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Abstract 
In this paper, the formation criteria of nonstationary pseudoperiodic struc-
tures in a cosmological system of gravitating particles are demonstrated. These 
criteria are based on the properies of solutions of the system of Vlasov-Poisson 
equations. Furthermore, the properties of solutions of the linearized integral 
equation for the generalized gravitational potential, leading to the emergence 
of coherent structures of the quasi-equilibrium type in stationary systems of 
massive particles, are investigated. 
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1. Introduction 

Description of the genesis of cosmological structures of the wall type and pseudo-
1D threads that form the so-called “cosmic web” is currently a highly debated topic 
among research groups around the world. The prevailing concepts in the analysis 
of complex issues related to evolution distribution of the scales of galaxies and 
clusters, Currently, the identification of statistical patterns in sets of observations 
data and attempts at a rational explanation phenomenological approximations of 
these patterns. At the same time, the study of the mechanism realization of pseudo-
ordering on cosmological scales recognized by default unpromising (primarily 
due to the lack of verified observational material). The generally accepted assump-
tions here are the results of hydrodynamic and kinetic modeling in the presence 
of a significant number of model assumptions relative to the initial data, physical 
assumptions regarding the influence of dark energy, dark matter (scalar fields, 
presence of exotic particles, etc.). 
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To a large extent the starting point for calculations (in particular, for the flat 
metric space-time close to the modern era) are the intermediate and final stages 
of model Jeans instability, that is, the collapse of the existing structure primary 
object with a known distribution of elementary substructures in phase space (or, 
for a hydrodynamic description, with known set of macroparameters and velocity 
field) [1]. Obviously, in this case, there is considerable arbitrariness in setting ad-
ditional conditions, which can lead to significantly different results; the only cri-
terion the truth of the modeling, it seems, can only be served by obtaining a phys-
ical picture, coinciding with real modern observations (which explains it) special, 
even excessive, attention to the analysis of distribution statistics). However, based 
on last requirement, we cannot free ourselves from the influence of a whole set of 
factors with a fundamentally nonlinear level of influence in the initial-boundary 
statement tasks that lead to the currently observed set of galaxy distributions. Thus, 
we cannot fix it based on the facts stationary picture of modern observation eras, 
specific additional conditions for mathematical modeling problems cosmic web 
immediately after the end of the inflationary era (and, naturally, in earlier period); 
this limitation is aggravated introduction into consideration random local pertur-
bations of the parameters of the astrophysical environment with an additional 
nonlinear interaction of modes (and this interaction should lead to anisotropic 
self-ordering in the dynamics of the environment on scales significantly exceeding 
the scale of fluctuations). 

The author believes that a special role in the study of the structure and evolution 
of cosmological structures must acquire approaches, based on the deterministi-
cally determined emergence of large-scale structures (coherent in the sense of hav-
ing translational invariance of substructures in the structure itself, or when com-
pared to similar ones existing nearby) in a cosmological background. That is, “self-
assembly” such structures as a result of interaction small-scale disturbances, cre-
ating the “order from chaos” (according to the scenario of the formation of “pan-
cakes” by Ya.B. Zeldovich) [2] seems unlikely, and the main ongoing process of 
structural genesis are the primary formation of a large structure with its further 
evolution in the form of a transition between states of relative equilibrium (which 
correspond to the extrema of the entropy of the system with an adiabatic change 
in its other thermodynamic or topological parameters [3] [4]); system can be 
multi-connected, exactly like the observed “cosmic web”. In this paper, the author 
demonstrate the possibility of natural construction of models cosmological struc-
tures based on a qualitative analysis of the properties of solutions of the equations 
of the Vlasov-Poisson system taking into account the modification of the form of 
the gravitational potential, with the inclusion of an additional member, including 
cosmological parameters. The possibility of the emergence of multi-connected 
structure for a flat system gravitating substructures, shown the difference between 
the kinetic calculation and the hydrodynamic one for the generalized Jeans decay, 
using methods of bifurcation theory solutions of integral equations the possibility 
of the appearance of secondary structures between nodes has been demonstrated 
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“cosmic web”. 

