum gravitational phenomenon and as a consequence within the halo the
rotation curve decays with the universal law mentioned. The DMbQG belongs
to the category of Modified Gravity theories. Since the NFW profile has been
extensively validated over the past three decades across thousands of galaxies,
it is crucial to examine whether a novel framework such as DMbQG theory
produces a total mass function that is effectively indistinguishable from NFW

predictions. At the core of the DMbQG framework lies the direct mass for-
mula, Mo, (<r)=a*-r /G which yields the total enclosed mass within

a sphere of radius r. As discussed in Chapter 8 of Abarca’s paper [1], the total
mass depends on the parameter &, where a is the proportionality constant in
the velocity decay law v= a1 °%. These two expressions, which share the same
constant a, provide dual approaches for its determination: (i) directly from the
galactic rotation curve in the halo region, and (ii) indirectly from the virial
mass and radius derived via the NFW model and using the direct mass to cal-
culate the parameter a. In practice, the total galactic virial mass can be esti-
mated by adding the baryonic mass—primarily confined to the bulge and
disk—to the virial DM mass obtained through the NFW prescription. Conse-
quently, if the parameter a derived from the rotation curve coincides with the
value of a obtained using the direct mass formula with the total mass inferred
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from the NFW formalism, the central thesis of this work is validated. The
structure of this paper is as follows: In Chapter 2, the parameter a is calculated
for the MW using rotation curve datasets from two independent authors.
Chapter 3 introduces the NFW formalism and its principal expressions. Chap-
ter 4 presents the derivation of #* from the direct mass formula using the virial
mass obtained through the NFW method. In Chapter 5, the parameter a ob-
tained through both approaches is compared for the MW using two independ-
ent datasets. Chapter 6 mirrors this analysis for the M31 galaxy, again employ-
ing two distinct datasets. Chapter 7 studies the compatibility of NFW method
with the decay law velocity in two galaxies outside the Local Group. Chapter
8 studies the equivalence of virial data obtained by the NFW method and by
the Direct mass in the framework of DMbQG theory using the data of four
galaxies selected from the SPARC project. Chapter 9 study the NGC 3521gal-
axy by a dual data set, the first from the SPARC project (2016) with a shorter
radius dominion and the second from Vijayakumar et a/ with a wider radius
dominion. The conclusion about this dual approach is that the DMbQG the-
ory is able to calculate a precise virial mass with a shorter dominion data than
the NFW method. Across these eight galaxies, inside and outside the Local
Group, the empirical results provide strong support for the central thesis of
this paper.

Keywords

Dark Matter Problem, Milky Way, M31, NGC 3521, NGC 3621, SPARC
Database, Modified Gravity

1. Introduction

Since 2014 up to 2025, I have published several papers studying DM in galactic
halos, especially in M31 and Milky Way although I have also published some pa-
pers studying other galaxies and clusters. Through those works a new and original
theory, called Dark matter by quantum gravitation theory, hereafter DMbQG, has
been developed.

The reader must have at least a general knowledge about this original theory to
understand this paper. The paper by Abarca (2024) [1] is the best work about the
DMbQG theory, so the reader may consult such paper when it is cited in this work.
In Abarca’s paper [1], there are some tests of validation of the theory using results
published for MW, for M31 and for the Local Group. On the other hand, in the paper
by Abarca (2024) [2], the theory was extended to cluster of galaxies and its theoretical
findings are tested using results published of the Virgo cluster. In a few words, the
DMDbQG theory is well developed and tested into the two previously cited papers.

In addition, in the paper by Abarca (2025) [3], it is also demonstrated that the
equivalence of the direct mass function and the total mass using the NFW DM
function mass plus the baryonic mass, but that study is more complex than the

present work.
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The novelty of this paper is that it is focused on the comparison of the param-
eter a, obtained by two different methods, and one of them involves the NFW DM
mass formula.

The purpose of this paper is to demonstrate that the NFW dark matter density
profile is consistent with the velocity decay law characterized by a radial depend-

ence of r %%

within the halo regions as a universal property for all the galaxies and
consequently the NFW DM mass function plus the baryonic function is equivalent
to the direct mass formula, which was derived within the framework of the
DMbQG theory.

Given that the NFW profile has been extensively validated over the past three
decades across thousands of galaxies, it is essential to verify whether a novel ap-
proach such as DMbQG yields a total mass function effectively indistinguishable
from the NFW predictions.

The DMbQG theory, developed in Abarca’s paper (2024) [1], postulates that
dark matter arises from an as-yet unidentified quantum gravitational phenome-
non induced by the gravitational field generated by the baryonic component of a
galaxy. A distinctive feature of this hypothesis, in contrast to the NFW paradigm,
is the assumption that the DM halo is unbounded rather than confined. The
DMbQG belongs to the category of Modified Gravity because it is postulated that
the DM arises from the gravitational field propagation so the DM is a quantum
gravitation phenomenon more properly.

At the core of the DMbQG framework lies the direct mass formula

_ar

MTOTAL(r)_ G

(1.1)

which yields the total enclosed mass within a sphere of radius r, and has been the
radius unbounded. As discussed in Chapter 8 of Abarca’s paper [1], the mass de-
pends on the parameter a, where a is the proportionality constant in the velocity
decay law v =a-r°% into the halo region for any galaxy.

These two relations, sharing the same constant a, enable dual pathways to its
determination: on the one hand, from the galactic rotation curve in the halo re-
gion; on the other, from the virial mass and radius conventionally derived through
the NFW model and using the direct mass to calculate the parameter a. In practice,
the total galactic mass may be estimated by adding the baryonic mass—primarily
confined to the bulge and disk—to the virial DM mass obtained from the NFW
prescription. This way demonstrates that the virial mass calculated using the NFW
method is consistent with a power-law decay, with an exponent of —0.25, for the
rotation curve associated with the total mass in the halo region.

In the paper by Abarca (2025) [3], a comparison is made between the direct
mass function and the NFW total mass function across a wide region of the galac-
tic halo for both the MW and M31 galaxies but in this work, in addition to MW
and M31, the thesis stated in the title of this paper is demonstrated in six galaxies
out of the Local Group because the thesis of DMbQG theory aims to explain the
DM in any galaxy.
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2. Proportionality Constant Associated with the Velocity
Decay Law in the DMbQG Theory

In the framework of DMbQG theory, into the halo region, the velocity decays ac-
cording to v= a-r°%, being the parameter a constant, whose value may be calcu-

lated by a couple of data:

a=v-r*? or a®=v* " 2.1)

It is simple to check that the dynamical mass Mpyy = V-Radius/ Gis mathemat-
ically equivalent to direct mass, Mpgecr = MroraL (< r) =a*r / G if it is as-
sumed the velocity law v = a-r°%. The direct mass formula represents the total
mass enclosed by the sphere with a specific radius, according the DMbQG theory.

The formula to calculate the parameter a comes from Abarca’s paper (2024) [1],
see epigraph 8.7 where is explained that according the DMbQG theory, into the
halo, the velocity decays according the formula V= a.r°%.

As the rotation curve data have non negligible errors and the total mass depend
on the parameter &, the parameter ais calculated for the whole dataset and after-
ward its average value. It is right to calculate the relative error of & considering

only the error associated to the velocity with the formula:
d(a*)/a® =2-dv/v (2.2)
In the epigraph 10.1 of the paper [1] it is explained why the halo begins at 30
kpc for the MW Galaxy.

2.1. Calculation of Parameter a Using the Milky Way Data by
Huang et al. [4]

Using the procedure explained before with the data of paper by Huang et al [4] it
is got in Table 1 the parameter a, which is a 3% lower than the one got by Sofue.
See Table 2.

Table 1. Parameter a using the data from Huang et al. (2016) [4] for the MW.