2. The Vlasov-Poisson System of Equations with a Modified 
Gravitational Interaction 

The Vlasov-Poisson system of equations for describing the dynamics of a multi-
particle system (taking into account the Friedmann expansion of the Universe) in 
d -dimensional ( 2,3d = ) particles of equal masses m  in accordance with the 
source-like representation of the self-consistent gravitational field proposed in the 
works [5] [6] is written in the following form: 

 ( ) ( ) ( ), ,
div 0,

F t FF F
t

∂ ∂
+ − ∇ Φ =

∂ ∂x x
x v

v
v

 (1) 

( ) ( ) ( )*, , d d ,dF Y F t
ω ω′ ′

′ ′ ′ ′ ′Φ ≡ −∫ ∫
x v

x x x v x v  

where ( ) ( ) ( ) ( ) ( )1 2 32~d d d dY r Y r Y r Y+ ⋅ +  (this form corresponds to the simultane-
ous attraction and repulsion between particles); ( ) ( ) ( )1 2

1 ‍loc
dY r L C ω∈   is an in-

tegrable (and twice differentiable) function in some bounded domain  
d

dω ω= ⊂x  , ( )2 1
dY ∈ —constant. It can be shown that for an arbitrary finite 

instant of time 1
*t +∈  has place modified Poisson equation: 

 ( ) ( ) ( ) ( )1

2

1,

2 ,
2

d
d

dt t t
F C

d
γ ρ

∗ ∗ += ∀ ∈

π
∆ Φ = −

Γx x


 (2) 

( ) ( ) 2
* 3 1~ , , d , .m F t C cρ γ γ≡ = Λ∫x x v v  

Equation (2) takes the form of the so-called (non-homogeneous) Liouville-Gel-
fand equation (LGE) [7], if we take the density distribution of particles equal to 
that in the case in case of integration Maxwell-Boltzmann distribution functions 
over velocities (here and below we do not take into account the dependence equi-
librium distribution function from integrals of motion other than energy):  

( ) ( ) ( )( )0 * *, , ;F F t tε= ∝ Ω Φ  x v v x ; (in this case, the regular branch Φ is se-
lected). 

The LGE for the gravitational potential in cosmological systems is essentially 
local (since it is a differential equation), and with its help it is rather difficult to 
describe global processes in a self-consistent field for the analysis of the evolution 
of the entire system of particles (substructures). In the study of non-local effects 
It is appropriate to consider the integral version of the equation for the potential. 
However, a natural limitation for the application of this form in analytical and 
numerical calculations there is an obvious need to take into account the bounda-
ries of the region containing the system of particles under study, on the value of 
the potential at a given point. Of course, this is due to the fact that for a system of 
particles interacting according to the modified Newton theorem, it is correct to 
put on the boundary of the studied region the zero Dirichlet condition 
( ) 0x

ω∂
Φ =  is very difficult (for the general case of asymmetric of a multiparticle 
system this is unrealistic). 

Let us consider the following statement of a physical problem: in the Friedmann 
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flow there are regions of increased density, which are consequences of fluctuation 
disturbances early in the development of the Universe; could the gravitational in-
teraction between these regions jω  (each of which contains, perhaps, hierarchy 
of substructures of various sizes) or in the vicinity each region to form a (quasi)sta-
tionary structure that has signs of orderliness? A significant difference compared 
to charged plasma with Debye screening, allowing pseudo-homogeneous equilib-
rium distributions of particles is that cosmological substructures in the process of 
implementation from primary disturbances (local increases) of density macroscale 
objects have spherically symmetric ( 3d = ) or radially symmetric ( 2d = ) forms 
(in accordance with the Gi-Nidas-Nirenberg theorem [7]); in accordance with the 
structure of the interparticle potential in the neighborhood spheres with increased 
density, a radially symmetric layer appears, in in which the attraction to the point 
which is the center of the said sphere prevails, and semi-infinite spherical layer with 
repulsion dominance (for a system of two spheres, containing matter with increased 
density, there is competition between these two centers, leading either to the de-
struction of one of them, or, in connection with Friedman’s expansion of space, the 
emergence of repulsion zones between them). 

Two approaches can be considered when finding the gravitational potential in 
the vicinity of a region containing a system of interacting particles: 

1) solution of the equation for the potential (non-homogeneous Liouville-Gel-
fand one) under given Dirichlet conditions on some a priori determined (having 
considerable arbitrariness in its choice), the boundary of the region jω∂  (this 
boundary must include only one local density concentration); in this case, both 
the internal and external Dirichlet problems can be considered (which corresponds 
to attempts to establish the values of the potential—hence, the density of parti-
cles—respectively, inside and outside the boundary jω∂ ). The influence poten-
tials of neighboring regions can be neglected under certain conditions. The data 
at the boundaries must be consistent (in the sense of continuity of the solution) 
with the obtained decision; 

2) a similar situation can also be considered for the Neumann problem; how-
ever, here it is possible to determine quite accurately the boundary of the region 

jω∂  due to the presence of a maximum of the interaction potential (at this point 
the derivative of the potential is cancelled out). However, with such a formulation 
of the problem, the question naturally arises about the validity of the region of 
description of the particle dynamics only by the zone of attraction of the potential. 

The physical aspects of the problem being solved obviously determine the method 
of setting additional conditions for the nonlinear potential equation. Here, we will 
limit ourselves to using the Dirichlet conditions (due to the theorem on the equiv-
alence of the gravitational field of a sphere and a point at its center). Thus, we will 
be interested in whether ω  arise inside (or outside) a fixed region for a given the 
value of the potential at the boundary of the secondary solutions of the LGE, pos-
sessing the property of (quasi)periodicity. 

The solution of the Dirichlet problem for the Poisson equation can be repre-
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sented through the Green’s function of elliptic operator and its meaning potential 
at the boundaries. In explicit form, this solution has the form: 

 
( ) ( ) ( )

( )

2

, d
4

1 , d ,
4

d
cx

S

ω

ωω
ω

γ ρ

∂′∂
∂

 Λ′ ′ ′Φ = − − π 
∂ ′ ′− Φ ⋅
′π ∂

∫

∫

x x x x

n x x
x





 (3) 

where ( ), ′x x  is the Green’s function of the Dirichlet problem for the inhomo-
geneous Poisson equation. Choosing a ball { };0ω = ≤ ≤x x    as the calculation 
domain, possible in the case of particle distribution close to isotropic assume that 
the values of the potential on its boundary in accordance with the modified New-
ton theorem [8] will be equal to 2 2 6d M c

ω
γ

∂
Φ = − − Λ   ( M Nm= ). Re-

placing ( ) ( ) ( ) ( )14 expd dx T Tρ γ−= π −Φ , and defining the Green’s function 
for the Dirichlet domain under consideration is: 

( ) ( ) ( )*

2 1
0

, ,
, 4 ,

2 1
m m

m

Y Y x xθ ϕ θ ϕ∞
< >

+
= =−

′
′ ≡ π

+∑ ∑x x
 



 



 






 

( ) ( )min , , max , ,x x< >′ ′= =x x x x  

we obtain a nonlinear integral equation for the potential ( )Φ x  (for 3d = ): 

( ) ( ) ( ) ( )( )
2 2 2

2
0 0

1 , exp d

, .
6 6

d d

d

T T

Mc cC C

ω
γ

γ

′

 
′ ′ ′Φ = − − −Φ  ′− 

Λ Λ
− + = − −

∫x x x x x
x x

x

 




 

After obvious transformations, it can be written as an inhomogeneous equation 
of the Hammerstein type for the dimensionless potential HU : 