Velocity Radius Radius Velocity Parameter a
km/s kpc m m/s m"»/s
211.2 31.29 9.65516E+20 211200 3.7229E+10
217.93 33.73 1.04081E+21 217930 3.9143E+10
219.33 36.19 1.11671E+21 219330 4.0094E+10
213.31 38.73 1.19509E+21 213310 3.9661E+10
200.05 41.25 1.27285E+21 200050 3.7786E+10
190.15 43.93 1.35555E+21 190150 3.6486E+10
198.95 46.43 1.43269E+21 198950 3.8706E+10
192.91 48.71 1.50304E+21 192910 3.7984E+10
198.9 51.56 1.59099E+21 198900 3.9724E+10
185.88 57.03 1.75977E+21 185880 3.8071E+10
173.89 62.55 1.93011E+21 173890 3.6448E+10
196.36 69.47 2.14364E+21 196360 4.2251E+10
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Continued
175.05 79.27 2.44603E+21 175050 3.8929E+10
Average a 3.8655E+10
Average & 1.4942E+21

In this table and hereafter, the letter E means the power of 10. e.g. 1.0E+10 = 1.0-10'° and
1.5E-1=1.5-10""; Notice that the maximum of the relative difference regarding the average
& is about 5%.

The data of rotation curve, see [4], table 3 page 2633, have only velocity errors.
In average the relative error of velocity is 10% so consequently by the formula

(2.2) the relative error associated to & is 20%.

2.2. Calculation of Parameter a Using the Milky Way Data by
Sofue [5]

In Table 2 the rotation curve data (radius and velocity) have been taken from table
A2, page 15 of Sofue (2020) [5]. In the last column the parameter a is calculated
for each point of the rotation curve and finally its average value a and 2 is calcu-
lated.

Table 2. Parameter a using the Sofue (2020) data for the MW.

radius velocity radius velocity parameter a
kpc km/s m m/s m'%/s

30.448 229.60 9.40E+20 229600 4.01976E+10
33.493 222.50 1.03E+21 222500 3.98939E+10
36.842 215.00 1.14E+21 215000 3.94787E+10
40.527 207.10 1.25E+21 207100 3.89453E+10
44.579 200.30 1.38E+21 200300 3.85746E+10
49.037 194.70 1.51E+21 194700 3.84004E+10
53.941 189.80 1.66E+21 189800 3.83367E+10
59.335 186.20 1.83E+21 186200 3.85164E+10
65.268 184.70 2.01E+21 184700 3.91273E+10
71.795 183.90 2.22E+21 183900 3.98973E+10
78.975 181.40 2.44E+21 181400 4.03040E+10
86.872 175.50 2.68E+21 175500 3.99333E+10
95.560 167.70 2.95E+21 167700 3.90787E+10

Average a 3.92834E+10

Average & 1.543186E+21

Notice that the maximum of the relative difference regarding the average &* is about 5%.
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The data of rotation curve, see [5], page 15, have an average error of velocities
about 6% or bigger. The author does not give error of radius, so by the formula
(2.2) the relative error of & is bigger than 12%.

The average 2 got using the Sofue data is a 3% bigger than the one got by
Huang. See Table 1. Therefore if it is considered the experimental errors both

values of parameter & may be considered as equivalents.

3. The NFW profile for the Dark Matter

In this chapter, the most usual DM profile, which was developed by Navarro,
Frenk and White, hereafter NFW DM profile, will be explained. This DM profile
has been used widely by the scientific community to study the DM in thousands
of galaxies during last 30 years. Previously to study this DM profile, will be ex-
plained two concepts usually connected with him: Mg and Rug, also known as

virial mass and radius.

3.1. Moo and Rz or the Virial Data in the NFW Method

In the framework of NFW method, Ry is the radius of a sphere whose mean den-
sity of DM is 200 times bigger than the critic density of Universe
_3H?

Pc =

=9.2055x10"kg-m~ and 200p.=1.8411x10""kg-m~> (3.1)

T

(In this work it will be considered A = 70 km/s/Mpc).
and Mg is the DM mass enclosed by the sphere with the radius R.
Considering the spherical volume formula, it is simple to get the following re-

lations between both concepts.

3 G 'M
Ry = 100_;102 (3.2)
2p3
or M200 = M (3'3)
G
2
or @ = M (3.4)
R200 G

3.2. The DM Mass Formula into the NFW Method

The NFW profile for the DM density is defined by two parameters: the scale radius
and the characteristic density.

It is supposed a spherical symmetry and its formula it is

P 3.5
p(r) x-(1+x)2 ()

being p, a characteristic density, x = /R, a dimensionless magnitude related
with radius by Ry, which is called the scale radius.

By integration it is obtained the formula for the Dark matter enclosed by a

sphere with radius r.
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My (< r):KNFW f(x) (3.6)
being Ky =4np,R; , called the NFW characteristic mass (3.7)
and f(x)zln(1+x)—x/(1+x) (3.8)

where x= /R, being In the natural logarithm.
Two important concepts for NFW profiles are Mg and Ruo both referred to
DM only.

So My =My =Mpy (< RZOO):KNFW f(c) (3.9)
where ¢=R,, /R, (3.10)

is called the concentration parameter and R,,, =R, ¢

3.3. Calculation of Concentration Parameter ¢

—_— ’ 2
As M3200 _100H see formula (3.4) then A/Slz();) _100H ond
RZOO c RO G
4-7'5[00 Rg f(C) B 100H2
'Ry G
3
¢ __AnGp -
f(c) 100-H

That it is the equation for the concentration parameter. This equation is quite
easy to solve numerically, and it is clear that cdepend on the characteristic density
only.

With this parameter ¢ it is easily calculated M and Ry

For example, shown in Table 3 are the NFW parameters published by Sofue
[5].

Table 3. The NFW parameters for MW by Sofue (2020).

Characteristic density p, Scale radius Ry

0.787 £ 0.037 GeV-cm™ = (1.403 + 0.066)-10* kg'm™* 10.94 + 1.05 kpc

Using the characteristic density it is simple to get the equation:

S/f(c) = 2286.125 that gives the value ¢ = 16.348, and f{¢) = 1.91.

So Rypo= Ry-c=178.85 kpc.

Using (3.7) Knew= 3.4-10" Mo then using (3.9) Mg = 6.498-10"" Mo.

It is easy to check that the density of the sphere with the previous data Mg and
Ry is virtually equal to 2000, .

4. Calculation of Parameter a2 Using the Direct Mass
Formula for the MW Galaxy

In the chapter 8 of Abarca, M. (2024) [1], it was demonstrated that the direct mass

formula
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7

G

MTOTAL(< r)z (4.1)

is the most appropriate method to estimate the total mass (baryonic plus dark
matter) enclosed within a sphere of a given radius extending into the galactic halo.
The halo corresponds to the region where the density of baryonic matter becomes
negligible compared to the dark matter density. E.g. the halo of the Milky Way
extends beyond 30 kpc, while that of M31 extends beyond 40 kpc (see Abarca, M.
[1], 2024, Chapters 5 and 10).

For example M qra (< Rzoo) =a’ \/% / G gives the total mass enclosed by
the sphere with radius Rao. Notice that Mrorar(<Raeo) is bigger than M. Namely
Mirorar(<Rono) = Moo + Mpa. Where Mg, represents the baryonic mass of the gal-
axy. As it is well known, virtually all of the baryonic mass is contained in the bulge

and the galactic disc. Hereafter MroraL(<R00) will be renamed as Mago-torar-

4.1. The Parameter az Formula Depending on the Virial Radius
and the Virial Mass

Since the direct mass formula has only one parameter, knowing the total mass

associated with a specific radius is enough to calculate the parameter &
2

a” -\ Ry

So from this formula M1, (< Ry ) = it is got

2 _ G- My 101ar (4.2)

Y RZOO

In the following epigraphs the parameter & will be calculated using the data

a

provided by three authors.

4.1.1. Calculation of Parameter a? Using the Karukes Virial Data
For example, in Table 4, the virial data for MW published by Karukes et a/. (2020)
[6] are shown in Table 3, page 15 of his paper.

The first column shows the DM enclosed into the sphere with radius R and
the second one shows the total mass (DM plus baryonic) and consequently its
difference gives the total baryonic mass according this author.

Using the value Mago.torarL and Ry into the formula (4.2) it is got & = 1.54-10%
m*?/s? that it is virtually equal to the value got for this parameter in the chapter 2,
using the rotation curve data method with the data provided by Huang or Sofue.

Using Mheo-om and Ry it is right to check that the average density is virtually
2000, .

Table 4. The virial data for M.W. according Karukes et al. [6].

Mhoo-pm Mboo-ToraL Reoo Parameter &
Mo Mo kpC l'IlS/Z/S2
82672 x10" 8.95%  x10" 1937 1.54-10%

Msa = Maoo-roraL — Maoo-om = 7-10° Mo
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In Table 5, the parameter & is calculated using a different set of data pairs, see
[6] page 25. The only value to be excluded is that corresponding to 28 kpc, as it
deviates significantly from the remaining data points. This discrepancy can be at-
tributed to the fact that the galactic halo is considered to begin at approximately
30 kpc. At radii smaller than 30 kpc, the contribution of baryonic matter is non-
negligible, and therefore the direct mass estimation formula is not applicable.

The direct mass formula is so simple because its domain is the halo region,
where the baryonic matter density is negligible compared to the dark matter den-
sity.

As it is shown in Table 5, into the halo region the parameter & is virtually con-

stant.

Table 5. Total Mass and its radius according to [6].

Radius MroraL Parameter &
(kpc) (x10") Mo x10?! m>%/s?
28.33 3.04 £0.10 1.3653
45.79 4.27 £ 0.20 1.5085

74.0 5.68 £ 0.40 1.5784

119.57 7.26 = 0.60 1.5872

193.24 8.95 £ 0.90 1.54

4.1.2. Calculation of Parameter a2 Using the Sofue Virial Data

In Table 6 are collected the NFW parameters of MW from the paper [5] table 3,
page 12. The baryonic mass may be calculated from the figure 3 (for the mass of
bulge) and the table 3 for the mass of disc. Notice how different is the baryonic
mass regarding the value calculated by Karukes. See Table 4.

Table 6. NFW parameters for M.W. according to [5].

Baryonic mass of MW A = 1.8-10" Mo
Characteristic density Do Scale radius Ro
1.40-10%' kg-m™ 10.94 kpc

With the same data of Table 6, in the epigraph 3.3 was calculated the virial mass
Mhoo.om = 6.5-10" Mo and Ry = 178.85 kpc.

So adding the baryonic mass it is got Mao.toraL = Maooom + Msa = 8.3-10" Mo
and by the formula (4.2) it is calculated easily the parameter & = 1.484-10%' m>*/s%

In Table 7 are summarized the results.

Table 7. Parameter &* using the Sofue virial data.

Mboo-ToTAL Rooo Parameter 2

8.3.10! Mo 178.85 kpC 1.484-10%! m?95/s?
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4.1.3. Calculation of Parameter a? Using the Huang Virial Data

In Table 8 are the NFW parameters provided by this author and the baryonic
mass of the MW. These data have been got from table 4 at the page 2636 from
Huang et al. [4].

Table 8. The NFW parameters for M.W. according Huang (2016).

Characteristic density Do Scale radius Ro
8.196-10 kg:m™ 14.39 kpc
Baryonic mass of MW Mzga = 8.1-10 Mo

3

_ 4nGp,

f( )— TYWE =1335.50 whose
c .

The equation for the concentration factor is

solution is ¢= 13.2046 and £ ¢) =1.7240.
Therefore Ry = 13.2046-14.39 = 190.014 kpc and M = Kyew-f{¢) = 7.81-10"
Mo where Kyrw is the characteristic mass of NFW profile, Kyrw = 4.531-10" Mo.
As My is the DM enclosed by the sphere with radius Ry, to calculate the total
mass it is added the baryonic mass, so Mao.torar= (7.81+0.81)-10" Mo = 8.62-10"
Finally it is possible to calculate the parameter &* using Maoo.torar and Rago 0ob-
taining by the formula (4.2) & = 1.4949-10*' m*%/s* that it is very close to the one
got in the table 1, 2 = 1.4942-10* m>*/s>.
In Table 9 are summarized the results.

Table 9. Parameter & using the virial data by Huang et a/. (Over density 200).

Moo Mboo-TOTAL Rooo Parameter 2

7.81-10'" Mo 8.62:10'" Mo 190.014 kpc 1.4949-10* m?3/s?

In the paper [4], the authors give a different virial data because they have con-
sidered an over density = 95 times the critic density of the Universe instead 200.
In Table 10 are shown the virial data provided by the authors. See the table 4 in
the page 2636. The procedure to calculate the parameter & is the same.

Table 10. Parameter & using the virial data by Huang ef al. (Over density 95).

Rvir Myr Mur-TOTAL Parameter &

255.69 kpc 9-10" Mo 9.81-10" Mo 1.467-10%' m>5/s2

This value of the parameter a* is only 1.8% lower than the value one got by the

Huang rotation curve data, see Table 1.

5. Comparison of Parameter a2 from Rotation Curve and
Virial Data in the MW Halo

In Chapters 2 and 4, the parameter & has been calculated using two different
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methods. Specifically, in Chapter 2, & was obtained through the method directly
related to the velocity decay law in the halo region, through the formula (2.1),
whereas in Chapter 4, & was derived through the formula (4.2) using the virial
data calculated from the NFW profile and by adding the baryonic mass to the
virial dark matter mass.

In this chapter, both values will be compared, taking into account their proce-
dural errors. It will be shown that the NFW method is consistent with the velocity
decay law stated in the title of this paper, since the relative difference in 2* obtained
by the two methods is clearly smaller than the specific error associated with each
method.

A summary of the error analysis for each method is as follows:

First method: In Section 2.1, it was shown that the relative error of # due to
velocity uncertainties is about 20%. In Section 2.2, this error was reduced to about
12%, given that the velocity error is approximately 6%.

Second method: In Section 4.1.1, Table 4 shows that the relative error of the
virial total mass is about 11%, while that of the virial radius is about 4.7%. Using
these values, and applying formula (4.2), the relative error of & is about 13%.

The formula used for the relative error is: d(8*)/2* = dm/m + 1/2 - di/r.

Table 11 summarizes the different values of &’ obtained in Chapters 2 and 4.
The third column shows the relative differences between the two methods: using
Huang’s data, the relative difference is 1.8%, while with Sofue’s data, it is about
3.8%.

Table 11. Parameter &by rotation curve (R.C.) versus &* by the virial data.

Parameter &*by rotation curve Parameter #*by virial data  Relative difference
Huang’s et al. Data—a* units m>>/s?
1.4942-10*—see Table 1 1.4949-10*—see Table 9 Virtually zero
1.4942-10*—see Table 1 1.467-10*'—see Table 10 1.8%
Sofue’s data— & units m*3/s?
1.5432.10*'—see Table 2 1.484-10*'—see Table 7 3.8%
Karukes’s ef al. data— 2* units m**/s?

Rotation curve not published 1.54-10"—see Table 4

In conclusion, the relative difference in a* obtained by the two methods is much
smaller than the characteristic errors associated with each method. Therefore, it
can be stated that the NFW dark matter profile is compatible with the velocity
decay law v = a %% within the halo of the Milky Way.

6. Comparison of Parameter a? from Rotation Curve and
Virial Data in the M31 Halo

In this chapter will be demonstrated that the NFW DM profile is equivalent with

~0.25

the velocity decay law v = a-r°*into the halo region, for the M31 galaxy as well.
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As sources of data will be used the papers [7] Sofue (2015) and [8] Zhang et al
(2024) where are published two rotation curves of M31.

6.1. The M31 Data from Sofue [7]

6.1.1. Calculation of Parameter a2 Using the Rotation Curve Data of Sofue
In the chapter 2 of paper [1], it is introduced the rotation curve data published by
[7] Sofue, Y. (2015) and in the chapter 8 of paper [1] it is calculated the parameter
ausing such rotation curve. Namely & = 2.235-10 m*>?/s? is the value obtained by
the rotation curve data of M31.