 ( ) ( )( )ˆ ,H HU U=x xW  (4) 

( )( ) ( ) ( )

( )

( )( )

( )
,

2

1 ex d

;

ˆ , p

,

H H HU T U

T

ω
λ

α

′

′

 
′ ′ ′≡ − −  ′− 

+ Λ

∫
x x

x x x x x
x x

x



W





 

( ) ( ) ( )
2

3 3 0 0exp , , , ,
6H H

T C CcT T U
T T T T

γ
λ α

− Φ −Λ ≡ − Λ = − = 
 


 

It should be noted that for a spherically symmetric density distribution  

( ) ( ) ( )1, d const .C
ω

ρ
′

′ ′ ′ → =∫ x x x x  

3. Qualitative Analysis of the Integral Equation for the 
Potential 

Equation (4) contains very complete information about the behavior of the cos-
mological dynamics of a multiparticle system with gravitational interaction under 
consideration. First of all, it should be pointed out that the obvious absence of a 
solution for this equation for 3d =  in the entire area of research in the form of 
a constant potential (in contrast to the classical Newtonian case, for which gravity 
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is equivalent attraction at 0Λ ≡ ). Thus, in this case, the global uniform distribu-
tion of matter, as a condition for the consistency of the modified Poisson equation 
and the Vlasov equation, can be considered only as some abstract approximation 
with the aim of further continuation of the solution of a given system of equations 
with respect to a parameter. 

Let us consider the linearized (near the point ( ) 00HU U= ) version of Equation 
(4) in the homogeneous and inhomogeneous cases:  

 ( ) ( ) 2† † ‡ ‡
0 0,ˆ ˆ .U U U U α′ ′= = + xW W  (5) 

The operator 0
ˆÎ ′−W , where [ ]0 0

ˆ ˆ U′ ′≡W W  is the Frechet derivative of the 
integral operator Hammerstein from the right side of the first equation belongs 
class of Noetherian operators of zero index with a weak singularity and an alter-
nating kernel; since the Green’s function is symmetric with respect to its coordi-
nates, for matter distributions that deviate weakly from spherically symmetric, 

0
ˆ ′W  can also be considered self-adjoint. For small amplitudes of deviation †Uδ  

from the selected solution, we get the opportunity to apply the well-known math-
ematical apparatus of Fredholm operator analysis to the homogeneous linear 
equation ( ) ( )† † †

0exp d 0U U U
ω

δ λ δ
′

′ ′− − − =∫ x x x . For simplicity of calcula-

tions, without loss of generality, we can take †
0 0U = , and look for periodic so-

lutions of the last equation (in the form of an expansion in eigenfunctions 
( )expj c iω= qxb  of the kernel   in the domain 3ω ⊆  ) in the form 

( ) ( )† expjjU c iωδ = ∑ qxa  ( 1,2,3 2q d= = π


, the cubic case is obviously general-

ized to kd d≠


). Substituting this expression into the first equation of the set (5) 
gives 

 ( ) ( )( )1 exp d .i
ω

λ
′

′ ′ ′= − − − −∫ x x q x x x x  (6) 

We introduce the critical value of the parameter cλ λ=  (corresponding to the 
case d →∞ , 0q ≡



), with its help we can write criterion for the existence of 
periodic solutions for the linearized integral homogeneous Poisson equation:  

 ( ) ( ) ( ) ( )( )
1

12 2sin
d d d sin d d dc

qr
r r r r r r

qrω ω
λ θ φ λ θ θ φ

−
− 

= ≥ ≡ 
 
∫ ∫   (7) 

Obviously, this criterion is only suitable for the case 0Λ ≡ , and only for the 2–
partial approximation of interaction. This implies, that the root q  of equation 
(6) is unique (in this case the potential distribution will be purely periodic); if 
there are several (incommensurate) roots of sq , the potential distribution will be-
long to the class of almost-periodic functions. Taking into account collective func-
tional interactions in a system of N  particles leads to a (homogeneous) equation 
of the form 