Unfortunately, the author does not provide the numerical data for the rotation
curve, and the associated errors cannot be reliably inferred from the graph alone.
As a result, it is not possible to conduct an error analysis for this method when

calculating the parameter &%

6.1.2. Virial Data and Calculation of Parameter a? by the Direct Mass
Formula

In the table 2 of paper [7], it is introduced the NFW parameters shown in Table 12.

Table 12. The NFW parameters for M31 according to Sofue [7].

Characteristic density Do Scale radius R
(1.51 +0.15)-10"2 kg-m~ 34.6 + 2.1 kpc

Baryonic mass of M31 Mga = 1.6:10" Mo

Now it will be calculated the virial data by the NFW method. The equation for
¢ 4nGp,
f(e) 100-H*

the concentration factor is =246.048 whose solution is ¢ =

6.579 and f{¢) =1.1573.

Therefore Ry = 6.579-34.6 = 227.63 kpc and My = Kypw - £¢) = 1.342-10"*
Mo where Kyrw is the characteristic mass of the NFW DM profile, Kxrw =
1.16:10"* Mo.

As My is the DM enclosed by the sphere with radius Ry, to calculate the total
mass, and the baryonic mass is added, so Mao.torar = (1.34 + 0.16)-10 Mo =
1.50-10"2 Mo.

Finally, it is possible to calculate the parameter & using Ma.torar and R get-
ting the value & = 2.377-10*' m*°/s* that it is only 6% bigger than the value one got
by the Sofue rotation curve data, whose value is & = 2.235-10* m*?/s?

In this case, the error analysis is more complex because the total mass depends
on the parameter ¢, which is obtained by solving a transcendental equation in-
volving &. The characteristic density D, carries an uncertainty of approximately
10%. Consequently, the total mass must have an error significantly larger than
10%, which in turn propagates to the parameter &*. Despite this, the relative dif-
ference in & between the two methods is only 6%. Therefore, it can be concluded

that both methods are consistent, 7.e., the NFW profile is compatible with a veloc-
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ity decay law in the halo region of the form v= a.r°%

in the chapter 5 for the MW galaxy.

, mirroring what was found

6.2. Data from Zhang et al. (2024) [8]

These authors provide both the rotation curve data and the virial data, each with
known uncertainties. The error analysis in this case is somewhat lengthy and is

presented in the following sections.

6.2.1. Calculation of Parameter a? Using the Rotation Curve Data of
Zhang et al.

On page 9 of Zhang et al. [8], the rotation curve data are tabulated. In Chapter 5
of Abarca [1], it is shown that for galactocentric radii exceeding 40 kpc, the bary-
onic mass density becomes negligible in comparison to the dark matter (DM) den-
sity. Consequently, the parameter & is evaluated starting at 40 kpc. Nevertheless,
the velocity measurements at 46 kpc and 52 kpc reported by Zhang et al. [8] are
anomalously low and have therefore been excluded from the analysis.

In Table 13, the remaining rotation curve data are presented. Their corre-

sponding &* values are calculated, along with the average &

Table 13. Calculus of a* using the rotation curve of M31 data from Zhang et al. [8].

Radius Velocity Radius Velocity Param. &
kpc km/s m m/s m**/s?
54.85 196.28 1.6925E+21 196280.00 1.5850E+21
67.26 202.02 2.0754E+21 202020.00 1.8593E+21
98.74 192.59 3.0468E+21 192590.00 2.0473E+21
123.56 168.53 3.8127E+21 168530.00 1.7538E+21
Average 2 1.8113E+21

The average &* is a 19% lower than the one calculated by the Sofue rotation
curve data (epigraph 6.1.1).

Error analysis of & based on rotation curve data errors

From the formula of parameter & = v*-1°%, it is easy to calculate its relative error
d(&)/& = 2dvlv + (1/2)-drlr where dv/v is the relative error of the velocity and
drlris the relative error of radius.

In Table 14 are shown the rotation curve data and its errors provided by
Zhang et al.

Table 15 presents the rotation curve data along with their associated errors,
expressed in SI units. Table 15 also includes the relative error of parameter & for
each data point, with an average value of 43%.

Considering this relative error, the value of & obtained by Zhang (1.8-10*) is
reasonably consistent with that reported by Sofue (2.2-10*'), since their relative

difference is only 20%.
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Table 14. Rotation curve data from Zhang et al. [8].

Radius Radius error Velocity V. error
kpc kpc Km/s Km/s
52.08 1.63 182.05 38.15
54.85 1.67 196.28 38.81
67.26 14.95 202.02 40.67
98.74 17.19 192.59 42.23
123.56 11.6 168.53 41.34

Table 15. R.C. with its data errors into SI units and relative error of 22

Radius Rad. Error Velocity Vel. Error d(2%)| 2
m m m/s m/s %
1.693E+21 5.15312E+19 196280 38810 39.560771
2.075E+21 4.61312E+420 202020 40670 40.374476
3.047E+21 5.30432E+20 192590 42230 43.941868
3.813E+21 3.57941E+20 168530 41340 49.106455

Average % 43.24589

6.2.2. Calculation of Parameter a2 Using the Direct Mass Formula

In the graphic of page 8 of paper [8], it is plotted the rotation curves associated to
the disc and the bulge mass, so by a simple calculus it is got the baryonic mass of
M31, Mga = 10.5-10" Mo. In addition, in the page 11 are given the virial data as-
sociated to DM purely, see Table 16 below.

Table 16. Virial data and baryonic mass of M31 according to Zhang et al. [8].

Moo Reoo Baryonic mass

1.14 030 x10” M, 220 + 25 kpc Msa =10.5-10"° Mo

As it is shown in the virial data, Table 16, the radius error is about 11%, the up
error of mass is 45% and the low error one is 31%.

Using such data it is got Mag-rorar = 1.245-10' Mo and as in the previous epi-
graphs, the parameter & it is calculated by the equation (4.2), & = 2.006-10*
m?*?/s%. This value is only a 10% bigger regarding the value got by the rotation
curve method & = 1.8-10*' m*°/s* (see epigraph 6.2.1).

Error analysis of # based on the virial data errors

As it was shown in the chapter 5, the relative error of the parameter & got by
the formula (4.2) is d(&)/2 = dm/m + (1/2)-dr/(r) and considering the relative
error of the virial data (see Table 16) is obtained a relative error of the parameter
& shown in Table 17.
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Table 17. Relative error of parameter 2°.

Relative error Mhoo-toraL Relative Error R0 Relative Error of 2

Up error 45% 11% Up error 50%
Low error 31% ° Low error 36%

6.2.3. Equivalence of aZ Obtained by the Two Different Methods Using
the Zhang’s Data

In Table 18 are summarized the results obtained in the two previous epigraphs.

Table 18. The a* obtained by the two different methods and its errors.

& by Rotation curve & =1.8-10% Relative error 43%

& by Virial data & =2.006-10" Relative error 36%

If we consider the relative difference in the parameter & between the two re-
sults—approximately 10%—alongside its own relative uncertainties (around
40%), it is reasonable to conclude that the two results are equivalent.

Once again, the values of & obtained through the two different methods rein-
force the central thesis of this work: the NFW dark matter profile is consistent
with the velocity decay law v = ar°% in the halo region of M31, mirroring the

conclusion obtained in Chapter 5 for the Milky Way galaxy.

7. Galaxies beyond the Local Group

7.1. Selection of the Galaxies

The principal difficulty in obtaining adequate rotation curves for these galaxies
arises from their large distances. As a consequence, the velocity measurements are
affected by larger uncertainties, and the radial extent over which the rotation
curves are reliably measured is more limited.

The DMbQG framework requires only a single parameter, 4, to define the direct
mass formula. Therefore, knowledge of a single point on the rotation curve is, in
principle, sufficient to determine the value of a. However, this point must be lo-
cated at a sufficiently large radius, where most of the baryonic mass is enclosed
within the corresponding sphere.

In the work of Vijayakumar et al [9], three different rotation curves are pre-
sented, see Figure 1, in which it is possible to distinguish between the contribution
of the stellar disc and that associated with the neutral hydrogen (H I) gas. When
the gas rotation curve exhibits a declining behavior similar to that of the stellar
disc, it can be inferred that the majority of the galactic baryonic mass is enclosed
within the outer radius.

Figure 1 shows three different rotation curves, each graphic have three curves,
the total velocity traced by white dots, the velocity associated to the stellar disc
traced by the yellow line and the velocity associated to the gas HI, traced by the
green line.

It is clear that NGC 3521 is the only galaxy whose gas rotation curve associ-
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ated to the gas displays a “Keplerian-like” decline at the largest radii. Conse-
quently, it is the only rotation curve from which data can be reliably extracted
to determine the parameter a within the framework of the DMbQG theory be-

cause it is assumed that the majority of the baryonic mass is enclosed within the

outer radius.
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Figure 1. Three different rotation curves clipped from paper by Vijayakumar

etal. [9].

7.2. The NGC 3521 Galaxy

In this section, the NFW method is compared with the Direct Mass approach. It
is ultimately concluded that both methods are equivalent when the range of meas-

urement uncertainties associated with the rotation curve point at 40 kpc is taken

into account.

The data, see Table 19, and Figure 2 of NGC 3521 comes from Vijayakumar et

al [9].
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Table 19. NFW parameters for the NGC 3521 galaxy.

Characteristic density Scale of radius

Dy =10"2° Mo/pc® = 2.14-10"* kg/m? Rs=23 kpc

Figure 2 shows the merged rotation curves and the joint stellar (in yellow)-gas
(in green)-dark matter fitting results (in magenta), with the stellar component re-

scaled according to the maximal disk assumption.

2501
200

» 150
=100
50

s

V [km

0 5 10 15 20 25 30 35 40
R [kpc]
NGC 352 (scaled data and joint rotation curve fit)

Figure 2. R.C. of NGC 3521 galaxy clipped from paper [9].

Baryonic mass calculus

In the table 1 of Vijayakumar et al [9], the authors inform about the stellar mass
of NGC 3521 M- = 10" Mo. In addition they inform that its distance is 13.2 Mpc.

As the green line in the graphic represents the rotation curve associated to the
gas and at the 40 kpc its slope is similar to the keplerian rotation curve associated
to the stars, the yellow line, then it is possible to estimate the total mass of the gas
by the dynamical mass formula.

At 40 kpc the estimated velocity of the gas is 61.7 km/s so the Mgas = 3.5-10'° M
o and consequently the estimated total baryonic mass for NGC 3521 is Mpa =

1.35-10" Mo
Virial data calculus by the NFW method
e’ 4nGp,
By the equation =——"0 =349 bein =In(l+c)-c/(1+¢) it
ythe squaton, <~ 4400 g /(e)=tn(1+)-cf(1+¢)

is possible to calculate the concentration parameter c.

So the equation ¢/ ¢) = 349 that solved numerically gives the solution c=7.626
and consequently Ry = c¢Rs = 175.4 kpc; Vi =10-H-Ryo = 122.8 km/s and
M,y =V - Ry /G =6.1x10" M, . Adding the baryonic mass it is obtained the
value Msgo-toraL = 7.45:10'" Mo enclosed within the virial radius Ry = 175.4 kpc

Comparison Virial total mass by NFW versus Direct mass for NGC 3521

By Figure 2, it is estimated the velocity of rotation curve for the total mass at
40 kpc equal to 168.9 km/s and by the formula & = V2R it is obtained the value
& = 1-10* m*?/s* in the framework of DMbQG theory.
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Through the direct mass, formula (4.1) it is calculated the total mass associated
to the radius Ry = 175.4 kpc obtaining the value Mprecr (<R00) = 5.54-10" Mo
Table 20 compares the virial total mass by the NFW method and the Direct

mass.

Table 20. Comparison Virial total mass by NFW versus Direct mass.

NFW R0 = 175.4 kpc Mboo-torar = 7.45E11 Mo Rel. diff. of the
& = 1E21 m®*?%/s? Mbrect (<Ro) = 5.54E11 Mo masses 25%

This relative difference between the virial total masses is compatible with the
thesis of this work because this galaxy is quite far away and the measures of rota-
tion curve have high errors. The reader can check how big the error bars are in
Figure 2, especially the ones associated to radius bigger than 35 kpc.

Therefore one more time this result backs the thesis of this work 7.e. the NFW
method is compatible with a decaying velocity into the halo region according the
law v = av**, which is the central hypothesis of DMbQG theory for the NGC
3521 galaxy.

Calculus of the Rypo-torar and the Moo toraL in the framework of DMbQG

In the paper by Abarca, M. [3], the formulas are derived:

12/
a?

G-(10-#)”

2
a

200-TOTAL — W

2/5
and R, roraL :{ } (see the formulas 3.3

and 3.4) so knowing the parameter &* it is right to calculate such galactic parame-
ters. See Table 21.

Table 21. Virial data for NGC 3521 galaxy by the parameter 2*.

parameter & = 1.10?' m*?/s?

Ro-toraL = 168.29 kpc  Mhoo-torar = 5.4267-10" Mo

7.3. The NGC 3621 Galaxy

In the paper of Sorgho et al [10] there are published two rotation curves where it
is discriminated the rotation curves associated to the stellar disc and the gas. It has
been selected NGC 3621 because its distance is only 6.6 Mpc whereas the other
one is 13.6 Mpc far away. Obviously, the more near the more trustable the
measures are.

The data of Table 22 and Figure 3 of NGC 3621 comes from Sorgho, A. et al [10].

Table 22. NFW parameters for the galaxy NGC 3621 [10].

Mass-to-light ratio Virial radius Concentration factor Chi-square

Y, =05 Ry, =162.7+4.0 kpc c=53+05 Py =24

Baryonic mass calculus

As the green line in the graphic represents the rotation curve associated to the
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gas and at the 47 kpc its slope is similar to the keplerian rotation curve associated
to the stars disk, the blue line, then it is possible to estimate the total mass of the

gas by the dynamical mass formula.

r (arcmin)

0 5 10 15 20 25
NFW model ' T T
160 F ¢ =29+05 N3621
rop0 = 94.6 4.0 { {
140 {
120 +
— . observed
<100 | — gus
2 — disk
| —— DM halo
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0 10 2 30 40 50
r (kpe)

Figure 3. Rotation curve of NGC 3621 galaxy.

At 47 kpc the estimated velocity of the gas is 30.8 km/s so the Mgas = 1-10"° Mo.

At 47 kpc the estimated velocity of the stars curve is 40 km/s so M- = 1.75-10"°
Mo and consequently the total baryonic mass for NGC 3621 is Mz = 2.75-10"°
Mo.

Virial data calculus by the NFW method

As Ry = 162.7 kpc and Vi =10-H-Rypo = 113.9 km/s then Mg = 4.9-10" Mo
Adding the baryonic mass it is obtained the value Moo.toraL = 5.17-10" Mo en-
closed within the virial radius R0 = 162.7 kpc.

Comparison Virial total mass by NFW versus Direct mass for NGC 3621

As at the maximum radius, 47 kpc, the rotation curves of stars and the gas are
keplerian, then may be considered that the majority of baryonic mass is enclosed
within the radius 47 kpc and therefore it is possible to calculate the parameter &
using the point of the rotation curve at 47 kpc.

By Figure 3 it is estimated the velocity of rotation curve at 47 kpc equal to 154
km/s and by the formula & = R V* it is obtained the value &* = 9-10%° m*?/s?

Through the direct mass, formula (4.1) it is calculated the total mass associated
to the radius Ryo = 162.7 kpc obtaining the value Mprecr (<Re00) = 4.8-10" Mo

Table 23 compares the virial total mass by the NFW method and the Direct

mass.