( ) ( )

( )( ) ( )( )( )
1

†
1

1, ,

† †
1 1

, , ,

exp exp d d .

k
k k

k N

k k

U x

U U

ω ω
δ

δ δ

=

=

× − −

∑ ∫ ∫ x x x

x x x x












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After linearizing this equation we obtain  

( ) ( ) ( )
1

† †
1

1
, , , d .

k

kk

k k k s
k s

U U
ω ω

δ λ δ
=

= ∑ ∏∫ ∫ ∑x x x x x x




   

The corresponding to (7) criterion for the emergence of three-dimensional pe-
riodic solutions can be represented in the following form: 

 
( ) ( )

( )

1 1 1

1
1

2

dsin
, , ,

d

sin d d d 1.

s s k

k
k

nn
k s k

k s s

qr
qr

r r

ω ω ω ω ω
λ

θ θ φ

− +

=
 
 
 
 

× =

∏∑∑∫ ∫ ∫ ∫ ∫
x

x x x
x

  
 (8) 

Therefore, taking into account cluster interactions in a multiparticle system is 
consistent with taking into account two-particle interactions: the emergence of a 
periodic distribution structure potential (and density of matter in space) in space 
(in a linear homogeneous approximation) occurs abruptly upon reaching a certain 
(quasi-equilibrium kinetic [5]) temperature in the system under study. The peri-
ods of the structures are determined from conditions (6) and (8). 

For a non-homogeneous linear equation (the second equation (5)) one can, us-
ing the Hilbert-Schmidt theorem, obtain an explicit form (unique) solutions in 
the form of a resolvent series (uniformly and absolutely convergent Fourier series 
in the eigenfunctions of the kernel  ), for λ λ≠



 ( 1,2,=  ):  

( ) ( ) ( ) 2 2‡

1
d ,U

ω
δ λ α α

λ λ

∞

=

′
′ ′= +

−∑∫
x x

x x x x 





b b
 

where λ


 are the characteristic numbers of the homogeneous equation (cor-
responding to the eigenfunctions ( )x



b ). Thus, the periodicity of the structure, 
when taking into account the repulsion (i.e., when 0Λ ≠ ) degenerates—in the 
simplest case—into a composition of a sinusoidal function and an increasing 
branches of the parabola, which leads to a smoothing of the periodicity and the 
actual dominance of repulsion at a certain distance (in the interaction channel 
between two previously formed heterogeneities in a pseudo-uniform distribution 
of matter); since this process can be considered as a pairwise interaction, the 
mechanism of formation becomes clear voids in the initially uniformly distributed 
material continuum: the anisotropy of the directions of the particle momenta 
in the channels between the inhomogeneities I and II forms non-cubic lattice 
( 1,2,3d d= ), and quasi-one-dimensional layers ( 3 1,2d d

), the velocity profile of 
which in the mentioned channel is slowed down for initially fast particles (and 
thus synchronized as a uniform distribution in velocity space) due to repulsion in 
the far zone the second component of the macrosystem (heterogeneity II at the 
other end of the channel). It can be assumed that a significant part of the mass 
heterogeneity turns into a flat formation corresponding to the first minimum po-
tential, and this situation in the channel of pairwise interaction is mirrored: repul-
sion, understood as an external third-party force, from the side II this leads to 
quasi-stationarity of the wall, formed by the inhomogeneity I, and vice versa; 
Friedmann’s expansion of space leads to the fact that the initially attracted massive 

https://doi.org/10.4236/jhepgc.2026.121021


N. N. Fimin 
 

 

DOI: 10.4236/jhepgc.2026.121021 329 Journal of High Energy Physics, Gravitation and Cosmology 
 

inhomogeneities appear at distances where repulsion becomes more significant 
due to the influence of the cosmological term. 

4. The Problem of Initial Perturbation for the Linearized 
Integral Version of the Vlasov-Poisson Equation 

Above, we considered the equation for the potential from the Vlasov-Poisson sys-
tem of equations. The second equation in this system yields even more interesting 
results. Let’s transform the equation under study from an integro-differential 
equation to an integral equation. To do this, we represent its solution in the fol-
lowing form: ( ) ( ) ( )0, , , , ,F t F f t= +x v x v x v , 0F f . Substituting this ex-
pression into the Vlasov equation, we obtain: 

 ( ) ( ) ( ) ( )01
3

,
, , d d .

Ff f m f t
t

ϑ− ∂∂ ∂ ∂ ′ ′ ′ ′ ′+ = ⋅ −
∂ ∂ ∂ ∂ ∫∫

x v
v x x x v v x

x v x
Y  (9) 

Using the inverse of the total derivative operator (or the theory of semigroups 
of linear operators), we arrive at the form of the Vlasov equation in the represen-
tation of shifts along trajectories:  

( ) ( )( )

( ) ( ) [ ]
0

0 0

2

, , , ,

1d exp
2

ˆ ,
t

dt

f t f t t t

mt B t t
T T

ϑ−
−

= − −

 
′ ′+ ∇ − − Φ − ⋅ 

 
∫ v

x v x v v

v
  

 

( ) ( )( )min ,t t t t− ′ ′Φ − ≡ Φ − −x v  

 ( ) [ ] ( ) ( )( ) ( ), d .ˆ
d d t t tϑϑ− ∂ ′ ′ ′ ′ ′≡ − − −

∂ ∫ x x v x x
x
Y    (10) 

Here ( ) ( ), , , dt f t′ ′ ′ ′ ′ ′≡ ∫x x v v , 0t  is some initial instant, selected on the 

time axis, for example, by the occurrence of some perturbation in a system de-
scribed using retarded potentials, B B m= . To simplify the calculations, we as-
sume the temperature to be constant in the part of the system that we are inter-
ested in. 

We will seek the solution ( ), ,f tx v  in the form of Fourier-Laplace integrals 
of spatial harmonic waves with decreasing amplitude (or waves with gaps in the 

coefficients), that is, in the form ( ) ( )3 , exp df t i∫
w

w v wx w


, where ( )T
1,2,3w
=

=w




, 

( ) ( )Re Imw w iw= +
  

 (respectively, for the density ( ), tx  we have  

( ) ( ) ( )3, exp dt t i= ∫
w

wx wx w


  . Thus, the kernel on the right-hand side of the 

definition of 3̂   can, together with the exponentially decreasing part of the 

density, turn into an integrable (in a limited region of space 3  due to the 
aforementioned “problem of infinite mass”) function, obviously, under the ful-
fillment of the appropriate conditions on the imaginary exponents of the expo-

nential function ( )Imw


: the elements fw  and w  belong to the set of coeffi-
cients of the generalized Fourier integral, and the conditions for the existence 
of these integrals are the a priori absence of exponential growth of the distribu-
tion function ( ), ,f tx v . 

https://doi.org/10.4236/jhepgc.2026.121021


N. N. Fimin 
 

 

DOI: 10.4236/jhepgc.2026.121021 330 Journal of High Energy Physics, Gravitation and Cosmology 
 

Before moving on to the Fourier transforms, we must integrate expression (10) 
over the velocities (to form the equation for the density). On the left-hand side is 
the Fourier coefficient ( )tw , the first term on the right-hand side of the result-
ing integral equation has the form:  

[ ] ( ) ( ) ( )( )1
0 0  , exp d ,f t f t i t t= − −∫w w v wv v  

the second term on the right-hand side of (10) can be transformed to the form 
[ ] ( )

0

2 d
t

t
t t t′ ′−∫ w , where: 

[ ] ( )
( ) ( )( )( )

( ) ( )( )( ) ( )