Table 23. Comparison Virial total mass by NFW versus Direct mass.

NFW R0 = 162.7 kpc Mhoo-torar = 5.17E11 Mo Relative diff. of the
Parameter 2> = 9E20 m*?/s? Mprecr (< Raoo) = 4.8E11 Mo masses 7%
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Therefore one more time this result backs the thesis of this work 7e the NFW
method is compatible with a decaying velocity into the halo region according the
law v = a-v"*%, which is the central hypothesis of DMbQG theory for the NGC
3621 galaxy.

Relation formula between the NFW parameters and the parameter a in NGC
3621

In the epigraph (7.3) of the paper by Abarca, M. [3], it is shown that
a* =2nGp,-R)* isavery good relation between the parameters of NFW method
and the parameter & for the MW and M31 galaxies.

Here it will be shown that this relation is quite close for the galaxy NGC 3621
as well.

Through the data R = 162.7 kpc and ¢ = 5.3 it was calculated R, = 30.7 kpc
and M = 4.9-10" Mo and using these data, through the formula of virial mass
Myp9.0m = My (< Rzoo) = Kyrw f(c) being Kypy =41p,R; and
f(€)=0.99928 it is possible to calculate p, =9.13x10 ™ kg/m" .

So the expression 2-1-G-p,-R;° =1.057x10*' m**-s™ and this value is quite

close to the parameter & = 9-10%° m>?

/s* obtained in the previous paragraph.
Namely the relative difference is below 15%.

In conclusion, it can be stated that for these galaxies far from the Local Group,
the virial mass calculated using the NFW method is consistent with a power-law
decay, with an exponent of —0.25, for the rotation curve associated with the total

mass in the halo region of these galaxies.

8. Testing the Direct Mass by the SPARC Data File of
Galaxies

SPARC (Spitzer Photometry & Accurate Rotation Curves) is a database compris-
ing 175 late-type galaxies, developed by the core team of Federico Lelli, Stacy
McGaugh, and James Schombert [11]. The official SPARC repository can be ac-
cessed at https://astroweb.cwru.edu/SPARC/.

From this extensive dataset, four galaxies were selected: NGC 0300, NGC 2403,
NGC 2903, and NGC 6503. These specific galaxies were chosen because they all

exhibit a negligible amount of gas at the edge of their radial domain. Furthermore,

these galaxies are located not far away to the Local Group, thereby minimizing
observational uncertainties.

In Figure 4 and Figure 5, obtained from the SPARC project, the convention for
the rotation curves remains consistent: observed rotation curves are represented
by black dots, while velocity contributions from gas, stars, and total baryons are
indicated by green dotted, red dashed, and blue solid lines, respectively.

If the blue solid line (total baryons) exhibits a decaying profile similar to that of
the stars (red dashed line), it can be concluded that the majority of the baryonic
mass is contained within the considered domain. Consequently, this allows for the
calculation of the parameter a using the final data point of the rotation curve.

In Table 24 there are written down the final points of the blue lines to calculate

the baryonic mass of the galaxies.

DOI: 10.4236/jhepgc.2026.122060

1182 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2026.122060
https://astroweb.cwru.edu/SPARC/

M. Abarca Hernandez

_NGC0300 (Q = 2)

—
o
5}

17.5
18.0
18.5
19.00

19.5¢

Surface Brightness (mag-arcsec™2)

1:2 QHM}HH{'

40}

Rotation Velocity (km-s™)

20¢

0 2 g 6 8 10 12
Radius (kpc)

NGC 0300 Distance = 2 mpc

NGC2403 (Q = 1)

17

18¢

® -

19;

Surface Brightness (mag-arcsec?)

140
120

100¢

Rotation Velocity (km-s™!)

0 5 10 15 20
Radius (kpc)

NGC 2403  Distance = 3.16 mpc

DOI: 10.4236/jhepgc.2026.122060 1183 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2026.122060

M. Abarca Hernandez

NGC2903 (Q = 1)

14

16

18¢

20r

22t

Surface Brightness (mag-arcsec?)

7 200

0

€

<

> 1500

G

S

2 100l

C

°

©

£ 50|

o
O " L L L
0 5 10 15 20 25

Radius (kpc)

NGC 2903  Distance = 6.6 mpc

NGC6503 (Q = 1)

16

18}

20¢

22¢

Surface Brightness (mag-arcsec?)

-
N
=

,_.
o
=

©
(=)

60}

40}

Rotation Velocity (km-s™')

20

0 5 10 15 20 25
Radius (kpc)
NGC 6503 Distance = 6.26 mpc

Figure 4. Rotation curves of the NGC 0300-NGC 2403-NGC 2903-
NGC 6503.
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Table 24. Baryonic masses of the galaxies.

Final Radius Final Velocity Baryonic mass
Galaxies kpc Km/s Mo
NGC 0300 11.7 33 3E9
NGC 2403 21 51 1.27E10
NGC 2903 25 89.4 4.64E10
NGC 6503 23.6 42.75 1E10

Taking the last black dot of the observational curves it is possible to calculate
the parameter & in the framework of DMbQG by the formula & = 12-R*. See
Table 25.

Table 26 presents the following parameters: the second column lists the halo
mass obtained via the NFW method, as extracted from the “Dark Matter Halos”
section of the SPARC database (see link: WP50_M200). The third column pro-
vides the Ry radius, calculated according to Equation (3.2). Finally, the fourth
column shows the total mass enclosed within the R radius, which is determined
by adding the baryonic mass (detailed in Table 24) to the aforementioned halo

mass.

Table 25. Parameter &* of the galaxies.

Galaxy Final radius Final velocity Parameter &
kpc Km/s m?*3/s?
NGC 0300 11.7 92.8+12 1.64E20
NGC 2403 21 132.8+3 4.49E20
NGC 2903 25 178.9+8 8.89E20
NGC 6503 23.6 114.5£10 3.54E20

Table 26. Dark matter halo masses and total mass of the halos Rxo.

Mo Mo Rao  kpc NEW AMaoo-totaL
NGC 0300 1.288E11 104.19 1.32E11 Mo
NGC2403 2.51E11 130.15 2.64E11 Mo
NGC2903 4.36E11 156.45 4.8E11 Mo
NGC6503 1.74E11 115.18 1.84E11 Mo

In Table 27, the third column shows the direct mass calculated at Ry and the
last column shows the relative difference between the NFW Mo torar and the Di-

rect mass.
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Table 27. Comparison NFW Total mass halo versus Direct mass.

. Relative
R0 kpe Direct mass NFEW Maoo-toTaL .
difference
NGC 0300 104.19 7E10 Mo 1.32E11 Mo 47%
NGC2403 130.15 2.14E11 Mo 2.64E11 Mo 19%
NGC2903 156.45 4.65E11 Mo 4.8E11 Mo 3%
NGC6503 115.18 1.59E11 Mo 1.84E11 Mo 13.6%

Discussion

While three of the studied galaxies exhibit relative differences between the Mp..
rect (<Reoo) and the NFW Mago.rorar which are below 20%, the NGC 0300 galaxy
shows an excessive discrepancy. A relative difference of 47% is too significant to
consider the virial mass by the Direct Mass equivalent to the one by the NFW
method (Mag-rorar). Consequently, an analysis of observational uncertainties was
conducted, focusing specifically on NGC 0300.

Given the relation & = V2R3, and neglecting the error in radius, the relative
error in &* can be expressed as: d(&)/a& = 2-dviv.

For the galaxy NGC 0300, this yields d(a*)/a* = 0.26 (refer to the velocity errors
in Table 25). Similarly, the error propagation for the Direct Mass results to be
d(Mprecr)! Moirecr = d(&)/ 2%, assuming the radial error is negligible.

Thus, for NGC 0300, dMbpirect = 0.26- Mbrecr, resulting in an absolute error of
dMbprecr = 1.8-10"° Mo

Table 28 lists the Direct Mass values including these uncertainties, but even
when considering the upper bound of the Direct Mass, the relative difference with
Mhoo-torar (by NFW method) remains at 33%, which is still considerably high.