3

2

2

1

1

2

d exp exp
2

d exp , .

t t

t tmB i t t
T T

t t i t t t

γ −

−

′−

 ′Φ − 
′= ∇ − − − −  

   
∂  ′ ′ ′ ′ ′ ′ ′× − − − − − − −  ∂

∫

∫

v

w

v
vv w x v

x x v x w x v x x
x









 

It should be noted that in the vicinity of point minΦ = Φ  on the phase plane, 
the fixed branch of the minimum gravitational potential function is close to con-
stant or has a locally parabolic structure (which corresponds to the inertial motion 
of the particle or motion near a state of stable or unstable equilibrium, corre-
sponding to a generalized Lagrange point). 

We rename ( )t t ξ′ ′− − − =x v x  and integrate in brackets [ ]2... : 

( ) ( ) ( )0

sin
4 exp d , .

Re
Im Re Im

Re

w
w w w

w

ξ
ξ ξ ξ

ξ
∞

π ≡∫   

Therefore, we finally have:  
[ ] ( ) ( ) ( )( )( ) [ ]( )3
2

1
  , d exp ...Re Imt t w w i t t i′ ′− = − − ⋅∫

v
w v w x v w


   

Thus, to obtain the Fourier transforms of the density w , the following equa-
tion is valid, the Volterra integral equation of the second kind:  

 ( ) [ ] ( ) [ ] ( ) ( )
0

1 2 d .
t

t
t f t t t t t′ ′ ′= + −∫w w w w     (11) 

The solution to this type of equation can be obtained in terms of the one-sided 
Laplace transform (with respect to the time variable):  

( ) ( ) ( )
0

exp d ,ˆf f t t tω ω
∞

= −∫w w  

( ) ( )( ) ( ) ( )0

0

12 exp dˆ ,
i

i
f t Heav t i f t

ζ

ζ
ω ω ω

+ ∞−

∞−
= π ∫w w  

 ( ) ( ) ( )
[ ]( )( )

[ ]( )( )
0

0

1
1

2
2 e

ˆ
xp d ,

1 ˆ
i

i

f
t i t

ζ

ζ

ω
ω ω

ω

+ ∞−

∞−
= π

−
∫

w
w

w

 


 
 (12) 

[ ]( )( ) ( )[ ] ( )
0

exp dˆ kk t t tω ω
∞

= −∫w w    

(the integral is taken in the right half-plane of the complex plane iω ζ= − − ∞  
along a line parallel to the ( ) 0ωℜ =  axis, ( )Heav t  is a Heaviside function). 
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The poles of the integrand are determined by the equation [ ]2( ) 1ˆ
w =  , which is 

reduced to the form (for ( ) 0ωℜ > ): 

( ) 3
0, 1.Re Im vi Fw w

i
γ

ω
∇

= −
+∫

w
wv  

  

This dispersion equation in the general case, of course, can only be solved nu-
merically; However, in limiting cases, the dependence ( )ω ω= w  is fairly easy to 
determine, using asymptotic estimates. In particular, for small values of the mod-
ulus of the “wave vector” it can be expanded in a Taylor series in w  (up to the 
first non-vanishing term) the factor in the integrand  
( ( ) 2 2i iω ω ω ω+ ≈ −vw w vw ), and choose a coordinate system with the abscissa 
axis aligned with the vector w  (to obtain a scalar dependence), then:  

( ) ( )( )

( )

2
1

1 min2

2
1

1

3

exp d 1.
2

BT mv t t

t tmv v
T T

γ
ω

−

−

 ′ ′− +Φ ⋅ −


′Φ − 
× − − = 

 

∫
ww

 

Thus, we obtain an approximate dispersion relation (integrated over time), 
which can be briefly written as  

 ( ) [ ]2 2
13

... d .vω γ= ∫w w  (13) 