Table 28. Comparison Total mass halo masses versus Direct mass.

R0 kpe Direct mass Mboo-ToTAL Rel. Difference
NGC 0300 104.19 7 £ 1.8E10 Mo 1.32E11 Mo 47%
Upper mass error (7 + 1.8)E10 = 8.8E10 1.32E11 33%

The ultimate solution to the apparent incompatibility of Direct mass and NFW
total mass for the NGC 0300 galaxy may be understood with the case studied in
the chapter 9.

9. Comparison NGC 3521 SPARC Data vs Data from
Vijayakumar et al. [9]

In the epigraph 7.1 is studied this galaxy using the paper of Vijayakumar V. et al
[9]. Fortunately this galaxy was also studied in the SPARC project and both data

set may be compared with useful conclusions.
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Visiting the official site of SPARC, in the epigraph Figures and Videos, by the
link of Mass Models for 175 SPARC LTGs, it is possible to download all the rota-
tion curves studied by the SPARC project. Namely Figure 5 shows the rotation
curve (R.C.) of NGC 3521 whose dominion expands only up to 17.5 kpc whereas
the R.C. studied by Vijayakumar expand up to 40 kpc. See in the chapter 7 Figure
2 and how the R.C. decreases notably from 20 kpc up to 40 kpc.

In the epigraph 7.1 it is calculated the M by the NFW using the data provided
by Vijayakumar ef al [9] and its result is Mo = 6.1-10"" Mo which may be com-
pared with the halo mass extracted from the SPARC data base, namely in the sec-
tion Dark matter halos, the link: WP50_M200 where for this galaxy the virial mass
is Mhoo = 2.6 -10" Mo i.e more than four times bigger. See in Table 29 the both

values for the virial mass.

Table 29. NGC 3521 virial masses SPARC data Vs Vijayakumar data using the framework
NFW.

Moo = 6.1-10" Mo from the Vijayakumar data. See epigraph 7.1

Mboo = 2.6-10'2 Mo from the SPARC data base. See the link: WP50_M200

NGC3521 (Q = 1)
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Figure 5. Rotation curve of NGC 3521 from the SPARC project.

In conclusion, using the data published by Vijayakumar, the halo mass calculated
by the NFW method is four times lower (green value) than the same halo mass cal-

culated in the SPARC project (red value) because in the former the dominion ex-
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pand up to 40 kpc whereas in the later, the dominion expand only up to 17.5 kpc.
Calculus of the NGC 3521 Virial data in the framework of DMbQG theory
Surprisingly the virial data calculated by the parameter & using the two rotation
curves (Vijayakumar Vs SPARC) with a dominion so different are virtually equals
as it will be shown in the following paragraphs.
In Table 30, there are written down the final point of R.C. of NGC 3521 (Figure
5) taken from the SPARC project and it is calculated the parameter 2.

Table 30. Parameter & from SPARC data of NGC 3521.

Final radius 17.74 kpc Final velocity 206 km/s
& = 9.93E20 m*3/s?

Table 31 shows the Ryo.torar and Mag.torar calculated by its formulas in the
framework of DMbQG theory, like it was made at the end of epigraph 7.1, see
Table 21.

Table 31. NGC 3521 Virial radius and mass by parameter a* from SPARC data.

Virial radius Virial velocity Virial total mass

Rroo-Torar = 167.80 kpc Vaoo-toraL = 117.4 km/s Mboo-torar = 5.38E11 Mo

By the other side, at the end of the epigraph 7.1 were calculated the virial data
for the NGC 3521 in the framework of DMbQG theory but using the Vijayakumar
data.

In Table 32 are written down such parameters by the two different data set and

the results are virtually equals.

Table 32. NGC 3521 Virial radius and mass SPARC data Vs Vijayakumar data. Using the
framework of DMbQG theory.

From the SPARC data-See Table 31 From the Vijayakumar data-See Table 21
Parameter & = 9.93E20 m*°/s? Parameter & = 1.0E21 m°?/s?
Rro-Torar = 167.80 kpc Rroo-Torar = 168.29 kpc
Mhoo-torar = 5.38E11 Mo Mhoo-toraL = 5.4267E11 Mo

It is important to compare the results obtained in Table 29 with Table 32 be-
cause the contrast is impressive. In the former table the relative difference is 400%
whereas in Table 32 the virial masses are virtually equals, see the data in green. In
addition, notice how the result of A% published by Vijayakumar using the NFW
method is very similar, only 10% bigger, (see data from the Vijayakumar in Table
29) to the results of the virial total mass shown in Table 32.

The reason to explain all these facts is that the NFW method gives results sim-
ilar to the framework of DMbQG theory when the rotation curve data is very wide.

For example for the NGC 3521 galaxy the NFW method works well when the
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data radius expand up to 40 kpc but its calculus of My is four times bigger when
it is calculated using a set of data radius up to 17 kpc, see in Table 29 the data
from the SPARC data base. However in the framework of DMbQG theory the
parameter & is virtually the same calculated at 17 kpc or calculated at 40 kpc and
consequently the virial data are virtually the same as well.

These results obtained are very useful to explain the reason why for the galaxy
NGC 0300, the relative difference of the virial mass obtained by the Direct mass
and by the NFW method is 47%, because the radius dominion for NGC 0300 ex-
pands only up to 12 kpc whereas for the others three galaxies studied in the chap-
ter 8 its dominion expand beyond the 20 kpc.

In other words, the wider is the radius dominion of data; the better is the match-
ing of the virial radius and mass using the direct mass and the NFW method.

Another important conclusion is obtained from this analysis: A precise calculus
of the virial radius and mass may be done using a shorter rotation curve through
the parameter aand the DMbQG theory, the only condition needed is a dominion
enough wide to enclose the majority of the baryonic mass.

In conclusion, also for the galaxies selected from the SPARC data set has been
demonstrated that the virial mass calculated using the NFW method is consistent
with a power-law decay, with an exponent of —0.25, for the rotation curve associ-
ated with the total mass in the halo region of these galaxies.

Once again, these galaxies serve as a validation test for the DMbQG theory.

10. Concluding Remarks

In this study, the parameter a is determined through a double-calculation proce-
dure, employing published datasets for the MW provided by two independent au-
thors, and two distinct datasets for M31 contributed by two additional authors.
Across these four independent comparisons, the empirical results strongly sup-
port the central thesis of this work.

For the Milky Way, the agreement is particularly remarkable. The relative dis-
crepancy in parameter a amounts to only 1.8% when compared with the results of
Huang et al (2016) [4], and 3.8% relative to Sofue (2020) [5], despite the intrinsic
uncertainty in the calculation of & being on the order of 20% or greater.

Similarly, the M31 analysis exhibits very good consistency. The relative devia-
tion in & is 6% when benchmarked against the Sofue dataset and 10% with respect
to the Zhang dataset. These discrepancies are at least three times smaller than the
intrinsic uncertainty associated with the determination of & Further details on
the error analysis are provided in Chapters 5 and 6.

As the NFW profile is a reliable method validated in thousands of galaxies, es-
tablishing the equivalence between the total mass obtained from the NFW dark
matter mass formula plus the baryonic contribution and the direct mass, derived
from the double-method test, is crucial for validating the DMbQG theory. This is
particularly relevant because the Milky Way (MW) and Andromeda (M31) are the

only galaxies for which the rotation curve can be measured across an extended
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region of their halos.

Despite the difficulty of obtaining reliable and accurate rotation curves for gal-
axies located far beyond the Local Group, Chapter 7 presents two examples that
constitute successful tests of the DMbQG theory. Specifically, these examples cor-
respond to the galaxies NGC 3521 and NGC 3621, located at distances of 13.2 Mpc
and 6.6 Mpc, respectively.