The quantity ( ), 0Re Imw w > , so the nature of the system’s dynamics depends 
on the sign of the expression in brackets [ ]3... : if [ ]3... 0< , then ω∈  (a 
purely imaginary number); otherwise, ω  is real. This means that a perturbation 
in our system under study, qualitatively following the law ( )~ exp t iω + wv , will 
have an oscillatory character in time if the system, located in the vicinity of a con-
ditional equilibrium state, is subjected at the initial instant of time to a perturba-
tion with a long wavelength and criterion (13) is satisfied for imaginary ω ; for 
real frequencies, the primary disturbance is damped or growing (unstable) de-
pending on the sign of 0ω  . Furthermore, the integrand can change sign, tran-
sitioning from oscillatory behavior of the system to oscillatory (this is influenced 
by both an increase in the observation time interval and a transition to a different 
branch of the multivalued function minΦ ). 

Let us turn to a particular solution of the Vlasov-Poisson equation (for the 3-
dimensional case) of the form  

( ) ( ) ( ) ( )†, , ~ exp .f t c k f i t iω+ −wx v v wx  

As a simplifying assumption, let’s assume that in the expression 

( ) ( )
2

0 min
1, exp

2
mF B

T T
 

= − − Φ 
 

vx v x  

the value min constϕΦ ≈ =  (which is due to the system’s state being close to the 
COP/conditional equilibrium, in which by definition min 0′Φ = ); we have not yet 
used the delay approach here—this will happen a little later, so we can locally ac-
cept this assumption. The substitution of the ansatz into the equation yields 
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( ) ( ) ( )( ) ( )† †
1 2 3d d d ,f f v v v

m
γ

ω
∇

=
− ∫v

w w

w v
v w v

wv
M

  

( ) ( ) ( )2exp exp 2 .B T mϕ= − −v vM  

The condition for the existence of a nontrivial solution in the class of functions 
of the form f +  is obtained after integrating over the velocities of both parts (dis-
persion relation ( )ω ω= w ): 

( ) ( ) ( )1 exp d 1.
grad

m B Tγ ϕ
ω

− − =
−∫ vw

w v
wv

  

The magnitudes of the components of the wave vector w  are complex, and 
the integral is taken in the sense of the principal value symmetrically about the 1v
-axis, if the w -axis is directed along the radial coordinate axis; The sum of the 
two terms when going around the pole will correspond to the retarded and ad-
vanced potentials. From this we have: 

( ) ( ) ( ) ( ) ( )( )† 1 exp .f c m B Tγ ϕ ω−= − ∇ −w vv w w w wv  

Thus, we have obtained the ( )ω w  dependence for a system of massive parti-
cles with self-gravity. It provides information about the nature of the system’s dy-
namics (oscillatory in time and/or space with decreasing or constant amplitude, 
exponentially decreasing and unstable). Of extreme importance for the astrophys-
ical background of dispersion solution analysis is the fact that in this case there is no 
need to consider a set of random fluctuations in the system (which, in turn, some-
how coherently self-order over colossal distances in one or two directions to form 
the observed cosmological structures). The mechanism for the emergence of a 
pseudo-oscillatory (in time and in selected spatial directions) realization of the mat-
ter distribution is inherent in the nature of the system of Vlasov-Poisson equations. 

5. Conclusion 

The paper proposes a kinetic model the emergence of periodicity of gravitational 
strata—voids separated by two-dimensional surfaces, due to the presence of Pois-
son structures in the Hubble one-dimensional flow, associated with quasi-oscilla-
tory equation that is a consequence of Poisson’s own equation. This approach is a 
development of models the emergence of flat structures on cosmological scales, 
and has certain advantages over the mentioned models: in accordance with devel-
oped approach two-dimensional structures do not arise depending on random 
disturbances density of the environment, and are causally determined by physical 
reality in the form of the presence between particles of gravitational interaction, 
which is what causes do not remain uniform during the evolution of the Hubble 
flow distributed throughout space, and form a cellular macrostructure (as a con-
sequence of the intersection of strata). 
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