Chapter 8 compares the virial data obtained via the NFW method versus the
DMDbQG theory across four galaxies: NGC 0300, NGC 2403, NGC 2903, and NGC
6503. Utilizing data from the SPARC project, these comparisons represent a sig-
nificant milestone for the present thesis. The results regarding the NGC 0300 gal-
axy are particularly noteworthy, as the relative difference in virial mass between
the NFW method and the Direct Mass approach reached 47%. This substantial
discrepancy is further analyzed and justified in the subsequent chapter.

Chapter 9 demonstrates that the NFW method and the DMbQG theory yield
equivalent virial data only when the radial domain of the data is sufficiently broad.
In this chapter, the NGC 3521 galaxy is analyzed using a dual data source: from
SPARC project and from Vijayakumar et al’s paper [9]. The latter work has a
wider dominion than the former one (SPARC) and its virial mass is four times
lower than published by the SPARC project.

When it is studied the virial mass in the framework of DMbQG theory, using
the rotation curve supplied by the SPARC project, its value matches with the result
published by the paper of Vijayakumar et al [9].

In other words, the DMbQG theory is capable of calculating precise virial mass
and radius using a shorter rotation curve, provided that the baryonic mass is neg-
ligible at the edge of the radial domain.

Once again, the DMbQG theory has successfully passed new tests, complement-
ing the results previously reported in [1] Abarca, M. (2024), [2] Abarca, M. (2024)
and [3] Abarca, M. (2025). The remaining challenge is to ensure broader dissem-
ination of the theory within the scientific community, thereby enabling its evalu-

ation in other galaxies and clusters.

Conflicts of Interest

The author declares no conflicts of interest regarding the publication of this paper.

References

[1] Abarca, M. (2024) A Dark Matter Theory by Quantum Gravitation for Galaxies and
Clusters. Journal of High Energy Physics, Gravitation and Cosmology; 10, 1749-1784.
https://doi.org/10.4236/jhepgc.2024.104100

[2] Abarca, M. (2024) Solving the Conundrum of Dark Matter and Dark Energy in Gal-
axy Clusters. Journal of High Energy Physics, Gravitation and Cosmology; 10, 1785-
1805. https://doi.org/10.4236/jhepgc.2024.104101

[3] Abarca, M. (2025) Equivalence between Direct Mass and NFW-Total Mass Formula
in MW and M31 Galaxies. Journal of High Energy Physics, Gravitation and Cosmol-

ogy, 11, 1152-1179. https://doi.org/10.4236/jhepgc.2025.113073

DOI: 10.4236/jhepgc.2026.122060

1190 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2026.122060
https://doi.org/10.4236/jhepgc.2024.104100
https://doi.org/10.4236/jhepgc.2024.104101
https://doi.org/10.4236/jhepgc.2025.113073

M. Abarca Hernandez

(4]

(5]

(6]

(7]

(8]

(9]

(10]

(11]

Huang, Y., Liu, X., Yuan, H.,, Xiang, M., Zhang, H., Chen, B., et al (2016) The Milky
Way’s Rotation Curve Out to 100 Kpc and Its Constraint on the Galactic Mass Dis-
tribution. Monthly Notices of the Royal Astronomical Society, 463, 2623-2639.
https://doi.org/10.1093/mnras/stw2096

Sofue, Y. (2020) Rotation Curve of the Milky Way and the Dark Matter Density. Ga/-
axies, 8, Article 37. https://doi.org/10.3390/galaxies8020037

Karukes, E.V., Benito, M., Iocco, F., Trotta, R. and Geringer-Sameth, A. (2020) A
Robust Estimate of the Milky Way Mass from Rotation Curve Data. Journal of Cos-
mology and Astroparticle Physics, 2020, Article 033.
https://doi.org/10.1088/1475-7516/2020/05/033

Sofue, Y. (2015) Dark Halos of M 31 and the Milky Way. Publications of the Astro-
nomical Society of Japan, 67, Article No. 75. https://doi.org/10.1093/pasj/psv042

Zhang, X., Chen, B., Chen, P., Sun, J. and Tian, Z. (2024) The Rotation Curve and
Mass Distribution of M31. Monthly Notices of the Royal Astronomical Society, 528,
2653-2666. https://doi.org/10.1093/mnras/stae025

Vijayakumar, V., Sun J., Ostriker, E.C., Di Teodoro, E.M., Haubner, K., Kim, C,, et
al. (2025) Modeling the Mass Distribution and Gravitational Potential of Nearby Disk
Galaxies: Implications for the Interstellar Medium Dynamical Equilibrium. The As-
trophysical Journal, 989, Article 66. https://doi.org/10.3847/1538-4357/ade800

Sorgho, A., Carignan, C., Pisano, D.]., Oosterloo, T., de Blok, W.]J.G., Korsaga, M., et
al. (2019) Early Observations of the MHONGOOSE Galaxies: Getting Ready for
Meerkat. Monthly Notices of the Royal Astronomical Society, 482, 1248-1269.
https://doi.org/10.1093/mnras/sty2785

Lelli, F., McGaugh, S.S. and Schombert, ].M. (2016) Sparc: Mass Models For 175 Disk
Galaxies with Spitzer Photometry and Accurate Rotation Curves. The Astronomical
Journal, 152, Article ID: 157. https://doi.org/10.3847/0004-6256/152/6/157

DOI: 10.4236/jhepgc.2026.122060

1191 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2026.122060
https://doi.org/10.1093/mnras/stw2096
https://doi.org/10.3390/galaxies8020037
https://doi.org/10.1088/1475-7516/2020/05/033
https://doi.org/10.1093/pasj/psv042
https://doi.org/10.1093/mnras/stae025
https://doi.org/10.3847/1538-4357/ade800
https://doi.org/10.1093/mnras/sty2785
https://doi.org/10.3847/0004-6256/152/6/157

	The NFW DM Profile Is Compatible with the Decay Law of Velocity with −0.25 as Power of Radius within the Halo
	Abstract
	Keywords
	1. Introduction
	2. Proportionality Constant Associated with the Velocity Decay Law in the DMbQG Theory
	2.1. Calculation of Parameter a Using the Milky Way Data by Huang et al. [4]
	2.2. Calculation of Parameter a Using the Milky Way Data by Sofue [5]

	3. The NFW profile for the Dark Matter
	3.1. M200 and R200 or the Virial Data in the NFW Method
	3.2. The DM Mass Formula into the NFW Method
	3.3. Calculation of Concentration Parameter c

	4. Calculation of Parameter a2 Using the Direct Mass Formula for the MW Galaxy
	4.1. The Parameter a2 Formula Depending on the Virial Radius and the Virial Mass
	4.1.1. Calculation of Parameter a2 Using the Karukes Virial Data
	4.1.2. Calculation of Parameter a2 Using the Sofue Virial Data
	4.1.3. Calculation of Parameter a2 Using the Huang Virial Data


	5. Comparison of Parameter a2 from Rotation Curve and Virial Data in the MW Halo
	6. Comparison of Parameter a2 from Rotation Curve and Virial Data in the M31 Halo
	6.1. The M31 Data from Sofue [7]
	6.1.1. Calculation of Parameter a2 Using the Rotation Curve Data of Sofue
	6.1.2. Virial Data and Calculation of Parameter a2 by the Direct Mass Formula

	6.2. Data from Zhang et al. (2024) [8]
	6.2.1. Calculation of Parameter a2 Using the Rotation Curve Data of Zhang et al.
	6.2.2. Calculation of Parameter a2 Using the Direct Mass Formula
	6.2.3. Equivalence of a2 Obtained by the Two Different Methods Using the Zhang’s Data


	7. Galaxies beyond the Local Group
	7.1. Selection of the Galaxies
	7.2. The NGC 3521 Galaxy
	7.3. The NGC 3621 Galaxy

	8. Testing the Direct Mass by the SPARC Data File of Galaxies
	9. Comparison NGC 3521 SPARC Data vs Data from Vijayakumar et al. [9]
	10. Concluding Remarks
	Conflicts of Interest
	References

